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In this work, we introduce weak Pata convex contractions and weak E-Pata convex contractions via simulation functions in metric
spaces to prove some fixed point results for such mappings. Also, we consider an example related to weak Pata convex
contractions. Consequently, our results generalize and unify some results in the literature.

1. Introduction and Preliminaries

It is well known that Banach [1] pioneered in fixed point
theory by introducing a novel notion, namely, Banach con-
traction principle in 1922. After this date, several authors
generalized and extended this principle. A generalization
was given by Pata [2] known as Pata contraction. Recently,
Pata contraction has been studied by many authors. Some
of the studies were for Pata contraction presented by [3–13].

Firstly, the concept of ϕ − weak contraction was given by
Alber et al. [14]. Zhang et al. and Rhoades’s results [15, 16]
extend previous results given by Alber et al., and they
obtained fixed point results for single-valued mappings in
Banach spaces, and Rhoades [15] got a unique common
fixed point of such contractions, respectively.

In 2012, Samet et al. [17] suggested a novel notion, the
so-called α-admissible. Later, Karapinar et al. [18] presented
triangular α-admissible mappings, and then, Arshad et al.
[19] introduced α-orbital admissible and triangular α
-orbital admissible mappings. Due to the importance, many
authors studied such mappings. For more knowledge and
different examples related to admissible mappings, one can
see [20–25].

Istratescu [26–28] gave the concept of contractions
known as the convex contraction of order 2 and two-sided
convex contraction mappings. Very recently on, Karapinar
et al. [10] introduced the notion of α-almost Istratescu con-
traction of type E. Some notable generalizations related to
Istratescu’s results were obtained by [29–35].

In a recent work, Khojasteh et al. [36] introduced the
notion of Z-contraction using simulation functions. Later,
Karapinar [37] and Argoubi et al. [38] studied such contrac-
tions. After that, some new studies were obtained related to
simulation functions in [39–44].

The aim of this paper is to establish some fixed point
results for weak Pata convex contractive mapping and weak
E-Pata convex contractive mapping via α-admissible map-
pings by using simulation functions in metric spaces. Our
results are generalization of recent fixed point results derived
by Karapinar et al. ([10, 32, 45]), Alber et al. [14], Zhang
et al. [16], Istratescu [26], Pata [2], and Banach [1] and some
other related results in the literature.

Firstly, we start this section by recalling some definitions
related to our work.

In the course of this manuscript, ℝ, ℕ denote the set of
real numbers and the set of natural numbers, respectively.
Let FixS = fw ∈W : Sw =w:g

Alber et al. [14] gave the definition of ϕ −weak contrac-
tion, stated below.

Definition 1. See [14]. Let ðW, ρÞ be a metric space. A map-
ping S : W ⟶W is called ϕ −weak contraction, if there
exists a map ϕ : ½0,+∞Þ⟶ ½0,+∞Þ with ϕð0Þ = 0 and ϕðwÞ
> 0 for all w > 0 such that

ρ Sw, Sυð Þ ≤ ρ w, υð Þ − ϕ ρ w, υð Þð Þ, ð1Þ

for all w, υ ∈W.
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The concept of ϕ-weak contraction was generalized by
Zhang et al. [16] as generalized ϕ-weak contraction.

Definition 2. See [16]. Let ðW, ρÞ be a metric space. A map-
ping S : W ⟶W is called generalized ϕ -weak contraction,
if there exists a map ϕ : ½0,+∞Þ⟶ ½0,+∞Þ with ϕð0Þ = 0
and ϕðwÞ > 0 for all w > 0 such that

ρ Sw, Sυð Þ ≤M w, υð Þ − ϕ M w, υð Þð Þ, ð2Þ

for all w, υ ∈W, where

M w, υð Þ =max ρ w, υð Þ, ρ w, Swð Þ, ρ υ, Sυð Þ, ρ w, Sυð Þ + ρ υ, Swð Þ
2

� �
:

ð3Þ

Samet et al. [17] and Karapinar et al. [18] introduced the
following concepts, respectively.

Definition 3. Let ðW, ρÞ be a metric space, S : W ⟶W be a
map, and α : W ×W ⟶ ½0,+∞Þ be a function.

(i) [17] If αðw, υÞ ≥ 1 implies αðSw, SυÞ ≥ 1 for all w, υ
∈W, then S is called α − admissible

(ii) [18] If S is α − admissible and αðw, zÞ ≥ 1 and αðz,
υÞ ≥ 1 imply αðw, υÞ ≥ 1, then S is called triangular
α − admissible

Example 4. Let W =ℝ, the mappings S : W ⟶W by

S wð Þ =
w2 + 1

3 , w ∈ 0, 1½ Þ,
1
2 , w ∉ 0, 1½ Þ,

8>><
>>: ð4Þ

and α : W ×W ⟶ ½0,+∞Þ by

α w, υð Þ =
1, w, υ ∈ 0, 1½ �,
0, w, υ ∉ 0, 1½ �:

(
ð5Þ

Thus, S is a triangular α-admissible mapping.

Khojasteh et al. [36] gave the simulation function and Z
-contraction as follows.

Definition 5. See [36]. A mapping ζ : ½0,∞Þ × ½0,∞Þ⟶ℝ is
called a simulation function if it satisfies the following
conditions:

(ζ1) ζð0, 0Þ = 0
(ζ2) ζðw, υÞ <w − υ
(ζ3) if fwng and fυng are sequences in ð0,∞Þ such that

limn⟶+∞wn = limn⟶+∞vn > 0, then limsupn⟶+∞ζðwn, υnÞ
< 0.

Definition 6. See [36]. Let ðW, ρÞ be a metric space and
S : W ⟶W be a mapping. If there exists ζ ∈ Z such that

ζ ρ Sw, Sυð Þ, ρ w, υð Þð Þ ≥ 0, for allw, υ ∈W, ð6Þ

then, S is called Z − contraction with respect to ζ:

(ζ1) condition was removed in the above definition of
simulation function by Argoubi et al. [38] in 2015. Also, Z ′
denotes the set of all simulation functions.

Example 7. See [36, 42, 44]. Let ζ : ½0,∞Þ × ½0,∞Þ⟶ℝ and
φi : ½0,∞Þ⟶ ½0,∞Þ, i = 1, 2, 3 be continuous functions
with φiðwÞ = 0⇔ t = 0.

ζðw, υÞ = φ1ðwÞ − φ2ðvÞ, for all w, v ∈ ½0,∞Þ, where φ1
ðwÞ <w ≤ φ2ðvÞ for all w > 0:

ζ w, υð Þ = v − φ3 wð Þ −w: ð7Þ

For the above examples and other examples related
to simulation functions, one can see [36, 37, 42, 44]
and references therein.

The following two concepts were defined by Istratescu
[26] as follows.

Definition 8. See [26]. Let ðW, ρÞ be a metric space and S
: W ⟶W be a self-mapping. For all w, υ ∈W, S is called
convex contraction of order 2 if there exist d1, d2 ∈ ð0, 1Þ
such that d1 + d2 < 1 and

ρ S2w, S2υ
� �

≤ d1ρ Sw, Sυð Þ + d2ρ w, υð Þ: ð8Þ

S is called two-sided convex contraction mappings if
there exist d1, d2, d3, d4 ∈ ð0, 1Þ such that d1 + d2 + d3 +
d4 < 1 and

ρ S2w, S2υ
� �

≤ d1ρ w, Swð Þ + d2ρ Sw, S2w
� �

+ d3ρ υ, Sυð Þ
+ d4ρ Sυ, S2υ

� �
:

ð9Þ

In the course of this work, Ψ denotes the set of all
increasing function ψ : ½0, 1�⟶ ½0,∞Þ, which vanishes
with continuity at zero. For a random w0 ∈W, we
denote kwk = ρðw,w0Þ, ∀w ∈W.

Introducing a novel generalization of the Banach con-
traction principle, Pata [2] proved Theorem 9.

Theorem 9. See [2]. Let ðW, ρÞ be a metric space and Λ ≥ 0,
ξ ≥ 1 and ϑ ∈ ½0, ξ� be fixed constants. ψ ∈Ψ and S : W ⟶
W be functions. If for all w, υ ∈W, the inequality

ρ Sw, Sυð Þ ≤ 1 − εð Þρ w, υð Þ +Λεξψ εð Þ 1 + wk k + υk k½ �ϑ ð10Þ

is satisfied for all ε ∈ ½0, 1�; then S has a unique fixed point,
ω = Sω, ω ∈W.
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Pata-type contractions were studied by some authors.
Karapinar et al. [11] introduced Pata-Ciric type contraction
at a point. Alqahtani et al. [5] gave the α-Pata–Suzuki con-
traction and fixed point results for such contractions. After
that, Karapinar and Himabindu [11] proved some common
fixed point results for Pata–Suzuki Z-contraction.

