
Research Article
Certain Concepts of Q-Hesitant Fuzzy Ideals

Lubna Abdul Aziz Alleheb and Kholood Mohammad Alsager

Department of Mathematics, College of Science, Qassim University, Buraydah, Saudi Arabia

Correspondence should be addressed to Kholood Mohammad Alsager; ksakr@qu.edu.sa

Received 21 April 2022; Accepted 20 June 2022; Published 22 July 2022

Academic Editor: Ganesh Ghorai

Copyright © 2022 Lubna Abdul Aziz Alleheb and Kholood Mohammad Alsager. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

The hesitant fuzzy set model has attracted the interest of scholars in various fields. The striking framework of hesitant fuzzy sets is
keen to provide a larger domain of preference for fuzzy information modeling of deployment membership. Starting from the
hybrid properties of hesitant fuzzy ideals (HFI), this paper constructs a new generalized hybrid structure Q-HFI. The concept
of Q-hesitant fuzzy exchange ideal in BCK-algebra is considered. Lastly, Q-hesitant fuzzy exchange ideal features are described.

1. Introduction

When dealing with information on all aspects of uncertainty,
nonclassical logic always makes use of classical logic. Non-
classical logic is a useful tool in computer science because
it deals with fuzzy information and uncertainty. In the liter-
ature, the study of BCK/BCI-algebras was first proposed by
Imai and Iséki [1] in 1966 and such algebras can be regarded
as a generalization of propositional logic. The study BCK/
BCI-algebras have been developed by many people and have
been extended to the fuzzy setting. After the introduction of
fuzzy sets introduced by Zadeh [2], there have been many
generalizations of this fundamental concept. In 2010, Torra
[3] considered hesitant fuzzy sets. The hesitant fuzzy set
model is useful tool to deal with uncertainty, which can be
accurately and perfectly described in terms of the opinions
of decision-makers.

Algebraic structures provide sufficient motivation for
researchers to examine various concepts and stem from the
broader field of abstract algebra blur set frame. In 2011, Xia
and Xu [4] described hesitant fuzzy information aggregation
techniques, and this concept was applied to BCK/BCI

-algebras, EQ-algebras, residuated lattices, MTL-algebras,
and K-algebras [5–9]. Jun and Ahn [6] investigated the concept
of hesitant fuzzy subalgebras and HFIs of BCK/BCI -alge-
bras. In 2018, Alshehri et al. [10] put forward the concept of
new types of HFIs inBCK-algebras. As a continuation of this
study, we describe certain concepts, including Q-HFIs andQ
-hesitant fuzzy commutative ideals in BCK-algebras.

2. Basic Notions

A set U with a constant element 0 and a binary operation ∗
is said to be a BCK-algebra [1] if it satisfies the axioms:

For all ⊓, ⊑, ⇕ ∈U,

BCK−1ð Þ ⊑∗⊓ð Þ∗ ⊓∗mð Þð Þ ∗ ⇕∗⊑ð Þ = 0,
BCK−2ð Þ ⊓∗ ⊓∗⊓ð Þð Þ∗⊑ = 0,

BCK − 3ð Þ⊓∗⊓ = 0,
BCK − 4ð Þ0∗⊓ = 0,

BCK − 5ð Þ⊓∗⊑ = 0,⊑∗⊓ = 0 imply that⊓ = ⊑:

ð1Þ

In a BCK-algebra U, we can define the relation ≤ by
⊓≤⊑ if and only if ⊓∗⊑ = 0.

Then, ðU ; ≤Þ is a partially ordered set with the least ele-
ment 0. In any BCK-algebra U, the following properties
hold:

⊓∗⊑ð Þ ∗ ⇕ = ⊓∗⇕mð Þ∗⊑,
⊓∗⊑≤⊓,
⊓∗0 = ⊓,

⊓∗⇕ð Þ∗ ⊑∗⇕ð Þ ≤ ⊓∗⊑,
⊓∗ ⊓∗ ⊓∗⊑ð Þð Þ = ⊓∗⊑:

ð2Þ
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⊓≤⊑ implies ⊓∗⇕ ≤ ⊑ ∗ ⇕ and ⇕∗⊑ ≤ ⇕ ∗ ⊓ for all ⊓, ⊑,
⇕ ∈U.

Let U be a BCK-algebra and let A be a nonempty
subset of U. Then, A is called an ideal of U [11] if it satisfies
the following:

(1) ðI∞Þ0 ∈A
(2) ðI ϵÞ⊑∈A and ⊓∗⊑ ∈A imply that ⊓∈A for all

⊓, ⊑ ∈U

A subset A of a BCK-algebra U is called a commuta-
tive ideal [12] of U if it satisfies the following:

(1) ðI∞Þ0 ∈A
(2) ðCÞð⊓∗⊑Þ ∗ ⇕ ∈A and ⇕∈A imply that ⊓∗ð⊑∗ð⊑∗

⊓ÞÞ ∈A for all ⊓, ⊑, ⇕ ∈U

A fuzzy set in U is said to be a fuzzy ideal of U if it
satisfies the following:

(1) ðF∞Þμð0Þ ≥ μð⊓Þ for all ⊓∈U
(2) ðFϵÞμð⊓Þ ≥min fμð⊓∗⊑Þ, μð⊑Þg for all ⊓, ⊑ ∈U

Let U be a reference set and A be a nonempty subset of
U, a hesitant fuzzy set.

