
Research Article
On pðzÞ–Laplacian System Involving Critical Nonlinearities

Ahmed Aberqi,1 Jaouad Bennouna,2 Omar Benslimane,2 and Maria Alessandra Ragusa 3

1Laboratoy LAMA, Sidi Mohamed Ben Abdellah University, National School of Applied Sciences Fez, Morocco
2Laboratory LAMA, Sidi Mohamed Ben Abdellah University, Faculty of Sciences Dhar El Mahraz, B.P. 1796 Atlas Fez, Morocco
3Dipartimento di Matematica e Informatica, Universitá di Catania, Viale A.Doria 6, 95125 Catania, Italy

Correspondence should be addressed to Maria Alessandra Ragusa; mariaalessandra.ragusa@unict.it

Received 15 February 2022; Accepted 5 April 2022; Published 25 April 2022

Academic Editor: Giovanni Di Fratta

Copyright © 2022 Ahmed Aberqi et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we deal with the existence of at least two nonnegative nontrivial solutions to a pðzÞ–Laplacian system involving
critical nonlinearity in the context of Sobolev spaces with variable exponents on complete manifolds. We have established our
main results by exploring both Nehari’s method and doing a refined analysis on the associated fiber map and some variational
techniques.

1. Introduction

In the present work, we investigate the existence of nonneg-
ative nontrivial solutions to the following system:

Sð Þ

−Δg,p zð Þw = α wj jq zð Þ−2w + 2a zð Þ
a zð Þ + b zð Þ wj ja zð Þ−2w yj jb zð Þ inM,

−Δg,p zð Þy = β yj jq zð Þ−2y + 2 b zð Þ
a zð Þ + b zð Þ wj ja zð Þ yj jb zð Þ−2y inM,

w ∂M = yj j∂M = 0:

8>>>>>><
>>>>>>:

ð1Þ

Here, ðM, gÞ is a complete compact Riemannian N-
manifold, α, β ∈ℝ+

∗ to be specified later, and p, q, a, b ∈ Cð
�MÞ satisfying the assumptions (23) and (24) in Section 3. −
Δg,pðzÞ is the Laplacian operator on ðM, gÞ.

In recent years, several researchers have been interested
in equations or systems involving the pðzÞ–Laplacian, not
only for their application in several scientific fields, such as
fluid filtration in porous media, constrained heating, elasto-
plasticity, and optimal control, but also for their mathemat-
ical importance in the theory of function spaces with
variable exponents. For example, in [1], Zhang proved the
existence of positive solutions under some conditions of

the following class of pðzÞ–Laplacian systems:

S1ð Þ
−Δp zð Þw = α f z, yð Þ inQ,
−Δq zð Þw = α g z,wð Þ inQ,
w ∂Q = yj j∂Q = 0,

8>><
>>:

ð2Þ

in bounded open set Q ⊂ℝN , without assuming the sym-
metric radial conditions. And by using the subsuper solution
technique, Boulaaras et al. in [2] have studied the asymptotic
behavior of the system ðS1Þ. In [3], Aberqi et al. established
the existence of a renormalized solution for a class of nonlin-
ear parabolic systems using the Gagliardo-Nirenberg theo-
rem, with the source term being less regular. In addition,
we refer to the work of Marino and Winkert [4] who studied
this kind of system with nongrowth conditions, governed by
a double-phase operator. For the systems with singular
source data, we refer to Saoudi [5] and Papageorgiou et al.
[6]. For more results, we refer to [7–11], as well as to [12],
and the references therein.

Before explaining the novelty of this paper, we give an
overview of the literature on this kind of system in W1,pðQ
Þ. Adriouch and El Hamidi in [13] proved the existence
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and multiplicity of solutions to the following system:

S2ð Þ
−Δpw = α wj jp1−2w + a + 1ð Þw wj ja−1 yj jb+1 inQ,

−Δqy = β yj jq−2y + b + 1ð Þ wj ja+1 yj jb−1y inQ,

8<
:

ð3Þ

by using the variational techniques. Chen and Wu in [14]
examined the semilinear version of ðS2Þ with more general
parametric functions f α, gβ, and convex-concave critical
nonlinearity. Mercuri and Willem in [15] proved a represen-
tation theorem for Palais-Smale sequences involving the p–
Laplacian and critical nonlinearities. For a deeper compre-
hension, see [16–18].

Next, we will mention some papers that deal with the
same problem with the fractional p–Laplacian. We refer to
Chen and Squassina [19], Pawan and Sreenadh [20], and
Biswas and Tiwari [21] for fractional pðzÞ–Laplacian.
Readers may refer to the references given therein for more
background.

Our goal in the present contribution is to study this kind
of system with nonstandard convex-concave nonlinearity, in
the Sobolev spaces on the complete manifold. We prove the
existence of nonnegative nontrivial solutions using the
Nehari manifold technique. However, we address the chal-
lenges due to the fact that ΔpðzÞ is not homogeneous, also
due to the non-Euclidean framework of the system. More-
over, we do not have enough background on this space, such
as embedding results, Hölder inequality, and the relation
between the kwkpðzÞ and ρqðzÞðjDwjÞ, including the pertinent
result proven in ([22], Proposition 2.5). This is the first exist-
ing result in this field to the best of our knowledge.

The theorem below contains our main result.

Theorem 1. Let ðM, gÞ satisfy the Bvolðα, yÞ property. Then,
there exists a constant K such that if 0 < α + β < K , then the
system ðSÞ admits at least two nonnegative weak solutions.

The organization of this contribution is given as follows.
We start in Section 2 by presenting some definitions and
properties of Lebesgue spaces with variable exponents on a
bounded set of Q ⊂ℝN and on a complete manifold M.
After that, in Section 3, we give some properties of the
Nehari manifold and set up the variational framework of
the system ðSÞ: Then, we establish the existence of two non-
negative nontrivial solutions to the system ðSÞ.

2. Notations and Basic Properties

This section is devoted to recalling some definitions and
properties which will be used in the next sections (see
[22–27]).