We recall here the following important Lemma 10 that
we will use to proof of our main results.

Lemma 10. See [46]. Let ðW, ρÞ be a metric space and fwng
be a sequence in W such that ρðwn+1,wnÞ⟶ 0 as n⟶∞.
If fwng is not a Cauchy sequence, then there exist a ς > 0 and
subsequences fwmj

g and fwnj
g of fwng such that lim j⟶∞

ρðxmj+1, xnj+1Þ = ς, limj⟶∞ρðxmj
, xnj

Þ = ς, lim j⟶∞ρðxmj+1,
xnj

Þ = ς and limj⟶∞ρðxmj
, xnj+1Þ = ς.

2. Main Results

The main objective of this work is to give some new fixed
point theorems via a combination of convex contraction,
weak contraction and Pata type contractive mappings by
introducing the concept of weak E-Pata convex contractions
and weak Pata convex contractions in metric spaces. We will
use simulation functions and admissible mappings when
combining these concepts. Also, we will give an example that
supports our conclusion.

In definitions and results in this paper, Λ ≥ 0, ξ ≥ 1, and
ϑ ∈ ½0, ξ� will be considered as fixed constants, and also, we
will consider the following equations:

EI w, υð Þ = ρ Sw, Sυð Þ + ρ Sw, S2w
� �

− ρ Sυ, S2υ
� ��� ��,

MI w, υð Þ =max ρ w, υð Þ, ρ Sw, Sυð Þ, ρ w, Swð Þ, ρ υ, Sυð Þ,f
ρ Sw, S2w
� �

, ρ Sυ, S2υ
� ��

,

PI w, υð Þ = 1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 
ϑ
:

ð11Þ

At first, we begin our work by giving the following
definitions.

Definition 11. Let ðW, ρÞ be a metric space. We say that
S : W ⟶W is weak Pata convex contractive mapping via
simulation function if for all w, υ ∈W, and ε ∈ ½0, 1�, there
exist three functions ζ ∈ Z ′, ψ ∈Ψ, and α : W ×W ⟶ ½0,+
∞Þ such that S satisfies the inequality

ζ α w, υð Þρ S2w, S2υ
� ��

, 1 − εð Þ MI w, υð Þ − ϕ MI w, υð Þð Þð Þ
+Λεξψ εð ÞPI w, υð Þ ≥ 0,

ð12Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0.

Definition 12. Let ðW, ρÞ be a metric space. We say that
S : W ⟶W is weak E -Pata convex contractive mapping
via simulation function if for all w, υ ∈W, and ε ∈ ½0, 1�, there
exist three functions ψ ∈Ψ, ζ ∈ Z ′, and α : W ×W ⟶ ½0,+
∞Þ such that S satisfies the inequality

ζ α w, υð Þρ S2w, S2υ
� �

, 1 − εð Þ EI w, υð Þ − ϕ EI w, υð Þðð Þ�
+Λεξψ εð ÞPI w, υð ÞÞ ≥ 0,

ð13Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0.

Now, we are in a position to present our main theorems.

Theorem 13. Let ðW, ρÞ be a complete metric space, α : W
×W ⟶ ½0,+∞Þ and S : W ⟶W be a weak E -Pata con-
vex mapping via simulation function. Suppose that

(i) S is triangular α -admissible

(ii) there exists w0 ∈W such that αðw0, Sw0Þ ≥ 1

(iii) S is continuous

(iv) for all w, υ ∈ FixS, αðw, υÞ ≥ 1.

Then S has a unique fixed point in W.

Proof. From hypothesis (ii) of the Theorem 13, there exists
w0 ∈W such that αðw0, Sw0Þ ≥ 1. Firstly, we will show that
αðSnw0, Sn+1w0Þ ≥ 1 for all n ∈ℕ. Since S is an α-admissi-
ble mapping, we have

α w0,w1ð Þ ≥ 1 = α w0, Sw0ð Þ ≥ 1⇒ α Sw0, S2w0
� �

≥ 1,

α Sw0, S2w0
� �

≥ 1⇒ α S2w0, S3w0
� �

≥ 1:
ð14Þ

By induction, we obtain that

α Snw0, Sn+1w0
� �

≥ 1, for all n ∈ℕ: ð15Þ

Taking into account hypothesis (i) of the Theorem 13,
we have

α Snw0, Sn+1w0
� �

≥ 1 and α Sn+1w0, Sn+2w0
� �

≥ 1⇒ α Snw0, Sn+2w0
� �

≥ 1:
ð16Þ

Again by induction, we obtain that

α Snw0, Smw0ð Þ ≥ 1,  for allm > n ≥ 0: ð17Þ

Now, we will show that fρðSnw0, Sn+1w0Þg is a nonin-
creasing sequence. Since S is a weak E-Pata convex contrac-
tive mapping via simulation function, we have
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ζ α w0, Sw0ð Þρ S2w0, S3w0
� �

, 1 − εð Þ
EI w0, Sw0ð Þ

−ϕ EI w0, Sw0ð Þð Þ

 ! 

+Λεξψ εð ÞPI w0, Sw0ð Þ
!
≥ 0,

1 − εð Þ
EI w0, Sw0ð Þ

−ϕ EI w0, Sw0ð Þð Þ

 !
+Λεξψ εð ÞPI w0, Sw0ð Þ

− α w0, Sw0ð Þρ S2w0, S3w0
� �

≥ 0:
ð18Þ

From hypothesis (ii) of the Theorem 13, we get

ρ S2w0, S3w0
� �

≤ α w0, Sw0ð Þρ S2w0, S3w0
� �

≤ 1 − εð Þ EI w0, Sw0ð Þ − ϕ EI w0, Sw0ð Þð Þð Þ +Λεξψ εð ÞPI w0, Sw0ð Þ

= 1 − εð Þ
ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��

−ϕ ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��� �

0
@

1
A

+Λεξψ εð Þ
1 + w0k k + Sw0k k + Sw0k k

+ S2w0
�� �� + S2w0

�� �� + S3w0
�� ��

" #ϑ

≤ 1 − εð Þ
ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��

−ϕ ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��� �

0
@

1
A

� 1 + w0k k + 2 Sw0k k + 2 S2w0
�� �� + S3w0

�� ��	 
ϑ
≤ 1 − εð Þ

ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��

−ϕ ρ Sw0, S2w0
� �

+ ρ Sw0, S2w0
� �

− ρ S2w0, S3w0
� ��� ��� �

0
@

1
A

+ Kεξψ εð Þ,
ð19Þ

for some K > 0. If we assume that ρðSw0, S2w0Þ < ρðS2w0,
S3w0Þ, then we have ρðSw0, S2w0Þ + jρðSw0, S2w0Þ − ρðS2w0,
S3w0Þj = ρðS2w0, S3w0Þ. Hence, we have

ρ S2w0, S3w0
� �

≤ 1 − εð Þ ρ S2w0, S3w0
� �

− ϕ ρ S2w0, S3w0
� �� �� �

+ Kεξψ εð Þ:
ð20Þ

The inequality (20) is true for all ε ∈ ½0, 1�: For ε = 0, we
obtain ρðS2w0, S3w0Þ < ρðS2w0, S3w0Þ which is a contradic-
tion. Therefore, we obtain

ρ S2w0, S3w0
� �

≤ ρ Sw0, S2w0
� �

: ð21Þ

Analogously, as S is a weak E-Pata convex contractive
mapping via simulation function, we have

ζ α Sw0, S2w0
� �

ρ S3w0, S4w0
� �

, 1 − εð Þ
EI Sw0, S2w0
� �

−ϕ EI Sw0, S2w0
� �� �

0
@

1
A

0
@

+Λεξψ εð ÞPI Sw0, S2w0
� �!

≥ 0,

1 − εð Þ
EI Sw0, S2w0
� �

−ϕ EI Sw0, S2w0
� �� �

0
@

1
A +Λεξψ εð ÞPI Sw0, S2w0

� �0
@

− α Sw0, S2w0
� �

ρ S3w0, S4w0
� �!

