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This paper focuses on a two-dimensional completely resonant beam equation with a quintic nonlinear term. This means studying
utt + Δ2u + εf ðuÞ = 0, x ∈ T 2, t ∈ℝ, under periodic boundary conditions, where ε is a small positive parameter and f ðuÞ is a real

analytic odd function of the form f ðuÞ = f5u
5 +∑î≥3 f 2̂i+1u

2̂i+1, f5 ≠ 0: It is proved that the equation admits small-amplitude,
Whitney smooth, linearly stable quasiperiodic solutions on the phase-flow invariant subspace ℤ2

† = fr = ðr1, r2Þ, r1 ∈ 4ℤ − 1, r2 ∈ 4
ℤg. Firstly, the corresponding Hamiltonian system of the equation is transformed into an angle-dependent block-diagonal normal
form by using symplectic transformation, which can be achieved by selecting the appropriate tangential position. Finally, the
existence of a class of invariant tori is proved, which implies the existence of quasiperiodic solutions for most values of frequency
vector by an abstract KAM (Kolmogorov-Arnold-Moser) theorem for infinite dimensional Hamiltonian systems.

1. Introduction

In this paper, a two-dimensional completely resonant beam
equation with a quintic nonlinear term

utt + Δ2u + εf uð Þ = 0,  x ∈ T 2, t ∈ℝ, ð1Þ

under periodic boundary conditions

u t, x1, x2ð Þ = u t, x1 + 2π, x2ð Þ = u t, x1, x2 + 2πð Þ ð2Þ

is considered, where ε is a small positive parameter and f ðuÞ
is a real analytic odd function of the form

f uð Þ = f5u
5 +〠

î≥3
f 2̂i+1u

2̂i+1, f5 ≠ 0: ð3Þ

It is proved that the equation admits the existence of a
class of invariant tori, which implies the existence of quasi-
periodic solutions for most values of frequency vector by
an abstract KAM (Kolmogorov-Arnold-Moser) theorem
for infinite dimensional Hamiltonian systems.

In nature, periodic phenomenon is an ideal state, but in
practical problems, such as data observation, extraction, and
operation, it always has errors and even some interference.
In fact, quasiperiodic functions are always needed to be
introduced in a system when there are two disturbance
factors with incommensurability of periods; thus, quasiperi-
odic phenomenon is more common than periodic phenom-
enon, such as the celestial mechanics, ecology system, and
economic volatility in many practical problems which often
can be classified as quasiperiodic problem of differential
equations. Generally speaking, there is more than one vari-
able that causes the change of a phenomenon, so it is of great
practical value to study the quasiperiodic problem of partial
differential equations (PDEs), and the quasiperiodic solution
problem of nonlinear Hamiltonian system is an important
branch of nonlinear scientific research. As a kind of impor-
tant Hamiltonian system, beam equation has also received
corresponding attention.

The classical KAM theory, proposed by Kolmogorov [1,
2], Arnold [3], and Moser [4], is a theory about the long-
term state of the solution of the integrable Hamiltonian
system after it is perturbed, which is a significant progress
of Newtonian mechanics in the 20th century and enables
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people to study the Hamiltonian system in a new way. In the
late 1980s, in order to construct quasiperiodic solutions of
one-dimensional Hamiltonian PDEs, the classical KAM the-
ory was developed into infinite dimensional space by Wayne
[5], Kuksin [6], and Pöschel [7]. Since then, KAM theory of
Hamiltonian PDEs with one-dimensional spatial variables
has been well developed and produced a lot of results, which
we will not repeat here.

When the dimension of the spatial variable exceeds 1, the
multiplicity of the normal frequency tends to infinity, which
makes the small divisor problem and its measure estimation
in KAM iteration more difficult to solve, resulting in fewer
corresponding results and larger research space. The conclu-
sion of the existence of quasiperiodic solutions of high-
dimensional Hamiltonian PDEs comes from Bourgain [8],
but instead of using KAM theory, it uses multiscale analysis,
so as to avoid a lot of tedious second Melnikov conditions.
Since then, according to this idea, many important results
have been obtained on high-dimensional Hamiltonian PDEs
(refer to [9–13]). However, this method also has some disad-
vantages, such as it cannot give the normal form of the system,
and thus, the linear stability and other related dynamic prop-
erties of small amplitude quasiperiodic solutions cannot be
given. For these reasons, researchers have been trying to apply
KAM theory to high-dimensional Hamiltonian PDEs. Yuan
[14] and Geng and You [15, 16] first applied KAM theory to
the existence of quasiperiodic solutions of high-dimensional
Hamiltonian PDEs. In [17], Eliasson and Kuksin studied
high-dimensional Schrödinger equations with convolutional-
type potential and made a breakthrough in properly classify-
ing normal frequencies by introducing the Toplitz-Lipschitz
property, which perfectly solved the measure estimation prob-
lem brought by eigenvalue multiplicity. Eliasson et al. [18]
considered a d-dimensional cubic beam equation that does
not satisfy momentum conservation

utt + Δ2u +mu + ∂uG x, uð Þ = 0, x ∈ Td , t ∈ℝ, ð4Þ

whereGðx, uÞ = u4 +Oðu5Þ and d ≥ 2. The existence of quasi-
periodic solutions of (1) was proved by the KAM theory.

However, the above conclusions are dependent on exter-
nal parameters and therefore cannot be applied to classical
equations of complete resonance with physical background.
Geng et al. [19] researched the KAM theory of two-
dimensional completely resonant Schrodinger equation

iut − Δu + uj j2u = 0, x ∈ T 2, t ∈ℝ, ð5Þ

under periodic boundary conditions. This equation has no
external parameters and can only be supplied by amplitude.
They proved the existence of quasiperiodic solution with
special tangential frequencies of the equation by combining
the Toplitz-Lipschitz idea in [17] and the idea of solving
the homology equation of dependent angular variables
proposed by Xu and You in [20]. By using the similar idea
in [19], Geng and Zhou [21] researched the existence of
quasiperiodic solutions of the two-dimensional completely
resonant cubic beam equation

utt + Δ2u + u3 = 0, x ∈ T 2, t ∈ℝ, ð6Þ

on the phase flow invariant subspace ℤ2
odd = fr = ðr1, r2Þ, r1

∈ 2ℤ − 1, r2 ∈ 2ℤg of ℤ2. The reason why the existence of
solution is only discussed in the invariant subspace of phase
flow is that the nonlinear term of the Hamiltonian system
corresponding to beam equation is relatively complex, and
this idea was first proposed by [22].

The KAM theory is the compound of Newton iterative
method and Birkhoff normal type. Through the normal type,
parameters are introduced to adjust the frequency; that is, the
spoke frequency modulation is realized through the parame-
ters, so as to overcome the problem of small divisor related to
homology equation in KAM iterative, which is an important
link of the KAM theory. The nonlinear term of the Hamilto-
nian system directly affects its normal form. Therefore, once
the nonlinearity changes, the corresponding normal form
should be adjusted accordingly, so the KAM theory needs
to be reconstructed. In 2021, the authors of the present paper
Zhang and Si [23] applied the idea in [19] to the existence of
quasiperiodic solutions of the two-dimensional completely
resonant quintic Schrödinger equation

iut − Δu + uj j4u = 0, x ∈ T 2, t ∈ℝ: ð7Þ

Although only the nonlinear term has changed from
juj2u to juj4u, its normal form is completely different, so its
corresponding KAM theory has also undergone essential
changes. In recent years, more attention has been paid to
the existence of quasiperiodic solutions of quintic Hamilto-
nian PDEs in high-dimensional space. Relevant results can
be referred to references [24–26]. However, using the KAM
theory to prove the existence of quasiperiodic solutions for
two-dimensional completed resonant beam equations with
higher order nonlinear terms remains to be solved.