Consider an open-bounded set Q of ℝN with ðN ≥ 2Þ:
We define the Lebesgue space with variable exponent Lνð·Þð

QÞ as the set of all measurable function w : Q↦ℝ such that

ρν ·ð Þ wð Þ =
ð
Q

w zð Þj jν zð Þdz <∞, ð4Þ

endowed with the Luxembourg norm. And the associated
Sobolev space is given by

W 1,ν zð Þ Qð Þ = w ∈ Lν zð Þ Qð Þ: Dwj j ∈ Lν zð Þ Qð Þ
n o

, ð5Þ

with the norm

wk kW 1,ν zð Þ Qð Þ = wk kLν zð Þ Qð Þ + Dwk k
���
Lν zð Þ Qð Þ

 ∀w ∈W 1,ν zð Þ Qð Þ:

ð6Þ

And W
1,νðzÞ
0 ðQÞ = �C∞

0 ðQÞW
1,νðzÞðQÞ

:

Lemma 2 (see [12]). Let ν1ðzÞ ∈ L∞ðQÞ such that ν1 ≥ 0, ν1
≠ 0: Let ν2 : Q⟶ℝ be a measurable function such that
ν1ðzÞν2ðzÞ ≥ 1 a.e. in Q: Then, for every w ∈ Lν1ðzÞν2ðzÞðQÞ,

wj jk kν1 ·ð Þ
Lν2 zð Þ Qð Þ ≤ wk kν

−
1

Lν1 zð Þν2 zð Þ Qð Þ + wk kν
+
1

Lν1 zð Þν2 zð Þ Qð Þ: ð7Þ

2.1. Sobolev Spaces on Manifolds

Definition 3 (see [22]). Let w ∈ CcðMÞ and ðQi, φiÞi∈I be an
atlas of M,
ð
M

w zð Þdvg zð Þ =〠
k∈J

ð
φk Qkð Þ

det gij
� �1/2

ηku
� �� �

oφ−1
k zð Þdz,

ð8Þ

where dvg = ðdet ðgijÞÞ1/2dz, gij are the components of the
Riemannian metric g in the chart and dz is the Lebesgue
measure of ℝN :

Definition 4 (see [22]). The Sobolev space Lqð·Þk ðMÞ is the

completion of Cqð·Þ
k ðMÞ with respect to the norm kwkLqð·Þk

,

where

Cq ·ð Þ
k Mð Þ = w ∈ C∞ Mð Þ such that Djw

�� �� ∈ Lq ·ð Þ Mð Þ ; j = 0,⋯,k
n o

,

wk kLq ·ð Þ
k

= 〠
k

j=0
Djw

�� ��
Lq ·ð Þ ,

ð9Þ

with jDkw j2 = ðQ1≤α≤kgiα jαÞ. ðDkwÞi1⋯ik
ðDkwÞj1⋯jk

is the
norm of the k-th covariant derivative of w: If Q is a subset

of M, then Lqð·Þk,0 ðQÞ is the completion of Cqð·Þ
k ðMÞ ∩ C0ðQÞ

with respect tok:k
Lqð·Þk

, where C0ðQÞ denotes the vector space
of continuous functions whose support is a compact subset
of Q:
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Definition 5 (see [22]). Let ξ : ½a, b�⟶M a curve of class
C1. The length of ξ is

ℓ ξð Þ =
ðb
a
g dξ

ds
, dξ
ds

� �1/2
ds: ð10Þ

Let ðu, vÞ ∈M2, we define the distance between u and v
by

dg u, vð Þ = inf ℓ ξð Þ
ξ

: a, b½ �⟶M : ξ að Þ = u and ξ bð Þ = v
� 	

:

ð11Þ

Definition 6 (see [22]). Log-Hölder continuity:
lett : M⟶ℝ; we say that t is log-Hölder continuous, if
there exists c > 0 such that

t uð Þ − t vð Þj j ≤ c: log e + dg u, vð Þ−1
 �
 �−1, ∀ u, vf g ∈M:

ð12Þ

The set of Log-Hölder continuous functions on M will be
denoted by P logðMÞ, which is linked to P logðℝN Þ by the
proposition below.

Proposition 7 (see [24, 25]). Let ðQ, ϕÞ be a chart of M, q
∈P logðMÞ, such that

1
2
δij ≤ gij ≤ 2 δij,  δij is the delta Kronecker symbol


 �
, ð13Þ

like bilinear forms. Then, q ∘ ϕ−1 ∈P logðϕðQÞÞ:

Definition 8 (see [22]). We say that ðM, gÞ has property
Bvolðα, yÞ, if the Ricci tensor of g noted by RcðgÞ verifies Rc
ðgÞ ≥ αðN − 1Þg for some α, and for all u ∈M, there exists
some y > 0 such that jB1ðzÞ jg ≥ y where B1ðzÞ are the balls
of radius 1 centered at some point z in terms of the volume
of smaller concentric balls.

To compare the functionals k·kqð·Þ and ρqð·Þð·Þ, one has
the relation

min ρq ·ð Þ wð Þ1/q− , ρq ·ð Þ wð Þ1/q+
n o

≤ wk kLq ·ð Þ

≤max ρq ·ð Þ wð Þ1/q− , ρq ·ð Þ wð Þ1/q+
n o

:
ð14Þ

Proposition 9 (see [23]). Hölder’s inequality: for all w ∈
Lqð·ÞðMÞ and y ∈ Lq′ð·ÞðMÞ, we have

ð
M

w zð Þy zð Þj jdvg zð Þ ≤ rq wk kLq ·ð Þ Mð Þ: yk kLq ′ ·ð Þ Mð Þ, ð15Þ

where rq is a positive constant depending on q− and q+:

Definition 10 (see [22, 26]). We define the Sobolev space on
ðM, gÞ by

W1,q zð Þ Mð Þ = w ∈ Lq zð Þ Mð Þ: Dkw ∈ Lq zð Þ Mð Þ k = 1, 2,⋯,n
n o

,

ð16Þ

endowed by the norm

wk kW1,q zð Þ Mð Þ = wk kLq zð Þ Mð Þ + 〠
n

k=1
Dkw

��� ���
Lq zð Þ Mð Þ

, ð17Þ

and we define W1,qðzÞ
0 ðMÞ as the closure of C∞ðMÞ in

W1,qðzÞðMÞ:

Theorem 11 (see [22, 23]). Let aðzÞ, bðzÞ, qðzÞ, pðzÞ ∈ Cð �M
Þ ∩ L∞ðMÞ, with M as a compact Riemannian manifold.

(i) If

p zð Þ < q∗ zð Þ = N q zð Þ
N − q zð Þ for z ∈ �M,

q zð Þ <N :

ð18Þ

Then, we have

W1,q zð Þ Mð Þ↪↪Lp zð Þ Mð Þ: ð19Þ

(ii) If

a zð Þ + b zð Þ < q∗ zð Þ for z ∈ �M,
q zð Þ <N :

ð20Þ

Then, we have

W1,q zð Þ Mð Þ↪↪La zð Þ+b zð Þ Mð Þ: ð21Þ

Proposition 12 (see [24]). We have W1,qðxÞðMÞ =W1,qðxÞ
0 ð

MÞ, if ðM, gÞ is complete.

3. Proof of the Main Results

In this section, we prove our main result, and we note that

J =W1,qðzÞ
0 ðMÞ ×W1,qðzÞ

0 ðMÞ, endowed with norm

kðw, yÞkpðzÞ = kDwðzÞkpðzÞ + kDyðzÞkpðzÞ: In what follows,
DðMÞ is the space of C∞ functions with compact support
in M.

