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In this article, we will extend the notion of interpolative Kannan contraction by introducing the notions of interpolative Presi¢
type contractions and interpolative Presi¢ type proximal contractions for mappings defined on product spaces. Through these
notions, we will derive some results to ensure the existence of fixed points and best proximity points for such mappings.

1. Introduction and Preliminaries

The Banach contraction principle is the most significant and
basic result of metric fixed point theory. Through this result, we
can obtain a unique fixed point of a self-map N: L — L,
provided that N is a contraction map on a complete metric
space (L,d;). This result motivated Presi¢ to study about the
existence of fixed points of the operators defined on product
spaces, that is, N: L¥ — L, for any fixed k € N. As an out-
come of this motivation, Presi¢ [1] presented the following
noteworthy extension of the Banach contraction principle.

Theorem 1 (see [1]). Suppose that (L,d;) be a complete
metric space and N: L¥ — L be a map, for any fixed k € N,
satisfying the following inequality:

k
BN (Ll he)) € Y Gy (L 14), (1)

j=1

A(N (L. ..

forevery I, 1y, ..., L, Ly € L, where (1,05, ..., are the

nonnegative real numbers with ZI;:I (j<1. Then, there exists a
unique point of L that satisfies the equation | = N (L I,...,1).

k
This result is used to discuss the existence of equilibrium

points for the k™-order nonlinear difference equation of the
form

ln+k = N(ln’ ln+1’ tee ’ln+k71)’ (2)

where N: L¥ ¢ R — L is a continuous map. Note that a
point [* € L is known as an equilibrium point of (2) if
I*=N"I",...,1"). Such a point is also known as a fixed
k
point of N: L¥ — L. Some well-known generalizations of this
work have been studied by several authors, for example, [2-5].
Kannan and Chatterjea made a vital contribution in the
development of this field through the fixed point results
derived in [6, 7], respectively. Recently, Karapinar [8]
modified the Kannan contraction by introducing interpo-
lative Kannan contraction, stated as, a map
N: (L,d;) — (L,d;) is called an interpolative Kannan
contraction [8] if

d, (Nk, NI) < {d, (k, Nk)°d, (1, NI)"**, (3)

for all k,I € L with k# Nk and [+ NI, where { € [0,1) and
9e (0,1).

After that, many existing contraction-type conditions
have been generalized in the sense of interpolative Kannan
contraction, for example, Karapinar et al. [9] studied in-
terpolative Reich-Rus-Ciri¢ type contraction in partial
metric spaces, Aydi et al. [10] studied interpolative Ciri¢-
Reich-Rus type contractions in Branciari metric spaces,
Mohammadi et al. [11] extended the concept of F-con-
tractions by interpolative  Ciri¢-Reich-Rus  type
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F-contractions, Karapinar et al. [12] studied interpolative
Hardy-Rogers type contractions, Debnath and Sen [13]
studied set-valued interpolative Hardy-Rogers and set-val-
ued Reich—Rus—Ciric’—type contractions, Sarwar et al. [14]
presented rational type interpolative contractions, Khan
et al. [15] worked on interpolative (¢, y)-type Z-contrac-
tions, Altun and Tasdemir [16] presented interpolative
proximal contractions for nonself mappings, Fulga and
Yesilkaya [17] studied interpolative Suzuki-type contrac-
tions, Karapmar et al. [18] defined (a, 3, ¥, ¢)-interpolative
contractions, and Alansari and Ali [19] studied multivalued
interpolative Reich-Rus-Ciri¢-type contractions.

Gaba and Karapinar [20] extended the notion of in-
terpolative Kannan contraction through exponential
powers, stated as, a map N: (L,d;) — (L,d;) is called an
((,9,,9,)-interpolative Kannan contraction, if

d, (Nk,NI) < {d, (k, Nk)"d, (I, NI)*, (4)

for all k,I € L with k# Nk and [# NI, where 9,,9, € (0,1)
with 9, + 9, <1and { € [0, 1). Readers can find other similar
generalizations in [21].