This paper is focused on the study of ð1Þ + ð2Þ. The non-
linear term of the Hamiltonian system corresponding to (6)

is pτ1i p
τ2
j p

τ3
r p

τ4
s /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλrλs

q
and that of (1) is pτ1i p

τ2
j p

τ3
n p

τ4
mp

τ5
r

pτ6s /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
, where τ1i + τ2 j + τ3n + τ4m + τ5r + τ6s

= 0, τ1 = ±, τ2 = ±, τ3 = ±, τ4 = ±,τ5 = ±,τ6 = ±, and p− = �p.
This difference leads to the essential difference of the normal
form between the two, which leads to the fact that the KAM
theory for (6) is not suitable for (1), and the phase flow
invariant subspace where the quasiperiodic solution is
located will also change. In this paper, we only discuss the
existence of quasiperiodic solutions of (1) in the phase flow
invariant subspace ℤ2

† = fr = ðr1, r2Þ, r1 ∈ 4ℤ − 1, r2 ∈ 4ℤg.
By selecting phase flow invariant subspace ℤ2

†, it can be
ensured that the eigenvalue λr ≠ 0, and the normal form is
simple and beautiful enough. However, due to the change
of the phase flow invariant subspace where the quasiperiodic
solution is located, we will have to reselect the tangential
sites, that is, reconstruct the admissible set. Although this
process does not require advanced mathematical knowledge
and only involves elementary operations, it is cumbersome
enough and requires strong skills. For the selected
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admissible set, (1) is turned into normal form by symplectic
coordinate transformation, whose integrable terms only

come from pi�pjpn�pmpr�ps/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
where i − j + n −

m + r − s = 0; that is, the normal form of (1) is formally
consistent with the normal form of (7). Of course, the two
normal forms are only in the same form, and the coefficients
of (1) are much more complex than (7). Therefore, we spend
a lot of energy to prove that (1) meets the requirements of
the KAM theory in [23] and then prove the existence of its
quasiperiodic solution.

The following are the conditions that the tangential sites
need to meet, which are proposed by Zhang and Si [23].

Definition 1. A set K = fi∗1 = ðb1, c1Þ,⋯,i∗d = ðbd , cdÞg ⊂ℤ2
† is

admissible, if

(1) arbitrary three of them are not vertices of a rectangle

(2) for any fi, j, n,m, r, sg ⊂ℤ2
†, if i − j + n −m + r − s

= 0 and jij2 − jjj2 + jnj2 − jmj2 + jrj2 − jsj2 = 0, then
the intersection of fi, j, n,m, r, sg and K contains
at most four elements, that is, #ffi, j, n,m, r, sgT

Kg ≤ 4

(3) for any r ∈ℤ2
† \K , there exists at most one triplet

fi, j, sg, where i, j ∈K , s ∈ℤ2
† \K such that i − j + r

− s = 0 and jij2 − jjj2 + jrj2 − jsj2 = 0. If such triplet
exists, let us say that r, s are resonant in the first type
and denote all such r by I 1

(4) for any r ∈ℤ2
† \K , there exists at most one triplet

fi, j, sg, where i, j ∈K , s ∈ℤ2
† \K such that i + j − r

− s = 0 and jij2 + jjj2 − jrj2 − jsj2 = 0. If such triplet
exists, let us say that r, s are resonant in the second
type and denote all such r by I 2

(5) for any r ∈ℤ2
† \K , there exists at most one quintu-

ple fi, j, n,m, sg, where i, j, n,m ∈K , s ∈ℤ2
† \K

such that i − j + n −m + r − s = 0 and jij2 − jjj2 + jnj2
− jmj2 + jrj2 − jsj2 = 0. If such quintuple exists, let
us say that r, s are resonant in the third type and
denote all such r by I 3

(6) for any r ∈ℤ2
† \K , there exists at most one quintu-

ple fi, j, n,m, sg, where i, j, n,m ∈K , s ∈ℤ2
† \K

such that i − j + n +m − r − s = 0 and jij2 − jjj2 + jnj2
+ jmj2 − jrj2 − jsj2 = 0. If such quintuple exists, let
us say that r, s are resonant in the fourth type and
denote all such r by I 4

(7) Any r ∈ℤ2
† \K is not resonant of any two of the

above four classes. Geometrically, any two of the above
defined graphs cannot share vertex in ℤ2

† \K

Remark 2. There are sets satisfying the above definition. For
example, for any integer d ≥ 4, the first point ðb1, c1Þ ∈ℤ2

† is

defined as b1 > d2, c1 = 4b51, and the second one is defined as
b2 = 4c51 − 1, c2 = 4b52; the others are defined inductively by

bĵ+1 = 4c5ĵ
Y

2≤m̂≤ ĵ,1≤̂l<m̂

cm̂ − ĉlð Þ2 − 1, cĵ+1 = 4b5ĵ+1, 2 ≤ ĵ ≤ d − 1:

ð8Þ

The set K = fi∗1 = ðb1, c1Þ,⋯,i∗d = ðbd , cdÞg ⊂ℤ2
† given

above is admissible, and the proof is shown in the appendix.

The main result of this paper is as follows.

Theorem 3 (main theorem). Let K = fi∗1 = ðb1, c1Þ,⋯,i∗d =
ðbd , cdÞg ⊂ℤ2

† be an admissible set with d ≥ 4. There exist a
Cantor set Ξ∗ with positive measure, such that for arbitrary
ðζ1,⋯,ζdÞ ∈ Ξ∗, the beam equation ð1Þ + ð2Þ has a solution

u t, xð Þ = 〠
l∈K

1
2π

ffiffiffiffi
ζl

p
eiηl tei l,xh i + e−iηl te−i l,xh i
� �

+O ζj j3/2
� �

, ηl

= lj j2 +O ζj j2
� �

:

ð9Þ

2. The Hamiltonian Setting and Birkhoff
Normal Form

Before turning equation (1) into a Hamiltonian system, we
first introduce the following notations which will appear later.

Let K = fi∗1 ,⋯,i∗dg ⊂ℤ2
†, ℤ

2,⋄ =ℤ2
† \K , and la,ϖ be some

Hilbert space of sequences v = ð⋯, vl,⋯Þl∈ℤ2,⋄ , where the
norm be kvka,ϖ =∑l∈ℤ2,⋄ jvljeajljjljϖ, ða > 0, ϖ > 1/2Þ: Set θ =
ðθlÞl∈K , I = ðIlÞl∈K ,v = ðvlÞl∈ℤ2,⋄ and ζ = ðζlÞl∈K , and introduce
the phase space P a,ϖ = T̂

d ×ℂd × la,ϖ × la,ϖ ∋ ðθ, I, v, �vÞ,
where T̂

d
is complex neighborhood of Td: Let

Da,ϖ r∗, s∗ð Þ≔ θ, I, v, �vð Þ ∈P a,ϖ : Imθj j < r∗, Ij j < s∗ð Þ2, vk ka,ϖ
n
< s∗, �vk ka,ϖ < s∗

o
:

ð10Þ

For any V∗ = ðθ, I, v, �vÞ ∈P a,ϖ, define its norm be
jV∗ja,ϖ = jθj + ð1/ðs∗Þ2ÞjIj + ð1/s∗Þkvka,ϖ + ð1/s∗Þk�vka,ϖ: Let
O be the parameter set. Denote α ≡ ð⋯, αl,⋯Þl∈ℤ2,⋄ , β ≡
ð⋯, βl,⋯Þl∈ℤ2,⋄ , and αl and βl ∈ℕ have a finite number of
positive integer components. Let Wðθ, I, v, �vÞ =∑α,βWαβðθ,
IÞvα�vβ, where vα�vβ is

Q
lv
αl
l �v

βl
l and Wαβ =∑k,lWklαβI

lei<k,θ>

are C8
W functions of the parameter ζ. Set the norm of W as

kWkDa,ϖðr∗ ,s∗Þ,O ≡ supkvka,ϖ<s∗ ,k�vka,ϖ<s∗∑α,βkWαβkjvαjj�vβj, where
kWαβk ≡∑k,ljWklαβjOðs∗Þ

2jljejkjr
∗

and jWklαβjO ≡
supζ∈O∑0≤̂i≤8j∂îζWklαβj: Denote XW as the Hamiltonian field
W corresponding to the symplectic structure dθ∧dI + idv∧d
�v, which is XW = ð∂IW,−∂θW, i∇�vW,−i∇vWÞ: Set its norm as
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XWk kDa,ϖ r∗ ,s∗ð Þ,O ≡ WIk kDa,ϖ r∗ ,s∗ð Þ,O + 1
s∗ð Þ2 Wθk kDa,ϖ r∗ ,s∗ð Þ,O

+ 1
s∗

〠
l∈ℤ2,⋄

Wvl

 
Da,ϖ r∗ ,s∗ð Þ,Oe

lj ja lj jϖ
 

+ 〠
l∈ℤ2,⋄

W�vl

 
Da,ϖ r∗ ,s∗ð Þ,Oe

lj ja lj jϖ
!
:

ð11Þ

The vector function W̆ : Da,ϖðr∗, s∗Þ × O⟶ℂm̆ðm̆<∞Þ
is C8

W function of the parameter ζ, and its norm is
kW̆kDa,ϖðr∗ ,s∗Þ,O =∑m̆

î=1kW̆îkDa,ϖðr∗ ,s∗Þ,O: The vector function

Ŵ : Da,ϖðr∗, s∗Þ × O⟶ l�a,ϖ isC8
W functions of the parameter

ζ, and its norm is kŴk�a,Da,ϖðr∗ ,s∗Þ,O = kðkŴîkDa,ϖðr∗ ,s∗Þ,O Þ̂ik�a,ϖ:

2.1. The Hamiltonian Setting. Without losing generality, we
suppose that f ðuÞ = u5. Rewrite the beam equation (1) as

utt + Δ2u + εu5 = 0,  x ∈ T 2, t ∈ℝ: ð12Þ

Introducing a variable ut = v, then (12) can be turned into

ut = v,
vt = −Δ2u − εu5:

(
ð13Þ

Set p = 1/
ffiffiffi
2

p ðð−ΔÞ1/2u − ið−ΔÞ−ð1/2ÞvÞ; then, (13) is turned
into _p = ið∂H∗/∂�pÞ whose corresponding Hamiltonian is

H∗ pð Þ =
ð
T 2

−Δð Þpð Þ�p + ε

6 −Δð Þ− 1/2ð Þ p + �pffiffiffi
2

p
� �� �6

" #
dx:

ð14Þ

The eigenvalues and eigenvectors of operator −Δ with
periodic boundary conditions are λl = jlj2 and ϕlðxÞ = ð1/2πÞ
ei<l,x>, respectively. p has coordinates ðplÞl∈ℤ2

†
∈ la,ϖ with

respect to the bases fϕlgl∈ℤ2
†
: The corresponding symplectic

structure is i∑d∈ℤ2
†
dpl∧d�pl. In new coordinates, (13) becomes

_pl = i ∂H
∗

∂�pl
, ∀l ∈ℤ2

†: ð15Þ

The corresponding Hamiltonian is

H∗ =Λ +Q, ð16Þ

where

Λ = 〠
l∈ℤ2

†

λl plj j2,

Q = ε

768π4 〠
i+j+n+m+r+s=0
i,j,n,m,r,s∈ℤ2

†

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q

Á pipjpnpmprps + �pi�pj�pn�pm�pr�ps
� �
+ ε

128π4 〠
i+j+n+m+r−s=0
i,j,n,m,r,s∈ℤ2

†

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q

Á pipjpnpmpr�ps + �pi�pj�pn�pm�prps
� �
+ 5ε
256π4 〠

i+j+n+m−r−s=0
i,j,n,m,r,s∈ℤ2

†

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q

Á pipjpnpm�pr�ps + �pi�pj�pn�pmprps
� �
+ 5ε
192π4 〠

i+j+n−m−r−s=0
i,j,n,m,r,s∈ℤ2

†

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q pipjpn�pm�pr�ps:

ð17Þ

The regularity of the Hamiltonian system (15) is shown
below, and its proof is similar to [21], which is omitted here.

Lemma 4. For a given a ≥ 0 and ϖ > 1/2, the gradients Q6
p ,Q6

�p

are real analytic as maps from some neighborhood of origin
in la,ϖ × la,ϖ into la,ϖ and kQ6

pka,ϖ =Oðkpk5a,ϖÞ, kQ6
�pka,ϖ =O

ðkpk5a,ϖÞ.
2.2. Partial Birkhoff Normal Form.K is an admissible setwith
d points. Setℤ2,⋄ =ℤ2

† \K , and define four sets as follows:

K1 = i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i − j + n −m + r − s = 0
ij j2 − jj j2 + nj j2 − mj j2 + rj j2 − sj j2 ≠ 0

# K ∩ i, j, n,m, r, sf gð Þ ≥ 4

8>><
>>:

9>>=
>>;,

K2 = i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m + r + s = 0
ij j2 + jj j2 + nj j2 + mj j2 + rj j2 + sj j2 ≠ 0

# K ∩ i, j, n,m, r, sf gð Þ ≥ 4

8>><
>>:

9>>=
>>;,

K3 = i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m + r − s = 0
ij j2 + jj j2 + nj j2 + mj j2 + rj j2 − sj j2 ≠ 0

# K ∩ i, j, n,m, r, sf gð Þ ≥ 4

8>><
>>:

9>>=
>>;,

K4 = i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m − r − s = 0
ij j2 + jj j2 + nj j2 + mj j2 − rj j2 − sj j2 ≠ 0

# K ∩ i, j, n,m, r, sf gð Þ ≥ 4

8>><
>>:

9>>=
>>;:

ð18Þ
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Obviously, the set

i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m + r + s = 0
ij j2 + jj j2 + nj j2 + mj j2 + rj j2 + sj j2 = 0

( )

ð19Þ

is an empty set. It is proved by the reduction to absurdity that
any six points i = ð4̂i1 − 1, 4̂i2Þ, j = ð4̂j1 − 1, 4̂j2Þ, n = ð4n̂1 − 1
, 4n̂2Þ,m = ð4m̂1 − 1, 4m̂2Þ, r = ð4r̂1 − 1, 4r̂2Þ, s = ð4ŝ1 − 1, 4ŝ2Þ
on ℤ2

† satisfy jij2 + jjj2 + jnj2 + jmj2 + jrj2 − jsj2 ≠ 0. Suppose
that jij2 + jjj2 + jnj2 + jmj2 + jrj2 − jsj2 = 0, then

4̂i1 − 1
À Á2 + 4̂j1 − 1

À Á2 + 4n̂1 − 1ð Þ2 + 4m̂1 − 1ð Þ2 + 4r̂1 − 1ð Þ2

− 4ŝ1 − 1ð Þ2 = −16 î2
2 + ĵ2

2 + n̂2
2 + m̂2

2 + r̂2
2 − ŝ2

2
� �

:

ð20Þ

The first polynomial is divisible by 8, but the second poly-
nomial is not, which is a contradiction. Therefore, the set

i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m + r − s = 0
ij j2 + jj j2 + nj j2 + mj j2 + rj j2 − sj j2 = 0

( )

ð21Þ

is an empty set. Similarly, any six points i, j, n,m, r, s on
ℤ2

† satisfy jij2 + jjj2 + jnj2 + jmj2 − jrj2 − jsj2 ≠ 0. Therefore,
the set

i, j, n,m, r, sð Þ ∈ ℤ2
†

À Á6
:

i + j + n +m − r − s = 0
ij j2 + jj j2 + nj j2 + mj j2 − rj j2 − sj j2 = 0

( )

ð22Þ

is an empty set.
Let us introduce some partial Birkhoff form of order six.

Proposition 5. K is an admissible set with d points; there
exists a symplectic transformation X1

R that converts the
Hamiltonian (16) into

H =Λ +A1 +B1 + �B1 +A2 +B2 + �B2 +W, ð23Þ

with

Λ = 〠
i∈K

ηi ζð ÞIi + 〠
r∈ℤ2,⋄

Ωr ζð Þ vrj j2, ð24Þ

ηi ζð Þ = ε−4λi +
5ζ2i

64π4λ3i
+ 〠

j∈K ,j≠i

Á 15ζ2j
64π4λiλ

2
j

+
15ζiζj

32π4λ2i λj

+ 〠
n∈K ,n≠j,n≠i

15ζjζn
32π4λiλjλn

" #
,

ð25Þ

Ωr ζð Þ = ε−4λr + 〠
i∈K

15ζ2i
64π4λ2i λr

+ 〠
j∈K ,j≠i

15ζiζj
32π4λiλjλr

" #
, ð26Þ

A1 = 〠
r∈I 1

〠
n∈K

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i θi−θ jð Þvr�vs,

ð27Þ

B1 = 〠
r∈I 2

〠
n∈K

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i −θi−θ jð Þvrvs,

ð28Þ

�B1 = 〠
r∈I 2

〠
n∈K

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i θi+θ jð Þ�vr�vs,

ð29Þ

A2 = 〠
r∈I 3

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
ei θi−θ j+θn−θmð Þvr�vs,

ð30Þ

B2 = 〠
r∈I 4

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
ei −θi+θ j−θn−θmð Þvrvs,

ð31Þ

�B2 = 〠
r∈I 4

15

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
ei θi−θ j+θn+θmð Þ�vr�vs,

ð32Þ

W =O ε2 Ij j2 + ε2 Ij j vk k2a,ϖ + ε7/4 ζj j3/2 Ij j1/2 vk k2a,ϖ
�
+ ε7/4 ζj j3/2 vk k3a,ϖ + ε7/2 ζj j vk k4a,ϖ + ε9/4 ζj j9/2 vk ka,ϖ
+ ε4 ζj j4 vk k2a,ϖ + ε23/4 ζj j7/2 vk k3a,ϖ

�
:

ð33Þ
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Proof. Let

R = 5ε
192π4 〠

i,j,n,m,r,sð Þ∈K1

i · pi�pjpn�pmpr�psffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
· λi − λj + λn − λm + λr − λs
À Á