3.1. Nehari Manifold Analysis for ðSÞ. First, we define the
weak solution of system ðSÞ as follows.
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Definition 13.We say that ðw, yÞ ∈ J is a weak solution of the
system ðSÞ, if ðw, yÞ ∈ J one has

ð
M

Dw zð Þj jp zð Þ−2g Dw zð Þ,Dϕ zð Þð Þdvg zð Þ

+
ð
M

Dy zð Þj jp zð Þ−2g Dy zð Þ,Dψ zð Þð Þdvg zð Þ

=
ð
M

α w zð Þj jq zð Þ−2 w zð Þϕ zð Þ + β y zð Þj jq zð Þ−2y zð Þψ zð Þ
� �

dvg zð Þ

+
ð
M

2 a zð Þ
a zð Þ + b zð Þ w zð Þj ja zð Þ−2 w zð Þ y zð Þj jb zð Þ ϕ zð Þdvg zð Þ

+
ð
M

2 b zð Þ
a zð Þ + b zð Þ w zð Þj ja zð Þ y zð Þj jb zð Þ−2 y zð Þψ zð Þ dvg zð Þ,

ð22Þ

for all ðϕ, ψÞ ∈DðMÞ ×DðMÞ:

The functions p, q, a, b ∈ Cð �MÞ are assumed to satisfy
the following assumption:

1 < q− ≤ q+ < p− ≤ p+ < a− + b− ≤ a+ + b+ <∞, ð23Þ

and the following condition holds

p−

a+ + b+
< p− − q+

a+ + b+ð Þ − q+

� �
a− + b−ð Þ − q+

p+ − q−

� �
: ð24Þ

To prove our main result, we will use Nehari manifold
and fibering maps. The fact that ðw, yÞ is a weak solution
is equivalent to being a critical point of the following func-
tional Eα,β : J ⟶ℝ defined as

Eα,β w, yð Þ =
ð
M

1
p zð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ

� �
dvg zð Þ

−
ð
M

1
q zð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ

� �
dvg zð Þ

−
ð
M

2
a zð Þ + b zð Þ w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ:

ð25Þ

By a direct calculation, we have Eα,β ∈ C1ðJ ,ℝÞ and

E′α,β w, yð Þ, ϕ, ψð Þ
D E

=
ð
M

αwj jp zð Þ−2w ϕ dvg zð Þ

+
ð
M

αyj jp zð Þ−2yψ dvg zð Þ

−
ð
M

α wj jq zð Þ−2w ϕ + β yj jq zð Þ−2 yψ
� �

dvg zð Þ

−
ð
M

2 a zð Þ
a zð Þ + b zð Þ wj ja zð Þ−2 w yj jb zð Þ ϕ dvg zð Þ

−
ð
M

2 b zð Þ
a zð Þ + b zð Þ wj ja zð Þ yj jb zð Þ−2 yψ dvg zð Þ,

ð26Þ

for any ðϕ, ψÞ ∈DðMÞ ×DðMÞ:

Consider the Nehari manifold

N α,β = w, yð Þ ∈ J \ 0, 0ð Þf g: <E′α,β w, yð Þ, w, yð Þ ≥ 0
n o

:

ð27Þ

Then, ðw, yÞ ∈N α,β if and only if

ð
M

Dwj jp zð Þ + Dyj jp zð Þ
� �

dvg zð Þ −
ð
M

α wj jq zð Þ + β yj jq zð Þ
� �

dvg zð Þ

−
ð
M

2 a zð Þ
a zð Þ + b zð Þ wj ja zð Þ yj jb zð Þ dvg zð Þ

−
ð
M

2 b zð Þ
a zð Þ + b zð Þ wj ja zð Þ yj jb zð Þ dvg zð Þ = 0,

ð28Þ

which implies that

ð
M

Dwj jp zð Þ + Dyj jp zð Þ
� �

dvg zð Þ

−
ð
M

α wj jq zð Þ + β yj jq zð Þ
� �

dvg zð Þ

− 2
ð
M

wj ja zð Þ yj jb zð Þdvg zð Þ = 0:

ð29Þ

The Nehari manifold N α,β is closely linked to the behav-
ior of the function of the form ζðw,yÞ : s↦Eα,βðsw, syÞ for s
> 0 defined by

ζ w,yð Þ sð Þ =E′α,β sw, syð Þ =
ð
M

sp zð Þ

p zð Þ aw zð Þj jp zð Þ + ay zð Þj jp zð Þ
� �

dvg zð Þ

−
ð
M

sq zð Þ

q zð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

−
ð
M

2sa zð Þ+b zð Þ

a zð Þ + b zð Þ w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ:

ð30Þ

Lemma 14. Let ðw, yÞ ∈ J \ fð0, 0Þg, then ðsw, syÞ ∈N α,β if

and only if ζ′ðw,yÞðsÞ = 0:

Proof. The result is a consequence of the fact that

ζ′ w,yð Þ sð Þ = E′α,β sw, syð Þ, w, yð Þ
D E

= 0: ð31Þ

From this lemma, we have that the elements in N α,β cor-
respond to stationary points of the maps ζðw,yÞ:
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Hence, we note that

ζ w,yð Þ′ sð Þ =
ð
M

sp zð Þ−1 Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
ð
M

sq zð Þ−1 α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

− 2
ð
M

s a zð Þ+b zð Þð Þ−1 w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ,

ð32Þ

ζ′′ w,yð Þ sð Þ =
ð
M

p zð Þ − 1ð Þsp zð Þ−2 Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
ð
M

q zð Þ − 1ð Þsq zð Þ−2 α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

− 2
ð
M

a zð Þ + b zð Þð Þ − 1ð Þs a zð Þ+b zð Þð Þ−2 w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ:

ð33Þ

By Lemma 14, ðw, yÞ ∈N α,β if and only if ζ′ðw,yÞð1Þ = 0:
Hence, according to (32), we have for ðw, yÞ ∈N α,β that

ζ′′ w,yð Þ 1ð Þ =
ð
M

p zð Þ − 1ð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
ð
M

q zð Þ − 1ð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

− 2
ð
M

a zð Þ + b zð Þ − 1ð Þ w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ

= 2
ð
M

p zð Þ − a zð Þ + b zð Þð Þð Þ w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ

+
ð
M

p zð Þ − q zð Þð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

=
ð
M

p zð Þ − q zð Þð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

− 2
ð
M

a zð Þ + b zð Þð Þ − q zð Þð Þ w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ

=
ð
M

p zð Þ − a zð Þ + b zð Þð Þð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

+
ð
M

a zð Þ + b zð Þð Þ − q zð Þð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ:

ð34Þ

Thus, it is natural to split N α,β into three corresponding
to local minima, local maxima, and points of inflexion of
ζðw,yÞ, i.e.,

N +
α,β = w, yð Þ ∈N α,β : ζ′′ w,yð Þ 1ð Þ > 0

n o
,

N −
α,β = w, yð Þ ∈N α,β : ζ′′ w,yð Þ 1ð Þ < 0

n o
,

N 0
α,β = w, yð Þ ∈N α,β : ζ′′ w,yð Þ 1ð Þ = 0

n o
:

ð35Þ

Lemma 15. Let ðw, yÞ ∈ J , then we have

(i)

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ ≤ c1 α + βð Þ

×max max wk kq−
W1,q zð Þ

0 Mð Þ, yk kq−
W1,q zð Þ

0 Mð Þ

� 	
, max

�

� wk kq+
W1,q zð Þ

0 Mð Þ, yk kq+
W1,q zð Þ

0 Mð Þ

� 	
�:

ð36Þ

(ii)

ð
M

w zð Þj ja zð Þ y xð Þj jb zð Þdvg zð Þ ≤ c2 max max wk ka−+b−
W

1,q zð Þ
0 Mð Þ, yk ka−+b−

W
1,q zð Þ
0 Mð Þ

n o
, max

h

� wk ka++b+
W

1,q zð Þ
0 Mð Þ, yk ka++b+

W
1,q zð Þ
0 Mð Þ

n oi
,

ð37Þ

for some constants c1, c2 > 0:

Proof. ðiÞ Using Theorem 11 (i), and Lemma 2, we get

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ ≤ 2α wk kq ·ð Þ
L a zð Þ+b zð Þð Þ/q zð Þ Mð Þ

+ 2β yk kq ·ð Þ
L a zð Þ+b zð Þð Þ/q zð Þ Mð Þ ≤ 2α wk kq−La zð Þ+b zð Þ Mð Þ + wk kq+La zð Þ+b zð Þ Mð Þ

n o

+ 2β yk kq−La zð Þ+b zð Þ Mð Þ + yk kq+La zð Þ+b zð Þ Mð Þ

n o

≤ 2 max c n, p−, q−, a− + a−ð Þq− , c n, p−, q−, a− + b−ð Þq+
n o

× α wk kq−
W1,q zð Þ

0 Mð Þ + wk kq+
W1,q zð Þ

0 Mð Þ

� 	�

+ β yk kq−
W1,q zð Þ

0 Mð Þ + yk kq+
W1,q zð Þ

0 Mð Þ

� 	
:

ð38Þ

Hence,

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ ≤ c1 α + βð Þ ×max

� max wk kq−
W1,q zð Þ

0 Mð Þ, yk kq−
W1,q zð Þ

0 Mð Þ

� 	
, max

�

� wk kq+
W1,q zð Þ

0 Mð Þ, yk kq+
W1,q zð Þ

0 Mð Þ

� 	
:

ð39Þ

(ii) By Young’s inequality, Lemma 2, and Theorem 11 (ii),
we have that
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ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ ≤
ð
M

a zð Þ
a zð Þ + b zð Þ w zð Þj ja zð Þ+b zð Þ

�

+ b zð Þ
a zð Þ + b zð Þ y zð Þj ja zð Þ+b zð Þ

�
dvg zð Þ

≤ wk ka++b+La zð Þ+b zð Þ Mð Þ + wk ka−+b−La zð Þ+b zð Þ Mð Þ
n o

+ yk ka++b+La zð Þ+b zð Þ Mð Þ + yk ka−+b−La zð Þ+b zð Þ Mð Þ
n o

≤ 2 max c n, a− + b−, q−ð Þq− , c n, a− + b−, q−ð Þq+
n o

× wk ka++b+
W1,q zð Þ

0 Mð Þ + wk ka−+b−
W1,q zð Þ

0 Mð Þ

n oh

+ yk ka++b+
W1,q zð Þ

0 Mð Þ + yk ka−+b−
W1,q zð Þ

0 Mð Þ

n o
:

ð40Þ

Hence,

ð
M

w zð Þa zð Þ
��� ���y zð Þ

����
b zð Þ

dvg zð Þ ≤ c2 max

� max wk ka−+b−
W1,q zð Þ

0 Mð Þ, yk ka−+b−
W1,q zð Þ

0 Mð Þ

n o
max

h

� wk ka++b+
W1,q zð Þ

0 Mð Þ, yk ka++b+
W1,q zð Þ

0 Mð Þ

n o
:

ð41Þ

Lemma 16. For each ðα, βÞ ∈ℝ2 \ fð0, 0Þg, there exists a con-
stant K1 > 0 such that for any 0 < α + β < K1, we have N 0

α,β
=∅:

Proof. Suppose otherwise, that N 0
α,β ≠∅ for all ðα, βÞ ∈ℝ2

\ fð0, 0Þg: Let ðw, yÞ ∈N 0
α,β, such that kðw, yÞk > 1. Then,

by Lemma 15, (34), and the definition of N 0
α,β, we have

0 = ζ′′ w,yð Þ 1ð Þ ≤ p+ − a− + b−ð Þð Þ w, yð Þk kp−

+ c1 α, βð Þ a+ + b+ð Þ − q−ð Þ w, yð Þk kq− ,
ð42Þ

that is,

a− + b−ð Þ − p+ð Þ w, yð Þk kp− ≤ a+ + b+ð Þ − q−ð Þc1 α, βð Þ w, yð Þk kq− :
ð43Þ

Then,

w, yð Þk k ≤ a+ + b+ð Þ − q−

a− + b−ð Þ − p+
c1 α + βð Þ

� �1/ p−−q−ð Þ
: ð44Þ

Analogously,

0 = ζ′′ w,yð Þ 1ð Þ ≥ p− − q+ð Þ w, yð Þk kp− − 2 a+ + b+ð Þ − q−ð Þc2 w, yð Þk ka++b+ ,
2 a+ + b+ð Þ − q−ð Þc2 w, yð Þk ka++b+ ≥ p− − q+ð Þ w, yð Þk kp− :

ð45Þ

Then,

w, yð Þk ka++b+−p− ≥ p− − q+

2 a+ + b+ð Þ − q−ð Þc2
, ð46Þ

thus,

w, yð Þk k ≥ p− − q+

2c2 a+ + b+ð Þ − q−ð Þ
� �1/ a++b+ð Þ−p−ð Þ

: ð47Þ

According to (44) and (47), we deduce that

α + β > 1
c1

a− + b−ð Þ − p+

a+ + b+ð Þ − q−

� �

p− − q+

2 c2 a+ + b+ð Þ − q−ð Þ
� � p−−q−ð Þ/ a++b+ð Þ−p−ð Þ

= K1,

ð48Þ

which is a contradiction. Hence, we can conclude that for
any 0 < α + β < K1, we have N α,β =∅∀ðα, βÞ ∈ℝ2 \ fð0, 0Þg
:

Lemma 17. If ðw, yÞ is a minimizing of Eα,β on N α,β such

that ðw, yÞ ∉N 0
α,β: Then, ðw, yÞ is a critical point of Eα,β:

Proof. Let ðw, yÞ be a local minimizing of Eα,β in any subset
of N α,β: Then, in any case, ðw, yÞ is a minimizer of Eα,β,
under the constraint

Lα,β = E′α,β w, yð Þ, w, yð Þ
D E

= 0: ð49Þ

Since ðw, yÞ ∉N 0
α,β, the constraint is nondegenerate in

ðw, yÞ, then by the theory of Lagrange multipliers, there
exists σ ∈ℝ such that

Eα,β w, yð Þ = σ Lα,β w, yð Þ: ð50Þ

Thus,

E′α,β w, yð Þ, w, yð Þ
D E

= σ L′α,β w, yð Þ, w, yð Þ
D E

= σ ζ′′ w,yð Þ 1ð Þ:
ð51Þ

Since ζ′′ðw,yÞð1Þ ≠ 0 and ðw, yÞ ∉N 0
α,β, we obtain that σ

= 0, which completes the proof.