Consider O; and M; be nonvoid subsets of a metric
space (L,d;). It is well-known that a fixed point of a map
N: O, — M, isasolution of NI = .IfO; N M, = &, then
fixed point of N: O, — M, does not exist, that is,
d; (NI, 1)>0 for all I € O;. In this situation, we try to find
I € O;, such that d; (NI,]) attain the minimum value in
some sense. It is obvious that the smallest value that can be
obtained by d; (N1, 1) for any [ € O; will be greater or equal
to D; (O;, M;), that is, distance between O; and M;. A
point [ € O; is said to be a best proximity point of
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researchers in different ways, for example, Caballero et al.
[22] studied the existence of best proximity points for
nonself maps satisfying Geraghty contraction and P-prop-
erty in metric spaces, Bilgili et al. [23], Aydi et al. [24], and
Pitea [25] extended the work of Caballero et al. [22] by
introducing generalized Geraghty contraction, y-Geraghty
contraction and generalized almost 8-Geraghty contraction
for nonself maps, Basha and Shahzad [26] and Basha [27]
defined proximal-type contractions to study the existence of
best proximity points, Jleli and Samet [28] defined
a-y-proximal contraction to ensure the existence of best
proximity points, Jleli et al. [29] and Aydi et al. [30] defined
generalized a-y-proximal contractions to extend the work of
Jleli and Samet [28], Abkar and Gabeleh [31] and Kumam
et al. [32] studied the existence of best proximity points for
multivalued nonself maps in metric spaces, Ali et al. [33]
defined implicit proximal contractions, Sahin et al. [34]
defined proximal nonunique contraction, and Ali et al. [35]
studied the existence of best proximity points for Presi¢ type
nonself operators satisfying proximal type contractions.
This article aims to present the notions of interpolative
Presi¢ type contractions and interpolative Presi¢ type
proximal contractions for mappings defined on product
spaces. Through these notions, we will study the existence of
fixed points and best proximity points for such mappings.

2. Main Results

We begin this section with the following definition.

Definition 1. A map N: LxL — L is called an interpo-

N: O, — M,,ifd; (NL,I) = D; (O, M;). The existence of ~ lative  Pre$i¢  type-I  contraction, if for each
such points of nonself maps has been discussed by several s, w,t,v € L~Fix (N), we get
dy (N (s,w), N (£, )™ 07N < ) (0, N (s, w)"dy (v N (59, (5)

where y: Lx L — R~{0} is a map, 9,9, € (0,1) with
9,+9,=1,0€[0,1), and Fix(N) ={l e L: I = N(I,])}.

The following theorem is used to study the existence of
fixed points for the above map.

Theorem 2. Consider an interpolative Presi¢ type-I con-
traction map N: Lx L — L on a complete metric space
(L,d}). Also, consider that

(i) If min{y(s,w),y(t,v)} =1 then y(N(s,w),
N(t,v))=1.
(ii) There exist two  elements s,w €L  with
min{y (s, w), y (w, N (s,w))} = 1.
(iii) For  every  sequence {l,} ~in L  with

Y, 1,0) = 1Vm=my for some natural number
mgy and I, — 1, we have y(l,1) = 1.

Then, there exists at least one point of L that satisfies the
equation | = N (I, 1).

Proof. Hypothesis (ii) assures that there are two points, say,
I, and [, in L with

min{y (Ip, 1),y (b, N (Ip, 1))} = L. (6)

By using these two points, we can define a sequence {I,,,}

with [, = N(l,,_,1,,)¥m € N. From hypothesis (i), it can
be concluded that y(1,,,1,,.,) =1, Vm>1. Hence,

min{y (lm—l’lm)’)/(lm’lmﬂ)} =1VmeN. (7)

By (5), we get
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dy (N (b L N (o b)) = iy (N (151N (L L)) Gt (i)} ©
< (dL (lm’ N(lm— 1> lm))9] dL (Zm+1’ N(lm’ lm+1))9zvm € N’
dL (lm+1’ lm+2) < cmdL (ll’ 12)’ Vim e N. (12)
that is,
By triangle inequality and (12), for each k,n € N with
91 ‘92 y g q Y
dr (lm+1>lm+2) <{d; (lm>lm+1) d (lm+1’lm+2) > VmeN. k >n, we obtain
) k-1 SE
By (9), we obtain d;(1,1) < ZdL(zj,le)g Z J7d(1,L). (13)
j=n j=n
1-9 9
> ’< , Y N. 10
A (bnst> lma) > <4dp (L i) vm € (10) In view of the above inequality and the convergence of
Since 1 -9, = 9,, thus, by (10), we get 2721 ¢, we say that the sequence {1} is a Cauchy in L. By the
(1 ) completeness of (L,d;), we get a point [* € L, such that
Ay (s> L) <€ (- 2)dL (B> L) (11) I, —1*. Also, by (iii), we get yp(I*,I*)=1, since

