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The purpose of this note is to come up with some new directions in fuzzy fixed point theory. To this effect, notions of a
C*-algebra-valued fuzzy A-contraction and related concepts in a convex C* -algebra-valued metric space (C*-AVMS) are set-up. In
line with the view of a Hausdorff distance function, an idea of a distance between two approximate quantities is proposed.
Consequently, two fixed point results of a C*-algebra-valued fuzzy mapping (C*-AVFM) for the new type of contractions are
established using Mann and Ishikawa iterative schemes. For some future investigations of our results, two open problems are
noted concerning sufficient criteria guaranteeing the existence of fixed points of a C*-algebra-valued fuzzy A-contraction and

whether or not the Picard iteration for a C*-algebra-valued fuzzy A-contraction converges.

1. Introduction and Preliminaries

We begin this section with specific notions of C*-algebras as
follows.

Definition 1 (see [1]). Let &f be a unital algebra with the unit
I,. An involution on & is a conjugate linear map j j*
such that j** =j and (j€)* =¢*j*, for all j, €€ <. The pair
(o, *) is called a =-algebra. A Banach =*-algebra is a =
-algebra &/ together with a submultiplicative norm such
that [|j*|| = jll, for all j € of; where a norm ||.|| on an alge-
bra ¢/ is said to be submultiplicative if ||j€||<]|j]|||€]|, for all
j,tegd. A C*-algebra is a Banach #-algebra such that ||
74l = Il1% for all jeof.

Throughout this paper, & represents a unital C*-algebra
with a unit I ;. Also, we take &/, = {j € & : j=j*} and denote
the zero element in &/ by 0,,. An element j € o/ is called posi-
tive, written j+ 0, if j € &/, and o(j) CR, = [0, 00), where
o(j)={A € C: AI —jisnotinvertible} is the spectrum of j.
Availing positive elements, we set up a partial ordering ° on
4, as follows: j°¢ if and only if € — j + 0,. Hereafter, by &/,
we mean the set {je o/ : j+0,}and |j| = (j”‘j)l/2 (cf. [2]).

Remark 2. When &/ is a unital C*-algebra, then for any j €
9, we have j°’I , if and only if |jl|<1 (cf. [1]).

With the aid of positive elements in &/, Ma et al. [2]
launched the concept of C*-AVMS in the following manner.
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Definition 3 (see [2]). Let U be a nonempty set. Suppose that
the mapping o : U? — ¢/ satisfies the following conditions:

(c1) 0,°0(j, €) and o(j, £) =0, if and only if j=¢

(c2) 0(j,2) =0(L,j), for all j,£ €O

(c3) 0(j,2)°'0(j,z) +o(z,2), for all j,€,z€ O

Then, o is called a C*-algebra-valued metric, and (O,
o, 0) is known as a C*-AVMS.

It is clear that a C*-AVMS generalizes the idea of a met-
ric space, by replacing the set of real numbers with . For
some recent fixed point results in C*-AVMS, one can
consult [3, 4] and the references therein.

Definition 4 (see [2]). Given a C*-AVMS (U, &, o). Suppose
that the sequence {j,} ., CO and u€O. If for any >0,
there exists { € N such that for all n >, |lo(j,, u)ll<p, then
{jn} pen 1s said to be convergent to u with respect to &/. In
this case, we write lim,__,_j, = u.

If for any >0, there is { € N such that n,m >, [lo(j,,,
jm)I<g, then the sequence {j,},  is said to be Cauchy with
respect to o/. We say that (U, &, o) is a complete C*-AVMS,
if every Cauchy sequence in U is convergent with respect to
.

Definition 5 (see [2]). Given a C*-AVMS (O, &/, ¢), a map-
ping Y : U— U is called a C*-algebra-valued contractive
mapping on U, if there exists A € & with [|A|<1 such that
for all j, €T,

o(Yj, Ye)’A o (j, 2)A. (1)

The following lemma is useful in discussing our main
results.

Lemma 6 [1]. Let o/ be a C*-algebra. Then:
(i) For any T € o, if p, q € o, with p°q, then r*pr'r*qr
(ii) For any p,q € o, if 0,/p’q, then 0< pl<q

In 1970, Takahashi [5] initiated the concept of convexity
in metric spaces in the following fashion.

