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The hesitant fuzzy set model has attracted the interest of scholars in various fields. The striking framework of hesitant fuzzy sets is
keen to provide a larger domain of preference for fuzzy information modeling of deployment membership. Starting from the
hybrid properties of hesitant fuzzy ideals (HFI), this paper constructs a new generalized hybrid structure @-HFI. The concept
of @-hesitant fuzzy exchange ideal in B % -algebra is considered. Lastly, Q-hesitant fuzzy exchange ideal features are described.

1. Introduction

When dealing with information on all aspects of uncertainty,
nonclassical logic always makes use of classical logic. Non-
classical logic is a useful tool in computer science because
it deals with fuzzy information and uncertainty. In the liter-
ature, the study of BCK/BCl-algebras was first proposed by
Imai and Iséki [1] in 1966 and such algebras can be regarded
as a generalization of propositional logic. The study BCK/
BClI-algebras have been developed by many people and have
been extended to the fuzzy setting. After the introduction of
fuzzy sets introduced by Zadeh [2], there have been many
generalizations of this fundamental concept. In 2010, Torra
[3] considered hesitant fuzzy sets. The hesitant fuzzy set
model is useful tool to deal with uncertainty, which can be
accurately and perfectly described in terms of the opinions
of decision-makers.

Algebraic structures provide sufficient motivation for
researchers to examine various concepts and stem from the
broader field of abstract algebra blur set frame. In 2011, Xia
and Xu [4] described hesitant fuzzy information aggregation
techniques, and this concept was applied to BEFK/BEF
-algebras, &@-algebras, residuated lattices, .4 £ -algebras,
and K-algebras [5-9]. Jun and Ahn [6] investigated the concept
of hesitant fuzzy subalgebras and HFIs of BE€ % /BE.7-alge-
bras. In 2018, Alshehri et al. [10] put forward the concept of
new types of HFIs in 36 % -algebras. As a continuation of this
study, we describe certain concepts, including @-HFIs and@
-hesitant fuzzy commutative ideals in 8% % -algebras.

2. Basic Notions

A set % with a constant element 0 and a binary operation =
is said to be a BE K -algebra [1] if it satisfies the axioms:
Forall M,C,J € %,

(BECH-1)((c*N)*(N*m)) = (J+C)
(BCH-2)(M=(MxM))*C =0,
(BEHK —3)N=N=0, (1)
(BEH —4)0+N=0,
(BEH —5)N*L =0,CM=0imply thatm=LC.

0)

In a BEH -algebra %, we can define the relation < by
n<cC if and only if M+*C =0.

Then, (% ; <) is a partially ordered set with the least ele-
ment 0. In any BEH -algebra %, the following properties
hold:

M0 =1, (2)
(M=T)*(Ex]) <M=L,

M (M*(M*E)) = M*E.
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M<C implies M+*J <C % J and J*E<{ =M for all M, C,
Te.

Let % be a BEH-algebra and let &/ be a nonempty
subset of . Then, &/ is called an ideal of % [11] if it satisfies
the following:

(1) (Fo)oed

(2) (F.)ced and NM+Ce g/ imply that Neg/ for all
MLEe%

A subset of of a BECH -algebra % is called a commuta-
tive ideal [12] of % if it satisfies the following:

(1)

F)0€ed
2) (¢

(
(€)(N+E) = § € o and Jedf imply that Mx(Cx(Cx
M)ed forallNC,§e%

A fuzzy set in % is said to be a fuzzy ideal of % if it
satisfies the following:

(1) (Foo)u(0) = u(n) for all Ne%
(2) (ZF)p(N) =min {u(N=E), u(c)} for all M,c € %

Let % be a reference set and &/ be a nonempty subset of
%, a hesitant fuzzy set.
H o ={(M,{5 (M)): NeX} on % [3] satistying the follow-

ing condition:
(o(N) =¢forallng o, (3)

is called a hesitant fuzzy set related to % (briefly, &/-hesitant
fuzzy set) on % and is represented by #,, = {(1, { ,,(M)):
MNe#)}, where (, is a mapping from % to ([0, 1]) with
(4(N)=¢ for all N¢ .