<¢d, (Il )Vm €N,

Hence, by (11), we conclude that

dp (N (Lo 1), N (. 17)) = dy (N (1

yUyly) =1, VmeNandl, — I*.
Here, the claim is [* = N (I*,1*). If the claim is wrong,
then by (5), for each m € N, we get

LN (1)) G )y ),

m—1>*m)>

<Gy (o N (b1 1,0)) "y (N (1, 17) %, (14)
< (dL (lm+1’ lm+2)91dL (l*’ N (l*’ l*))sz'

By triangle inequality and (14), we obtain

A (N (1)) <y (N (o) + g (N (L) N (1),

<dy (1" Lyusa) + i (s )"y (U N (17,17) ™,

Letting m — oo in (15), we get d; (I*, N (I*,1*)) = 0.
Hence, the claim is true, that is, I* = N (I*,*). O

Example 1. Consider L=R equipped with a metric
d; (k,I) = |k — | foreach k,Il € L. Define N: L x L — Land
y: L x L — R~{0} by

u, itk,1>0,
NkD=1 2 (16)
0, otherwise,
and
1, ifk, 1>0.
vkl = 1 1/2, otherwise. (17

Then, one can easily verify that the axioms of Theorem 2
are satisfied. Hence, there is at least one element I* € L, such
that I = N (I",1*).

In the following, we present interpolative Presic type-1I
contraction map and related fixed point result.

(15)

Definition 2. A map N: Lx L — L is called an interpo-
lative ~ Pre$i¢  type-II  contraction, if for each
s,w,t,v € L~Fix(N) with min{y(s,w), y (¢, v)} > 1, we get

d, (N (s,w), N (t,v)) <{d; (w, N (s,w))"d, (v, N (£, v))™,
(18)

where y: LxL— R is a map, 9,9, € (0,1) with
9,+9,=1,0€0,1), and Fix(N) = {l € L: I = N (I, )}

Theorem 3. Consider an interpolative Presi¢ type-II con-
traction map N: Lx L — L on a complete metric space
(L,d;). Also, consider that

(i) If min{y(s,w),y(t,v)}>1, then
N(t,v)>1
(ii) There exist two  elements
min{y (s, w), y (w, N (s,w))} > 1.
(iii) For  every  sequence {l,} in L  with
YLy L) 2 1Ym > my for some natural number my
and l,, — 1, we have y(l,1) > 1.

p (N (s, w),

sswel with



Then, there exists at least one point of L that satisfies the
equation | = N (I, 1).
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For some [, and [, in L. Through these two points, we can

construct a sequence {l,,} with [, ., = N(l,,_;,1,,)Vm € N.

Also, hypothesis (i) implies that y(l,,,1,,,)>1, Vm>1.
Proof. In view of the hypothesis (ii), we get Hence,
min{y (Ip,1;),y (1, N (lp, 1))} = 1. (19) min{y (L,_1,1,,)s Y (L et )} =1 Vi € N (20)
By (18), we get
dL (N (lm—l’ lm)’ N (lm’ lm+1)) < (dL (lm’ N (lm— 1> lm))SIdL (lm+1’ N (lm’ lm+1))92vm eN. (21)
By performing some calculations, we get
dy (Lyors Lpea) <8y (L 1,0) " <0"dy (1,1),  Vm e N, (22)
Hence, it can be seen that {/,,} is a Cauchy sequence in L
with 1, — I* € L. Also, by (iii), we get y(I*,1*) > 1. Sup-
pose that I* # N (I*,1*). Then, by (18), for each m € N, we get
dL (N (lm’ lm+l)’ N (l*’ l*)) < CdL (lm+1’ N (Zm’ lm+1))91dL (l*’ N (l*’ l*))sz’ (23)
<8y (hyyys L) ey (1, N (1, 1))
By triangle inequality and (23), we obtain
dy (5N (1)) <dp (15N (b L)) + di (N (s L), N (I, 17)), ”

< dL (l*’ lm+2) + CdL (lm+1’ lm+2)91dL (l*’ N (l*’ l*))sz'

Letting m — oo in (24), we get d; (I*, N (I*,I*)) = 0.
Hence, our supposition is wrong and [* = N (I*,[*). O

Example 2. Consider L =7 equipped with a metric
d; (k1) = |k —1I| for each k,l € L. Define N: L x L — Land
y: Lx L — R by

I ifk,1>0,
N(k, l) = { (25)
k| +11| otherwise,
and
kD {1, ifk, 1>0. 06
yisu= 0, otherwise.