≥ 0:

ð22Þ

Now, we can write

ρ S3w0, S4w0
� �

≤ α Sw0, S2w0
� �

ρ S3w0, S4w0
� �

≤ 1 − εð Þ
ρ S2w0, S3w0
� �

+ ρ S2w0, S3w0
� �

− ρ S3w0, S4w0
� ��� ��

−ϕ ρ S2w0, S3w0
� �

+ ρ S2w0, S3w0
� �

− ρ S3w0, S4w0
� ��� ��� �

0
@

1
A

+Λεξψ εð Þ 1 + Sw0k k + S2w0
�� �� + S2w0

�� �� + S3w0
�� �� + S3w0

�� �� + S4w0
�� ��	 
ϑ

≤ 1 − εð Þ
ρ S2w0, S3w0
� �

+ ρ S2w0, S3w0
� �

− ρ S3w0, S4w0
� ��� ��

−ϕ ρ S2w0, S3w0
� �

+ ρ S2w0, S3w0
� �

− ρ S3w0, S4w0
� ��� ��� �

0
@

1
A + Kεξψ εð Þ,

ð23Þ

for some K > 0. In case that ρðS2w0, S3w0Þ < ρðS3w0, S4w0Þ;
then we have ρðS2w0, S3w0Þ + jρðS2w0, S3w0Þ − ρðS3w0, S4
w0Þj = ρðS3w0, S4w0Þ. So, we have

ρ S3w0, S4w0
� �

≤ 1 − εð Þ ρ S3w0, S4w0
� �

− ϕ ρ S3w0, S4w0
� �� �� �

+ Kεξψ εð Þ:
ð24Þ

The inequality (24) is true for all ε ∈ ½0, 1�: For ε = 0, we
obtain ρðS3w0, S4w0Þ < ρðS3w0, S4w0Þ which is again a con-
tradiction. Therefore, we obtain

ρ S3w0, S4w0
� �

≤ ρ S2w0, S3w0
� �

: ð25Þ

By induction, since S is a weak E-Pata convex contractive
mapping via simulation function, we have

ζ α Sn−2w0, Sn−1w0
� �

ρ Snw0, Sn+1w0
� �

, 1 − εð Þ�
� EI Sn−2w0, Sn−1w0

� �
− ϕ EI Sn−2w0, Sn−1w0

� �� �� �
+Λεξψ εð ÞPI Sn−2w0, Sn−1w0

� ��
≥ 0,

1 − εð Þ
EI Sn−2w0, Sn−1w0
� �

−ϕ EI Sn−2w0, Sn−1w0
� �� �

0
@

1
A

0
@

+Λεξψ εð ÞPI Sn−2w0, Sn−1w0
� �

− α Sn−2w0, Sn−1w0
� �

� ρ Snw0, Sn+1w0
� �!

≥ 0:

ð26Þ
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We have that

ρ Snw0, Sn+1w0
� �

≤ α Sn−2w0, Sn−1w0
� �

ρ Snw0, Sn+1w0
� �

≤ 1 − εð Þ
ρ Sn−1w0, Snw0
� �

+ ρ Sn−1w0, Snw0
� �

− ρ Snw0, Sn+1w0
� ��� ��

−ϕ ρ Sn−1w0, Snw0
� �

+ ρ Sn−1w0, Snw0
� �

− ρ Snw0, Sn+1w0
� ��� ��� �

0
@

1
A

+Λεξψ εð Þ 1 + Sn−2w0
�� �� + Sn−1w0

�� �� + Sn−1w0
�� �� + Snw0k k + Snw0k k + Sn+1w0

�� ��	 
ϑ
≤ 1 − εð Þ

ρ Sn−1w0, Snw0
� �

+ ρ Sn−1w0, Snw0
� �

− ρ Snw0, Sn+1w0
� ��� ��

−ϕ ρ Sn−1w0, Snw0
� �

+ ρ Sn−1w0, Snw0
� �

− ρ Snw0, Sn+1w0
� ��� ��� �

0
@

1
A + Kεξψ εð Þ,

ð27Þ

for some K > 0. In case that ρðSn−1w0, Snw0Þ < ρðSnw0, Sn+1
w0Þ; then we have

ρ Snw0, Sn+1w0
� �

< 1 − εð Þ ρ Snw0, Sn+1w0
� ��

− ϕ ρ Snw0, Sn+1w0
� �� ��

+ Kεξψ εð Þ:
ð28Þ

Again, the inequality (28) is true for all ε ∈ ½0, 1� for ε = 0;
we obtain ρðSnw0, Sn+1w0Þ < ρðSnw0, Sn+1w0Þ is again a con-
tradiction. Therefore, we obtain

ρ Snw0, Sn+1w0
� �

≤ ρ Sn−1w0, Snw0
� �

: ð29Þ

Consequently, we find that

ρ Snw0, Sn+1w0
� �

≤ ρ Sn−1w0, Snw0
� �

≤⋯≤ ρ S3w0, S4w0
� �

≤ ρ S2w0, S3w0
� �

≤ ρ Sw0, S2w0
� �

:

ð30Þ

If the point w0 ∈W is taken as the starting point, the
sequence fwng is constructed by wn = Swn−1 = Snw0, n ≥ 1. If
wn0+1 =wn0

for any n0 ∈ℕ, then wn0
is a fixed point of S. As

a result, supposing that wn0+1 ≠wn0
for all n0 ∈ℕ and let ρn

= ρðwn−1,wnÞ. So, we get that fρng is a nonincreasing
sequence. For this reason, there exists a δ ≥ 0 such that

lim
n⟶∞

ρ wn−1,wnð Þ = lim
n⟶∞

ρn = δ: ð31Þ

Wewill demonstrate that δ = 0. For this, we should demo-
strate that the sequence fkwnkg is bounded. Since fρng is a
nonincreasing sequence, we have

ρn+1 = ρ wn,wn+1ð Þ ≤ ρ wn−1,wnð Þ ≤⋯≤ ρ w3,w4ð Þ
≤ ρ w2,w3ð Þ ≤ ρ w1,w2ð Þ = ρ2 ≤ w1k k + w2k k: ð32Þ

By the triangle inequality, we have

wnk k = ρ wn,w0ð Þ ≤ ρ wn,wn+1ð Þ + ρ wn+1,w2ð Þ + ρ w2,w0ð Þ
= ρn+1 + ρ wn+1,w2ð Þ + w2k k ≤ ρ2 + ρ wn+1,w2ð Þ

+ w2k k ≤ w1k k + 2 w2k k + ρ wn+1,w2ð Þ:
ð33Þ

Since S is a weak E-Pata convex contractive mapping, we
have

ζ α wn,w0ð Þρ wn+1,w2ð Þ, 1 − εð Þ
EI wn−1,w0ð Þ

−ϕ EI wn−1,w0ð Þð Þ

 ! 

+Λεξψ εð ÞPI wn−1,w0ð Þ
!
≥ 0,

ð34Þ

1 − εð Þ EI wn−1,w0ð Þ − ϕ EI wn−1,w0ð Þð Þð Þ +Λεξψ εð ÞPI wn−1,w0ð Þ
� �

− α wn,w0ð Þρ wn+1,w2ð Þ ≥ 0:
ð35Þ

Together with (35), we obtain

ρ wn+1,w2ð Þ ≤ α wn,w0ð Þρ wn+1,w2ð Þ
≤ 1 − εð Þ EI wn−1,w0ð Þ − ϕ EI wn−1,w0ð Þð Þð Þ

+Λεξψ εð ÞPI wn−1,w0ð Þ,
ð36Þ

where

EI wn−1,w0ð Þ = ρ wn,w1ð Þ + ρ wn,wn+1ð Þ − ρ w1,w2ð Þj j
≤ ρ wn,w0ð Þ + ρ w1,w0ð Þ

+ ρ wn,wn+1ð Þ − ρ w1,w2ð Þj j ≤ wnk k + w1k k
+ ρn+1 − ρ2j j = wnk k + w1k k + ρ2 − ρn+1

≤ wnk k + 2 w1k k + w2k k − ρn+1 ≤ wnk k
+ 2 w1k k + w2k k,

PI wn−1,w0ð Þ = 1 + wn−1k k + w0k k + wnk k + w1k k + wn+1k k½
+ w2k k�ϑ ≤ 1 + w1k k + w2k k + wnk k + wnk k½
+ w1k k + w1k k + w2k k + wnk k + w2k k�ϑ

= 1 + 3 w1k k + 3 w2k k + 3 wnk k½ �ϑ:
ð37Þ

Now, we derive that

wnk k < w1k k + 2 w2k k + 1 − εð Þ wnk k + 2 w1k k + w2k kð
− ϕ wnk k + 2 w1k k + w2k kð ÞÞ +Λεξψ εð Þ 1 + 3 w1k k½
+ 3 w2k k + 3 wnk k�ϑ:

ð38Þ

Using ϑ ≤ ξ, we get

ε wnk k < 3 − 2εð Þ w1k k + 3 − εð Þ w2k k +Λεξψ εð Þ 1 + 3 w1k k½
+ 3 w2k k + 3 wnk k�ϑ ≤ 3 − 2εð Þ w1k k + 3 − εð Þ w2k k
+Λεξψ εð Þ 1 + 3 w1k k + 3 w2k k + 3 wnk k½ �ξ