Let 7% be a reference set and &/ be a nonempty subset of
%, an of-hesitant fuzzy set # , = {(M,(, (N)): Ne¥} of % is
called a HFI [6] of % related to o/ (briefly, &/-HFI of %) if it
satisfies the following:

(1) (# o) 4(0) = ( (M) for all Ne¥
() (#.)( (M) =min {({(N*C), ( ,(C)} forallu,ve U

Given a nonempty subset &/ of %, an &/-hesitant fuzzy
set# o, ={(M,{4): MU} of % is called a hesitant fuzzy
commutative ideal [10] of % related to & (briefly, o/-hesi-
tant fuzzy commutative ideal of %) if it satisfies

(Z ) 4(0) = (,(N) for all Ne%

{ (M (E#(E%M))) 2 min {(,((N+C) * T), (4(0)} for all
MNEJe%

Let % be a nonempty finite universe and @ be a

nonempty set. A @-hesitant fuzzy set &/ is a set given by

o g= { ((n,u),< %(n,u)); rle%,]_[e@}, (4)

where ( : % x@—[0,1]. The function ( (M,[]) is
called the membership function of @-hesitant fuzzy set,
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and the set of all @-hesitant fuzzy set over % x @ will be
denoted by Q% F (U x @).
Let 75, be a hesitant fuzzy set of a BEH -algebra %.

The set
H oy, <D = {I‘IE%|%%(I‘I)2J}, (5)

where _[;E ,([0,1]) is called a hesitant fuzzy [-level set
of #y.

Theorem 1 (see [6]). For a subalgebra, of of a BE K -algebra
U, every of-HFI is an f-hesitant fuzzy subalgebra.

Proposition 2 (see [13]). In BECH -algebra U the following
conditions hold, for all M,C, [ € %,

((Mx0) * §) * (7)< (M+C) = T,
(Mx0) » (M (n=7)) = (M) * T, (6)
*M1)

(Me(4(E41) * (E+ (M (Ex(E4)))) ST+ E,

3. @-Hesitant Fuzzy Ideals

Definition 3. Let % be a nonempty finite universe, @ be a
nonempty set and <&/ be the subset of %, a @-hesitant fuzzy
ideal 7 of % x @ (briefly: QF F-ideal) if it satisfies the

following assertion:

(1) (Coo){ o1, (L] 2 (g, (NID)VN € % [ €@

2) (@) o, (ML) 2 min {(, (M+C11).( o, (LD}
VN, Ce,]Je@

Example 1 Denote % ={0,a,b, c}. The binary operation =
on % is given by Cayley (Table 1).

For a subset o ={0,a,b}. Let #, = (((M,LD).(, (M,
[D)INe%,[[e@) be a QF FS of U x @ defined by

o34 (iD= (\11).
<d@: U Q> [ 2] ( )
0.3 oL = (e b e

(7)
Then, # , is a QZ F-ideal of % x Q.

Proposition 4. Let o be a subset of % and 7, be a Q-HFI
of U x @. Then, the following assertions are valid:

() nse= (4, (M1 2(y, (& L) for all NE€,
[Je@

(2) N+ <= ( (ML) = min {(,, (SL]), (o, (L1
)} forallN,E, § €%, [[e@
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TaBLE 1
* 0 a b c
0 0 0 0 0
a a 0 a 0
b b b 0 0
c c b a 0

Proof.

(1) Suppose M<C implies M*E=0¢€ & (for all N,C € &)
and so

(e (511 = min {

by (€c7)
(2) Suppose N=C < { implies (M*C) * § =0 € of (for all
MG, Je%) so

It follows that

min { (r, ELDs (o, QLD } < min { (o, (ML, (51D |
< <%(”>U)-
(10)

O

Proposition 5. Every A Q7 F-ideal of % x @ satisfies the
following condition:

(1) (9, (& 1) < (4, (M 1I) with N<c for all N,E €%,
[[e@

(2) min {( g, (5 1), (o, (0 1D} < (o, (M, L) with n=
C<{forallnC,fe%][c@

Theorem 6. If 7, a Q-HFI of % x @, then for any N,
e sy € U, and

(= (M o0) * A=) x4 =0=> (o, (L)
> min {<¢@(-'00,U)) < a,(Holl) o < a, (1) }
(1)

Theorem 7. Let %, be a Q-HFI of % x @. Then, the follow-
ing are equivalent:

(i) (o, ((M=E) =&, [1) < (4, (N=E, ) for all N,c € %,
[Te@

(i) (4, ((M%E) * T, [1) < (o, ((MT) * (£x3), 1) for
alnc, 0 e%]]e@

Proof. (i) = (ii) Suppose condition ()) is valid. Since

((Mx(Ex0)) = 8) = T=((NM=+T) = (x)) » T < (N+E) = L.
(12)

Applying, by Proposition 2 and (), we have

(7, (%) * B, 11) < (o, ((M(250)) = 1) 3, 1)
< (r, ((M(25)) * 0, 1)
- <%((l‘|*11) « (C+0), 1.
(13)
Hence, condition (i) holds

(i) = (i) Suppose condition (ii) is valid. If we put
=C in (ii) then

(. ((M#8) * £ 1) < (1, (0+E) * (2+E), 1])
= <M@ ((I‘I*E) * /) H) (14)
=, (M2, 1)

hence, the condition (i) holds.

The proof is complete. O

Theorem 8. Let 7'y, be a Q-HFI of % x @, then the set

7| = {l‘le%,]_[e@|< ”, (J ,LI) < <%(n,]_[)}, (15)

is an ideal of U x @ for all [ €.



Proof. Let N,C € %, ]| € @ be such that (N*C
(1D e %I Then,

<%~ (JU) < <%@(H*E,H),<% (J LI) < <%(;,]_[).

(16)

,]_[)e%fand

It follows from (@, %), (@ .7) that

(un (1) smin {{ et {w eI}
< <%@(”)H) = <%@ (I)H)-

O

So that (',]]) € %I and (N,]]) € %I, therefore, %I is an
ideal of % x @ for all [€%.

Theorem 9. Suppose that 7, is a Q-hesitant fuzzy set of

U x @, where o is a nonempty subset of %. Then, the follow-
ing are equivalent:

(i) # 4, isa G-HFl of U x @

(i) For any [ev/([0,1]), the set I, (]) =
)= [} is an ideal of U x @

{Ne% : <%a

Proof. = Assume that 7, is a Q7 F-ideal of % x Q. Let
w,v €% and 3 € /([0,1]) be such that (N+C, []) € Z, (/)
and (G, []) € #, (/). Then,

(wmeiDz [ (neW=[ 08

It follows that

<% (’,]_[) > <Ma(|‘|,]_[) > min {<%(ﬂ*g,]_[),< M@(E,]_[)} > J
(19)

Hence, (', ]]) € Hy,([)and (M1]) eZ,, ())
Therefore % ([) is an ideal of % x @
& Suppose that 7, ([) is an ideal of % x @. For any

ne#, [ e @, let (4 ( ) = fﬂ’
Then (M,[[)e#, (J" D). Since o (j "y is an
ideal of % x @. we have

() e (™ Yoo ot [ 1)
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Let (,, (M=) = [ and (, (c,11)[W. Then (
«C,[[) € Z 4, (]) and (G, [1) € Z,(]) such that [ =min
{j(ﬂ*g‘u), j(E’U)}, which imply that (1, []) € %, (). Thus,

(D= [ =min {( eI, €D} @)

Therefore, 7, is a Q7 F-ideal of % x Q. O

4. O-Hesitant Fuzzy Commutative Ideals

Definition 10. Let % be a universal set and @ be a nonempty
set. A @-hesitant fuzzy commutative ideal (Q-HFCI) of %
x @ if it satisfies the following assertion:

(1) (CooZ){ o1, (L1 2 (g, (MIDVN € % [ €

(2) (@j%x ( * (C#(C*M)), [ [) =min {( (I‘I*;)
e B 1D (o, (LD Y, s lea

Example 1. Let % ={0,a,b,c} be a set with the binary
operation * which is defined in Cayley (Table 2).