Then, one can easily verify that the axioms of Theorem 3
are satisfied. Hence, there is at least one element [* € L, such
that I* = N (I*,1%).

Some consequences of the above results can be obtained
in the form of the following listed corollaries. The following
corollary is obtained from Theorem 2 by considering ¢ = w.

Corollary 1. Consider a map N: L x L — L on a complete
metric space (L,d;), such that for each s,w,v € L~Fix(N),
we get

d; (N (s, w), N (w, v))"™ @@} < g () N (s, w)"d, (v, N (w, 1)), (27)
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where y: Lx L — R~{0} is a map, 9,,9, € (0,1) with
9, +9, =1, and { € [0,1). Also, consider that

() If min{y(s,w),y(w,v)} =1, then y(N(s,w),
N(w,v)) =1
(ii) There exist two elements s,welL with
min{y (s,w),y (w, N (s,w))} = 1
(iii) For  every  sequence {l,} in L  with

Y ly) = 1Vm=my for some natural number
mgy and I, — I, we have y(L,]) =1

Then, there exists at least one point of L that satisfies the
equation | = N (I, 1).

The following corollary is a special case of Theorem 3
which can be obtained by considering ¢t = w.

Corollary 2. Consider a map N: L x L — L on a complete

metric space (L,d;), such that for each s,w,v € L~Fix(N)

with min{y (s, w), y (w,v)} > 1, we get

d (N (s,w), N (w, v)) < {dy (w, N (s, w))"d (v, N (w, v),
(28)

where y: Lx L — R is a map, 9,,9, € (0,1) with 9, + 9, =
1 and { € [0,1). Also, consider that

() If min{y (s, w), y (w,v)} > 1, then
y(N (s, w), N (w,v)) > 1
(ii) There exist two  elements s,w €L  with
min{y (s,w), y (w, N (s,w))} > 1
(iii) For  every  sequence {l,} in L  with

Y (L Lysr) = 1Ym = my for some natural number my
and l,, — 1, we have y(l,1)>1

Then, there exists at least one point of L that satisfies the
equation | = N (I, 1).

By defining y (s, w) = 1 for each s, w € L in Theorem 2 or
Theorem 3, we get the following.

Corollary 3. Consider a map N: L x L — L on a complete
metric space (L,d;) that satisfies

dy (N (s,w), N (1,v)) <{d (w, N (s,w))"dy (v, N (£, )",
(29)
for each s,w,v € L~Fix (N), where 9,9, € (0,1) with 9, +

9, = Land { € [0, 1). Then, there exists at least one point of L
that satisfies the equation | = N (I, 1).

From the above corollary, we can also obtain the fol-
lowing result.

Corollary 4. Consider a map N: L x L — L on a complete
metric space (L,d;) that satisfies

d, (N (s,w), N (w,v)) <{d; (w, N (s,w))"d, (v, N (w,v))®,
(30)

for each s,w,v € L~Fix(N), where 9,,9, € (0,1) with 9, +
9, = Land { € [0, 1). Then, there exists at least one point of L
that satisfies the equation I = N (I, 1).

In the following, we will study about the interpolative
Presi¢ type proximal contractions and related results.

Let (L,d;) be a metric space and O;, M; be nonvoid
subsets of L. We will use the following notations.

D, (Oy, M;) = inf{d; (0,m): 0 € O, me M},
d;(o,M;) = inf{d; (0,m): m e M},
Oy ={o € O;: dy(0o,m) = D; (O, M) forsomem € M, },
M, ={m e M;: d;(o,m) =D, (O, M,)forsomeo € O, }.

Note that a point 0™ € O; is known as a best proximity
point of N: O; xOp — M; if d; (0%,
N (0*,0%)) = D; (O, M}). The collection of all such points
for N: O; x Op — M| is denoted by Bes(N).