Lemma 18. For every ðα, βÞ ∈ℝ2 \ fð0, 0Þg such that 0 < α
+ β < K1: The functional Eα,β is bounded and coercive on
N α,β:
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Proof. For any ðw, yÞ ∈N α,β, according to (23), (24), (29),
and Lemma 15, we get

Eα,β w, yð Þ =
ð
M

1
p zð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ

� �
dvg zð Þ

−
ð
M

1
q zð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ

� �
dvg zð Þ

−
ð
M

1
a zð Þ + b zð Þ Dw zð Þ p zð Þ + Dy zð Þk

��� ���p zð Þ� �
dvg zð Þ

+
ð
M

1
a zð Þ + b zð Þ α w zð Þj jq zð Þ + β y zð Þj jq zð Þ

� �
dvg zð Þ

≥
1
p+

−
1

a− + b−

� �ð
M

Dw zð Þjp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

+ 1
a+ + b+

−
1
q−

� �ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

≥
1
p+

−
1

a− + b−

� �
w, yð Þk kp−

+ 1
a+ + b+

−
1
q−

� �
c1 α + βð Þ w, yð Þk kq+ :

ð52Þ

As p− > q+, then Eα,βðw, yÞ⟶∞ as kðw, yÞk⟶∞: It
follows that Eα,β is coercive and bounded below on N α,β for
0 < α + β < K1:

Lemma 19.

(i) If ðw, yÞ ∈N +
α,β, then

Ð
M
ðαjwðzÞjqðzÞ + βjyðzÞjqðzÞÞd

vgðzÞ > 0:

(ii) If ðw, yÞ ∈N −
α,β, then

Ð
M
jwðzÞjaðzÞjyðzÞjbðzÞ dvgðzÞ

> 0:

Proof. ðiÞ Since ðw, yÞ ∈N +
α,β, we have ζ′′ðw,yÞð1Þ > 0: Then,

using (23) and (34), we get

0 < ζ′′ w,yð Þ 1ð Þ < p+ − a− + b−ð Þð Þ
ð
M

Dw zð Þj jp zð Þ
�

+ Dy zð Þj jp zð Þ
�
dvg zð Þ + a+ + b+ð Þ − q−ð Þ

ð
M

α w zð Þj jq zð Þ
�

+ β y zð Þj jq zð Þ
�
dvg zð Þ,

ð53Þ

then,

a− + b−ð Þ − p+ð Þ w, yð Þk kp+ < a+ + b+ð Þ − q−ð Þ
�
ð
M

α wj jq zð Þ + β yj jq zð Þ
� �

dvg zð Þ:
ð54Þ

Hence,

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ > a− + b−ð Þ − p+

a+ + b+ð Þ − q−
w, yð Þk kp+ > 0:

ð55Þ

(ii) Since ðw, yÞ ∈N −
α,β, we have ζ′′ðw,yÞð1Þ < 0: Thus, accord-

ing to (23) and (34), we obtain that

0 > ζ′′ w,yð Þ 1ð Þ ≥ p− − q+ð Þ
ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

− 2 a+ + b+ð Þ − q−ð Þ
ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ,

ð56Þ

then,

2 a+ + b+ð Þ − q−ð Þ
ð
M

wj ja zð Þ yj jb zð Þdvg zð Þ > p− − q+ð Þ

�
ð
M

Dwj jp zð Þ + Dyj jp zð Þ
� �

dvg zð Þ:
ð57Þ

Hence,

ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ > p− − q+

2 a+ + b+ − q−ð Þ w, yð Þk kp− > 0:

ð58Þ

Remark 20. As a consequence of Lemmas 16–18, we have for
every ðα, βÞ ∈ ðℝ+Þ2 with α + β < K1, N α,β =N −

α,β ∪N +
α,β,

and Eα,β is coercive and bounded below on N −
α,β and N +

α,β.
We define

σα,β = inf
w,yð Þ∈N α,β

Eα,β w, yð Þ, σ+
α,β = inf

w,yð Þ∈N +
α,β
Eα,β w, yð Þ, andσ−

α,β

= inf
w,yð Þ∈N −

α,β
Eα,β w, yð Þ:

ð59Þ

Lemma 21. The following facts hold:

(i) If α + β < K1, then σα,β ≤ σ+α,β < 0

(ii) If α + β < K2, then we have σ−
α,β > c0 for some c0ða, b

, p, q, α, βÞ > 0

Proof. ðiÞ Let ðw, yÞ ∈N +
α,β; by (34), we have

0 < p+ − q−ð Þ
ð
M

Dwj jp zð Þ + Dyj jp zð Þ
� �

dvg zð Þ

− 2 a− + b−ð Þ − q+ð Þ
ð
M

wj ja zð Þ yj jb zð Þdvg zð Þ,
ð60Þ
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then,

ð
M

wj ja zð Þ yj jb zð Þdvg zð Þ < p+ − q−

2 a− + b−ð Þ − q+ð Þ
�
ð
M

Dwj jp zð Þ + Dyj jp zð Þ
� �

dvg zð Þ:
ð61Þ

Hence, by (61) and (29), we have

Eα,β w, yð Þ ≤ 1
p−

ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
1
q+

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

−
2

a+ + b+

ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ

= 1
p−

−
1
q+

� �ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

+ 2 1
q+

−
1

a+ + b+

� �ð
M

w zð Þj ja zð Þ y zð Þj ja zð Þ dvg zð Þ

≤
1
p−

−
1
q+

� �ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

+ 2 1
q+

−
1

a+ + b+

� �
:

p+ − q−

2 a− + b−ð Þ − q+ð Þ
� �

×
ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

= 1
p−

−
1
q+

� �
+ 1

q+
−

1
a+ + b+

� �
:

p+ − q−

a− + b−ð Þ − q+

� �� 

×
ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ
= q+ − p−ð Þ a+ + b+ð Þ + p− a+ + b+ð Þ − q+ð Þ

× p+ − q−

a− + b−ð Þ − q+

� �
× p−q+ a+ + b+ð Þð Þ−1 w, yð Þk kp+ :

ð62Þ

According to (24) and (23), we get Eα,βðw, yÞ < 0: There-
fore, from the definition of σα,β and σ+

α,β, it follows
thatσα,β ≤ σ+α,β < 0:(73)(ii) Let ðw, yÞ ∈N −

α,β; by (47), we have

p− − q+

2 a+ + b+ð Þ − q−ð Þ w, yð Þk kp− <
ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ,