HU = fð⊓,h U ð⊓ÞÞ: ⊓∈Ug on U [3] satisfying the follow-
ing condition:

Uh ⊓ð Þ = ϕ for all⊓∉A , ð3Þ

is called a hesitant fuzzy set related to U (briefly, A-hesitant
fuzzy set) on U and is represented by HA = fð⊓, h Að⊓ÞÞ:
⊓∈UÞg, where h A is a mapping from U to ✓ð½0, 1�Þ with
h Að⊓Þ = ϕ for all ⊓∉A .

Let U be a reference set and A be a nonempty subset of
U, an A-hesitant fuzzy set HA = fð⊓,h A ð⊓ÞÞ: ⊓∈Ug of U is
called a HFI [6] of U related to A (briefly, A-HFI of UÞ if it
satisfies the following:

(1) ðH∞Þh Að0Þ ≥ h Að⊓Þ for all ⊓∈U
(2) ðH ϵÞh Að⊓Þ ≥min fh Að⊓∗⊑Þ, h Að⊑Þg for all u, v ∈U
Given a nonempty subset A of U, an A-hesitant fuzzy

setHA = fð⊓, h AÞ: ⊓∈Ug of U is called a hesitant fuzzy
commutative ideal [10] of U related to A (briefly, A-hesi-
tant fuzzy commutative ideal of U) if it satisfies

ðH∞Þh Að0Þ ≥ h Að⊓Þ for all ⊓∈U
ðH cÞ

h Að⊓∗ð⊑∗ð⊑∗⊓ÞÞÞ ≥min fh Aðð⊓∗⊑Þ ∗ ⇕Þ, h Að⇕Þg for all
⊓, ⊑, ⇕ ∈U

Let U be a nonempty finite universe and Q be a
nonempty set. A Q-hesitant fuzzy set AQ is a set given by

AQ = ⊓,∐ð Þ, AQ

D
⊓,∐ð Þ

� �
: ⊓∈U,∐∈Q

n o
, ð4Þ

where h AQ
: U ×Q⟶ ½0, 1�. The function h AQ

ð⊓,∐Þ is
called the membership function of Q-hesitant fuzzy set,

and the set of all Q-hesitant fuzzy set over U ×Q will be
denoted by QHFðU ×QÞ.

Let HU be a hesitant fuzzy set of a BCK-algebra U.
The set

HU

ð� �
= ⊓∈UjHU ⊓ð Þ≥

ð� �
, ð5Þ

where ∫; ∈
✓
ð½0, 1�Þ is called a hesitant fuzzy

Ð
-level set

of HU.

Theorem 1 (see [6]). For a subalgebra,A of aBCK-algebra
U, every A-HFI is an A-hesitant fuzzy subalgebra.

Proposition 2 (see [13]). In BCK-algebra U the following
conditions hold, for all ⊓, ⊑, ⇕ ∈U,

⊓∗⇕ð Þ ∗ ⇕ð Þ ∗ ⊑∗⇕ð Þ ≤ ⊓∗⊑ð Þ ∗ ⇕,
⊓∗⇕ð Þ ∗ ⊓∗ ⊓∗⇕ð Þð Þ = ⊓∗⇕ð Þ ∗ ⇕,

⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ ∗ ⊑∗ ⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þð Þ ≤ ⊓ ∗ ⊑:

ð6Þ

3. Q-Hesitant Fuzzy Ideals

Definition 3. Let U be a nonempty finite universe, Q be a
nonempty set and A be the subset of U, a Q-hesitant fuzzy
ideal HAQ

of U ×Q (briefly: QHF-ideal) if it satisfies the
following assertion:

(1) ðQ∞HÞh AQ
ð′,∐Þ ≥ h AQ

ð⊓,∐Þ∀⊓ ∈U,∐∈Q

(2) ðQϵHÞh AQ
ð⊓,∐Þ ≥min fh AQ

ð⊓∗⊑,∐Þ,h AQ
ð⊑,∐Þg,

∀⊓, ⊑∈U,∐∈Q

Example 1 Denote U = f0, a, b, cg. The binary operation ∗
on U is given by Cayley (Table 1).

For a subset A = f0, a, bg. Let HAQ
= ððð⊓,∐Þ,h AQ

ð⊓,
∐ÞÞj⊓∈U,∐∈QÞ be a QHFS of U ×Q defined by

AQ

D
: U ×Q↦

0, 12

� 	
,if ⊓,∐ð Þ = ′,∐

� �
,

0, 13

� 	
,if ⊓,∐ð Þ = a, b, cf g,∐ð Þ:

8>>><
>>>:

ð7Þ

Then, HAQ
is a QHF-ideal of U ×Q.