Definition 3. A map N: O; xO; — M is called an in-
terpolative Pres$i¢ type-I proximal contraction, if for each
s,w,t,v, p,q € O;~Bes(N) with
d;(p,N(s,w)) =D, (O, M) =d; (¢, N (t,v)), we get

dy (p ™" <tdy (w, ) (), (3D)
where y: O; x O — R~{0} is a map, 9,,9, € (0, 1) with
9, +9,=1and (€ [0,1).

The following theorem is used to ensure the existence of
best proximity points for the above defined maps.

(31)

Theorem 4. Consider an interpolative Presi¢ type-I proximal
contraction map N: O; xOp — M; on a metric space
(L,d;). Also, consider that

() If min{y (s,w),y(t,v)} = 1 and
d; (p,N(s,w)) =D, (O, M) =d; (¢, N (t,v)),
then y(p,q) = 1.

(ii) There  exist  elements  s,w,peO;  with
d.(p,N(s,w)) = D, (O, M;) and
min{y (s,w),y (w, p)} > 1.

(iii) N (O x Op4) € M.

(iv) Oy is nonempty and complete with respect to d.

(v) For every sequence {l,,} in Oy, with y(l,,,1,.,) =
1Vm=>=m, for some natural number m, and
I, — 1, we have y(,1) = 1.



Then, there exists at least one point of L that satisfies the
equation d; (I, N(L,1)) = D; (O, M}).

Proof. From hypothesis (ii), we have [, [,, and [, in O; with
min{y (l,,1,)y(,1,)} =1 and d;(I,,N(,1,)) = D, (O,
M). Hypothesis (iii) implies that N (/;,1,) € M| , and there
is Iy € Oy satisfying d; (I, N (I;,1,)) = D, (O, M}). Thus,
from hypothesis (i), we get y(l,,1;) = 1. Hence, by using
hypotheses (i) and (ii) repeatedly, we conclude that

y(, ;1) =1and d; (I, N(,_,L,)) = D; (O, M) for
all m e N.
Since d; (l,.1-N(U,_1,1,) =D, (O, M) =

dr (L, N 1,01)) for each meN and
min{y(l,,_;,1,,),y (L, 1,.,1)} =1 for each m €N, then, by
(32), we get

dp (lm+1’ lm+2) <d, (lm+1’ lm+2)mm{y () (IWIM)}, (33)

<0y (b b)) " i, (s L) s Ym €N,

Now, by following the proof of Theorem 2, we say that
{I,,},n> is a Cauchy sequence in Oy, Since Oy is complete,
we have a point[* € Oy, such thatl,, — [*. Also, by (v), we
gety(I*,1") = 1, since y(l,,,1,,,,) = 1 and [, — [*. Clearly,
N 1*) e M;;, and there is w*eO;, with
dp (w*, N (I*,1*)) = D; (O, M;). Here, the claim is w* = [*.
Suppose it is wrong, then by (33), for each m € N, we get

Ay (1) = dy (w00 (ot ]V,
< CdL (lm’ lm+1 )SldL (l* 4 w* )92'

Letting m — oo in (34), we obtain d; (I*, w*) = 0, and
it contradicts our assumption. Hence, our claim is true, that
is, I* = w*. Therefore, d; (I*, N (I*,1*)) = D; (O, M,).

In the following, we present the notion of interpolative
Presic¢ type-II proximal contraction. O

(34)

Definition 4. A map N: O; x O, — M is called an in-
terpolative Presi¢ type-1I proximal contraction, if for each
s,w,t,v, p,q € O;~Bes(N)  with  d; (p, N(s,w)) = D;
(O, M;) =d; (g, N(t,v)) and min{y(s,w),y(t,v)} > 1, we
get

dip (N (sp>85 -
<{d; (st N (51,85, - -

where y: Lx L — R~\{0} is a map, 9,,9, € (0,1) with
9+9,=1, (e[0,1), and Fix(N)={leL:1=N(,],
...,D}. Also, consider that

Ly (s wy)} =1, then
)wk)) =1
,S; € L, such that

(i) If min{y (s, w,),y(sy,w,), . ..
PN (51,8555 N(wy, w,, . ..

(ii) There exist elements s,,s,, . ..

Sk ) N (wy, w,, - ..