= 3 − 2εð Þ w1k k + 3 − εð Þ w2k k +Λεξψ εð Þ 1 + 3 wnk kð Þξ

� 1 + 3 w1k k + 3 w2k k
1 + 3 wnk k

� �ξ

≤ 3 w1k k + 3 w2k k +Λεξψ

� εð Þ3ξ wnk kξ 1
3 wnk k + 1
� �ξ

1 + 3 w1k k + 3 w2k kð Þξ:

ð39Þ

5Journal of Function Spaces



Conversely, we assume that fkwnkg is not bounded
sequence. So, there exists a subsequence fkwnj

kg of fkwnkg
such that limj⟶∞wnj

=∞. If we take ε = εj = ð1 + 3kw1k +
3kw2kÞ/kwnj

k in (39) inequality; then we have

1 ≤Λ3ξ εξ wnk kξ
 �

1 + 3 w1k k + 3 w2k kð Þξ 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

� ψ εj
� �

≤Λ3ξ 1 + 3 w1k k + 3 w2k kð Þξ 1 + 3 w1k k + 3 w2k kð Þξ

� 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

≤Λ3ξ 1 + 3 w1k k + 3 w2k kð Þ2ξ

� 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

:

ð40Þ

If we take limit in (40) inequality as j⟶∞, then we get

Λ3ξ 1 + 3 w1k k + 3 w2k kð Þ2ξ 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

⟶ 0,

ð41Þ

which is a contradiction. Therefore, we demonstrate that the
sequencefkwnkg is bounded. So, there exists A > 0 such that
kwnk ≤ A for all n ∈ℕ. Following this line of work, we dem-
onstrate that δ = 0. Since S is a weak E-Pata convex contractive
mapping, we have

ζ α wn−1,wnð Þρ wn+1,wn+2ð Þ, 1 − εð Þ EI wn−1,wnð Þðð
− ϕ EI wn−1,wnð Þð ÞÞ +Λεξψ εð ÞPI wn−1,wnð ÞÞ ≥ 0,

1 − εð Þ EI wn−1,wnð Þ − ϕ EI wn−1,wnð Þð Þð Þ
+Λεξψ εð ÞPI wn−1,wnð Þ − α wn−1,wnð Þρ wn+1,wn+2ð Þ ≥ 0:

ð42Þ

Since ρn+1 ≤ ρn for all n ∈ℕ, we have

EI wn−1,wnð Þ = ρ wn,wn+1ð Þ + ρ wn,wn+1ð Þ − ρ wn+1,wn+2ð Þj j
= 2ρ wn,wn+1ð Þ − ρ wn+1,wn+2ð Þ = 2ρn+1 − ρn+2:

ð43Þ

Since the sequencefkwnkg is bounded, we have

PI wn−1,wnð Þ =Λεξψ εð Þ 1 + wn−1k k + wnk k + wnk k + wn+1k k½
+ wn+2k k + wn+3k k�ϑ ≤Λεξψ εð Þ 1 + 6Að Þϑ:

ð44Þ

Now, we can write

ρn+2 = ρ wn+1,wn+2ð Þ ≤ α wn−1,wnð Þρ wn+1,wn+2ð Þ
≤ 1 − εð Þ EI wn−1,wnð Þ − ϕ EI wn−1,wnð Þð Þð Þ

+Λεξψ εð ÞPI wn−1,wnð Þ ≤ 1 − εð Þ
� 2ρn+1 − ρn+2 − ϕ 2ρn+1 − ρn+2ð Þð Þ
+Λεξψ εð Þ 1 + 6Að Þϑ:

ð45Þ

If we take the limit as n⟶∞ in (45) inequality, then we
obtain

δ ≤ 1 − εð Þ δ − ϕ δð Þð Þ +Λεξψ εð Þ 1 + 6Að Þϑδ
≤Λεξ−1ψ εð Þ 1 + 6Að Þϑ:

ð46Þ

δ ≤ 0 as ε⟶ 0, that is limn⟶∞ρðwn+1,wn+2Þ = δ = 0.
Now, we demonstrate that fwng is a Cauchy sequence. On
the contrary, assume that the sequence fwng is not a Cauchy.
From Lemma 10, there exist subsequence fwmj

g and fwnj
g

with nj >mj > j such that limk⟶∞ρðxmk−1, xnk+1Þ = ς,
limk⟶∞ρðxmk−1, xnkÞ = ς, limk⟶∞ρðxmk

, xnkÞ = ς, limk⟶∞ρ

ðxmk+1, xnk+1Þ = ς, and limk⟶∞ρðxmk
, xnk−1Þ = ς. Since S is a

weak E − Pata convex contractive mapping, we have

ζ α wnj−1,wmj−1
 �

ρ wnj+1,wmj+1
 �

, 1 − εð Þ


� EI wnj−1,wmj−1
 �

− ϕ EI wnj−1,wmj−1
 � � ��

≥ 0,

1 − εð Þ EI wnj−1,wmj−1
 �

− ϕ EI wnj−1,wmj−1
 � � �

− α wnj−1,wmj−1
 �

ρ wnj+1,wmj+1
 �

≥ 0,
ð47Þ

where

EI wnj−1,wmj−1
 �

= ρ wnj
,wmj

 �
+ ρ wnj

,wnj+1
 �

− ρ wmj
,wmj+1

 ���� ���,

PI wnj−1,wmj−1
 �

=Λεξψ εð Þ 1 + wnj−1

��� ��� + wmj−1

��� ���h
+ wnj

��� ��� + wmj

��� ��� + wnj+1

��� ��� + wmj+1

��� ���iϑ
=Λεξψ εð Þ 1 + 6A½ �ϑ:

ð48Þ
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Now, we have

ς ≤ ρ wnj+1,wmj+1

 �
≤ α wnj−1,wmj−1

 �
ρ wnj+1,wmj+1

 �
≤ 1 − εð Þ EI wnj−1,wmj−1

 �
− ϕ EI wnj−1,wmj−1

 � � �
+Λεξψ εð ÞPI wnj−1,wmj−1

 �

≤ 1 − εð Þ
ρ wnj

,wmj

 �
+ ρ wnj

,wnj+1
 �

− ρ wmj
,wmj+1

 ���� ���
−ϕ ρ wnj

,wmj

 �
+ ρ wnj

,wnj+1
 �

− ρ wmj
,wmj+1

 ���� ��� �
0
BB@

1
CCA

+Λεξψ εð Þ 1 + 6A½ �ϑ

≤ 1 − εð Þ ρ wnj
,wmj

 �
+ ρ wnj

,wnj+1
 �

− ρ wmj
,wmj+1

 ���� ��� �
+Λεξψ εð Þ 1 + 6A½ �ϑ:

ð49Þ

If we take the limit as j⟶∞, then we obtain

ς ≤ 1 − εð Þς + Kεψ εð Þ, ð50Þ

and so, we have

ς ≤ Kψ εð Þ, ð51Þ

and thus, we get that ς = 0, which is a contradiction. Therefore,
we concluded that fwng is a Cauchy sequence in ðW, ρÞ. By
the completeness of W, the sequence fwng is convergent to
some ω ∈W that is wn ⟶ ω as n⟶ +∞. Since S is contin-
uous, Swn ⟶ Sω as n⟶ +∞. By the uniqueness of the
limit, we obtain ω = Sω that is ω is a fixed point of S.

Next, we will demonstrate the uniqueness of the fixed
point. Suppose that Τ and ω are two fixed points of S: Since
S satisfies the hypothesis (iv) of Theorem 13, S is an weak E-
Pata convex contractive mapping; we have

ρ ω, Τð Þ ≤ α ω, Τð Þρ S2ω, S2Τ
� �

≤ 1 − εð Þ EI ω, Τð Þ − ϕ EI ω, Τð Þð Þð Þ +Λεξψ εð ÞPI ω, Τð Þ

≤ 1 − εð Þ
ρ Sω, SΤð Þ + ρ Sω, S2ω

� �
− ρ SΤ, S2Τ
� ��� ��

−ϕ ρ Sω, SΤð Þð + ρ Sω, S2ω
� �

− ρ SΤ, S2Τ
� ��� ��

0
@

1
A
1
A

+Λεξψ εð Þ 1 + ωk k + Τk k + Sωk k + SΤk k + S2ω
�� ��	

+ S2Τ
�� ��
ϑ ≤ 1 − εð Þρ ω, Τð Þ +Λεξψ εð Þ 1 + 3 ωk k + 3 Τk k½ �ϑ:

ð52Þ

We obtain that ρðω, ΤÞ < KψðεÞ for some K ≥ 0, and so,
we get ω = Τ. Hence, S has a unique fixed point in W, that is
ω = Sω, ω ∈W.

Following this line of work, Theorem 14 does not require
the continuity of S.