Proposition 4. Let A be a subset of U and HAQ
be a Q-HFI

of U ×Q. Then, the following assertions are valid:

(1) ⊓≤⊑⟹ h AQ
ð⊓,∐Þ ≥ h AQ

ð⊑,∐Þ for all ⊓, ⊑ ∈U,
∐∈Q

(2) ⊓∗⊑ ≤ ⇕⟹ h AQ
ð⊓,∐Þ ≥min fh AQ

ð⊑,∐Þ, h AQ
ð⇕,∐

Þg for all ⊓, ⊑, ⇕ ∈U,∐∈Q
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Proof.

(1) Suppose ⊓≤⊑ implies ⊓∗⊑ = 0 ∈A (for all ⊓, ⊑ ∈A)
and so

AQ

D
⊑,∐ð Þ =min AQ

D
′,∐
� �

, AQ

D
⊑,∐ð Þ

n o
=min AQ

D
⊓∗⊑,∐ð Þ, AQ

D
⊑,∐ð Þ

n o
≤ AQ

D
⊓,∐ð Þ,
ð8Þ

by ðQϵHÞ
(2) Suppose ⊓∗⊑ ≤ ⇕ implies ð⊓∗⊑Þ ∗ ⇕ = 0 ∈A (for all

⊓, ⊑, ⇕ ∈U) so

AQ

D
⇕,∐ð Þ =min AQ

D
′,∐
� �

, AQ

D
⇕,∐ð Þ

n o
=min AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, AQ

D
⇕,∐ð Þ

n o
≤ AQ

D
⊓∗⊑,∐ð Þ

ð9Þ

It follows that

min AQ

D
⊑,∐ð Þ, AQ

D
⇕,∐ð Þ

n o
≤min AQ

D
⊓∗⊑,∐ð Þ, AQ

D
⊑,∐ð Þ

n o
≤ AQ

D
⊓,∐ð Þ:

ð10Þ

Proposition 5. Every A QHF-ideal of U ×Q satisfies the
following condition:

(1) hUQ
ð⊑,∐Þ ≤ h UQ

ð⊓,∐Þ with ⊓≤⊑ for all ⊓, ⊑ ∈U,
∐∈Q

(2) min fh UQ
ð⊑,∐Þ, h UQ

ð⇕,∐Þg ≤ h UQ
ð⊓,∐Þ with ⊓∗

⊑ ≤ ⇕ for all ⊓, ⊑, ⇕ ∈U,∐∈Q

Theorem 6. If HAQ
a Q-HFI of U ×Q, then for any ⊓, ⊣∞,

⊣ϵ ,⋯, ⊣\ ∈U, and

⋯ ⊓∗⊣∞ð Þ ∗ ⊣ϵð Þ∗⋯ð Þ ∗ ⊣\ = 0⟹ AQ

D
⊓,∐ð Þ

≥min AQ

D
⊣∞,∐ð Þ, AQ

D
⊣ϵ ,∐ð Þ,⋯, AQ

D
⊣\,∐

 �n o

:

ð11Þ

Theorem 7. LetHAQ
be a Q-HFI of U ×Q. Then, the follow-

ing are equivalent:

(i) h AQ
ðð⊓∗⊑Þ ∗ ⊑,∐Þ ≤ h AQ

ð⊓∗⊑,∐Þ for all ⊓, ⊑ ∈U,
∐∈Q

(ii) h AQ
ðð⊓∗⊑Þ ∗ ⇕,∐Þ ≤ h AQ

ðð⊓∗⇕Þ ∗ ð⊑∗⇕Þ,∐Þ for
all ⊓, ⊑, ⇕ ∈U,∐∈Q

Proof. ðiÞ⟹ ðiiÞ Suppose condition ð iÞ is valid. Since

⊓∗ ⊑∗⇕ð Þð Þ ∗ ⇕ð Þ ∗ ⇕ = ⊓∗⇕ð Þ ∗ ⊑∗⇕ð Þð Þ ∗ ⇕ ≤ ⊓∗⊑ð Þ ∗ ⇕:
ð12Þ

Applying, by Proposition 2 and ð⊣Þ, we have

AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ ≤ AQ

D
⊓∗ ⊑∗⇕ð Þð Þ ∗ ⇕ð Þ ∗ ⇕,∐ð Þ

≤ AQ

D
⊓∗ ⊑∗⇕ð Þð Þ ∗ ⇕,∐ð Þ

= AQ

D
⊓∗⇕ð Þ ∗ ⊑∗⇕ð Þ,∐ð Þ:

ð13Þ

Hence, condition ðiiÞ holds
ðiiÞ⟹ ðiÞ Suppose condition ðiiÞ is valid. If we put ⇕

= ⊑ in ðiiÞ then

AQ

D
⊓∗⊑ð Þ ∗ ⊑,∐ð Þ ≤ AQ

D
⊓∗⊑ð Þ ∗ ⊑∗⊑ð Þ,∐ð Þ

= AQ

D
⊓∗⊑ð Þ ∗ ′

� �
,∐

� �
= AQ

D
⊓∗⊑,∐ð Þ,

ð14Þ

hence, the condition ðiÞ holds.
The proof is complete.