Definition 7 (see [5]). Let (U, o) be a metric space and D =
[0,1]. A mapping ¥ : UxUxD— U is called a convex
structure on U, if for all j,€,a€ U and t € D,

o(a, ¥ (j, &, 1)) <to(a, j) + (1 - t)o(a, 2). )

Using the notion of convexity, Takahashi [5] comple-
mented some FP results originally obtained in Banach
spaces. Following [5], several investigators have come up
with FP notions in convex metric spaces; for such results,
we can refer [6-9] and the references therein. Using the idea
of a convex metric space and with the aid of positive ele-
ments in a C*-algebra, Ghanifard et al. [10] brought up the
next definition.
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Definition 8 (see [10]). Let (U, «/,0) be a C*-AVMS. A
mapping ¥ : UxUx D — U is called a convex structure
on U if for all j,£,a €U, it satisfies the following:

o(a, ¥ (j, 8 t))to(a, j) + (1 -t)o(a,L). (3)

A C*-AVMS equipped with a convex structure is said
to be a convex C*-AVMS, denoted by (U, &, ¥, 0). A sub-
set ® of U is called convex if for all j,£€® and teD,
Y(j,¢t)€®.

As an attempt at reducing uncertainties in dealing with
practical problems for which conventional mathematics can-
not cope effectively, the evolvement of fuzzy mathematics
started with the introduction of the concepts of fuzzy sets
by Zadeh [11] in 1965. Fuzzy set theory is now well-known
as one of the mathematical tools for handling information
with nonstatistical uncertainty. As a result, the theory of
fuzzy sets has gained greater applications in diverse domains
such as management sciences, engineering, environmental
sciences, medical sciences, and in other emerging fields. In
the meantime, the basic notions of fuzzy sets have been
modified and improved in various settings; for example,
see [12-15]. Along the lane, Heilpern [16] employed the
concept of fuzzy sets to come up with the notion of fuzzy
mappings and established a FP result for fuzzy contraction
mappings which is a fuzzy version of FP theorems estab-
lished by Nadler [17] and Banach [18].

Let U be a universal set. A fuzzy set in U is a map with
domain U and range set D. Let I° be the collection of all
fuzzy sets in O. If V is a fuzzy set in O, then the function
value V(j) is called the grade of membership of j in V. The
a-level set of a fuzzy set V is denoted by [V], and is defined
as follows:

vl - {jeU:V(j)>0}, ifa=0,
_<{160:V<j)za}, ifac D\ {0},

where by P, we mean the closure of the crisp set P.

Definition 9 (see [16]). Let U be an arbitrary set and Y be a
metric space. A mapping Y : U — IO is called a fuzzy map-
ping. A fuzzy mapping Y is a fuzzy subset of Ux Y with
membership function Y(j)(€). The function value Y(j)(¢)
is called the grade of membership of € in Y(j).

Definition 10 (see [16]). Let U be a nonempty set and Y
: U — IV be a fuzzy mapping. A point u € U is said to be
a fuzzy FP of Y if there exists an o€ D\ {0} such that u €

(Yo,

Hereafter, Fix(Y) = {u € O : u € [Yu], for some « € D}.

Motivated by the ideas of fuzzy mappings and C*-
AVMSs due to Heilpern [16] and Ma et al. [2], respectively,
the aim of this research is to initiate the study of fuzzy FP
results in convex C*-AVMSs. To this effect, some new
concepts of C*-algebra-valued fuzzy contractions in convex
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C*-AVMSs are proposed, and related fuzzy FP theorems are
established. The notions put forward herein are not only
novel, but complement and unify a few corresponding
results in the existing literature.

2. Main Results

In this section, we introduce notions of C*-algebra-valued
fuzzy contractions and some corresponding fixed point
results. First, a few requisite auxiliary concepts are initiated
as follows.

Definition 11. A fuzzy set Q in a C*-AVMS (U, o/, 0) is said
to be convex if for all j,£€U and teD\{0,1}, min
{0(j), Q@) }'Q(tj+ (1 —t)L). A fuzzy set Q in U is called
an approximate quantity if its a-level set is a compact convex
subset of U for each a € D and suijOdQ(j) =1

Throughout, the collection of all approximate quantities
in (U, ,0) is denoted by W (U). We define a distance
function between two approximate quantities in W (U) as
follows.

Definition 12. Let F, G € W (O) and « € D. Then, we define:

D;(F, G) = X([Fl,» [G],),

a

6., (F, G) = supD’ (F, G), (5)

(o)

where the Hausdorff distance function X : W ,x W, —
o is set-up as follows:

N1 61 (o {sp oy 1)1 s 7,01 ) .

JelHa (Fla
o(a, @) = (inf {|lo(a, p)ll : p€ @})I,.

(6)

Consistent with Heilpern [16], we call the function D},
an (a, *)-distance and o, a distance between two approxi-
mate quantities in W, (O).