Theorem 14. Let ðW, ρÞ be a complete metric space, α : W
×W ⟶ ½0,+∞Þ and S : W ⟶W be a weak Pata-convex
mapping. Suppose that

(i) S is triangular α − admissible

(ii) there exists w0 ∈W such that αðw0, Sw0Þ ≥ 1

(iii) S2 is continuous and for all ω ∈ FixS2, αðSω, ωÞ ≥ 1

(iv) for all w, ω ∈ FixS2, αðw, ωÞ ≥ 1

Then, S has a unique fixed point in W.

Proof. Following the proof of Theorem 13, we have already
proved that fwng is a Cauchy sequence in W. Since W is
complete, we have wn ⟶ ω ∈W as n⟶ +∞. Taking into
account hypothesis (iii) Theorem 14, we have limn⟶∞
ρðwn, S2ωÞ = limn⟶∞ρðS2wn−2, S2ωÞ = 0. In the uniqueness
of the limit, we obtain that S2ω = ω. Next, we will prove that
ω = Sω. On the contrary, we assume that ω is not fixed point
of S. So, we have

0 < ρ Sω, ωð Þ = ρ S2 Sωð Þ, S2ω� �
≤ α Sω, ωð Þρ S2 Sωð Þ, S2ω� �

≤ 1 − εð Þ EI Sω, ωð Þ − ϕ EI Sω, ωð Þð Þð Þ +Λεξψ εð ÞPI Sω, ωð Þ

≤ 1 − εð Þ
ρ Sω, S2ω
� �

+ ρ Sω, S2ω
� �

− ρ S2ω, S3ω
� ��� ��

−ϕ ρ Sω, S2ω
� �

+ ρ Sω, S2ω
� �

− ρ S2ω, S3ω
� ��� ��� �

0
@

1
A

+Λεξψ εð Þ 1 + Sωk k + ωk k + Sωk k + S2ω
�� �� + S3ω

�� �� + S2ω
�� ��	 
ϑ

≤ 1 − εð Þρ Sω, ωð Þ − ϕ ρ Sω, ωð Þð Þ + Kεξψ εð Þ,
ð53Þ

for some K > 0. We obtain

ρ Sω, ωð Þ < 1 − εð Þρ Sω, ωð Þ + Kεξψ εð Þ: ð54Þ

For ε = 0 in (54) which is a contradiction. Thus, we make
an inference that Sω = ω, and so, ω is a fixed point of S. Fol-
lowing the proof of Theorem 13, the uniqueness of fixed
point of S can be obtained.

Theorem 15 is other fundamental result of our work.

Theorem 15. Let ðW, ρÞ be a complete metric space, α : W
×W ⟶ ½0,+∞Þ and S : W ⟶W be a weak Pata convex
contractive mapping via simulation function. On the assump-
tion that all of the Theorem 13 hypotheses are satisfied, then h
has a unique fixed point.

Proof. In the proof of Theorem 13, we have got that

α Snw0, Sn+1w0
� �

≥ 1 for all n ∈ℕ and α Snw0, Smw0ð Þ
≥ 1 for allm > n ≥ 0:

ð55Þ

Setting ℓ =min fρðw0, Sw0Þ, ρðSw0, S2w0Þg and now, we
demonstrate that

fρðSnw0, Sn+1w0Þg is a nonincreasing sequence. Since S
is a weak Pata convex contractive mapping via simulation
function, we have

ζ α w0, Sw0ð Þρ S2w0, S3w0
� �

, 1 − εð Þ MI w0, Sw0ð Þð�
− ϕ MI w0, Sw0ð Þð ÞÞ +Λεξψ εð ÞPI w0, Sw0ð ÞÞ ≥ 0:

ð56Þ
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Using hypothesis (ii) of the Theorem 15, we get

ρ S2w0, S3w0
� �

≤ α w0, Sw0ð Þρ S2w0, S3w0
� �

≤ 1 − εð Þ
� MI w0, Sw0ð Þð − ϕ MI w0, Sw0ð Þð Þ +Λεξψ εð ÞPI w0, Sw0ð Þ

= 1 − εð Þ

max
ρ w0, Sw0ð Þ, ρ Sw0, S2w0

� �
, ρ w0, Sw0ð Þ,

ρ Sw0, S2w0
� �

, ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

8<
:

9=
;

−ϕ max

ρ w0, Sw0ð Þ, ρ Sw0, S2w0
� �

,

ρ w0, Sw0ð Þ, ρ Sw0, S2w0
� �

,

ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

8>>><
>>>:

9>>>=
>>>;

0
BBB@

1
CCCA

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

+Λεξψ εð Þ 1 + w0k k + 2 Sw0k k + 2 S2w0
�� �� + S3w0

�� ��	 
ϑ
≤ 1 − εð Þ

max ρ w0, Sw0ð Þ, ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �� �

−ϕ max ρ w0, Sw0ð Þ, ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �� �� �

0
@

1
A

+ Kεξψ εð Þ,
ð57Þ

for some K > 0. Assuming that max fℓ, ρðS2w0, S3w0Þg =
ρðS2w0, S3w0Þ, then we have ρðSw0, S2w0Þ < ρðS2w0, S3w0Þ.
Thus, we have

ρ S2w0, S3w0
� �

≤ 1 − εð Þ ρ S2w0, S3w0
� �

− ϕ ρ S2w0, S3w0
� �� �� �

+ Kεξψ εð Þ,
ð58Þ

and since ρðS2w0, S3w0Þ ≥ ρðS2w0, S3w0Þ − ϕðρðS2w0, S3w0ÞÞ
, we have

ρ S2w0, S3w0
� �

< 1 − εð Þρ S2w0, S3w0
� �

+ Kεξψ εð Þ: ð59Þ

The inequality (59) is true for all ε ∈ ½0, 1�: For ε = 0, we
obtain ρðS2w0, S3w0Þ < ρðS2w0, S3w0Þ which is a contradic-
tion. Hence, we obtain

ρ S2w0, S3w0
� �

≤ ℓ: ð60Þ

Analogously, since S is a weak Pata convex contractive
mapping via simulation function, we have

ζ
α Sw0, S2w0
� �

ρ S3w0, S4w0
� �

,

1 − εð Þ MI Sw0, S2w0
� �

− ϕ MI Sw0, S2w0
� �� �� �

+Λεξψ εð ÞPI Sw0, S2w0
� �

 !
≥ 0,

1 − εð Þ
MI Sw0, S2w0
� �

−ϕ MI Sw0, S2w0
� �� �

 !
+Λεξψ εð ÞPI Sw0, S2w0

� �
− α Sw0, S2w0
� �

ρ S3w0, S4w0
� �

≥ 0,

ð61Þ

and we can write that

ρ S3w0, S4w0
� �

≤ α Sw0, S2w0
� �

ρ S3w0, S4w0
� �

≤ 1 − εð Þ

max
ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

, ρ Sw0, S2w0
� �

,

ρ S2w0, S3w0
� �

, ρ S2w0, S3w0
� �

, ρ S3w0, S4w0
� �

8<
:

9=
;

−ϕ max

ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

,

ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

,

ρ S2w0, S3w0
� �

, ρ S3w0, S4w0
� �

8>>><
>>>:

9>>>=
>>>;

0
BBB@

1
CCCA

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

+Λεξψ εð Þ 1 + Sw0k k + S2w0
�� �� + S2w0

�� �� + S3w0
�� �� + S3w0

�� �� + S4w0
�� ��	 
ϑ

≤ 1 − εð Þ max ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

, ρ S3w0, S4w0
� �� �� �

+ Kεξψ εð Þ
ð62Þ

for some K > 0. In case that

max ρ Sw0, S2w0
� �

, ρ S2w0, S3w0
� �

, ρ S3w0, S4w0
� �� �

= ρ S3w0, S4w0
� �

,
ð63Þ

then we have

ρ S3w0, S4w0
� �

< 1 − εð Þρ S3w0, S4w0
� �

+ Kεξψ εð Þ: ð64Þ

The inequality (64) is true for all ε ∈ ½0, 1�: For ε = 0, we
obtain ρðS3w0, S4w0Þ < ρðS3w0, S4w0Þ is again a contradic-
tion. Therefore, we obtain

ρ S3w0, S4w0
� �

≤ ρ S2w0, S3w0
� �

≤ ℓ: ð65Þ

Again, by induction, since S is a weak Pata convex con-
tractive mapping via simulation function, we have

ζ

 
α Sn−2w0, Sn−1w0
� �

ρ Snw0, Sn+1w0
� �

, 1 − εð Þ

�
MI Sn−2w0, Sn−1w0
� �

−ϕ MI Sn−2w0, Sn−1w0
� �� �

0
@

1
A

+Λεξψ εð ÞPI Sn−2w0, Sn−1w0
� �!