Let U’ U, Uc€,([0,1]) such that u' >ug >u. We
define a QF FS of U x @ as follows:

tif (D) = (1),

(s %x@— (OO =R ¢ i (D) = (@l

tyif - (ML) = ({b b1
(22)

where t,=0,1] > £, =[0.2,0.6] > f, = (0.2,0.3]. By direct cal-
culations, one can see that %, is Q# F€-ideal of % x Q.

Theorem 11. Every @-hesitant fuzzy CI is a Q-hesitant fuzzy
ideal of % x Q.

Proof. Assume that Z, is a QZ F€-ideal of a BCH
-algebra %, for any M, § € %, [ € @. We have
min {< GE S <d@(11,1_[)}
= min {< , ((I‘I*') * II,H>, (d@(ﬁyﬂ)} (23)
Qo (' (o) 1) = (0D
Therefore, %’% is a QI F-ideal in U x Q. O

The following example shows that the converse of theorem 6
is not true.

Example 2. Let % ={0,a,b,c,d} be a set with the Cayley
(Table 3).
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TABLE 2
* 0 a b c
0 0 0 0 0
a a 0 0 a
b b a 0 b
c c c c 0

TABLE 3
* 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 0 0
c c c c 0 0
d d d d c 0

Let ey, ;, e,€ ([0, 1]) such that e; > e, > e,. We define a
mapping

epif (D)= (11).

(.~ Ux@—, (0D = eif (D) = (41D
enif (ML) =({b ¢ d}.L),
(24)

where ¢, =[0,1) > e; =[0.4,0.8] + e, = [0.5,0.6]. It is rou-
tine to verify that #y, is @7 F-ideal of % x @. But it is
not a QF F€-ideal of % x Q. Since

(1,0 % (cx (e bLT) # min {(#g((b =)« 01D, (, ("11) }-
(25)

Theorem 12. Let # o, be a Q-HFI of a BECFH -algebra U.
Then, # o, is a @-hesitant fuzzy CI of % x @ if and only if
it satisfies the following condition:

<%(r|*(;*(;*r|)),]_[) > <%@(I‘I*E,H)VH,EE%,H €.
(26)

Proof. Assume that %y, is Q# F€-ideal. Taking 772 =0 in
(@) and using (@, 7). Also, we use M*0 =T1.

<%(n*(;*(;*n)),ﬂ)

Conversely, Let o, As # 4, be a Q F-ideal of % x @
satistying condition (1).

Then,

(o (meeD) 2 min { (o, (M#€) * .11, (o, (BID pvnsgenll e @,
(28)

combining (1) and (2), then we obtain (@, %).
The proof is complete. O

Lemma 13. Any Q-HFI of a BEC K -algebra U satisfies

Proof. Assume that M+C < J holds. Then,

(2 (e ID) 2 min { {2, ((0+2) * BLD. (2, (1D }
=min { (5, ("11)- { o, (@D} = (o, (LD

(30)
It follows that
(2, (0D z min { {1, (MeE1D.( (1D} -
2 min { (4,10, (, (BLD}-
The proof is complete u

Theorem 14. For any commutative in a BEC K -algebra U.
Every Q-HFI is commutative.

Proof. Let #y,, be a QF F-ideal of a commutative BECH

-algebra %. It is sufficient to show that 7y, satisfies condi-
tion (@) .Let M,E, § € %. Then,

(M (Cx(Cxm))) * ((M*E) * 7)) * T
= ((M*(Cx(CxM))) = T) = ((N+C) = ) (32)
< (Me(Ex(E+) * (1+E)
= ((+E)) » (Ex(E+)) =0
That is,
(M (Sx(ExM))) * ((M*E) * F) < T- (33)



By Lemma 13, we have

(2, (n(Ex(Exm).LD) 2 min { (4, (1) * BLD. (#,(BLD }-

(34)

Thus, (@, %) holds. Therefore, 7y, isa @-HFCL ]

Definition 15. Let # 'y, be a Q-hesitant CI of a € # -algebra
«, for [€,([0,1]), the set 7y ([) = {I‘IE“Z/,]_[E@W/%(',L[)
> [} of a Clis called Q-hesitant [-level CI of %, .