Theorem 8. Let HUQ
be a Q-HFI of U ×Q, then the set

HÐ = ⊓∈U,∐∈Qj UQ

D ð
,∐

� �
≤ UQ

D
⊓,∐ð Þ

� �
, ð15Þ

is an ideal of U ×Q for all
Ð
∈U.

Table 1

∗ 0 a b c

0 0 0 0 0

a a 0 a 0

b b b 0 0

c c b a 0
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Proof. Let ⊓, ⊑ ∈U,∐∈Q be such that ð⊓∗⊑,∐Þ ∈HÐ and

ð⊑,∐Þ ∈HÐ . Then,

UQ

D ð
,∐

� �
≤ UQ

D
⊓∗⊑,∐ð Þ, UQ

D ð
,∐

� �
≤ UQ

D
⊑,∐ð Þ:

ð16Þ

It follows from ðQ∞HÞ, ðQϵHÞ that

UQ

D ð
,∐

� �
≤min UQ

D
⊓∗⊑,∐ð Þ, UQ

D
⊑,∐ð Þ

n o
≤ UQ

D
⊓,∐ð Þ ≤ UQ

D
′,∐
� �

:

ð17Þ

So that ð′,∐Þ ∈HÐ and ð⊓,∐Þ ∈HÐ , therefore, HÐ is an

ideal of U ×Q for all
Ð
∈U.

Theorem 9. Suppose that HAQ
is a Q-hesitant fuzzy set of

U ×Q, where A is a nonempty subset of U. Then, the follow-
ing are equivalent:

(i) HAQ
is a Q-HFI of U ×Q

(ii) For any
Ð
∈✓ð½0, 1�Þ, the set HAQ

ðÐ Þ = f⊓∈U : hUQ

ð⊓,∐Þ≥ Ðg is an ideal of U ×Q

Proof. ⇒ Assume that HAQ
is a QHF-ideal of U ×Q. Let

u, v ∈U and s ∈✓ð½0, 1�Þ be such that ð⊓∗⊑,∐Þ ∈HAQ
ðÐ Þ

and ð⊑,∐Þ ∈HAQ
ðÐ Þ:Then,

AQ

D
⊓∗⊑,∐ð Þ ≥

ð
, AQ

D
⊑,∐ð Þ ≥

ð
: ð18Þ

It follows that

AQ

D
′,∐
� �

≥ AQ

D
⊓,∐ð Þ ≥min AQ

D
⊓∗⊑,∐ð Þ, AQ

D
⊑,∐ð Þ

n o
≥
ð
:

ð19Þ

Hence, ð′,∐Þ ∈HAQ
ðÐ Þ and ð⊓,∐Þ ∈HAQ

ðÐ Þ
Therefore HAQ

ðÐ Þ is an ideal of U ×Q

⟸ Suppose that HAQ
ðÐ Þ is an ideal of U ×Q. For any

⊓∈U,∐∈Q, let h AQ
ð⊓,∐Þ = Ð ð⊓,∐Þ

Then ð⊓,∐Þ ∈HAQ
ðÐ ð⊓,∐ÞÞ. Since HAQ

ðÐ ð⊓,∐ÞÞ is an
ideal of U ×Q. we have

′,∐
� �

∈HAQ

ð ⊓,∐ð Þ
 !

and so AQ

D
⊓,∐ð Þ =

ð ⊓,∐ð Þ
≤ AQ

D
′,∐
� �
ð20Þ

Let h AQ
ð⊓∗⊑Þ = Ð ð⊓∗⊑,∐Þ and h AQ

ð⊑,∐ÞÐ ð⊑,∐Þ. Then ð⊓
∗⊑,∐Þ ∈HAQ

ðÐ Þ and ð⊑,∐Þ ∈HAQ
ðÐ Þ such that

Ð
=min

fÐ ð⊓∗⊑,∐Þ, Ð ð⊑,∐Þg, which imply that ð⊓,∐Þ ∈HAQ
ðÐ Þ. Thus,

AQ

D
⊓,∐ð Þ ≥

ð
=min AQ

D
⊓∗⊑,∐ð Þ, AQ

D
⊑,∐ð Þ

n o
: ð21Þ

Therefore, HAQ
is a QHF-ideal of U ×Q.

4. Q-Hesitant Fuzzy Commutative Ideals

Definition 10. Let U be a universal set and Q be a nonempty
set. A Q-hesitant fuzzy commutative ideal (Q-HFCI) of U
×Q if it satisfies the following assertion:

(1) ðQ∞HÞh AQ
ð′,∐Þ ≥ h AQ

ð⊓,∐Þ∀⊓ ∈U,∐∈Q

(2) ðQ cHÞh AQ
ð⊓ ∗ ð⊑∗ð⊑∗⊓ÞÞ,∐Þ ≥min fh AQ

ð⊓∗⊑Þ
∗ ⇕,∐Þ, h AQ

ð⇕,∐Þg∀⊓, ⊑,⇕∈U,∐∈Q

Example 1. Let U = f0, a, b, cg be a set with the binary
operation ∗ which is defined in Cayley (Table 2).