≥ 0,

1 − εð Þ
MI Sn−2w0, Sn−1w0
� �

−ϕ MI Sn−2w0, Sn−1w0
� �� �

0
@

1
A

0
@

+Λεξψ εð ÞPI Sn−2w0, Sn−1w0
� �

− α Sn−2w0, Sn−1w0
� �

ρ Snw0, Sn+1w0
� �!

≥ 0,

ð66Þ
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and we have that

ρ Snw0, Sn+1w0
� �

≤ α Sn−2w0, Sn−1w0
� �

ρ Snw0, Sn+1w0
� �

≤ 1 − εð Þ

max

ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Sn−1w0, Snw0
� �

, ρ Snw0, Sn+1w0
� �

8>>><
>>>:

9>>>=
>>>;

ϕ max

ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Sn−1w0, Snw0
� �

, ρ Snw0, Sn+1w0
� �

8>>><
>>>:

9>>>=
>>>;

0
BBB@

1
CCCA

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

+Λεξψ εð Þ 1 + Sn−2w0
�� �� + Sn−1w0

�� �� + Sn−1w0
�� �� + Snw0k k + Snw0k k + Sn+1w0

�� ��	 
ϑ

< 1 − εð Þ

max
ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Snw0, Sn+1w0
� �

8<
:

9=
;

−ϕ max
ρ Sn−2w0, Sn−1w0
� �

, ρ Sn−1w0, Snw0
� �

,

ρ Snw0, Sn+1w0
� �

8<
:

9=
;

0
@

1
A

0
BBBBBBBB@

1
CCCCCCCCA

+ Kεξψ εð Þ,

ð67Þ

for some K > 0. In case that max fρðSn−2w0, Sn−1w0Þ, ρðSn−1
w0, Snw0Þ, ρðSnw0, Sn+1w0Þg = ρðSnw0, Sn+1w0Þ, then we
have

ρ Snw0, Sn+1w0
� �

< 1 − εð Þρ Snw0, Sn+1w0
� �

+ Kεξψ εð Þ: ð68Þ

Again, the inequality (68) is true for all ε ∈ ½0, 1� and for
ε = 0, we obtain ρðSnw0, Sn+1w0Þ < ρðSnw0, Sn+1w0Þ is again
a contradiction. Consequently, we can find that

ρ Snw0, Sn+1w0
� �

≤ ρ Sn−1w0, Snw0
� �

≤⋯≤ ρ S3w0, S4w0
� �

≤ ρ S2w0, S3w0
� �

≤ ρ Sw0, S2w0
� �

:

ð69Þ

Starting at the point w0 ∈W, the sequence fwng is con-
structed by wn = Swn−1 = Snw0, n ≥ 1. If wn0+1 =wn0

for any
n0 ∈ℕ, then wn0

is a fixed point of S. Hereby, assume that
wn0+1 ≠wn0

for all n0 ∈ℕ and let ρn = ρðwn−1,wnÞ. There-
fore, we get that fρng is a nonincreasing sequence. There-
upon, there exists a δ ≥ 0 such that

lim
n⟶∞

ρ wn−1,wnð Þ = lim
n⟶∞

ρn = δ: ð70Þ

We will demostrate that δ = 0. For this, we should demo-
strate that the sequence fkwnkg is bounded. Since fρng is a
nonincreasing sequence, we have

ρn+1 = ρ wn,wn+1ð Þ ≤ ρ wn−1,wnð Þ ≤⋯≤ ρ w3,w4ð Þ
≤ ρ w2,w3ð Þ ≤ ρ w1,w2ð Þ = ρ2 ≤ w1k k + w2k k: ð71Þ

From the triangle inequality, we can write

wnk k = ρ wn,w0ð Þ ≤ ρ wn,wn+1ð Þ + ρ wn+1,w2ð Þ + ρ w2,w0ð Þ
= ρn+1 + ρ wn+1,w2ð Þ + w2k k ≤ ρ2 + ρ wn+1,w2ð Þ + w2k k
≤ w1k k + 2 w2k k + ρ wn+1,w2ð Þ:

ð72Þ

Since S is a weak Pata convex contractive mapping via
simulation function, we have

ζ α wn,w0ð Þρ wn+1,w2ð Þ, 1 − εð Þ MI wn−1,w0ð Þðð
− ϕ MI wn−1,w0ð Þð ÞÞ +Λεξψ εð ÞPI wn−1,w0ð ÞÞ ≥ 0,

1 − εð Þ
MI wn−1,w0ð Þ

−ϕ MI wn−1,w0ð Þð Þ

 !
+Λεξψ εð ÞPI wn−1,w0ð Þ

 

− α wn,w0ð Þρ wn+1,w2ð Þ
!
≥ 0:

ð73Þ

Together with (71), we obtain that

ρ wn+1,w2ð Þ ≤ α wn,w0ð Þρ wn+1,w2ð Þ ≤ 1 − εð Þ
� MI wn−1,w0ð Þ − ϕ MI wn−1,w0ð Þð Þð Þ
+Λεξψ εð ÞPI wn−1,w0ð Þ:

ð74Þ

From (71) and ρ2 ≤ kw1k + kw2k, we have

MI wn−1,w0ð Þ =max
ρ wn−1,w0ð Þ, ρ wn,w1ð Þ, ρ wn−1,wnð Þ,
ρ w0,w1ð Þ, ρ wn,wn+1ð Þ, ρ w1,w2ð Þ

( )

=max ρ wn−1,w0ð Þ, ρ wn,w1ð Þ, ρn, ρ1, ρn+1, ρ2f g
≤ w1k k + w2k k + wnk k,

PI wn−1,w0ð Þ = 1 + wn−1k k + w0k k + wnk k + w1k k + wn+1k k + w2k k½ �ϑ
≤ 1 + 3 w1k k + 3 w2k k + 3 wnk k½ �ϑ:

ð75Þ

Now, we derive that

ε wnk k < 2 − εð Þ w1k k + 3 − εð Þ w2k k +Λεξψ εð Þ 1 + 3 w1k k½
+ 3 w2k k + 3 wnk k�ϑ ≤ 2 − εð Þ w1k k + 3 − εð Þ w2k k

+Λεξψ εð Þ 1 + 3 wnk kð Þξ 1 + 3 w1k k + 3 w2k k
1 + 3 wnk k

� �ξ

≤ 2 w1k k + 3 w2k k +Λεξψ εð Þ3ξ wnk kξ 1
3 wnk k + 1
� �ξ

� 1 + 3 w1k k + 3 w2k kð Þξ:
ð76Þ

Contrarily, supposing that fkwnkg is not bounded
sequence. Thence, there exists a subsequence fkwnj

kg of

fkwnkg such that limj⟶∞wnj
=∞. If we take ε = εj = ð1 +

3kw1k + 3kw2kÞ/kwnj
k in (76) inequality, then we have
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1 ≤Λ3ξ εξ wnk kξ
 �

1 + 3 w1k k + 3 w2k kð Þξ 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

� ψ εj
� �

≤Λ3ξ 1 + 3 w1k k + 3 w2k kð Þξ 1 + 3 w1k k + 3 w2k kð Þξ

� 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

≤Λ3ξ 1 + 3 w1k k + 3 w2k kð Þ2ξ

� 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

:

ð77Þ

If we take limit in (77) inequality as j⟶∞, then we get
that

Λ3ξ 1 + 3 w1k k + 3 w2k kð Þ2ξ 1
3 wnj

��� ��� + 1

0
B@

1
CA

ξ

ψ εj
� �

⟶ 0

ð78Þ

is a contradiction. Next, we show that the sequencefkwnkg is
bounded. So, there exists A > 0 such that kwnk ≤ A for all n
∈ℕ. Following this line of work, we will demonstrate that
δ = 0. Since S is a weak Pata convex contractive mapping
via simulation function, we have

ζ α wn−1,wnð Þρ wn+1,wn+2ð Þ, 1 − εð Þ
MI wn−1,wnð Þ

−ϕ MI wn−1,wnð Þð Þ

 ! 