9
o s) dp (wy N (wy, w,, - .
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d; (p,q) <{dy (w, p)*d; (v, )", (35)

where y: Op x O; — R is a map, 9,,9, € (0,1) with 9, +
9, =1and { € [0,1).

The existence of best proximity points for above map can
be ensured by the result given.

Theorem 5. Consider an interpolative Presi¢ type-1I proxi-
mal contraction map N: O; x Op — M on a metric space
(L,d;). Also, consider that

(i) If min{y(s,w),y(t,v)}>1 and d;(p,N(s,w)) =
D; (O, M;) =d; (¢, N (t,v)), then y(p,q) > 1.

(ii) There  exist  elements  s,w,p €O  with
d (p,N(s,w)) =D, (O;,M;) and minfy(s,w),
y(w, p)}=1.

(iii) N (O, x OL4)M .

(iv) Oyq is nonempty and complete with respect to d.

(v) For every sequence {l,.} in Oy with y(l,,1,.,)
>1Vm=my for some natural number m, and
L, — 1, we have y(l,1) > 1.

Then, there exists at least one point of L that satisfies the
equation d; (I, N(L,I)) = D; (O, M).

Proof. The proof can be derived on the same steps as the
proof of Theorem 4 is done. O

2.1. Results for Extended Interpolative Presi¢ Type Maps.
This subsection presents the extensions of the above listed
results. Theorems 6 and 7 can be considered as an extended
version of Theorem 2 and Theorem 3, respectively.

Theorem 6. Consider an extended interpolative Presi¢ type-I
contraction map N: LF — L, for any fixed k € N, on a
complete metric space (L,d}), that is, for each s,s,, ..., St
Wy, Wy, ..., Wy, € LNFix(N), we get

i wk))min{y (s0w1)>y (s2w2)>--y (50w )}

(36)
’wk))92>

miny (51,520, (52:53). - s = L

(37)

Y (s N (51,85, - -

(iii) For  every  sequence {l,} in L  with
y(,,1,.0) =1Vm=my for some natural number
mgy and I, — 1, we have y(l,,,,]) = 1Vm>m,,.

Then, there exists at least one point of L that satisfies the
equation I = N(LI,...,1).

k—times
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Proof. Hypothesis (ii) implies the existence of elements  considering hypothesis (i), it can be concluded that

I,,L,,..., 1 in L with y(,,,1,.1) = 1Vm>m,. Then, we say that
min{y (1,,5,),y (L, 1), -,y (Lo N (I, Ly .. 1))} = 1 min{y (L Lyt > Y U Lo )> -+ o5V (k1o L)} = 1¥m € N
(38) (39)
Through these points, we can define a sequence {I,,,} with By (36), we get

Lpik = N Lysts - - s Lpskoy) for all m e N. Hence, by

dL (N (lm’ lm+1’ te lm+k—1)’ N(lmH’ lm+2’ te ’lm+k))
min Lol )Y (Lol )0 Dnek=1olme
= dL (N(lm’lm+1" . "lm+k—1)’N(lm+1’lm+2" . "lm+k)) {V( " )Y( ) Y( * k)} (40)

< (dL (lm+k— 1> N (lm’ lm+1’ R lm+k—1))91dL (lm+k’ N (lm+1’ lm+2> R lm+k))ezvm € N’

that is,

Ay (s L) < €y (15 L) i (g L) ™ Vm € N, (41)

dy (L) <C" 5, (I,0,,,), Vm>k+1. 45
By (41)’ we obtain L(m m+1) { L(k k 1) m ( )

g, 9, From triangle inequality and (45), for each g,n € N with
dL (lm+k’ lm+k+1)1 B (dL (lm+k— 1 lm+k) , VmeN. (42) & b v 1

q>n>k+ 1, we obtain

Since 1 -9, =9, thus, by (42), we get q-1 oo
- di(l,1)< Y di(l,1,)< ) 0 (Lo L) (46)
dL (lm+k’ lm+k+1) s (1/ (1 SZ)dL (lm+k— Iy lm+k)91’ (43) L( q) ; L( ' ]H) JZ':‘ ' "

<{dy (pegto bnsg) - Y €N, Above inequality yields that {/,,} is a Cauchy sequence in

a complete space L. Hence, we get a point [* € L with
I, — I*. Also, by (iii), we get y (1,,,, I*) = 1, Vm € N, since
A Lk b)) < €7y (o liyr)s - Ym €N, (44)  y(,l,) =1 VmeNandl, — I*.