+ ε

768π4 〠
i,j,n,m,r,sð Þ∈K2

i · pipjpdplprps − �pi�pj�pn�pm�pr�ps
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
· λi + λj + λn + λm + λr + λs
À Á

+ ε

128π4 〠
i,j,n,m,r,sð Þ∈K3

i · pipjpnpmpr�ps − �pi�pj�pn�pm�prps
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
· λi + λj + λn + λm + λr − λs
À Á

+ 5ε
256π4 〠

i,j,n,m,r,sð Þ∈K4

i · pipjpnpm�pr�ps − �pi�pj�pd�plprps
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
· λi + λj + λn + λm − λr − λs
À Á

ð34Þ

and X1
R be the time − 1 mapping of the Hamiltonian vector

field of R. Set

pl =
pl, l ∈K ,
vl, l ∈ℤ2,⋄:

(
ð35Þ

Then, X1
R converts H∗ into

~H =H∗ ∘ X1
R =Λ +Q + Λ, Rf g + Q, Rf g

+
ð1
0
1 − tð Þ H∗, Rf g, Rf g ∘ Xt

Rdt

= 〠
i∈K

λi pij j2 + 〠
r∈ℤ2,⋄

λr vrj j2 + 〠
i∈K

5ε
192π4λ3i

pij j6

+ 〠
i,j∈K ,i≠j

15ε
64π4λ2i λj

pij j4 pj
��� ���2

+ 〠
i,j,n∈K ,i≠j,i≠n,j≠n

15ε
16π4λiλjλn

pij j2 pj
��� ���2 pnj j2

+ 〠
i∈K ,r∈ℤ2,⋄

15ε
64π4λ2i λr

pij j4 vrj j2

+ 〠
i,j∈K ,r∈ℤ2,⋄ ,i≠j

15ε
16π4λiλjλr

pij j2 pj
��� ���2 vrj j2

+ 〠
r∈I 1

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q pi�pj pnj j2vr�vs

+ 〠
r∈I 2

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q �pi�pj pnj j2vrvs

+ 〠
r∈I 2

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q pipj pnj j2�vr�vs

+ 〠
r∈I 3

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q pi�pjpn�pmvr�vs

+ 〠
r∈I 4

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q �pipj�pn�pmvrvs

+ 〠
r∈I 4

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q pi�pjpnpm�vr�vs

+O ε pj j3 vk k3a,ϖ + ε pj j2 vk k4a,ϖ + ε pj j vk k5a,ϖ + ε vk k6a,ϖ
À

+ ε2 pj j10 + ε2 pj j9 vk ka,ϖ + ε2 pj j8 vk k2a,ϖ + ε2 pj j7 vk k3a,ϖ
Á
,

ð36Þ

where ∑l∈K idpl∧d�pl +∑r∈ℤ2,⋄ idvr∧d�vr is the corresponding
symplectic structure of Poisson bracket f·, · g, ðr, sÞ is a
resonant pair, and ði, jÞ and ði, j, n,mÞ are uniquely deter-
mined by ðr, sÞ.

Introduce the action-angle variable

pl =
ffiffiffiffiffiffiffiffiffiffiffi
Il + ζl

p
eiθl , �pl =

ffiffiffiffiffiffiffiffiffiffiffi
Il + ζl

p
e−iθl , l ∈K : ð37Þ

Equation (37) converts the Hamiltonian ~H into

~H = 〠
i∈K

λi +
5εζi2

64π4λ3i
+ 〠

j∈K
j≠i

15εζj2

64π4λiλ
2
j

+
15εζiζj
32π4λ2i λj

+ 〠
n∈K
n≠j
n≠i

15εζ jζn
32π4λiλjλn

2
6666666664

3
7777777775

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
Ii

+ 〠
r∈ℤ2,⋄

λr + 〠
i∈K

15ε
64π4λ2i λr

ζi
2 + 〠

j∈K ,j≠i

15ε
32π4λiλjλr

ζiζj

" #( )
vrj j2

+ 〠
r∈I 1

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i θi−θ jð Þvr�vs

+ 〠
r∈I 2

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i −θi−θ jð Þvrvs

+ 〠
r∈I 2

〠
n∈K

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
nλrλs

q ffiffiffiffiffiffiffi
ζiζj

q
ζne

i θi+θ jð Þ�vr�vs

+ 〠
r∈I 3

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλ jλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζ jζnζm

q
ei θi−θ j+θd−θlð Þvr�vs

+ 〠
r∈I 4

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλ jλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζ jζnζm

q
ei −θi+θ j−θn−θmð Þvrvs

+ 〠
r∈I 4

15ε
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλ jλnλmλrλs

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζ jζnζm

q
ei θi−θ j+θn+θmð Þ�vr�vs

+O ε Ij j2 + ε Ij j vk k2a,ϖ + ε ζj j3/2 Ij j1/2 vk k2a,ϖ + ε ζj j3/2 vk k3a,ϖ
�

+ ε ζj j vk k4a,ϖ + ε2 ζj j9/2 vk ka,ϖ + ε2 ζj j4 vk k2a,ϖ + ε2 ζj j7/2 vk k3a,ϖ
�
:

ð38Þ

Scaling through time

ζ⟶ ε3/2ζ,
I ⟶ ε5I,
θ⟶ θ,
v⟶ ε5/2v,
�v⟶ ε5/2�v,

ð39Þ

the scaled Hamiltonian is H = ε−9 ~Hðε3/2ζ, ε5I, θ, ε5/2v, ε5/2�vÞ:
The Hamiltonian H satisfies (23) and (24) where ζ ∈
½ε3/2, 2ε3/2�d .

3. An Infinite-Dimensional KAM
Theorem for PDEs

We will use the KAM theorem in [23] to prove the main
result (Theorem 3). For easy understanding, the KAM theo-
rem in [23] is introduced below. Denote H⋄ =Λ⋄ +A⋄

1 +
B⋄

1 + �B⋄
1 +A⋄

2 +B⋄
2 + �B⋄

2, where
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Λ⋄ = 〠
j∈K

ηj ζð ÞI j + 〠
r∈ℤ2,⋄

Ωr ζð Þvr�vr ,

A⋄
1 = 〠

r∈K1

ar ζð Þei θi−θ jð Þvr�vs,

B⋄
1 = 〠

r∈K2

ar ζð Þe−i θi+θ jð Þvrvs,

�B⋄
1 = 〠

r∈K2

�ar ζð Þei θi+θ jð Þ�vr�vs,

A⋄
2 = 〠

r∈K3

ar ζð Þei θi−θ j+θd−θlð Þvr�vs,

B⋄
2 = 〠

r∈K4

ar ζð Þei −θi+θ j−θd−θlð Þvrvs,

�B⋄
2 = 〠

r∈K4

�ar ζð Þei θi−θ j+θd+θlð Þ�vr�vs:

ð40Þ

ðθ, IÞ are d-dimensional angle-action coordinates, ðv, �vÞ
are infinite-dimensional coordinates, and the corresponding
symplectic structure is ∑i∈Kdθi∧dIi + i∑r∈ℤ2,⋄dvr∧d�vr . Fre-
quencies η = ðηiÞi∈K and Ω = ðΩrÞr∈ℤ2,⋄ depend on the
parameter ζ ∈ Ξ ⊂ℝd , where Ξ is a closed bounded set with
positive Lebesgue measure. In order to prove the existence of
the invariant torus of small perturbation H =H⋄ +W⋄ ofH⋄,
we need the following assumptions.

Assumption 6 (nondegeneracy). Suppose that ∀ζ ∈ Ξ,

rank
∂ηi∗1
∂ζ

,⋯,
∂ηi∗d
∂ζ

( )
= σ,

rank ∂ιη
∂ζι

����∀ι, 1 ≤ ιj j ≤min d − σ + 1, 5f g
� �

= d,

8>>>><
>>>>:

ð41Þ

where σ is a given integer with 1 ≤ σ ≤ d, ∂ηi∗1 /∂ζ,⋯, ∂ηi∗d /∂ζ
are vectors of all 1 − order partial derivatives in ζ, and for a
fixed ι, ∂ιη/∂ζι = ð∂ιηi∗1 /∂ζ

ι,⋯,∂ιηi∗d /∂ζ
ιÞ. Moreover, ηðζÞ

belongs to C8
WðΞÞ.

Assumption 7 (asymptotics of normal frequencies).

Ωr = ε−ς rj j2 + ~Ωr , ς ≥ 0, ð42Þ

where ~Ω
,
rs are C

8
W functions of ζ with C8

W-norm bounded by
some small positive constant L.