Let ⊔′, ⊔∞, ⊔∈∈√ð½0, 1�Þ such that ⊔′ ≻ ⊔∞ ≻ ⊔∈. We
define a QHFS of U ×Q as follows:

UQ

D
: U ×Q⟶√ 0, 1½ �ð Þ, ⊓,∐ð Þ↦

t0,if ⊓,∐ð Þ = ′,∐
� �

,

t1,if ⊓,∐ð Þ = a,∐ð Þ,
t2,if ⊓,∐ð Þ = b, cf g,∐ð Þ,

8>>><
>>>:

ð22Þ

where t0 = ½0, 1� ≻ t1 = ½0:2,0:6� ≽ t2 = ð0:2,0:3�. By direct cal-
culations, one can see that HQ is QHFC-ideal of U ×Q:

Theorem 11. Every Q-hesitant fuzzy CI is a Q-hesitant fuzzy
ideal of U ×Q:

Proof. Assume that HAQ
is a QHFC-ideal of a BCK

-algebra U, for any ⊓, ⇕ ∈U,∐∈Q. We have

min AQ

D
⊓∗⇕,∐ð Þ, AQh ⇕,∐ð Þ

n o
=min AQ

D
⊓∗′
� �

∗ ⇕,∐
� �

, AQh ⇕,∐ð Þ
n o

≤ AQ

D
⊓∗ ′ ∗ ′∗⊓

� �� �
,∐

� �
= AQ

D
⊓,∐ð Þ:

� ð23Þ

Therefore, HAQ
is a QHF-ideal in U ×Q.

The following example shows that the converse of theorem 6
is not true.

Example 2. Let U = f0, a, b, c, dg be a set with the Cayley
(Table 3).
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Let e0, e1, e2∈✓ð½0, 1�Þ such that e0 ≻ e1 ≻ e2: We define a
mapping

UQ

D
~U ×Q⟶

✓
0, 1½ �ð Þ, ⊓,∐ð Þ↦

e0,if ⊓,∐ð Þ = ′,∐
� �

,

e1,if ⊓,∐ð Þ = ⊣,∐ð Þ,
e2,if ⊓,∐ð Þ = b, c, df g,∐ð Þ,

8>>><
>>>:

ð24Þ

where e0 = ½0, 1Þ ≻ e1 = ½0:4,0:8� ± e2 = ½0:5,0:6�. It is rou-
tine to verify that HUQ

is QHF-ideal of U ×Q. But it is
not a QHFC-ideal of U ×Q. Since

UQ

D
b ∗ c ∗ c ∗ bð Þ,∐ð Þð ≱min UQh b ∗ cð Þ ∗ 0,∐ð Þ, UQ

D
′,∐
� �n o

:

ð25Þ

Theorem 12. Let HUQ
be a Q-HFI of a BCK-algebra U.

Then, HUQ
is a Q-hesitant fuzzy CI of U ×Q if and only if

it satisfies the following condition:

UQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ ≥ UQ

D
⊓∗⊑,∐ð Þ∀⊓,⊑∈U,∐∈Q:

ð26Þ

Proof. Assume that HUQ
is QHFC-ideal. Taking m = 0 in

ðQCHÞ and using ðQ∞HÞ: Also, we use ⊓∗0 = ⊓.

UQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ

≥min UQ

D
⊓∗⊑ð Þ ∗ ′

�
,∐Þ, UQh ′,∐

� �n o
= UQ

D
⊓∗⊑ð Þ:

ð27Þ

Conversely, Let HUQ
AsHUQ

be a QHF-ideal of U ×Q

satisfying condition (1).

Then,

UQ

D
⊓∗⊑,∐ð Þ ≥min UQ

D
⊓∗⊑ð Þ ∗ ⇕,∐Þ, UQ

D
⇕,∐ð Þ

n o
,∀⊓,⊑,⇕∈U,∐∈Q,

ð28Þ

combining (1) and (2), then we obtain ðQcHÞ.
The proof is complete.

Lemma 13. Any Q-HFI of a BCK-algebra U satisfies

⊓∗⊑≤⇕⟹ UQ

D
⊓,∐ð Þ ≥min UQ

D
⊑,∐ð Þ, UQh ⇕,∐ð Þ

n o
:

ð29Þ

Proof. Assume that ⊓∗⊑ ≤ ⇕ holds. Then,

UQ

D
⊓∗⊑,∐ð Þ ≥min UQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, UQ

D
⇕,∐ð Þ

n o
=min UQ

D
′,∐
� �

, UQ

D
⇕,∐ð Þ

n o
= UQ

D
⇕,∐ð Þ:
ð30Þ

It follows that

UQ

D
⊓,∐ð Þ ≥min UQ

D
⊓∗⊑,∐ð Þ, UQ

D
⊑,∐ð Þ

n o
≥min UQ

D
⊑,∐ð Þ, UQ

D
⇕,∐ð Þ

n o
:

ð31Þ

The proof is complete.