Theorem 16. In BE K -algebra U, any CI of can be realized
as Q-hesitant [-level CI of some @-HFCI of % x Q.

Proof. Let € be a CI of #E % -algebra % and let #'; bea @
-hesitant fuzzy set of % x @ defined by

(4, (LD = { Js nes (33)

0,if otherwise,

where [€,([0,1]). Let N,E, § € %.
If (N+C) * €% and €, then (M*(Cx(C+N))) €€
Thus,

(o= (@D =, rex@m) D= [, (6)
and so

(ar, (M (€= (E*)LD) 2 min { {4, (M%€) * BLD, (o, (BLD }»

(37)
(i) If (N+C) = §¢ € and §¢ G, then (, ((M+C) = T, [1)
= (o, (B, 1D =0
Hence,

<%(|‘l*(;*(;*n)),l_[) > min {<,Q,@((n*;) AN < '%(11,]_[)},

(38)

(ii) If exactly one of ((M+C) = []) and { belongs to &,
then exactly one of (, ((M+C) = 0, []) and (, (T,
L) is equal to zero. So,

(rp (M#(Ex(Exm).LD) 2 min { (L, (#E) * BLD, (o, (BLD) }
(39)
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The results above show

(o (Me(Ex(Ex).0D)
> min {<%(n*;) « 0, 10) <%(ILH)} forallM,C,e%,] | € @.
(40)

It is clear that <%(’,]_[)2<d@(l‘l,]_]) for all Me%.
Therefore, # o, is a QX FE-ideal of % x Q. Obviously,

o, (])=%. O

Theorem 17. If # ; a Q# F€-ideal of a BEC T -algebra U.
Then, two-level CL ., ([ ) and %  ([_) where [ < [_of
H o, are equal if and only if there is no w € % such that

Jo S <M@(H’H) <[

Proof. Let o ([.) =% 4,([.)- If there exists Me% such

that [ <(, (M1 <[, then Z, ([) <%y, (]) This
is impossible. Conversely, assume that there is no M¢ % such
that [ < (g, (M) <.

Joo <[ implies # o, ([ )€y, ([) U (ML) eZy,
(Joo)» then (o (M, [1) > [ and so ( (M, []) 2 [, because
(oD £ [

Hence, (M, []) € #, ([.) which says that 7, ([ ) <
T, (]).

Thus, ([ o.) = a4,(])-

This completes the proof. O

Let (of ; be a @-hesitant fuzzy set in % and let Im ({ d@)
denote the image of (

Theorem 18. Let % be a BEC F -algebra and # ; a Q-HFCI

Of% x Q. IfIm (<d@) = {J‘oo’ IE, - f\}’ where J\ooqu[\eq.“u[‘\’
then the family of Cls % ([, )(> = 00, € --+, \) constitutes
all the level CIs of (

Proof. Let je/ ([0,1]) and [¢Im (%, ). If [<[_, then
(a,([o) € Car, ())- Slnce (a,([o) = °Zl we have (q([)

=U and f a,([o)

If [ < f j 1 < >< \ - 00), then there is no Ne#
such that [<(, ]_[) J. o From above theorem 10, it
follows that (e, J") = f>+ ). This shows that for any
[ €,([0,1]) with fg< ), the level CI ( ([) is in

{<%(I>) 1S>— \ O

Lemma 19. Given a BEC F -algebra U and ¥ ; a QX F€
-ideal over % x Q. If [ and [_ belong to Im ({ ) such that
(a,(Joo) = (ar, ([ ) then [ =

Proof. Assume that [ # [, say [ < [_. Then, there is Ne
%,]1 € @such that (, (M,[)=_ <[, andso (N,]])e€
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(,(Joo) and (ML) ¢ (i, (J)- Thus, (7, ([,) # (., (Jo)s

which is a contradiction to our fact. This completes
the proof. O

5. @-Hesitant Fuzzy Characteristic CIs
A mapping {: ¥ — 7" of a BEH -algebra is called a
homomorphism if satisfying the identity {(M=C) = {(M) =

{(c) for all N,ce%. Throughout, Aut(%) will denote
the BEG K -algebra of automorphisms of %.