Assumption 8 (Melnikov’s nondegeneracy). Let G r =Ωr for
r ∈ℤ2,⋄ \ ðI 1 ∪I 2 ∪I 3 ∪I 4Þ,

G r =
Ωr + ηi ar

as Ωs + ηj

 !
, r ∈I 1,

G r =
Ωr − ηi −ar

�as −Ωs + ηj

 !
, r ∈I 2,

G r =
Ωr + ηi + ηn ar

as Ωs + ηj + ηm

 !
, r ∈I 3,

G r =
Ωr + ηj −ar

�as −Ωs + ηi + ηn + ηm

 !
, r ∈I 4,

ð43Þ

where ðr, sÞ are resonant pairs and ði, jÞ and ði, j, n,mÞ are
uniquely determined by ðr, sÞ. There is γ′, τ > 0 (here, I is
identity matrix) such that

<k, η >j j ≥ γ′
kj jτ , k ≠ 0,

det <k, η > I ± G rð Þj j ≥ γ′
kj jτ ,

det <k, η > I ±G r ⊗ I ± I ⊗G r ′ð Þj j ≥ γ′
kj jτ :

ð44Þ

Assumption 9 (regularity). A⋄
1 +B⋄

1 + �B⋄
1 +A⋄

2 +B⋄
2 + �B⋄

2
+W⋄ is real analytic in θ, I, v, �v and C8

W in ζ and

XA⋄
1

 
Da,ϖ r∗ ,s∗ð Þ,Ξ

+ XB⋄
1

 
Da,ϖ r∗ ,s∗ð Þ,Ξ + XA⋄

2

 
Da,ϖ r∗ ,s∗ð Þ,Ξ

+ XB⋄
2

 
Da,ϖ r∗ ,s∗ð Þ,Ξ < 1,

XW⋄k kDa,ϖ r∗ ,s∗ð Þ,Ξ < ε: ð45Þ

Assumption 10 (special form). A⋄
1 +B⋄

1 + �B⋄
1 +A⋄

2 +B⋄
2 +

�B⋄
2 +W⋄ has the following special form:

Y⋄ = A ⋄
1 +B⋄

1 + �B⋄
1 +A ⋄

2 +B⋄
2 + �B⋄

2 +W⋄ : A ⋄
1 +B⋄

1 + �B⋄
1 +A ⋄

2 +B⋄
2 + �B⋄

2 +W⋄ = 〠
k∈ℤd ,l∈ℕd ,α,β

A ⋄
1 +B⋄

1 + �B⋄
1 +A⋄

2 +B⋄
2 + �B⋄

2 +W⋄
� �

klαβ
ζð ÞIlei<k,θ>vα�vβ

8<
:

9=
;,

ð46Þ
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where k, α, β satisfy ∑d
ŝ=1kŝi

∗
ŝ +∑r∈ℤ2,⋄ðαr − βrÞr = 0:

Assumption 11 (Töplitz-Lipschitz property). For given r, s
∈ℤ2

†,~c ∈ℤ2
†, the limits

lim
~t⟶∞

∂2 B⋄
1 +B⋄

2 +W⋄
2ð Þ

∂vr+~c~t∂vs−~c~t
,

lim
~t⟶∞

∂2 ∑l∈ℤ2,⋄Ωlvl�vl +A⋄
1 +A⋄

2 +W⋄ð Þ
∂vr+~c~t∂�vs+~c~t

,

lim
~t⟶∞

∂2 �B⋄
1 + �B⋄

2 +W⋄
� �
∂�vr+~c~t∂�vs−~c~t

ð47Þ

exist. Moreover, there is K∗ > 0, so that if ~t > K∗, then Λ⋄

+A⋄
1 +B⋄

1 + �B⋄
1 +A⋄

2 +B⋄
2 + �B⋄

2 +W⋄ satisfies

∂2 B⋄
1 +B⋄

2 +W⋄ð Þ
∂vr+~c~t∂vs−~c~t

− lim
~t⟶∞

∂2 B⋄
1 +B⋄

2 +W⋄ð Þ
∂vr+~c~t∂vs−~c~t



Da,ϖ r∗ ,s∗ð Þ,Ξ

≤
ε
~t
e− r+sj ja,

∂2 ∑l∈ℤ2,⋄Ωlvl�vl +A⋄
1 +A⋄

2 +W⋄ð Þ
∂vr+~c~t∂�vs+~c~t


− lim

~t⟶∞

∂2 ∑l∈ℤ2,⋄Ωlvl�vl +A⋄
1 +A⋄

2 +W⋄ð Þ
∂vr+~c~t∂�vs+~c~t


Da,ϖ r∗ ,s∗ð Þ,Ξ

≤
ε
~t
e− r−sj ja,

∂2 �B⋄
1 + �B⋄

2 +W⋄
� �
∂�vr+~c~t∂�vs−~c~t

− lim
~t⟶∞

∂2 �B⋄
1 + �B⋄

2 +W⋄
� �
∂�vr+~c~t∂�vs−~c~t



Da,ϖ r∗ ,s∗ð Þ,Ξ

≤
ε
~t
e− r+sj ja:

ð48Þ

The following KAM theorem comes from Zhang and
Si [23].

Theorem 12 ([23] Theorem 2.1). If H∗ =H⋄ +W⋄ =Λ⋄ +
A⋄

1 +B⋄
1 + �B⋄

1 +A⋄
2 +B⋄

2 + �B⋄
2 +W⋄ satisfies the Assump-

tions (6)–(11), and γ′ > 0 is small enough. Then, there exists a
positive constant ε = εðd, L, K∗, τ, γ′, r∗, s∗, a, ϖÞ, so that if
kXW⋄kDa,ϖðr∗ ,s∗Þ,Ξ < ε, the following results true: there exists a

Cantor subset Ξγ′ ⊂ Ξ with measðΞ \ Ξγ′Þ =Oð
ffiffiffiffiffi
γ′8

q
Þ and two

transformations (analytic in θ and C8
W in ζ) Ψ : Td × Ξγ′

⟶Da,ϖðr∗, s∗Þ, η : Ξγ′ ⟶ℝd, where Ψ is ε/ðγ′Þ8-close to

the trivial embedding Ψ0 : T
d × Ξ⟶ T d × f0, 0, 0g and ~η is

ε-close to the unperturbed frequency η, so that for ζ ∈ Ξγ′ and

θ ∈ Td, the curve t⟶Ψðθ + ~ηðζÞt, ζÞ is a quasiperiodic solu-
tion of the Hamiltonian equations corresponding to H∗:

4. Proof of the Main Theorem

Let us show that the Hamiltonian (23) satisfies the
Assumptions (6)–(11).

Verifying Assumption (6): from (24), for n̂ = 1,⋯, d,

∂2ηi∗n̂ ζð Þ
∂ζ2i∗n̂

= 5
32π4λ3i∗n̂

, ð49Þ

∂2ηi∗n̂ ζð Þ
∂ζi∗

ĵ
∂ζi∗n̂

=
∂2ηi∗n̂ ζð Þ
∂ζi∗n̂∂ζi∗ĵ

= 15
32π4λ2i∗n̂

λi∗
ĵ

, 1 ≤ ĵ ≤ d, ĵ ≠ n̂:

ð50Þ
Let

W =

∂2ηi∗1 ζð Þ
∂ζ2i∗1

⋯
∂2ηi∗d ζð Þ
∂ζi∗d∂ζi∗1

⋯ ⋯ ⋯

∂2ηi∗1 ζð Þ
∂ζi∗1∂ζi∗d

⋯
∂2ηi∗d ζð Þ
∂ζ2i∗d

0
BBBBBBB@

1
CCCCCCCA
, ð51Þ

where ζ ∈ Ξ; then, W is the submatrix of matrix f∂2η/∂
ζ2g. According to (49) and (50), then

lim
ε⟶0

W = 5
32π4

1
λ3i∗1

3
λ2i∗2λi∗1

⋯
3

λ2i∗d
λi∗1

3
λ2i∗1λi∗2

1
λ3i∗2

⋯
3

λ2i∗d
λi∗2

⋯ ⋯ ⋯ ⋯
3

λ2i∗1λi∗d

3
λ2i∗2λi∗d

⋯
1
λ3i∗d

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

d×d

≔
5

32π4 Ŵ :

ð52Þ

From det ðŴ Þ = ð½1 + 3ðd − 1Þ�ð−2Þd−1Þ/Qd
ĵ=1λ

3
i∗
ĵ
≠ 0, we

have det ðW Þ ≠ 0 when 0 < ε≪ 1, that is, rank ðW Þ = d.
Hence, Assumptions (6) is verified.

