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In this short paper, we consider the conditional regularity for the 3D inhomogeneous incompressible Navier-Stokes equations in
Vishik spaces and give regularity criterion of strong solutions.

1. Introduction

We consider the regularity issue for solutions (p, u, IT):
Qr — RxR*xR to 3D inhomogeneous incompressible
Navier-Stokes equations for Q; == R*>x [0, T):

dp+u-Vp=0, (1)

pu, — Au+ p(u-V)u+VII =0, @)

div u=0.

Here, p is the density function of flow velocity, u is the
flow velocity, and IT is the pressure. We consider the ini-
tial value problem of (1), which requires initial

p(x,0) = py(),
u(x,0) = uy(x), x € R’.

3)

There is a very rich literature dedicated to the study of the
above system. In the case of smooth data with no vacuum,
Kazhikov [1] proved that the nonhomogeneous Navier—
Stokes equations have at least one global weak solution in
the energy space. When the initial data may contain vacuum
states, Simon [2] proved the global existence of a weak solu-
tion to the equations of incompressible, viscous, nonhomo-
geneous fluid flow in a bounded domain of two or three
spaces, under the no-slip boundary condition. Choe and
Kim [3] proposed a compatibility condition and investigated

the local existence of strong solutions. More precisely, under
the compatibility condition,

_ e

Auy =11y = p,

gand div u;=0, fora.execQ, (4

For initial data,
0<py € (L*NL®NH")(Q)u, € (H nH*)(Q), (5)

they proved the local-in-time existence for solutions in the
class

peL®(0,T*; H' (Q)),

p, €L®(0, T*; 1*(0)), (©)

Viuel?(0,T*;L°7),
VIT € L®(0, T*,L*(Q)) N L*(0, T*; L° n WH(Q)).
(7)

Here, Q € R? is a bounded domain or whole space. After
that, Craig et al. [4] improved the above result to global strong
small solutions. Very recently, without compatibility condi-
tions, for any initial data (py, uy) € (WY NL®) x Hj , with
y > 1, Li showed the existence of local strong solution for the
initial-boundary value problem to the nonhomogeneous
incompressible Navier-Stokes equations in the class
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peL®(0,T; W nL®) nC([0, T], L)((€2))s
ueL®(0, T, Hy,(Q)) nL*(0, T, H*(Q)), pu € C(0, T, L*(Q)),

Viue L™ (0, T, H(Q)) N L*(0, T, W), vtd,u € L* (0, T, H'(2)).

(®)

Moreover, if y > 2, then, the strong solution is unique.
On the other hand, for the regularity issue to system
(1)-(3), Kim [5] proved the following regularity condition:

ueL*(0,T; L™ (R%)), =1,3<p<oo.  (9)

©l N
“+
T W

And Zhou and Fan [6] showed the following regularity
condition:

uELZ/H(O, T, /'%Zﬁ,r(IRS)), withO<r<1.  (10)

Here, /5, (R?) stands for the homogeneous Morrey
space (see Appendix).

Before stating our result, we now introduce a Banach
space V;,a,e which is larger than the homogeneous Besov
space; see [7, 8].

Definition 1. Let s€R,p,0€[l,00],0€[1,0]; the Vishik
space V;’U’g is defined by

V' o (RY) = {f ¢ (RY): ||f||\-,;ﬂv9<oo}, (11)
with the norm

(o)

N1/0—1/a » OF00,

(12)

Il (rey = sup

and if 6 = oo, ||f||V;,u,6(]R3) = ||f||Bﬁm(]R3)
Here, 2'(R®) is the dual space of
P(R?) = {fe(s’(]R3) ;D“f(o):O,chE]N3}. (13)

Motivated by [7, 9], now, we are ready to state our first
main result.

Theorem 2. Let T > 0. Assume that the initial data (p,, u,)
satisfy the initial condition (5) and the compatibility condi-
tion (4). Let (p, u) be the corresponding unique local strong
solution to system (1)-(3) with the properties stated in (6).
If additionally for all t € [0, T)

t
J ||”(T)||$;/p_3 dr<oo, 3<p<o00,0,0¢€[l,00], (14)
0 P00
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then, the solution (p,u) can be extended smoothly beyond
timet=T.

Remark 3. As mentioned in [9], we remind that the follow-
ing continuous embeddings hold:

B;ﬂ (R%) = V;M (R*) c ﬁw,@l (R*) cV,

oo, (R7) € V;,g,l (R%),

(15)

for seR, p,o €[l,00], and 6,0, € [1,0]| with 8, >0,. For
this reason, (13) is a stronger condition than

t
J||u(f)|\z€/"*3dr<oo, 3<p<coo,0eloo]. (16)
0 pico

Remark 4. By the same calculations as those in [10, 11], for
the initial data (p,, u,) satisfying that p € L% (R?), p,|u,|*
e L'(R%), pyuy € L'(R%), and [ . pyuy dx # 0, there exists no
global-in-time smooth solution to Cauchy problem (1)-(3).