We say that a subset ¥ of a C*-AVMS (U, ,0) is
bounded if sup;,..,{llo(j, ¢)l} <co. The collection of all
closed and bounded subsets of (U, &, 0) is represented by
B, (0).

Note that o, is a C*-algebra-valued metric on B, (O)
(induced by the Hausdorff metric N), and the completeness
of (U, o, 0,,) implies the completeness of the correspond-
ing C*-AVMS (K, (0), &, 0,). Moreover, (O, o, 0,,) — (
By, (0), d,0,)— (K5(0), d,0,,) are isometric embed-
ding via the relation j {j} (crisp set) and >y, respec-
tively, where y_ is the characteristic function of C, and

Ko(0)={Qel’: [Q], €B,(V),foreachaeD}. (7)

Similarly,

K(0,0,)(0)={Q, 2, €1°: [Q)],,[2,], € By(V), foreacha e D}.

(8)

We now define the idea of a C*-AVFM in the following
manner.

Definition 13. Let O be an arbitrary set and (Y, &, 0) be a
C*-AVMS. A mapping Y : 0 — W (Y) is called a C*-
AVFM.

In line with the idea of fuzzy A-contraction due to
Heilpern [16], we introduce the next concept.

Definition 14. Let (U, o/, 0) be a C*-AVMS. A C*-AVFM
Y:0— W_(O) is called a C*-algebra-valued fuzzy A
-contraction, if there exists A € o/ with [|A|<1 such that for
all j,€ €T,

oo (Y), YO A0 (j, 0)A. 9)

Example 15. Let U =R and o/ = M,(R) (the collection all 2
x 2 matrices with real entries) with the norm ||®@| =

max,: i |Cp’q’ |, where Gy, are the entries of the matrix @ €

M,(R) and the involution given by @* = ®T. Define o : U
x 0O — o by o(j,¢) =diag (|j - €|, |j — ¢|). Obviously, (U,
,0) is a C*-AVMS. We define a partial ordering on & as
follows:

lﬂ Pz]:[ql ‘121 o p <A, (10)
D3 P4 a3 44

for i=1,2,3,4 and for some A€ g/. Let f€(0,1] and for
each je U, define a fuzzy mapping Y(j): U—>[0,1] as
follows:

B, if;stgé
Y(j)(t) = 8 (11)

—, otherwise.
6

If we take the mapping o : U — (0, 1] as a(j) = f8 for all
j €U, then

Vil =0 00zp= |11 (2

Obviously, [Yjl,; € B, (U), for each j€U. We see that
for all j, L€,



0 (V) Y0) = st;pDﬁ(Yj, Yt) = N<[Yj]ﬁ, [Ye]ﬁ>

- (s L o 70 s (93 0) )

ae[Yj]/g
= | max { sup inf |a-b|,sup inf |a-b|
a€[YjsLe[Ye]g be[Ye]gac[Y],

54 (-

7 7

(13)

It follows that Y is a C*-algebra-valued fuzzy A-con-
traction with A = diag (1/1/4, 1/4/4). Clearly, [|A|| < 1.

Definition 16. Let U be a nonempty set. A point u €U is
called a stationary point of a fuzzy mapping Y : U — IV, if
there exists an « € D \ {0} such that [Yu], = {u}. We say that
u is a common stationary point of any two fuzzy mappings
Y,A:0O—I9if [Yu], = {u} =[Au],, for some a € D\ {0}.

Our main result is provided hereunder.

Theorem 17. Let (U, ,¥,0) be a complete convex C*-
AVMS. Suppose that the mapping Y : U — Ky (O) is a C”
-algebra-valued fuzzy A-contraction such that Fix(Y)# @
and every a € Fix(Y) is a stationary point of Y. Let {j,} be
the Mann iteration scheme given by

jn+1 :lP<en’jn’ rln)’ (14)

where ¢, € (Y], and n, €D. Then, {j,} converges to a
fuzzy FP of Y, provided lim,_,  o(j,, Fix(Y)) = 0.