Verifying Assumption (7): take ς = 4; the proof is obvious.
Verifying Assumption (8): from (23), G r is represented

as follows:

G r =Ωr r ∈ℤ
2,⋄ \ I 1 ∪I 2 ∪I 3 ∪I 4ð Þ,

G r =

Ωr + ηi 〠
n∗∈K

15
ffiffiffiffiffiffiffi
ζiζj

q
ζn∗

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
n∗λrλs

q

〠
n∗∈K

15
ffiffiffiffiffiffiffi
ζiζj

q
ζn∗

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
n∗λrλs

q Ωs + ηj

0
BBBBBBBB@

1
CCCCCCCCA
, r ∈I 1,

G r =

Ωr − ηi − 〠
n∗∈K

15
ffiffiffiffiffiffiffi
ζiζj

q
ζn∗

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
n∗λrλs

q

〠
n∗∈K

15
ffiffiffiffiffiffiffi
ζiζj

q
ζn∗

16π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλ

2
n∗λrλs

q −Ωs + ηj

0
BBBBBBBB@

1
CCCCCCCCA
, r ∈I 2,
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G r =

Ωr + ηi + ηn

15
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q Ωs + ηj + ηm

0
BBBBBBBB@

1
CCCCCCCCA
, r ∈I 3,

G r =

Ωr + ηj −
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q −Ωs + ηi + ηn + ηm

0
BBBBBBBB@

1
CCCCCCCCA
, r ∈I 4,

ð53Þ

where ði, jÞ and ði, j, n,mÞ are uniquely determined by
ðr, sÞ. We only prove (A3) for det ½<k, ηðηÞ > I ±G r ⊗ I ±
I ⊗G r ′ � which is the most complicated. Let

F ζð Þ = <k, η ζð Þ > I ±G r ⊗ I ± I ⊗G r′: ð54Þ

We will prove that jFðζÞj ≥ ðγ′/jkjτÞ, ðk ≠ 0Þ: Let us only
prove the case r, r′ ∈I 4, and everything else is similar. Let

G r = ε−4G r,1 + G r,2, ∀r ∈I 4, ð55Þ

where

G r,1 =
λr + λj 0

0 −λs + λi + λn + λm

 !
,

G r,2 =
G11

r,2 G12
r,2

G21
r,2 G22

r,2

 !
,

ð56Þ

with

G11
r,2 =

5
16π4λ3j

ζ2j − 〠
j∗∈K

15
32π4λ2jλj∗

ζjζj∗ +
15
64π4

1
λr

+ 1
λj

 !
< ζ, Aζ > ,

G12
r,2 = −

15
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζ jζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q ,G21
r,2 =

15
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζiζjζnζm

q
16π4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λiλjλnλmλrλs

q ,

G22
r,2 =

5
16π4

ζ2i
λ3i

+ ζ2n
λ3n

+ ζ2m
λ3m

 !
− 〠

j∗∈K

15ζ j∗
32π4λj∗

ζi
λ2i

+ ζn
λ2n

+ ζm
λ2m

� �

+ 15
64π4

1
λi

+ 1
λn

+ 1
λm

−
1
λs

� �
< ζ, Aζ > ,

ð57Þ

with ζ = ðζi∗1 , ζi∗2 ,⋯,ζi∗d Þ and

A =

1
λ2i∗1

2
λi∗2λi∗1

⋯
2

λi∗dλi∗1

2
λi∗1λi∗2

1
λ2i∗2

⋯
2

λi∗dλi∗2
⋯ ⋯ ⋯⋯  
2

λi∗1λi∗d

2
λi∗2λi∗d

⋯
1
λ2i∗d

       

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

d×d

: ð58Þ

Thus,

F ζð Þ = ε−4 <k, β∗>+<k, B>± rj j2 + jj j2À Á
± r′
�� ��2 + j′

�� ��2� �� �
I

±G r,2 ⊗ I ± I ⊗G r ′ ,2,
ð59Þ

where β∗ = ðji∗1 j2, ji∗2 j2,⋯, ji∗d j2Þ and B = ð⋯, Bi∗ ,⋯ÞTi∗∈K
with

Bi∗ =
5ζ2i∗

64π4λ3i∗
+ 〠

j∗∈K
j∗≠i∗

Á 15ζ2j∗
64π4λi∗λ

2
j∗
+

15ζi∗ζj∗
32π4λ2i∗λj∗

+ 〠
n∗∈K
n∗≠j∗

n∗≠i∗

15ζj∗ζn∗
32π4λi∗λj∗λn∗

2
6666666664

3
7777777775
:

ð60Þ

The eigenvalues of FðζÞ are

ε−4 <k, β∗>± rj j2 + jj j2À Á
± r′
�� ��2 + j′

�� ��2� �
+<k, B >

� �

± 5
128π4 4 ζ2i

λ3i
+
ζ2j

λ3j
+ ζ2n
λ3n

+ ζ2m
λ3m

 !(

− 6 〠
j∗∈K

ζj∗

λj∗

ζi
λ2i

+
ζj

λ2j
+ ζn
λ2n

+ ζm
λ2m

 !

+ 3 1
λi

+ 1
λj

+ 1
λn

+ 1
λm

+ 1
λr

−
1
λs

 !

< ζ, Aζ>±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hI 4,I 4

ζi, ζ j, ζn, ζm
À Áq )

± 5
128π4 4 ζ2i′

λ3i′
+
ζ2j′

λ3j′
+ ζ2n′
λ3n′

+ ζ2m′
λ3m′

 !(

− 6 〠
j∗∈K

ζj∗

λj∗

ζi′
λ2i′

+
ζ j′

λ2j′
+ ζn′
λ2n′

+ ζm′
λ2m′

 !

+ 3 1
λi′

+ 1
λj′

+ 1
λn′

+ 1
λm′

+ 1
λr ′

−
1
λs′

 !

< ζ, Aζ>±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hI 4,I 4

ζi′ , ζ j′ , ζn′ , ζm′
� �r

g,

ð61Þ
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where

hI 4,I 4
ζi, ζj, ζn, ζm
À Á

= 4 ζ2i
λ3i

−
ζ2j

λ3j
+ ζ2n
λ3n

+ ζ2m
λ3m

 !
− 6 〠

j∗∈K

ζj∗

λj∗

ζi
λ2i

−
ζj

λ2j
+ ζn
λ2n

+ ζm
λ2m

 !"

+ 3 1
λi

−
1
λj

+ 1
λn

+ 1
λm

−
1
λr

−
1
λs

 !
< ζ, Aζ >

#2
− 576

ζiζjζnζm
λiλjλnλmλrλs

:

ð62Þ

It has been proved that none of the eigenvalues ofFðζÞ are
zero in [23]. Moreover, when r ∈I 1, r′ ∈I 1 or r ∈I 1, r′ ∈
I 2 or r ∈I 1, r′ ∈I 3 and so on, the situations are similar,
so omit the proofs. That is, none of the eigenvalues of FðζÞ
are zero for k ≠ 0: From Lemma 3.1 in [19], then det ðFðζÞÞ
is a polynomial function in the components of ζ with order
at most eight and j∂8ζðdetðW ðζÞÞÞj ≥ ð1/2Þjkj ≠ 0: By exclud-
ing some parameter set with measure Oð

ffiffiffiffiffi
γ′8

q
Þ, then jdet ðW

ðζÞÞj ≥ ðγ′/jkjτÞ, k ≠ 0:ðA3Þ is verified.
Verifying Assumption (9): similar to [19], from Lemma 4,

it is obvious that ðA4Þ holds, so omit its proof.
Verifying Assumption (10): similar to [19], the result is

obvious.
Verifying Assumption (11): similar to [23], the result is

obvious.
By Theorem 12 ([23] Theorem 2.1), we have Theorem 3.

Appendix

A. Proof of Non Empty Admissible Set

Lemma 13. SetK as the given set with d points in Remark 2.
For n,m, r, s, ~n, ~m, ~r,~s ∈K , the following conclusion is true:

(i) n −m = 0, n =m, and jnj = jmj are equivalent
(ii) n −m + r − s = 0, fn, rg = fm, sg, and fjnj, jrjg = fj

mj, jsjg are equivalent

(iii) n −m + r − s + ~n − ~m = 0, fn, r, ~ng = fm, s, ~mg, and
fjnj, jrj, j~njg = fjmj, jsj, j~mjg are equivalent

(iv) n −m + r − s + ~n − ~m +~r −~s = 0, fn, r, ~n,~rg = fm, s,
~m,~sg, and fjnj, jrj, j~nj, j~rjg = fjmj, jsj, j~mj, j~sjg are
equivalent

(v) <n, r > = <m, s > , fn, rg = fm, sg, and fjnj, jrjg =
fjmj, jsjg are equivalent

(vi) <n −m, r − s > = 0 is equivalent to n =m or r = s

The above results are obvious, and we omit their proof.