Theorem 14. For any commutative in a BCK-algebra U.
Every Q-HFI is commutative.

Proof. Let HUQ
be a QHF-ideal of a commutative BCK

-algebra U. It is sufficient to show that HUQ
satisfies condi-

tion ðQ cHÞ .Let ⊓, ⊑, ⇕ ∈U. Then,

⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ ∗ ⊓∗⊑ð Þ ∗ ⇕ð Þð Þ ∗ ⇕
= ⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ ∗ ⇕ð Þ ∗ ⊓∗⊑ð Þ ∗ ⇕ð Þ
≤ ⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ ∗ ⊓∗⊑ð Þ
= ⊓∗ ⊓∗⊑ð Þð Þ ∗ ⊑∗ ⊑∗⊓ð Þð Þ = 0:

ð32Þ

That is,

⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ ∗ ⊓∗⊑ð Þ ∗ ⇕ð Þ ≤ ⇕: ð33Þ

Table 3

∗ 0 a b c d

0 0 0 0 0 0

a a 0 a 0 0

b b b 0 0 0

c c c c 0 0

d d d d c 0

Table 2

∗ 0 a b c

0 0 0 0 0

a a 0 0 a

b b a 0 b

c c c c 0
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By Lemma 13, we have

UQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ ≥min UQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, UQ

D
⇕,∐ð Þ

n o
:

ð34Þ

Thus, ðQcHÞ holds. Therefore, HUQ
is a Q-HFCI.

Definition 15. LetHUQ
be a Q-hesitant CI of aBCK-algebra

U, for
Ð
∈
✓
ð½0, 1�Þ, the set HUQ

ðÐ Þ = f⊓∈U,∐∈QjHUQ
ð′,∐Þ

≥
Ðg of a CI is called Q-hesitant

Ð
-level CI of HUQ

.

Theorem 16. In BCK-algebra U, any CI of can be realized
as Q-hesitant

Ð
-level CI of some Q-HFCI of U ×Q.

Proof. Let C be a CI ofBCK-algebraU and letHAQ
be a Q

-hesitant fuzzy set of U ×Q defined by

AQ

D
⊓,∐ð Þ =

ð
,if ⊓∈C ,

0, if otherwise,

8<
: ð35Þ

where
Ð
∈
✓
ð½0, 1�Þ. Let ⊓, ⊑, ⇕ ∈U.

If ð⊓∗⊑Þ ∗ ⇕ ∈C and ⇕∈C , then ð⊓∗ð⊑∗ð⊑∗⊓ÞÞÞ ∈C
Thus,

AQ

D
= AQ

D
⇕,∐ð Þ = AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ =

ð
, ð36Þ

and so

AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ ≥min AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, AQ

D
⇕,∐ð Þ

n o
,

ð37Þ

(i) If ð⊓∗⊑Þ ∗ ⇕∉C and ⇕∉C , then h AQ
ðð⊓∗⊑Þ ∗ ⇕,∐Þ

= h AQ
ð⇕,∐Þ = 0

Hence,

AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ ≥min AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, AQ

D
⇕,∐ð Þ

n o
:

ð38Þ

(ii) If exactly one of ðð⊓∗⊑Þ ∗∐Þ and ⇕ belongs to C ,
then exactly one of h AQ

ðð⊓∗⊑Þ ∗ ⇕,∐Þ and h AQ
ð⇕,

∐Þ is equal to zero. So,

AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ ≥min AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, AQ

D
⇕,∐ð Þ

n o
ð39Þ

The results above show

AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ

≥min AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐Þ, AQ

D
⇕,∐ð Þ

n o
for all⊓,⊑,⇕∈U,∐∈Q:

ð40Þ

It is clear that h AQ
ð′,∐Þ ≥ h AQ

ð⊓,∐Þ for all ⊓∈U.
Therefore, HAQ

is a QHFC-ideal of U ×Q. Obviously,
HAQ

ðÐ Þ =C .

Theorem 17. IfHAQ
a QHFC-ideal of aBCK-algebra U.

Then, two-level CIHAQ
ðÐ∞Þ andHAQ

ðÐ ∈Þ where Ð∞ < Ð ∈ of
HAQ

are equal if and only if there is no u ∈U such thatÐ
∞ ≤ h AQ

ð⊓,∐Þ < Ð ∈.
Proof. Let HAQ

ðÐ∞Þ =HAQ
ðÐ ∈Þ: If there exists ⊓∈U such

that
Ð
∞ ≤ h AQ

ð⊓,∐Þ < Ð ∈, then HAQ
ðÐ ∈Þ ⊆HAQ

ðÐ∞Þ. This
is impossible. Conversely, assume that there is no ⊓∉U such
that

Ð
∞ ≤ h AQ

ð⊓,∐Þ < Ð ∈.Ð
∞ < Ð ∈ implies HAQ

ðÐ ∈Þ ⊆HAQ
ðÐ∞Þ If ð⊓,∐Þ ∈HAQ

ðÐ∞Þ, then h AQ
ð⊓,∐Þ ≥ Ð∞ and so h AQ

ð⊓,∐Þ ≥ Ð ∈, because
h AQ

ð⊓,∐Þ ≮ Ð ∈.
Hence, ð⊓,∐Þ ∈HAQ

ðÐ ∈Þ which says that HAQ
ðÐ∞Þ ⊆

HAQ
ðÐ ∈Þ.