Here, the claim is I* = N (I*,1*,...,1"). If the claim is
wrong, then by (36), for each m € N, we get

Hence, by (43), we get

that is,

< (dL (lm+k—l>N(lm’lm+1’ R ’lm+k—1))91dL (l*’N(l*’l*’ T ’l*))sz’
SdL (lm+k—1’lm+k)91dL (l*’N(l*’l*’ te ’l*))sz‘
(47)

By triangle inequality and (47), for each m, we obtain

d, (N ) <d, (5Nl oL ) +dy (N (s Lo -+ o Ly 1) N (5150 17))

* 9 * *p% #3119 (48)
<dp (I L) + €Ay (Leg 15 L) " (5N (517, T)) 2,

Letting m — oo in(48), we get d; (I, N (I*,1*,...,1"))  Theorem 7. Consider an extended interpolative Presi¢ type-
=0. Hence, the claim is true, that is, I* = N(I*,I*,  II contraction map N: LF — L, for any fixed k € N, on a
T, O  complete metric space (L,dy), that is, for each s, s,, ..., S
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Wy, Wy, - - ., Wy, € LNFix (N) with min{y (s;, w;),
P(SpWy), .. Y (S W)} =1, we get
9 9
dp (N (51,8558 ) N (Wi ws, - .y wy)) <8d (51N (51,8525 8¢)) ' (Wi N (wy, ws, .., wy)) ™, (49)
where y: LxL— R is a map, 9,,9,¢€ (0,1) with Then, there exists at least one point of L that satisfies the
9,+9, =1, (€ [0,1), and equation I = N (L, 1,...,1).
Fix(N)={le L:1=N(]l,...,I)}. Also, consider that k—times
(i) If min{y(s;,w;),y (s, w,),...,y(swi)} =1, then  Proof. The proof can be obtained on the same steps as the
PN (51585 .- 581), N(wy, wy, ..., wy)) > 1. proofs of Theorems 6 and 2 are done.
(ii) There exist elements s,,sy,. .., s € L, such that The following theorems can be considered as an ex-
tended form of Theorems 3 and 5, respectively. O

min{y (s;,5,), Y (52, 83)s - > Y (S N (515855 -+ 8)) } > 1.

(50) " Theorem 8. Consider an extended interpolative Presi¢ type-1

proximal contraction map N: Of — M, for any fixed
k € N, on a metric space (L, d;), that is, for each s, s,, . . ., Sy,
Wy, Wy, . . ., Wy, p,q € O ~Bes(N) with

(iii) For  every  sequence {l,} in L  with
y(,,1,.1) = 1Vm=my for some natural number my
and I, — 1, we have y(l,,,1) 2 1Vm=>m,.

dp (PN (spsy--58)) = DL (O, M) =d (N (wp wy, . .., wy)), (51)
we get Then, there exists at least one point of L that satisfies the
equation d; (I, N(L,1,...,1)) = D; (O, M}).

dy (p, @)l o)y o)y (e} < ¢4, (5, p)dy (w q)™, o times

(52)  Proof. By hypothesis (ii), we get [}, L, ..., I, [, in O; with

dy (L, Ny, L, .. 1) =D (O, M d
where y: O; x O — R~{0} is a map, 9,,9, € (0,1) with 1 (e Nl ©) 1(Op, My) an

9,+9,=1, (€[0,1), Bes(N)={oe€O;:d(o,N(o,o0, min{y (15, 1,), y (> 13)s - > ¥ (lo )} = L. (54)
..,0)) = D; (O, M)}, and O, M, are the nonvoid subsets o
of L. Also, consider that Hypothesis (iii) implies that N (L,,15,..., 1) € Mo,

] { | 4 and there is [, € O, satistying
(i) If min{y(s;,w;),y(sp,w,),...,p(SpwE)} =1 an
d; (p,N(sl,lsz,,l, 5>8)=D; (O, M;)=d;(¢gN dp (les> N (s 35 - -5 1kiy)) = DL (O, My). (55)