Proof. Let a € Fix(Y) and «(j) € D \ {0} for each j € U. Then,
we have

o(jn+1’ a) = O.(lp({)’n’jn’rln)’ a)<’7n0(en’ 61) + (1 - qn)a(jn’ a)'
(15)

From (15),

10 (e @)l <Hall0(Cs @) + (1 =1,)ll0 (G )|

Sm( sup |U(9wa)|)
an[an]w(jn)‘ae[Ya]a(u)

+ (1 - ’7n)||a(jn’ a)”
=0 (1Y Jag (¥l )|+ =10 G )]
<[ R (Ynlagp [Ylag) || + =)0 G @)
<1900 (Vi Ya) [ + (1= 1, |0y )]
<1, A oG @A + (1=, [0 )]
= AN G )| + (1= 1) [0 Gy )
<ot @)+ (1= 1)l a)]| = oG )]

(16)
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We observe that the strict inequality in (16) is valid
whenever j, #a, for each n € N. Indeed, if we take j, =a
for a finite x € N, then j, =a for each n > «, from which it
yields that {j,}, . converges to a for finite number of iter-
ations, and hence, we obtain the conclusion of our result.

Now, we prove that the sequence {j,}, . is Cauchy with
respect to &/. Since lim,_, o (j,,, Fix(Y)) = 0, for each >0,
there exists m(g) € IN such that for all n > m(gp),

oG Fix(1))]| < £ (17)
By (17), there exists r, € Fix(Y) such that for all n > m(p),
oGl < (18)
Using the triangle inequality in (U, «/, 0),
O ek Jn) 20 Gaior 1) + 0 (115 J)- (19)
Therefore, taking (18) into consideration, we get

oGt )l <0 (o T N0 (1 7,

] j (20)
<llo(,, r)lI+llo(ry, i)l < % 4

:p,

ST

for j, # r,. This proves that {j, } . is a Cauchy sequence with
respect to &f. The completeness of U, implies that there exists
a* € U, such thatlim,_,_j, = a*. Next, we establish that a*

is a fuzzy FP of Y. For this, take ' > 0. Since j, — a* as n
— 00, there exists m(g') € N such that for all n>m(p'),

!
loGi,ha)li< & (21)

Moreover, lim, . 0(j,, Fix(Y)) =0, yields that there
exists m' () = m(gp') such that for all m(g) > m'(p),

!

o, Fix(¥))l < £ (22)

Hence, there exists r, € Fix(Y) such that for all m(gp) >
m’ (o),
!

lo ()l < &

e (23)

By triangle inequality in U, there exists write

0([Y“*]a(a*)’ “*)4‘7([Y“*]a(a*)> Tz) + 0(0: [Yj_’)}oc(j}))
+ ‘7([Yj3]a(j3)’ rz) + ‘7(72’jn3>

+a(jn3,a*).
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Consequently,

@ Y15 (1) Wk [ 15 am )
+||a([yjn] | ,r2)||+||a(r2,1n)

+I|0(jn3)a>||s|IN<[a} ¥l )
+2||N([Yr2] (Y, (m))'“”"(“’j"s)"
+||cr(jn3, a*> I < llow(Ya®, Yry)l
2o, (Yry Y, )1+l (2, )|
#o (i, 0" JI<IA No(a, o) AN
2Nl (2, )M+ (G, ")
+lo (7204, ) 1410 (j 0" )

=IAPlo(a", r) 142041 (2, ) I+
o (ju»a* ) < llo(asra)ll42l0 (120, )|
o (jr VI <l (a1, )1l ()
#lo (72 ) 4200 (02 ) 14200 (1,72 )|

#0 (e 2 )11 (0 )1 = 200 (i a°) |

! !
. (4 §© ’
+6||cr<]n3,r2) ||32<4> +6(12> =g,

lo(1¥a" ]y

(25)
whenever j, #r,. It follows that o([Ya"],,.),a") =0, and
thus, a* € [Ya*],(,.), for some a(a*) € D\ {0}. O

In what follows, we present a fuzzy coincidence theorem
for two C*-algebra fuzzy mappings using Ishikawa iterative
scheme.

Theorem 18. Let (U, o/, 0) be a complete convex C*-AVMS
and A, Y : U — Ky 4)(0) be any two C*-AVEMs satisfying:

0o (Y, AR) <A70(j, €)A, (26)

for all j, €U with A € of such that |A|<1. Assume further
that Ciy )= Fix(Y) N Fix(A) # @, and every a€Cy ) is
a common stationary point of Y and A. Then, the sequence
of Ishikawa iterative scheme set-up by

i =¥l =¥ (250 E), (@)

where z, € [Aj,], Q) ,z € [Y]n] y» and n,,§, €D, converges

to an element of Cyy ), provzded hmnéooa(jn, Civa)) =0g-

Proof. Let a € Cy 5. Assume that j, # a for all n € N. Then

o(L,,a)= o(‘l’(z,'q),jn, En)a<£na (z;, a) +(1-¢,)0(j,»a),

(28)

from which it follows that

o€, a)I <E,l0 (=25, ) I+(1 - E)lo,a)l

<EIN([Vi oy, [Adl i )1+ (1 =€)l @)