Definition 20. Let {: % — 7" be a homomorphism of B
F -algebras. For any Q F€-ideal (, of 7, we define a

new Q% FE-ideal ([, in % by
(LI = (LD foralinez[Tea.  (41)

Theorem 21. Let {: % — 7" be a homomorphism of BECF
-algebra U. If ;. is a QH FE€-ideal of 7, then (;a isa @
H FE-ideal of U.

Proof. Let Ne%,[[ € @

(n+2) « 81D, (o, (1D}

{ee) = {@.1D: (, (D)D)}

( () *42) * {@LD: (, (DD }

< (, ({(n(Ex (@)D = (&, (ne(ex (=) LD,

(43)
O

Definition 22. A CI € of a B8C€ K -algebra % is called a char-
acteristic CI (CCI) of % if {(€) =€ for all {cAut(%).

Definition 23. A @-HFCI of a B3E€ K -algebra % is called a @
-hesitant fuzzy CCI of % x @ if

< 2, ()LD = < o, (ML) forallm e %[ € @and V{eAut(%).
(44)

Theorem 24. Let # ;, be a Q-hesitant fuzzy characteristic CI
of U X Q. Then, each [-level CI of (, is a characteristic
commutative ideal of U x Q.

Proof. Assume [ €Im ({, ), {€Aut(%) and (M, []) € ( (/)-
Since # ; is a Q-hesitant fuzzy characteristic commutative
ideal of % x @, we have (, ({(M),[]) = (4, (M 1I) > [.

It follows that ({(M), [) € (4, () and hence {((,(]))
< {a, (]):

To show the reverse inclusion, let (1, [ ) € (, (/) and let
Ce? be such that {(€) =n. Then, ( (S, [1) = (4, ({(©), L)
=(u,(M 1) > [ whence (5, []) € (, (). It follows that M
= {(E) € {({y, ()50 that {5, ()< {({r, (). Thus, (,
(J), | €Im ({,) is a CCI of % x Q.

The proof of the following lemma is obvious, and we
omit the proof. O

Lemma 25. Let # ; be a Q-HFCI of % x @ and let Ne€%.
Then, (4, (ML) = [ if and only if (M, 1) € (4, ([,) and
(n,1]) ¢ (da(je), for all [_> joo.

Now, we consider the inverse of Theorem 24

Theorem 26. Let 7, be a @Q-HFCI of % x Q. If each level CI
of (4, is a CCL of U, then  ;_is a Q-hesitant fuzzy charac-
teristic commutative ideal of % x Q.

Proof. Let Ne#,[]€ @ {€Aut(%) and (,, (M]])=/_.
Then, (M, [1) € (o, ([,) and (M, 1) ¢ (4, (J.) forall [ >
J o> BY Lemma 25 Since {(( 4, )([,) = (&, ([ ) by hypoth-
esis, we have ({(M),[]) € (4, (],) and hence (, ({(M),[])
> [ - Let [ = (g, ({(M), LD If possible, let [ > [ .

Then, ({(), 11) € (., (/) = {({.s, ([.))- Since { is one
to one, it follows that (11, []) € (, (],), which is a contra-
diction. Hence, (, ({(M), 1)) = [, = (&, (M LI). It follows
that 7, is a Q-hesitant fuzzy CCI of % x @. This com-

pletes the proof. O

6. Conclusions

A new concept of HFI is considered by applying a two-
dimensional membership function, namely, @-HFI. Several
properties and theorems of @-HFI are proved. In this regard,
we propose the concept of @-HFCI in B€ K -algebra and
prove some related properties. We have considered the fea-
tures of @-HFCI. We study some feature properties related
to @-HFCIL. Our future research is to find ways to apply @-
HFI to a wide range of logical algebraic systems, such as
pseudo-%BE. 7 -algebras [14, 15]. For other notions, the
readers are suggested to see [16-28].
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