(I) Let us prove the property (2) by reduction to absur-
dity. The proof for the property (1) is similar and
simpler. Let us say i, j, n,m, r ∈K satisfies <r −m, i
− j + n −m > = < i − j, j − n >

Lemma 14. The set K given in Remark 2 is admissible.

Proof. According to i − j + r − s = 0 and jij2 − jjj2 + jrj2 − jsj2
= 0, <r − j, i − j > = 0. By i − j + n −m + r − s = 0 and jij2 −
jjj2 + jnj2 − jmj2 + jrj2 − jsj2 = 0, then <r −m, i − j + n −m >
= < i − j, j − n > . In order to prove that K has the proper-
ties (3)–(12) in Definition 1, we need to prove that

<r − j, i − j> = 0,
<~r −~j,~i −~j> = 0,

(
ðA:1Þ

<r − i, r − j> = 0,
<~r −~i,~r −~j> = 0,

(
ðA:2Þ

<r −m, i − j + n −m> = <i − j, j − n>,
<r − ~m,~i −~j + ~n − ~m> = <~i −~j,~j − ~n>,

(
ðA:3Þ

<m − r, i − j + n − r> = <i − j, j − n>,
<~m − r,~i −~j + ~n − r> = <~i −~j,~j − ~n>,

(
ðA:4Þ

<r − j, i − j> = 0,
<~r −~i,~r −~j> = 0,

(
ðA:5Þ

<r − j, i − j> = 0,
<r − ~m,~i −~j + ~n − ~m> = <~i −~j,~j − ~n>,

(
ðA:6Þ

<r − j, i − j> = 0,
<~m − r,~i −~j + ~n − r> = <~i −~j,~j − ~n>,

(
ðA:7Þ

<r − i, r − j> = 0,
<r − ~m,~i −~j + ~n − ~m> = <~i −~j,~j − ~n>,

(
ðA:8Þ

<r − i, r − j> = 0,
<~m − r,~i −~j + ~n − r> = <~i −~j,~j − ~n >

(
ðA:9Þ

<r −m, i − j + n −m> = <i − j, j − n>,
<~m − r,~i −~j + ~n − r> = <~i −~j,~j − ~n >

(
ðA:10Þ

have no solution in r = ðr1, r2Þ ∈ℤ2,⋄ for ~i,~j, ~n, ~m, i, j, n,m
∈K and f~i,~j, ~n, ~mg ≠ fi, j, n,mg.

Case 1.1. Only one element of fjij, jjj, jnj, jmj, jrjg gets the
maximum value.

Case 1.1.1. Suppose that jrj =max fjij, jjj, jnj, jmj, jrjg. We
write <r −m, i − j + n −m > = < i − j, j − n > in terms of
the following components:

r1 −m1ð Þ i1 − j1 + n1 −m1ð Þ + r2 −m2ð Þ i2 − j2 + n2 −m2ð Þ
= i1 − j1ð Þ j1 − n1ð Þ + i2 − j2ð Þ j2 − n2ð Þ:

ðA:11Þ
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By the calculation, we have

r2 =m2 +
m1 − r1ð Þ i1 − j1 + n1 −m1ð Þ + i1 − j1ð Þ j1 − n1ð Þ + i2 − j2ð Þ j2 − n2ð Þ

i2 − j2 + n2 −m2
≤m2 + m1 − r1ð Þ i1 − j1 + n1 −m1ð Þj j + i1 − j1ð Þ j1 − n1ð Þj j + i2 − j2ð Þ j2 − n2ð Þj j
≤m2 + 2r21 + r21 + r21 ≤m2 + 4r21 < 5r21:

ðA:12Þ

This is contradictory to r2 = r51.

Case 1.1.2. Suppose that jjj =max fjij, jjj, jnj, jmj, jrjg; then,
we have

<i − j, j − n >j j > < j
2 ,

j
2 >

����
���� = 1

4 jj j2 > <r −m, i − j + n −m >j j:

ðA:13Þ

This is contradictory to the hypothesis <i − j, j − n > =
< r −m, i − j + n −m > .

Case 1.2. Two elements of fjij, jjj, jnj, jmj, jrjg get the maxi-
mum value.

Case 1.2.1. Suppose that jmj = jjj =max fjij, jjj, jnj, jmj, jrjg,
then

<r −m, i − j + n −m >
= <i − j, j − n >⟹ < r − j, i + n − 2j >
= <i − j, j − n >⟹3 < j, j > −2 < r, j > −2 < i, j > −2 < n, j >
+ < i, r > + < n, r > + < i, n > = 0:

ðA:14Þ

But we have

3 < j, j > −2 < r, j > −2 < i, j > −2 < n, j > + < i, r > + < n, r > + < i, n >
= 3 < j, j > −2 < r + i + n, j > + < i, r > + < n, r > + < i, n > >0:

ðA:15Þ

It is a contradiction.

Other situations are similar to the three above. Thus, the
hypothesis <r −m, i − j + n −m > = < i − j, j − n > is wrong.
That is, K satisfies the property (2) in Definition 1. Simi-
larly, K satisfies the property (1) in Definition 1.

(II) Let us show that equation (A.3) has no solution in
ℤ2,⋄. The proof for (A.1) and (A.6) is similar and
simpler than the proof for (A.3)

Case 2.1. Only one of fj~ij, j~jj, j~dj, j~l,jjij, jjj, jdj, jljg gets the
maximum value.

Case 2.1.1. Suppose that jnj =max fj~ij, j~jj, j~nj, j~m,jjij, jjj, jnj,
jmjg. According to the calculation,

r2 =m2 + j2 − i2 +
β211
α211

, ðA:16Þ

where

β211 = n1 <~j −~i,~j − ~n>+<j − i +m − ~m,~i −~j + ~n − ~m >
Â Ã

+ i1 − j1 −m1ð Þ <~j −~i,~j − ~n>+<j − i +m − ~m,~i −~j + ~n − ~m >
Â Ã

+ ~i1 −~j1 + ~n1 − ~m1
À Á

< i − j, i −m > ,
α211 = ~i1 −~j1 + ~n1 − ~n1

À Á
i2 − j2 + n2 −m2ð Þ

+ j1 − i1 +m1 − n1ð Þ ~i2 −~j2 + ~n2 − ~m2
À Á

:
ðA:17Þ

To prove β211 ≠ 0 by contradiction, suppose that β211 = 0,
then

From the system above, we get ð~i1 −~j1 + ~n1 − ~m1Þ < i − j,
i −m > = 0. And by ~i1 −~j1 + ~n1 − ~m1 ≠ 0, then <i − j, i −m
> = 0 is obtained. In view of Lemma 13, then i = j or i =m.
It is contradictory to r ∈I 3. That is, β211 ≠ 0. Because the
order of the numerator β211 is no more than n1 and the order
of the divisor α211 is n2, we have r2∈ℤ.

Case 2.1.2. Suppose that jmj =max fjij, jjj, jnj, jmj, j~ij, j~jj, j~n
j, j~mjg. By the calculation, then

r2 =m2 +
β212m2 + α212
δ212m2 + γ212

=m2 +
β212
δ212

+ α212δ212 − β212γ212
δ212 δ212m2 + γ212ð Þ ,

ðA:19Þ

where

β212 = i1 − j1 + n1 −m1ð Þ ~i2 −~j2 + ~n2 − ~m2
À Á

,

<~j −~i,~j − ~n>+<j − i +m − ~m,~i −~j + ~n − ~m > = 0,
i1 − j1 −m1ð Þ <~j −~i,~j − ~n>+<j − i +m − ~m,~i −~j + ~n − ~m >

Â Ã
+ ~i1 −~j1 + ~n1 − ~m1
À Á

< i − j, i −m> = 0:

(
ðA:18Þ
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α212 =m1 ~i1 −~j1 + ~n1 − ~m1
À Á

i1 − j1 + n1 −m1ð Þ − ~i1 −~j1 + ~n1 − ~m1
À Á

< j − i, j − n > + i1 − j1 + n1 −m1ð Þ
Á <~j −~i,~j − ~n>−<~m,~i −~j + ~n − ~m >
À Á

,

δ212 = − ~i1 −~j1 + ~n1 − ~m1
À Á

,

γ212 = ~i1 −~j1 + ~n1 − ~m1
À Á

i2 − j2 + n2ð Þ
− i1 − j1 + n1 −m1ð Þ ~i2 −~j2 + ~n2 − ~m2

À Á
:

ðA:20Þ

Let

μ212 ≔ α212δ212 − β212γ212, σ212 ≔ δ212 δ212m2 + γ212ð Þ,
ðA:21Þ

then by the calculation,

μ212 = ~i −~j + ~n − ~m
�� ��2m2

1 + ~μ212, σ212 = ~i1 −~j1 + ~n1 − ~m1
À Á2

m2 + ~σ212,
ðA:22Þ

where the order of ~μ212 and ~σ212 does not exceed m1. By
Lemma 13, then ~i −~j + ~n − ~m ≠ 0. Thus, we have that β212/
δ212 is an integer or jðβ212/δ212Þ − ½β212/δ212�j > 1/ ffiffiffiffiffiffi

m125
p

,

and 0 < jðμ212/σ212Þ − ½μ212/σ212�j < 1/
ffiffiffiffiffiffi
m2

1
5
p

, where ½•� is the
integer operation, and then

β212
δ212

+ μ212
σ212

−
β212
δ212

+ μ212
σ212

� �����
���� ∈ 0, 1ð Þ: ðA:23Þ

Thus, r2∈ℤ.
Other situations are similar to the above cases.