+Λεξψ εð ÞPI wn−1,wnð Þ
!
≥ 0,

1 − εð Þ
MI wn−1,wnð Þ

−ϕ MI wn−1,wnð Þð Þ

 !
+Λεξψ εð ÞPI wn−1,wnð Þ

 

− α wn−1,wnð Þρ wn+1,wn+2ð Þ
!
≥ 0,

ð79Þ

where

MI wn−1,wnð Þ =max
ρ wn−1,wnð Þ, ρ wn,wn+1ð Þ, ρ wn−1,wnð Þ,
ρ wn,wn+1ð Þ, ρ wn,wn+1ð Þ, ρ wn+1,wn+2ð Þ

( )

=max ρ wn−1,wnð Þ, ρ wn,wn+1ð Þ, ρ wn+1,wn+2ð Þf g
≤ w1k k + w2k k + wnk k:

ð80Þ

Since the sequence fkwnkg is bounded, we have

PI wn−1,wnð Þ =Λεξψ εð Þ 1 + wn−1k k + wnk k + wnk k½
+ wn+1k k + wn+2k k + wn+3k k�ϑ

≤Λεξψ εð Þ 1 + 6Að Þϑ:
ð81Þ

Therefore, we have

ρn+2 = ρ wn+1,wn+2ð Þ ≤ α wn−1,wnð Þρ wn+1,wn+2ð Þ
≤ 1 − εð Þ MI wn−1,wnð Þ − ϕ MI wn−1,wnð Þð Þð Þ

+Λεξψ εð ÞPI wn−1,wnð Þ ≤ 1 − εð Þ

�
max ρ wn−1,wnð Þ, ρ wn,wn+1ð Þ, ρ wn+1,wn+2ð Þf g

−ϕ max ρ wn−1,wnð Þ, ρ wn,wn+1ð Þ, ρ wn+1,wn+2ð Þf gð Þ

 !

+Λεξψ εð Þ 1 + 6Að Þϑ:
ð82Þ

If the limit is taken as n⟶∞ in (82) inequality, then we
get

δ ≤ 1 − εð Þ δ − ϕ δð Þð Þ +Λεξψ εð Þ 1 + 6Að Þϑ

δ ≤Λεξ−1ψ εð Þ 1 + 6Að Þϑ:
ð83Þ

δ ≤ 0 as ε⟶ 0, that is limn⟶∞ρðwn+1,wn+2Þ = δ = 0.
Now, we demonstrate that fwng is a Cauchy sequence. Con-
trarily, supposing that the sequence fwng is not a Cauchy.
From Lemma 10, we say that there exist subsequence fwmj

g
and fwnj

g with nj >mj > j such that limk⟶∞ρðxmk−1, xnk+1Þ= ς, limk⟶∞ρðxmk
, xnkÞ = ς, limk⟶∞ρðxmk−1, xnkÞ = ς,

limk⟶∞ρðxmk+1, xnk+1Þ = ς, and limk⟶∞ρðxmk
, xnk−1Þ = ς.

Since S is a weak Pata convex contractive mapping, we have

ζ α wnj−1,wmj−1
 �

ρ wnj+1,wmj+1
 �

, 1 − εð Þ


� MI wnj−1,wmj−1
 �

− ϕ MI wnj−1,wmj−1
 � �

+Λεξψ εð ÞPI wnj−1,wmj−1
 ��

≥ 0,

1 − εð Þ MI wnj−1,wmj−1
 �

− ϕ MI wnj−1,wmj−1
 � �

+Λεξψ εð ÞPI wnj−1,wmj−1
 �

− α wnj−1,wmj−1
 �

� ρ wnj+1,wmj+1
 ��

≥ 0

ð84Þ

where

MI wnj−1,wmj−1

 �

=max
ρ wnj−1,wmj−1
 �

, ρ wnj
,wmj

 �
, ρ wnj−1,wnj

 �
,

ρ wmj−1,wmj

 �
, ρ wnj

,wnj+1

 �
, ρ wmj

,wmj+1

 �
8><
>:

9>=
>;,
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PI wnj−1,wmj−1
 �

=Λεξψ εð Þ 1 + wnj−1

��� ��� + wmj−1

��� ���h
+ wnj

��� ��� + wmj

��� ��� + wnj+1

��� ��� + wmj+1

��� ���iϑ
=Λεξψ εð Þ 1 + 6A½ �ϑ:

ð85Þ

Now, we can write

ς ≤ ρ wnj+1,wmj+1
 �

≤ α wnj−1,wmj−1
 �

ρ wnj+1,wmj+1
 �

≤ 1 − εð Þ MI wnj−1,wmj−1
 �

− ϕ MI wnj−1,wmj−1
 � � �

+Λεξψ εð ÞPI wnj−1,wmj−1
 �

≤ 1 − εð Þ

max

ρ wnj−1,wmj−1
 �

, ρ wnj
,wmj

 �
,

ρ wnj−1,wnj

 �
, ρ wmj−1,wmj

 �
,

ρ wnj
,wnj+1

 �
, ρ wmj

,wmj+1

 �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

−ϕ max

ρ wnj−1,wmj−1
 �

, ρ wnj
,wmj

 �
,

ρ wnj−1,wnj

 �
, ρ wmj−1,wmj

 �
,

ρ wnj
,wnj+1

 �
, ρ wmj

,wmj+1

 �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

0
BBBBBB@

1
CCCCCCA

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

+Λεξψ εð Þ 1 + 6A½ �ϑ:
ð86Þ

If we take the limit as j⟶∞, we get

ς ≤ 1 − εð Þ ς − ϕ ςð Þð Þ + Kεψ εð Þ ≤ 1 − εð Þς + Kεψ εð Þ, ð87Þ

and so, we have

ς ≤ Kψ εð Þ, ð88Þ

that is, we get ς = 0 which is a contradiction. Therefore, we
concluded that fwng is a Cauchy sequence in ðW, ρÞ. By the
completeness ofW, the sequence fwng is convergent to some
ω ∈W that is wn ⟶ ω as n⟶ +∞. Since S is continuous,
Swn ⟶ Sω as n⟶ +∞. By the uniqueness of the limit, we
obtain ω = Sω that is ω is a fixed point of S.

Now, we will demonstrate that the fixed point is unique.
Assuming that Τ and ω are two fixed points of S: From
hypothesis (iv) of Theorem 15 and since S is an a weak Pata
convex contractive mapping via simulation function, we
have

ζ α ω, Τð Þρ S2ω, S2Τ
� �

, 1 − εð Þ MI ω, Τð Þ − ϕ MI ω, Τð Þð Þð Þ�
+Λεξψ εð ÞPI ω, Τð ÞÞ ≥ 0,

1 − εð Þ MI ω, Τð Þ − ϕ MI ω, Τð Þð Þð Þ +Λεξψ εð ÞPI ω, Τð Þ
− α ω, Τð Þρ S2ω, S2Τ

� �
≥ 0,

ð89Þ

and so, we have

ρ ω, Τð Þ ≤ α ω, Τð Þρ S2ω, S2Τ
� �

≤ 1 − εð Þ MI ω, Τð Þ − ϕ MI ω,Τð Þð Þð Þ +Λεξψ εð ÞPI ω,Τð Þ

≤ 1 − εð Þ
max

ρ ω, Τð Þ, ρ Sω, SΤð Þ, ρ ω, Sωð Þ,
ρ Τ, SΤð Þ, ρ Sω, S2ω

� �
, ρ SΤ, S2Τ
� �

( )

−ϕ max ρ ω, Τð Þ, ρ Sω, SΤð Þ, ρ ω, Sωð Þ, ρ Τ, SΤð Þ, ρ Sω, S2ω
� �

, ρ SΤ, S2Τ
� �� ��

0
BBB@

1
CCCA

+Λεξψ εð Þ 1 + ωk k + Τk k + Sωk k + SΤk k + S2ω
�� �� + S2Τ

�� ��	 
ϑ
≤ 1 − εð Þρ ω, Τð Þ +Λεξψ εð Þ 1 + 3 ωk k + 3 Τk k½ �ϑ:

ð90Þ

We obtain that ρðω, ΤÞ < KψðεÞ for some K ≥ 0, and
thus, we get ω = Τ. Hence, S has a unique fixed point in W.