ð63Þ

and by Lemma 15 (ii), we get

p− − q+

2 a+ + b+ð Þ − q−ð Þ w, yð Þk kp− < c2 w, yð Þk ka++b+ , ð64Þ

then,

w, yð Þk k a++b+ð Þ−p− > p− − q+

2c2 a+ + b+ð Þ − q−ð Þ : ð65Þ

Hence,

w, yð Þk k > p− − q+

2c2 a+ + b+ð Þ − q−ð Þ
� �1/ a++b+ð Þ−p−ð Þ

: ð66Þ

According to (29), (66), and Lemma 15 (i), we deduce
that

Eα,β w, yð Þ ≥ 1
p+

ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
1
q−

ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

−
2

a− + b−

ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ

= 1
p+

−
1

a− + b−

� �ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

+ 1
a− + b−

−
1
q−

� �ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

≥
1
p+

−
1

a− + b−

� �
w, yð Þk kp+ + c1 α + βð Þ

� 1
a− + b+

−
1
q−

� �
w, yð Þk kq− ≥ 1

p+
−

1
a− + b−

� �

� p− − q+

2c2 a+ + b+ð Þ − q−ð Þ
� � p+

a++b+ð Þ−p−

+ 1
a− + b+

−
1
q−

� �
c1 α + βð Þ

� p− − q+

2c2 a+ + b+ð Þ − q−ð Þ
� � q−

a++b+ð Þ−p− = c0:

ð67Þ

Thus, if we choose

α + β < 1
c1
:
q− a− + b−ð Þ − p+ð Þ
p+ a− + b−ð Þ − q−ð Þ :

p− − q+

2c2 a+ + b+ð Þ − q−ð Þ
� � p+−q−ð Þ/ a++b+ð Þ−p−ð Þ

= k2,

ð68Þ

we deduce that Eα,βðw, yÞ > c0 for some positive constant c0
depending on a, b, p, q, α, and β:

Lemma 22. For each ðw, yÞ ∈ J \ fð0, 0Þg, there exists a con-
stant K3 > 0 such that for all α + β < K3, we have the
following:

(i) If
Ð
M
ðαjwðzÞjqðzÞ + βjyðzÞjqðzÞÞdvgðzÞ = 0, then there

exists a unique ðs−w, s−yÞ > 0 such that ðs−w, s−yÞ ∈
N −

α,β and Eα,βðs−w, s−yÞ = sups>0Eα,βðsw, syÞ:

(ii) If
Ð
M
ðαjwðzÞjqðzÞ + βjyðzÞjqðzÞÞdvgðzÞ > 0, then there

exist smax > 0 and unique numbers 0 < s+ < smax < s−,
such as ðs+w, s+yÞ ∈N +

α,β, ðs−w, s−yÞ ∈N −
α,β and

Eα,β s+w, s+yð Þ = inf
o<s<smax

Eα,β sw, syð Þ ;Eα,β s−w, s−yð Þ = sup
s≥0

Eα,β sw, syð Þ:

ð69Þ
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Proof. Before tackling our proof, we define smax as follows:

smax =
Ð
M

p zð Þ − q zð Þð Þ Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ
2Ð

M
a zð Þ + b zð Þð Þ − q zð Þð Þ w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ

,

ð70Þ

for every ðw, yÞ ∈N −
α,β.

Hence, we have that ζðw,yÞðsÞ is increasing for s ∈ ½0, smax�
and decreasing for s ∈ ðsmax,+∞Þ and achieves its maximum.

We set RðsÞ = Ð
M
spðzÞ−qðzÞ ðjDwðzÞjpðzÞ + jDyðzÞjpðzÞÞdvgðzÞ

− 2 Ð
M
sðaðzÞ+bðzÞÞ−qðzÞjwðzÞ jaðzÞjyðzÞ jbðzÞ dvgðzÞ; by Lemma

19, we have that

R 0ð Þ = 0 andR sð Þ⟶ −∞when s⟶∞, ð71Þ

with

R′ sð Þ =
ð
M

p zð Þ − q zð Þð Þsp zð Þ−q zð Þ−1

� Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

− 2
ð
M

a zð Þ + b zð Þð Þð

− q zð ÞÞsa zð Þ+b zð Þ−q zð Þ−1 w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ:
ð72Þ

(i) For 0 < s < 1 which is sufficiently small, we have

ζ w,yð Þ sð Þ >
sp

+

p+

ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
2ta++b+

a+ + b+

ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ > 0,
ð73Þ

and for s > 1 which is sufficiently large, we get

ζ w,yð Þ sð Þ <
tp

+

p+

ð
M

Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

−
2sa++b+

a+ + b+

ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ < 0:
ð74Þ

Since ζðw,yÞðsÞ achieves its maximum, then by Lemma 14,

ζ′ðw,yÞðsÞ = hE′α,βðs−w, s−yÞ, ðw, yÞ i = 0: On the other hand,

if
Ð
M
ðαjwðzÞ jqðzÞ + β j yðzÞ jqðzÞÞdvgðzÞ ≤ 0, then there is a

unique s− > smax such that Rðs−Þ = Ð
M
ðαjwðzÞjqðzÞ + β

jyðzÞ jqðzÞÞdvgðzÞ and since

ζ′′s−w,s−yð Þ, s−w, s−yð Þ
D E

=
ð
M

p zð Þ − q zð Þð Þ s−ð Þp zð Þ

� Dw zð Þj jp zð Þ + Dy zð Þj jp zð Þ
� �

dvg zð Þ

− 2
ð
M

a zð Þ + b zð Þð Þð

− q zð ÞÞ s−ð Þa zð Þ+b zð Þ w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ
≤ s−ð Þ1+q−R′ smaxð Þ,

E′α,β s−w, s−yð Þ, s−w, s−yð Þ
D E

≤ s−ð Þp−−1 w, yð Þk kp− − s−ð Þq+−1
ð
M

� α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ

− 2 s−ð Þ a−+b−ð Þ−q+
ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ

≤ s−ð Þq+−1 R s−ð Þ −
ð
M

α w zð Þj jq zð Þ
��

+ β y zð Þj jq zð ÞÞdvg zð Þ

= 0:

ð75Þ

We obtain that ðs−w, s−yÞ ∈N −
α,β:

For s > 1, we get by (74) and (34) that

E′α,β ss−w, s s−yð Þ, s−w, s−yð Þ
D E

≤ sp
−−1 s−ð Þp−−1 w, yð Þk kp−

− 4s a++b+ð Þ−1 s−ð Þa++b+

�
ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þdvg zð Þ < 0,

ð76Þ

and for 0 < s < 1, we deduce again by (73) and (34) that

E′α,β s s−w, s s−yð Þ, s−w, s−yð Þ
D E

≥ sp
+−1 s−ð Þp+−1 w, yð Þk kp+

− 4s a−+b−ð Þ−1 s−ð Þa−+b−

�
ð
M

w zð Þj ja zð Þ y zð Þj jb zð Þ dvg zð Þ > 0:

ð77Þ

Thus, s− is unique, which achieves the proof.