2. Proof of Theorem 2

We first introduce some notations. Let (X, ||-||) be a normed
space. By L1(0, T; X), we denote the space of all Bochner
measurable functions ¢ : (0, T) — X such that

T 1/q
19llm0ri0 = (J Isv(t)llqdf) coo, 12q<oo,
@l = sup [@(2)] <00, g=co.
t(0.T)

(17)

Unless specifically mentioned, letter C is used to repre-
sent a generic constant, which may change from line to line.

Proof. By the maximum principle, we note that

sup [|p( )| e < [|Pol = < 00- (18)
0<t<T
And also, by L?-energy estimate, we know that

2 T 2
OS;ET (HPuzu(., t)”LZ(R‘) + ZJO (IVu(-, t)||§z(]R3) dt < CHP(I)/Z%HLZ(W)'

(19)

To exclude the pressure term, multiplying (1.1), by u,
and using Holder’s inequality, we get
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1d
—— ||Vl + [ p|ut|2dst |p"?u-Vu- p"u,| dx
zdt . IR3 IRS

<
R?

f
]R3
o] 0 X auieuey
R} >N

=1+11+1II,

p'? z AjuHVqu”zut dx

j<-N

dx

=N
P2 Y Au|Vullpu,
=N

dx

(20)

where we use the decomposition of u. Let us control each
term sequentially: the term (I):

I< P[] || 2, Al [IVullz [P0
j<-N Lo
<C 23/2]’ v 172
22 vl ] a1

< C2_3/2NXHP1/2”¢HL2 [Vl 2 Hpm”fHLz

1
_3N2 2 2 2
<27 ull 1Vl + 55 o™ w1

the term (II):

=N
ns y
=N

o P P
. 3 3/,

<C 3l IVl [P o]
=N

Nl
Z;:—NHAju

<CN'"Veo sup )3 ”Vu”;;prVzqu/zple/zutHLz

N-12..- Nl—l/a
. . 2
ijI:]N ’A;“ N 6/ 1
C<NP o | IVl [Pl ol

_ 1
< Nl *1val + 35 (10wl + 92 ),

(22)

and the term (III):

ar<y || aul| L |Vl | p"2u|
>N

< C|[Vull o ) 2 ull 2| o]
>N (23)
< C2 P fuf o | VP o | PP

1
<2l Vw5 + 55 [0

Summing up the estimate above with the energy esti-
mate, we get

d
= (el + 1927 +J (IVu* + plug|?) dx

]R3
_3N2 2p/p-3
< C2Jull |Vl + N[l 5Vl (24)
po,

_ 2 1 2
O Julls |l + v
On the other hand, we note that

2 2 2
19l gy < (VP83 g + o=Vl e )
2 —3N2 2 2
< Cllvpullp oy + €2 N ull (Va2
_N2 2 —
+ C27N w7 || VPul[, + CN||u||2V€;’fl3||Vu||§z.

(25)

Collecting (23) and (24), we have

% (llp"2ull7 + Nvu) + JW (17 + V0] + plu ) dx
< Cllv/pu 2 ey + €2 ||Vl
+C2 a3 [V s + ON a7 Va7
” (20

Now, choosing N > 0 sufficiently large such that C27°

||u||72 < 1/128, (indeed, the constant C > 0 is also depending

on ||p2uq|| 1), the estimate (25) becomes

d 2 2 2 2 2
$<Hp1/zu”p+|\w||y)+JR3(|Vu| +[V2ul’ + plu?) dx
2p/p-3 2
< CNJullgs “lIVullie-
(27)

By Gronwall’s inequality under assumption (13), we
obtain

pu,  Vuel™®(0,T;L*(R%)),Vu, Viu, p'?u, € L(0, T; L* (R?)).
(28)

Lastly, according to the arguments in [6], Lemma 2.3,
differentiating (1), with respect to time ¢ and multiplying
the equations by u,, we can obtain

Y2y, e L®(0, T ; L*(R?)),
P € LV(0. T3 1 (R)) )
Vu, € L*(0, T; H' (R?)).

This is the desired result, and thus, the proof in Theorem
2 is completed. O



Appendix

Let 1 <p<r<+o00; the homogeneous Morrey space M
(R?) is the set of functions f € L} (R®) such that

loc

1p
A1
IIf |l = sup R (FJ |f(x)|"dx> < 400,
R>0,x,€R? B(xy,R)

(A1)

where B(x,, R) denotes the ball centered at x,, and with radio

R. Tt is well known that L(R*) c L™(R?) ¢ M”" (R?), where
for r < g < +oo0.
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