- (wy, w,. ""wk))’ then y(p,q) = 1. ) Then, from hypothesis (i), we get y (1> lk2) = 1. Re-
(i) There exist elements sy,s,,...,5,p € Oy with  peated use of hypotheses (i), (ii), and (iii) yields y (I,,,1,,.,) =
di(p, N (51585, -.-»5)) = D (O, M) and landd; (Lo Ny Loers - - s Lyex 1)) = Dy (Op, M) for all

min{y (s;,5,), ¥ (s283)> - - ¥ (S0 P)} = L. (53) meNAs

dp (lm+k’N(lm’lm+l’ s >lm+k—1)) =Dy (OL>ML)> (56)
(iii) N (Op x -+ xOp x Oyp4) € Mp,.

and
iv) O; i t d lete with t to d.
() O, 1§ nonempty and complete with 1ESPECt (0 die (1 N oo b)) = Dy (O M), Vi €N
(v) For every sequence {l,,} in O with y(l,,1,,,) =
1Vm=>m, for some natural number m, and (57)
I, — I, we have y(I,,,]) = 1Vm>m,. and
min{y (lm’lm+1)’))(lm+l’lm+2)’ e ’Y(lm+k—l>lm+k)} = 1’ Vm €N (58)

Then, by (52), we get
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dL (lm+k’ lm+k+1) = dL (lm+k> lm+k+1 )min{y (ZM’ZWI )V (lm*kil’lmk)}’

< (dL (lm+k— 1> lrm—k)‘91 dL (lm+k> lm+k+l )92 > Vm e N.

(59)

Following the proof of Theorem 6, we say that {1,,},,,» s,

is Cauchy in Oy, and by the completeness of O;,, we get a

point [* € Oy, with [, — I*. Also, by (v), we get

y(,,l*) =1Vm e N, since y(l,,1,,,) =1 and [, — I*.

Clearly, N (I*,1*,...,I*) € My, and there is w* € Oy, with

dp(w*, N(I*,1*,...,1")) = D, (O, M_). Here, the claim is

w* =I*. Suppose it is wrong, then by (52), for each m € N,
we get

) x x\9,
SCdL(lm+k—1’lm+k)S dp (I",w")™.
(60)

di(p,N(s1,85- ..

and

minfy (s, w, ), y (s w,), - ¥ (s wi)} 2 1, (62)

we get
dp (p»q) <{d; (se P)eldL (Wi ‘1)92’ (63)

where y: Op xOp — R is a map, 9,,9, € (0,1) with
9, +9, =1, and { € [0,1). Also, consider that
(i) If min{y (s, wy),y (s, w,),...,y(spwE)}>1 and
d (p,N(s1,855...,5)) =D, (O;,M;)= d; (¢gN
(wy, wy, ..., wy)), then y(p,q) > 1.

(ii) There exist elements s,8,,...,8, p € O with
dr(p,N(s},85,...58)) =D (O, M) and

min{y (s;,5,),y(s283), - ¥ (s P)} 2 1. (64)

(iii)) N (Op x -+-x O x Opy) SM,.
k—1times
(iv) Oy, is nonemivty and complete with respect to d;.
(v) For  every sequence {l,} in Op  with
y(,,,1L,.1) = 1Vm=>my for some natural number my,
and l,, — 1, we have y(l,,,,1) 2 1Vm=>m,.

Then, there exists at least one point of L that satisfies the
equation d; (I, N(L,1,...,1)) = D; (O, M,).

k—times

The proof of the above theorem can be derived by
viewing the proof of Theorem 8.

3. Conclusion

This article provides a few results dealing with fixed points
and best proximity points of the mappings defined on product
spaces. The notions of interpolative Pre$i¢ type contractions

»sk)) = Dp(O, M) =d, (¢, N (wp, w,, . ..

Letting m — oo in (60), we obtain d; (I*,w*) = 0, and
it contradicts our assumption. Hence, our claim is true, that
is, I* = w*. Therefore, d (I NI .0 0%) =
D, (O, M)). O

Theorem 9. Consider an extended interpolative Presic type-
1I proximal contraction map N: O — M, for any fixed
k € N, on a metric space (L,d}), that is, for each s, s,, . . ., St
Wy, Wy, ..., Wy, P,q € Op~Bes(N) with

, Wy))» (61)

and interpolative Pre$i¢ type proximal contractions are in-
troduced in the context of metric spaces to discuss the ex-
istence of fixed points and best proximity points of such maps,
respectively. These notions are derived by considering the
concept of interpolative Kannan contraction.
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