Example 16. Let ðW, j:jÞ the usual metric space where W =
½0, ð3/2Þ�. Let define the mappings S : W ⟶W by

S wð Þ =
w2 + 1

3 , w ∈ 0, 1½ Þ,
1
2 , w ∈ 1, 32

� �
,

8>>><
>>>:

ð91Þ

ϕ : ½0,+∞Þ⟶ 0, +∞Þ by ϕðwÞ =w/10 and α : W ×W
⟶ ½0,+∞Þ by

α w, υð Þ =
1, w, υ ∈ 0, 1½ �,
0, w, υ ∉ 0, 1½ �:

(
ð92Þ

It is easily seen that S is a triangular α -admissible map-
ping, and also, S2w = ðw4 + 2w2 + 10Þ/27,w ∈ ½0, ð3/2Þ�.
Though the mapping, S is discontinuous in x = 1 and S2 is
continuous on W = ½0, ð3/2Þ�. Now, we want to demonstrate
that S satisfies (11). For w, v ∈ ½0, 1�, we have

ρ S2w, S2v
� �

= w4 + 2w2

27 −
v4 + 2v2

27

����
���� ≤ 2

9 w − vj j + 1
2 Sw − Svj j

= 3
4

8
27 w − vj j + 2

3 Sw − Svj j
� �

≤
3
4 max w − vj j, Sw − hvj jf g ≤ 3

4MI w, vð Þ:
ð93Þ

Since ϕðwÞ =w/10 and αðw, υÞ = 1, for w, υ ∈ ½0, 1�, we
get that

α w, υð Þρ S2w, S2v
� �

≤
5
6
9
10 MI w, vð Þð Þ

= 5
6 MI w, vð Þ − ϕ MI w, vð Þð Þð Þ:

ð94Þ

For arbitrary ε ∈ ½0, 1�, as one can see, the above inequal-
ity turns into the following inequality,
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α w, υð Þρ S2w, S2v
� �

≤ 1 − εð Þ MI w, vð Þ − ϕ MI w, vð Þð Þð Þ
+ 3

4 + ε − 1
� �

MI w, vð Þ ≤ 1 − εð Þ MI w, vð Þ − ϕ MI w, vð Þð Þð Þ

+ 3
4 + ε − 1
� �

1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 

:

ð95Þ

Now, our goal is to show that γ ≥ 0 and Λ ≥ 0 such that

3
4 + ε − 1
� �

1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 

≤Λεγ+1 1 + wk k + υk k + Swk k + Sυk k + S2w

�� �� + S2υ
�� ��	 


ð96Þ

holds for all w, v ∈ ½0, 1�, and every 0 ≤ ε ≤ 1. We can find
Λ ≥ 0 such that

Λ = 3/4ð Þ + ε − 1ð Þ
εγ+1

ð97Þ

holds for each 0 ≤ ε ≤ 1 and some γ ≥ 0. If we choose γ
such that ðγ/ðγ + 1ÞÞ > 1 − ð3/4Þ, then

Λ = γγ

γ + 1ð Þγ+1 1 − 3/4ð Þð Þγ : ð98Þ

Hence, we have that

α w, vð Þρ S2w, S2v
� �

≤ 1 − εð Þ MI w, vð Þ − ϕ MI w, vð Þð Þð Þ +Λεγ+1

� 1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 

:

ð99Þ

Now, we can write

1 − εð Þ MI w, vð Þ − ϕ MI w, vð Þð Þð Þ +Λεγ+1
�

� 1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 

− α w, vð Þρ S2w, S2v

� ��
≥ 0,

ð100Þ

and for ζ ∈ Z ′, we have

ζ
α w, vð Þρ S2w, S2v

� �
,

1 − εð Þ MI w, vð Þ − ϕ MI w, vð Þð Þð Þ +Λεγ+1 1 + wk k + υk k + Swk k + Sυk k + S2w
�� �� + S2υ

�� ��	 

 !

≥ 0,

ð101Þ

which satisfies for each ε > 0 and all w, v ∈ ½0, 1�. If ε = 0, it
can be seen that (11) is satisfied. Hence, all conditions of
Theorem 15 are satisfied with ξ = ϑ = 1 and ψðεÞ = εγ. By
an application of Theorem 15, S has a unique fixed point
in W = ½0, ð3/2Þ�.

Suppose that ε = 0 in Theorems 13 and 15; then we
obtain the following corollaries.

Corollary 17. Let ðW, ρÞ be a complete metric space and ζ
∈ Z ′ and S : W ⟶W be two functions. If for all w, υ ∈W,
there exists a function, α : W ×W ⟶ ½0,+∞Þ such that S
satisfies the inequality either

ζ α w, υð Þρ S2w, S2υ
� �

, EI w, υð Þ − ϕ EI w, υð Þð Þ� �
≥ 0

or ζ α w, υð Þρ S2w, S2υ
� �

,MI w, υð Þ − ϕ MI w, υð Þð Þ� �
≥ 0,
ð102Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

Karapinar’s contractive conditions [10, 32, 45] are a spe-
cial case of ours, and also, Corollary 17 generalizes the
results of Samet [17] and Istratescu [26–28].

Corollary 18. Let ðW, ρÞ be a complete metric space and S
: W ⟶W be a function. If for all w, υ ∈W, there exist two
functions, α : W ×W ⟶ ½0,+∞Þ such that S satisfies the
inequality either

α w, υð Þρ S2w, S2υ
� �

≤ EI w, υð Þ − ϕ EI w, υð Þð Þ
or α w, υð Þρ S2w, S2υ

� �
≤MI w, υð Þ − ϕ MI w, υð Þð Þ,

ð103Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

In comparison with recent results such as Alber et al.
[14] and Zhang [16], our results are a generalization of them.

Corollary 19. Let ðW, ρÞ be a complete metric space and S
: W ⟶W be a function. If for all w, υ ∈W, there exists a
function α : W ×W ⟶ ½0,+∞Þ such that S satisfies the
inequality either

α w, υð Þρ S2w, S2υ
� �

≤ EI w, υð Þ
or α w, υð Þρ S2w, S2υ

� �
≤MI w, υð Þ,

ð104Þ

and assuming that all of the hypotheses of Theorem 13 are
satisfied, then h has a unique fixed point.

Putting αðw, υÞ = 1 in Theorems 13 and 15, we can see
the following results.

Corollary 20. Let ðW, ρÞ be a complete metric space and ζ
∈ Z ′ and S : W ⟶W be two functions. If for all w, υ ∈W,
and ε ∈ ½0, 1�, there exists a function ψ ∈Ψ, such that S sat-
isfies the inequality either
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ζ ρ S2w, S2υ
� �

, 1 − εð Þ EI w, υð Þ − ϕ EI w, υð Þð Þð Þ +Λεξψ εð ÞPI w, υð Þ
 �

≥ 0

or ζ ρ S2w, S2υ
� �

, 1 − εð Þ MI w, υð Þ − ϕ MI w, υð Þð Þð Þ +Λεξψ εð ÞPI w, υð Þ
 �

≥ 0,

ð105Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

Corollary 21. Let ðW, ρÞ be a complete metric space and
S : W ⟶W be a function. If for all w, υ ∈W, and ε ∈ ½0, 1�,
there exists a function ψ ∈Ψ, such that S satisfies the inequal-
ity either

ρ S2w, S2υ
� �

≤ 1 − εð Þ EI w, υð Þ − ϕ EI w, υð Þð Þð Þ +Λεξψ εð ÞPI w, υð Þ
or ρ S2w, S2υ
� �

≤ 1 − εð Þ MI w, υð Þ − ϕ MI w, υð Þð Þð Þ +Λεξψ εð ÞPI w, υð Þ,
ð106Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0,
and assuming that all of the Theorem 13 hypotheses are
satisfied, then S has a unique fixed point.

Assume now that αðw, υÞ = 1 and ε = 0 in Theorem 13
and Theorem 15; then we get the following corollaries.

Corollary 22. Let ðW, ρÞ be a complete metric space and ζ ∈
Z ′, and S : W ⟶W be two functions. If for all w, υ ∈W, S
satisfies the inequality either

ζ ρ S2w, S2υ
� �

, EI w, υð Þ − ϕ EI w, υð Þð Þ� �
≥ 0

or ζ ρ S2w, S2υ
� �

,MI w, υð Þ − ϕ MI w, υð Þð Þ� �
≥ 0,

ð107Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðsÞ > 0, for all s > 0 and
assume that S is continuous or S2 is continuous. Then, S has a
unique fixed point that is ω = Sω, ω ∈W.

Corollary 23. Let ðW, ρÞ be a complete metric space and S
: W ⟶W be a function. If for all w, υ ∈W, S satisfies the
inequality either

ρ S2w, S2υ
� �

≤ EI w, υð Þ − ϕ EI w, υð Þð Þ
or ρ S2w, S2υ

� �
≤MI w, υð Þ − ϕ MI w, υð Þð Þ,

ð108Þ

where ϕ : ½0,+∞Þ⟶ ½0,+∞Þ is a continuous and nonde-
creasing function with ϕð0Þ = 0 and ϕðwÞ > 0, for all w > 0
and assume that S is continuous or S2 is continuous. Then,
S has a unique fixed point that is ω = Sω, ω ∈W.

We derive that the main result of Pata [2] and Banach
[1] can be expressed as a corollary of our main result.

3. Conclusion

We present the concept of weak E-Pata convex contractions
and weak Pata convex contractions in metric spaces in this
paper. After that, we investigate the existence of a fixed point
for our novel type contraction and we state some conse-
quences. Our results generalize and merge the results
derived by Istratescu [26] and Pata [2] and some other
related results in the literature. Besides the corollaries in this
paper, to underline the novelty of our given results, we give
an example that shows that Theorem 15 is a genuine gener-
alization of Istratescu’s results [26]. Our novel concept
allows for further studies and applications.
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