Thus, HAQ
ðÐ∞Þ =HAQ

ðÐ ∈Þ.
This completes the proof.

Let hAQ be a Q-hesitant fuzzy set in U and let Im ðh AQ
Þ

denote the image of h AQ
.

Theorem 18. Let U be aBCK-algebra andHAQ
a Q-HFCI

ofU ×Q. If Im ðhAQÞ = fÐ∞,
Ð
∈,⋯,

Ð
\g,where

Ð
∞⊲
Ð
∈⊲⋯

Ð
\,

then the family of CIsHAQ
ðÐ ≻Þð≻ =∞, ∈ ⋯ , \ Þ constitutes

all the level CIs of h AQ
:

Proof. Let
Ð
∈
✓
ð½0, 1�Þ and

Ð
∉ Im ðhAQ

Þ: If
Ð <Ð∞, then

h AQ
ðÐ∞Þ ⊆ h AQ

ðÐ Þ. Since h AQ
ðÐ∞Þ =U, we have hAQð

Ð Þ
=U and h AQ

ðÐ Þ = h AQ
ðÐ∞Þ:

If
Ð
> <

Ð < Ð >+∞ð1 ≤ > ≤ \ −∞Þ, then there is no ⊓∈U
such that

Ð
≤h AQ

ð⊓,∐Þ < Ð >+∞. From above theorem 10, it
follows that h AQ

ðÐ Þ = h AQ
ðÐ >+∞Þ. This shows that for anyÐ

∈
✓
ð½0, 1�Þ with

Ð
≤h AQ

ð′,∐Þ, the level CI h AQ
ðÐ Þ is in

fh AQ
ðÐ >Þ: 1 ≤ > ≤ \ g.

Lemma 19. Given a BCK-algebra U and HAQ
a QHFC

-ideal over U ×Q. If
Ð
∞ and

Ð
∈ belong to Im ðh AQ

Þ such that
h AQ

ðÐ∞Þ = h AQ
ðÐ ∈Þ, then Ð∞ = Ð ∈.

Proof. Assume that
Ð
∞ ≠

Ð
∈, say

Ð
∞ < Ð ∈. Then, there is ⊓∈

U,∐∈Q such that h AQ
ð⊓,∐Þ = Ð∞ <

Ð
∈, and so ð⊓,∐Þ ∈
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h AQ
ðÐ∞Þ and ð⊓,∐Þ ∉ h AQ

ðÐ ∈Þ. Thus, h AQ
ðÐ∞Þ ≠ h AQ

ðÐ ∈Þ,
which is a contradiction to our fact. This completes
the proof.

5. Q-Hesitant Fuzzy Characteristic CIs

A mapping f: U⟶V of a BCK-algebra is called a
homomorphism if satisfying the identity fð⊓∗⊑Þ = fð⊓Þ ∗
fð⊑Þ for all ⊓, ⊑ ∈U. Throughout, AutðUÞ will denote
the BCK-algebra of automorphisms of U.

Definition 20. Let f: U⟶V be a homomorphism of BC

K-algebras. For any QHFC-ideal h AQ
of V , we define a

new QHFC-ideal h fAQ
in U by

f
AQ

D
⊓,∐ð Þ = AQ

D
⊓ð Þf ,∐ð Þ for all⊓ ∈U,∐∈Q: ð41Þ

Theorem 21. Let f: U⟶V be a homomorphism of BCK

-algebra U. If h AQ
is a QHFC-ideal of V , then h fAQ

is a Q

HFC-ideal of U.

Proof. Let ⊓∈U,∐∈Q

f
AQ

D
⊓,∐ð Þ = AQ

D
⊓ð Þf ,∐ð Þ ≤ AQ

D
′,∐
� �

= AQ

D
′
� �

,∐
n� �

= f
AQ

D
′,∐
� �

:
ð42Þ

Let ⊓, ⊑, ⇕ ∈U,∐∈Q

min f
AQ

D
⊓∗⊑ð Þ ∗ ⇕,∐ð Þ, f

AQ

D
⇕,∐ð Þ

n o
=min AQ

D
⊓∗⊑ð Þ ∗ ⇕ð Þ,∐fð Þ, AQ

D
⇕ð Þf ,∐ð Þ

n o
=min AQh ⊓∗⊑ð Þ ∗ ⇕ð Þf ,∐fð Þ, AQ

D
⇕ð Þf ,∐ð Þ

n o
=min AQ

D
⊓ð Þ ∗ ⊑ffð Þ ∗ ⇕ð Þ,∐fð Þ, AQ

D
⇕ð Þ,∐fð Þ

n o
≤ AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þð Þ,∐fð Þ = f

AQ

D
⊓∗ ⊑∗ ⊑∗⊓ð Þð Þ,∐ð Þ:

ð43Þ

Definition 22. A CI C of aBCK-algebra U is called a char-
acteristic CI (CCI) of U if fðCÞ =C for all f∈AutðUÞ.