(ii) If
Ð
M
ðαjwðzÞjqðzÞ + βjyðzÞjqðzÞÞ dvgðzÞ > 0, we have

0 <
ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ
≤ c1 α, βð Þ w, yð Þk kq− ≤R smaxð Þ for α + β < K3:

ð78Þ

Therefore, there are unique s+ and s− such that 0 < s+

< smax < s−,

R s+ð Þ =
ð
M

α w zð Þj jq zð Þ + β y zð Þj jq zð Þ
� �

dvg zð Þ =R s−ð Þ,

R′ s+ð Þ > 0 >R′ s−ð Þ,
ð79Þ
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thus, by (i), we have ðs+w, s+yÞ ∈N +
α,β, ðs−w, s−yÞ ∈N −

α,β,
Eα,βðs−w, s−yÞ ≥Eα,βðsw, syÞ ≥Eα,βðs+w, s+yÞfor each s ∈ ½s+,
s−� and Eα,βðs+w, s+yÞ ≤Eα,βðsw, syÞfor each s ∈ ½0, s+�:
Hence,

Eα,β s+w, s+yð Þ = inf
0<s<smax

Eα,β sw, syð Þ ;Eα,β s−w, s−yð Þ
= sup

s≥0
Eα,β sw, syð Þ: ð80Þ

3.2. Existence of Nonnegative Solutions. This section is
devoted to proving the existence of minimizers in N +

α,β,
N −

α,β, also to show the existence of two nonnegative solu-
tions of system ðSÞ.

Lemma 23. For α + β < K =min fK1, k2g, the functional
Eα,β has a minimizer ðw0, y0Þ in N +

α,β, which satisfies the fol-
lowing assumptions:

(i) Eα,βðw+
0 , y+0 Þ = σ+

α,β < 0

(ii) ðw+
0 , y+0 Þ is a solution of ðSÞ

Proof. ðiÞ Thanks to Lemma 18, Eα,β is bounded below on
N α,β, which in particular is bounded below in N +

α,β. Then,
there exists a minimizing sequence fw+

n , y+ng ⊂N +
α,β such

that

lim
n⟶+∞

Eα,β w+
n , y+nð Þ = inf

w,yð Þ∈N +
α,β
Eα,β w, yð Þ = σ+α,β < 0: ð81Þ

Since, Eα,β is coercive, fðw+
n , y+nÞg is bounded on J:

Hence, we suppose that, without loss generality, ðw+
n , y+nÞ

⟶ ðw+
0 , y+0 Þ on J , and by the compact embedding (Theo-

rem 11), we have

w+
n ⟶w+

0 strongly in Lp zð Þ Mð Þ and La zð Þ+b zð Þ Mð Þ as n⟶ +∞:

y+n ⟶ y+0 strongly in Lp zð Þ Mð Þ and La zð Þ+b zð Þ Mð Þ as n⟶ +∞:

w+
n zð Þ⟶w+

0 and y+n zð Þ⟶ y+0 zð Þ a:e:inM as n⟶ +∞:

ð82Þ

Now, we shall demonstrate that w+
n ⟶w+

0 and y+n ⟶

y+0 in W1,qðzÞ
0 ðMÞ as n⟶ +∞: Otherwise, let w+

n⟶w+
0 or

y+n⟶y+0 in W1,qðzÞ
0 ðMÞ as n⟶ +∞: Then, we have

ρq ·ð Þ w
+
0ð Þ < lim

n⟶+∞
inf ρq ·ð Þ w

+
nð Þ,

ρq ·ð Þ y
+
0ð Þ < lim

n⟶+∞
inf ρq ·ð Þ y

+
nð Þ,

ð83Þ

using (82), we obtain that

ð
M

w+
0j jp zð Þ dvg zð Þ = lim

n⟶+∞
inf

ð
M

wnj jp zð Þ dvg zð Þ,
ð
M

y+0j jp zð Þdvg zð Þ = lim
n⟶+∞

inf
ð
M

ynj jp zð Þ dvg zð Þ,
ð84Þ

since, hE′α,βðw+
n , y+nÞ, ðw+

n , y+nÞi = 0, we get

Eα,β w+
n , y+nð Þ ≥ 1

p+
−

1
a− + b−

� �
w+

n , y+nð Þk kp+

+ 1
a− + b−

−
1
q−

� �
w+

n , y+nð Þk kq− :
ð85Þ

That is,

lim
n⟶+∞

Eα,β w+
n , y+nð Þ ≥ 1

p+
−

1
a− + b−

� �
lim

n⟶+∞
w+

n , y+nð Þk kp+

+ 1
a− + b−

−
1
q−

� �
lim

n⟶+∞
w+

n , y+nð Þk kq− :

ð86Þ

By (82) and (83), we have

σ+
α,β >

1
p+

−
1

a− + b−

� �
w+

0 , y+0ð Þk kp+ + 1
a− + b−

−
1
q−

� �
w+

0 , y+0ð Þk kq− :

ð87Þ

Since, p+ > q− for kðw, yÞk > 1, we deduce that

σ+α,β = inf
w,yð Þ∈N +

α,β
Eα,β w, yð Þ > 0, ð88Þ

which is a contradiction with Lemma 21. Hence,

w+
n ⟶w+

0 inW
1,q zð Þ
0 Mð Þ,

y+n ⟶ y+0 inW
1,q zð Þ
0 Mð Þ,

lim
n⟶+∞

Eα,β w+
n , y+nð Þ =Eα,β w+

0 , y+0ð Þ = σ+
α,β:

ð89Þ

Consequently, ðw+
0 , y+0 Þ is a minimizer of Eα,β on N +

α,β:

(ii) According to Lemma 17, we deduce that ðw+
0 , y+0 Þ is a

solution of ðSÞ:

Lemma 24. Let fw−
ng and fy−ng be any two bounded

sequences in W1,qðzÞ
0 ðMÞ. Then,

lim
n⟶+∞

ð
M

w−
n zð Þj ja zð Þ y−n xð Þj jb zð Þdvg zð Þ

=
ð
M

w−
0 zð Þj ja zð Þ y−0 zð Þj jb zð Þ dvg zð Þ:

ð90Þ

Proof. Similar to the proof ([21], Theorem 5.2), we will omit
it.
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Lemma 25. If α + β < K =min fK1, K2g, then Eα,β has a
minimizer ðw−

0 , y−0 Þ in N −
α,β such that

(i) Eα,βðw−
0 , y−0 Þ = σ−

α,β > 0

(ii) ðw−
0 , y−0 Þ is a solution of ðSÞ

Proof. ðiÞ As Eα,β is bounded below on N α,β and so on N −
α,β:

Then, there exists a minimizing sequence fw−
n , y−ng ⊂N −

α,β
such that

lim
n⟶+∞

Eα,β w−
n , y−nð Þ = inf

w,yð Þ∈N −
α,β
Eα,β w, yð Þ = σ−α,β > 0: ð91Þ

As Eα,β is coercive, fw−
n , y−ng is bounded in J , and thus,

there exists ðw−
0 , y−0 Þ ∈ J such that up to a subsequence ðw−

n
, y−nÞ ⊂ ðw−

0 , y−0 Þ and according to Theorem 11, we obtain

w−
n ⟶w−

0 strongly in Lp zð Þ Mð Þand La zð Þ+b zð Þ Mð Þas n⟶ +∞,

y−n ⟶ y−0 strongly in Lp zð Þ Mð Þand La zð Þ+b zð Þ Mð Þas n⟶ +∞,
w−

n xð Þ⟶w−
0 and y−n xð Þ⟶ y−0 xð Þ a:e:inM as n⟶ +∞:

ð92Þ

According to (92) and Lemma 24, we deduce that

ð
M

α w−
n ∣

q zð Þ + β
��� ���y−n

���q zð Þ� �
dvg zð Þ⟶

ð
M

α w−
0 ∣

q zð Þ + β
��� ���y−0

���q zð Þ� �
dvg zð Þ,

ð
M

w−
n zð Þj ja zð Þ y−n zð Þj jb zð Þdvg zð Þ⟶

ð
M

w−
0 zð Þj ja zð Þ y−0 zð Þj jb zð Þ dvg zð Þ:

ð93Þ

On the other hand, if ðw−
0 , y−0 Þ ∈N −

α,β, then there exists a
constant s > 0 such that ðsw−

0 , sy−0 Þ ∈N −
α,β, and according to

(92) and (93), we have

lim
n⟶+∞

Eα,β sw−
n , sy−nð Þ = lim

n⟶+∞
inf

ð
M

1
p zð Þ Dsw−

n zð Þj jp zð Þ
��

+ Dsy−n zð Þj jp zð Þ
�
dvg zð Þ −

ð
M

1
q zð Þ

� α sw−
n zð Þj jq zð Þ + β sy−n zð Þj jq zð Þ

� �
dvg zð Þ −

�
ð
M

2
a zð Þ + b zð Þ sw−

n zð Þj ja zð Þ sy−n zð Þj jb zð Þ dvg zð Þ


≥ lim
n⟶+∞

inf
ð
M

1
p zð Þ Dsw−

n zð Þj jp zð Þ + Dsy−n zð Þj jp zð Þ
� �

dvg zð Þ�

− lim
n⟶+∞

inf
ð
M

1
q zð Þ α sw−

n zð Þj jq zð Þ
�

+ β sy−n zð Þj jq zð ÞÞdvg zð Þ − lim
n⟶+∞

inf

�
ð
M

2
a zð Þ + b zð Þ sw−

n zð Þj ja zð Þ sy−n zð Þj jb zð Þdvg zð Þ >

�
ð
M

1
p zð Þ Dsw−

0 zð Þj jp zð Þ + Dsy−0 zð Þj
� �

dvg zð Þ

−
ð
M

1
q zð Þ α sw−

0 zð Þj jq zð Þ + β sy−0 zð Þj jq zð Þ
� �

dvg zð Þ

−
ð
M

2
a zð Þ + b zð Þ sw−

0 zð Þj ja zð Þ sy−0 zð Þj jb zð Þ dvg zð Þ

=Eα,β sw−
0 , sy−0ð Þ:

ð94Þ

Considering (32) and (94), we get

lim
n⟶+∞

ζ′ w−
n ,y−nð Þ sð Þ = lim

n⟶+∞
inf

ð
M

sp zð Þ−1 Dw−
n zð Þ jp zð Þ + Dy−n zð Þj jp zð Þ

� �
dvg zð Þ

�

−
ð
M

sq zð Þ−1 α w−
n zð Þj jq zð Þ + β y−n zð Þj jq zð Þ

� �
dvg zð Þ

− 2
ð
M

s a zð Þ+b zð Þð Þ−1 w−
n zð Þj ja zð Þ y−n zð Þj jb zð Þdvg zð Þ�

≥ sp
−−1 lim

n⟶+∞
inf

ð
M

Dw−
n zð Þj jp zð Þ + Dy−n zð Þj jp zð Þ

� �
dvg zð Þ

− sq
+−1 lim

n⟶+∞
inf

ð
M

α w−
n zð Þj jq zð Þ + β y−n zð Þj jq zð Þ

� �
dvg zð Þ

− 2s a++b+ð Þ−1 lim
n⟶+∞

inf
ð
M

w−
n zð Þj ja zð Þ y−n zð Þj jb zð Þ dvg zð Þ > sp

−−1

�
ð
M

Dw−
0 zð Þj jp zð Þ + Dy−0 zð Þj jp zð Þ

� �
dvg zð Þ − sq

+−1

�
ð
M

α w−
0 zð Þj jq zð Þ + β y−0 zð Þj jq zð Þ

� �
dvg zð Þ

− 2s a++b+ð Þ−1
ð
M

w−
0 zð Þj ja zð Þ y−0 zð Þj jb zð Þ dvg zð Þ

= ζ′ w−
0 ,y−0ð Þ sð Þ = 0:

ð95Þ

For n large enough, ζ′ðw−
n ,y−nÞðsÞ > 0: Since ðw−

n , y−nÞ ∈N −
α,β

for all n ∈ℕ, we have ζ′ðw−
n ,y−nÞð1Þ = 0 and ζ′ðw−

n ,y−nÞðsÞ < 0 for

every n ∈ℕ: By Lemma 22, we get ζ′ðw−
n ,y−nÞðsÞ < 0 for s > 0,

then from (95), we must have s < 1: Since ðw−
0 , y−0 Þ ∈N −

α,β
and by Lemma 22, we conclude that 1 is the global maxi-
mum for ζðw−

n ,y−nÞðsÞ: Therefore, from Lemma 23, it follows
that

Eα,β w−
0 , y−0ð Þ < lim

n⟶+∞
Eα,β w−

n , y−nð Þ ≤ inf
w,yð Þ∈N −

α,β
Eα,β w, yð Þ:

ð96Þ

It contradicts that ðw−
0 , y−0 Þ ∈N −

α,β: Hence, ðw−
n , y−nÞ⟶

ðw−
0 , y−0 Þ strongly in J as n⟶ +∞ and ðw0, y0Þ ∈N α,β:

Using the fact that

Eα,β w−
0 , y−0ð Þ = inf

w,yð Þ∈N α,β
Eα,β w, yð Þ > 0, ð97Þ

and Lemma 15, we conclude that ðw−
0 , y−0 Þ ∈N −

α,β:

(ii) From Lemma 17, ðw−
0 , y−0 Þ is a solution of ðSÞ:

Proof of Theorem 1. From Lemma 23 and Lemma 25, there
are ðw+, y+Þ ∈N +

α,β and ðw−, y−Þ ∈N −
α,β such that

Eα,β w+, y+ð Þ = inf
w,yð Þ∈N +

α,β
Eα,β w, yð Þ andEα,β w−, y−ð Þ

= inf
w,yð Þ∈N −

α,β
Eα,β w, yð Þ:

ð98Þ

Moreover, Eα,βðw±, y±Þ =Eα,βðjw±j, jy±jÞ ; hence, we
can assume w± ≥ 0, y± ≥ 0: From Lemma 17, ðw±, y±Þ are
two critical points of Eα,βand, thus, are nonnegative nontriv-
ial solutions of system ðSÞ:
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