<& ll00o(Yiy Aa)l+(1=&,) o (j,p )

<A o(L,, a)M+(1-&,)llo(,» a)l

<EIMPIo (i @)4(1 = &)o@

<&ullo (i, a)l+(1 = 8,) 0 Gy @)l = llo (> )1l
(29)

Similarly,

(¥ (2 jr M) 2)<1

,0(z,,a) +

(1=1,)0(j» 2)s
(30)

G(jn+1’ a)

which gives

19210 )l < 1,002, )+(1 =1,)l0 iy )
<1 IR ([A7,] 5,0 (Yl I+ =)0 (G )

<1, Mo (G, )l1+(1 = 1,) o G @)
<Hllo (o +(1 =1,)l0 (G @)l = Nl (G, @)
(31)

Hence, in line with the proof of Theorem 17, we can
prove that {j,}, . is a Cauchy sequence with respect to o/
, and the completeness of (U, o, ¥, o) implies that {j,},
converges to some u* € U. Thus, consistent with Theorem
17, we obtain that u* € Fix(Y) N Fix(A). O

As some consequences of Theorem 17 and Theorem 18,
the following two results, using C*-algebra-valued Hausdorft
distance function, can be deduced easily.

Corollary 19. Let (O, ,¥,0) be a complete convex C*-
AVMS and Y : O — K (O) be a C*-AVEM. Suppose that
Fix(Y) + @ and every a € Fix(Y) is a stationary point of Y.
Let {j,},cn be the Mann iterative scheme set-up by (14). If
there exist a € D\ {0} and A € o with ||Al<1 such that for
all €D,

D(Y), Y0) <Aa(j, €A, (32)

then {j,}, converges to a fuzzy FP of Y, provided
lim, ,0(j,, Fix(Y))=0,.



Proof. Since for all j,€ € U and a € D\ {0},
1D (Y, YOl < llo, (Y5, YE)II. (33)
Theorem 17 can be followed to complete the proof. [

On the same steps in deriving Corollary 19, we can also
deduce the following result.

Corollary 20. Let (O, d,¥V,0) be a complete convex C*-
AVMS and Y, A : U — Ky 4,(0) be any two C*-AVFMs.
Assume further that C(y ) = Fix(Y) N Fix(A) # & and every
a € Fix(Y) is a common stationary point of Y and A. Let
{ju} e be the Ishikawa iterative scheme set-up by (23). If
there exist a« € D\ {0} and A € of with |Al|<I such that for
all j,€ €0,

DX (Yj, AL) < A6 (j, )2, (34)

then {j,}, converges to a common fuzzy FP of Y and A,
provided

lim a(jn, C(Y’A)) =0,. (35)

n—~oo

3. Open Problems

For some future examinations of our main results, the fol-
lowing two problems are highlighted:

(P1) It is well-known that the importance of contractive
mapping is to guarantee the existence and uniqueness of a
fixed point of certain self-mappings in complete spaces. On
this note, following Theorem 17 and Theorem 18, sufficient
criteria guaranteeing the existence of fixed points of C*
-algebra-valued fuzzy A-contractions is still a gap that
needed to be filled.

(P2) In this article, Mann and Ishikawa iterations are
used to develop the ideas of C*-algebra-valued fuzzy A
-contractions and associated fixed point theorems. Hence,
it is natural to ask whether Picard iteration for C*-algebra-
valued fuzzy A-contraction mapping converges or not.

4. Conclusions

Based on the ideas of fuzzy mappings and C*-AVMSs in the
sense of Heilpern [16] and Ma et al. [2], respectively, ana-
logue notions of C*-algebra-valued fuzzy contractions in
convex C*-AVMSs and associated FP theorems are estab-
lished. The obtained fuzzy FP results are analysed using
Mann and Ishikawa iterative schemes. It is pertinent to note
that the ideas of this paper being discussed in fuzzy setting
are very fundamental. Hence, it can be improved upon when
presented in the framework of some generalized fuzzy map-
pings such as L-fuzzy, intuitionistic fuzzy, and soft set-
valued mappings. The underlying space can also be fine-
tuned in some other pseudo or quasi metric spaces. For
some future considerations of our results, two open prob-
lems are posed regarding sufficient conditions under which
C~-algebra-valued fuzzy A-contraction has a fixed point

Journal of Function Spaces

and whether or not the Picard iteration for C*-algebra-
valued fuzzy A-contraction converges.
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