Definition 23. A Q-HFCI of a BCK-algebra U is called a Q
-hesitant fuzzy CCI of U ×Q if

AQ

D
⊓ð Þ,∐fð Þ = AQ

D
⊓,∐ð Þ for all⊓ ∈U,∐∈Q and ∀ ∈Aut Uð Þf :

ð44Þ

Theorem 24. LetHAQ
be a Q-hesitant fuzzy characteristic CI

of U ×Q. Then, each
Ð
-level CI of h AQ

is a characteristic
commutative ideal of U ×Q.

Proof. Assume
Ð
∈Im ðh AQ

Þ, f∈AutðUÞ and ð⊓,∐Þ ∈ h AQ
ðÐ Þ.

Since HAQ
is a Q-hesitant fuzzy characteristic commutative

ideal of U ×Q, we have h AQ
ðfð⊓Þ,∐Þ = h AQ

ð⊓,∐Þ ≥ Ð .
It follows that ðfð⊓Þ,∐Þ ∈ h AQ

ðÐ Þ and hence fðh AQ
ðÐ ÞÞ

⊆ h AQ
ðÐ Þ.

To show the reverse inclusion, let ð⊓,∐Þ ∈ h AQ
ðÐ Þ and let

⊑∈U be such that fð⊑Þ = ⊓. Then, h AQ
ð⊑,∐Þ = h AQ

ðfð⊑Þ,∐Þ
= h AQ

ð⊓,∐Þ ≥ Ð whence ð⊑,∐Þ ∈ h AQ
ðÐ Þ. It follows that ⊓

= fð⊑Þ ∈ fðh AQ
ðÐ ÞÞ so that h AQ

ðÐ Þ ⊆ fðh AQ
ðÐ ÞÞ. Thus, h AQ

ðÐ Þ, Ð ∈ Im ðh AQ
Þ is a CCI of U ×Q.

The proof of the following lemma is obvious, and we
omit the proof.

Lemma 25. Let HAQ
be a Q-HFCI of U ×Q and let ⊓∈U.

Then, h AQ
ð⊓,∐Þ = Ð if and only if ð⊓,∐Þ ∈ h AQ

ðÐ∞Þ and
ð⊓,∐Þ ∉ h AQ

ðÐ ∈Þ, for all
Ð
∈ ≥
Ð
∞.

Now, we consider the inverse of Theorem 24

Theorem 26. LetHAQ
be a Q-HFCI ofU ×Q. If each level CI

of h AQ
is a CCI of U, then HAQ

is a Q-hesitant fuzzy charac-
teristic commutative ideal of U ×Q.

Proof. Let ⊓∈U,∐∈Q, f∈AutðUÞ and h AQ
ð⊓,∐Þ = Ð∞.

Then, ð⊓,∐Þ ∈ h AQ
ðÐ∞Þ and ð⊓,∐Þ ∉ h AQ

ðÐ ∈Þ for all Ð ∈ ≥Ð
∞, by Lemma 25 Since fðh AQ

ÞðÐ∞Þ = h AQ
ðÐ∞Þ by hypoth-

esis, we have ðfð⊓Þ,∐Þ ∈ h AQ
ðÐ∞Þ and hence h AQ

ðfð⊓Þ,∐Þ
≥
Ð
∞. Let

Ð
∈ = h AQ

ðfð⊓Þ,∐Þ. If possible, let Ð ∈ ≥ Ð∞.
Then, ðfð⊓Þ,∐Þ ∈ h AQ

ðÐ ∈Þ = fðh AQ
ðÐ ∈ÞÞ. Since { is one

to one, it follows that ð⊓,∐Þ ∈ h AQ
ðÐ ∈Þ, which is a contra-

diction. Hence, h AQ
ðfð⊓Þ,∐ÞÞ = Ð∞ = h AQ

ð⊓,∐Þ. It follows
that HAQ

is a Q-hesitant fuzzy CCI of U ×Q. This com-
pletes the proof.

6. Conclusions

A new concept of HFI is considered by applying a two-
dimensional membership function, namely, Q-HFI. Several
properties and theorems of Q-HFI are proved. In this regard,
we propose the concept of Q-HFCI in BCK-algebra and
prove some related properties. We have considered the fea-
tures of Q-HFCI. We study some feature properties related
to Q-HFCI. Our future research is to find ways to apply Q-
HFI to a wide range of logical algebraic systems, such as
pseudo-BCI -algebras [14, 15]. For other notions, the
readers are suggested to see [16–28].
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