Case 2.2. Two elements of fjij, jjj, jnj, jmj, j~ij, j~jj, j~nj, j~mjg get
the maximum value.

Case 2.2.1. Suppose that jij = jnj =max fjij, jjj, jnj, jmj, j~ij, j~j
j, j~nj, j~mjg, then i = n. By the calculation, then

r2 =m2 +
β221i

2
2 + α221i2 + δ221
γ221i2 + μ221

=m2 +
β221
γ221

i2 +
α221γ221 − β221μ221

γ2221

+ δ221γ
2
221 − α221γ221μ221 + β221μ

2
221

γ2221 γ221i2 + μ221ð Þ ,

ðA:24Þ

where

β221 = − ~i1 −~j1 + ~n1 − ~m1
À Á

, α221 = 2 ~i1 −~j1 + ~n1 − ~m1
À Á

j2,

δ221 = − ~i1 −~j1 + ~n1 − ~m1
À Á

i21 − 2i1 j1 + jj j2À Á
− j1 − 2i1 +m1ð Þ

Á <m − ~m,~i −~j + ~n − ~m>+<~j −~i,~j − ~n >
À Á

,

γ221 = 2 ~i1 −~j1 + ~n1 − ~m1
À Á

,

μ221 = − ~i1 −~j1 + ~n1 − ~m1
À Á

j2 +m2ð Þ
+ j1 − 2i1 +m1ð Þ ~i2 −~j2 + ~n2 − ~m2

À Á
:

ðA:25Þ

Denote

σ221 ≔
α221γ221 − β221μ221

γ2221
,

ν221 ≔ δ221γ
2
221 − α221γ221μ221 + β221μ

2
221, ω221

≔ γ2221 γ221i2 + μ221ð Þ, ðA:26Þ

then by the calculation,

ν221 = 4 ~i −~j + ~n − ~m
�� ��2i21 + ~ν221, ω221

= −8 ~i1 −~j1 + ~n1 − ~m1
À Á2

i2 + ~ω221,
ðA:27Þ

where the order of ~ν221 and ~ω221 is no more than i1. By
Lemma 13, then −~i +~j − ~n + ~m ≠ 0. So we know that β221/
γ221 = −ð1/2Þ, σ221 is an integer or jσ221 − ½σ221�j > 1/ ffiffiffiffi

i1
25
p ,

and 0 < jðν221/ω221Þ − ½ν221/ω221�j < 1/i21, and then,

β221
γ221

i2 + σ221 +
ν221
ω221

−
β221
γ221

i2 + σ221 +
ν221
ω221

� �����
���� ∈ 0, 1ð Þ:

ðA:28Þ

Hence, r2∈ℤ.

Case 2.2.2. Suppose that jmj = j~mj =max fjij, jjj, jnj, jmj, j~ij,
j~jj, j~nj, j~mjg, then m = ~m. By the calculation, then

r2 =m2 +
β222
α222

, ðA:29Þ

where

β222 = <j − i, j − n>−<~j −~i,~j − ~n >
À Á

m1

− ~i1 −~j1 + ~n1
À Á

< j − i, j − n >
+ i1 − j1 + n1ð Þ <~j −~i,~j − ~n > ,

α222 = i1 − j1 + n1 −~i1 +~j1 − ~n1
À Á

m2

+ ~i1 −~j1 + ~n1 −m1
À Á

i2 − j2 + n2ð Þ
− i1 − j1 + n1 −m1ð Þ ~i2 −~j2 + ~n2

À Á
:

ðA:30Þ

We prove β222 ≠ 0 by contradiction. Suppose that β222
= 0, then

<j − i, j − n>−<~j −~i,~j − ~n> = 0,
− ~i1 −~j1 + ~n1
À Á

< j − i, j − n>+ i1 − j1 + n1ð Þ <~j −~i,~j − ~n> = 0:

(

ðA:31Þ

From the system above, we have ð~i1 −~j1 + ~n1 − i1 + j1 −
n1Þ < j − i, j − n > = 0. And from ~i1 −~j1 + ~n1 − i1 + j1 − n1 ≠
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0, then we have <j − i, j − n > = 0. From Lemma 13, then j
= i or j = n. It is contradictory to r ∈I 3. That is, β222 ≠ 0.
Due to the order of the numerator β222 which is no more
than m1 and the order of the divisor α222 which is m2, we
have r2∈ℤ.

Other situations are similar to the above cases.

Case 2.3. Three elements of fjij, jjj, jnj, jmj, j~ij, j~jj, j~nj, j~mjg
get the maximum value. It can be seen by [23] that such
situation is similar to those mentioned above; thus, omit
the proof.

Case 2.4. Four elements of fjij, jjj, jnj, jmj, j~ij, j~jj, j~nj, j~mjg get
the maximum value. It can be seen by [23] that such situa-
tion is similar to those mentioned above; thus, omit the
proof. It is shown that equation (A.3) has no solution in
ℤ2,⋄. That is, K satisfies the property (6) in Definition 1.
Similarly, K satisfies the property (3) in Definition 1 and
I 2
T

I 4 =∅:

(III) Let us show that equation (A.4) has no solution in
ℤ2,⋄. The proof for (A.2), (A.5), and (A.7)–(A.10),
is similar and simpler than the proof for (A.4)

By the calculation, equation (A.4) is equivalent to

We assert jjj and j~jj will not be the maximum. Suppose
that jjj =max fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg. According to
jmj2 + jnj2 + jij2 = jrj2 + jsj2 + jjj2 ≥ jjj2 and the definition of
K , then there is one element of the set fm, n, ig that is iden-
tical to j. If i = j, then r + s − n −m = 0 and jrj2 + jsj2 − jnj2
− jmj2 = 0. That is, r ∈I 2. This is contradictory to r ∈I 4.
That is, jjj ≠max fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg. Similarly,
we have j~jj ≠max fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg.

Case 3.1. Only one element of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg
gets the maximum value. Suppose that jnj =max fj~ij, j~jj, j~nj
, j~mj, jij, jjj, jnj, jmjg, then

rj j2 = ~i
�� ��2 − ~j

�� ��2 + ~nj j2 + ~mj j2 − ~sj j2 ≪ n1: ðA:33Þ

By the calculation to (A.32),

r2 = i2 − j2 +m2 +
β31
α31

, ðA:34Þ

where

β31 = i1 − j1 +m1 − r1ð Þn1+ < j − i, j −m > − <~j − ~n,~j − ~m >
+ <~i,~j − ~n − ~m > −r1 i1 − j1 +m1 −~i1 +~j1 − ~n1 − ~m1

À Á
+ i2 +m2 − j2ð Þ −i2 + j2 −m2 +~i2 + ~n2 + ~m2 −~j2

À Á
,

α31 = n2 + i2 +m2 − j2 +~j2 −~i2 − ~n2 − ~m2
À Á

: ðA:35Þ

We prove β31 ≠ 0 by contradiction. Suppose that β31 = 0,
then

i1 − j1 +m1 − r1 = 0, r2 = i2 − j2 +m2: ðA:36Þ

That is, i − j +m − r = 0: Thus, we have n = s by i − j +
n +m − r − s = 0: This is contradictory to n ∈K and s ∈
ℤ2,⋄. That is, β31 ≠ 0. Due to the order of the numerator
β31 which is no more than n1 and the order of the divisor
α31 which is n2, we have r2∈ℤ.

Other situations are similar to the above cases.

Case 3.2. Two of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg get the
maximum value.

Case 3.2.1. Suppose that jmj = j~mj =max fj~ij, j~jj, j~nj, j~mj, jij,
jjj, jnj, jmjg, then m = ~m. By equation (A.32), then

β321r
2
1 + α321r1 + δ321 = 0, ðA:37Þ

where

β321 = i + n − j +~j −~i − ~n
�� ��2,

α321 = 2 i1 + n1 −m1 +~j1 −~i1 − n~1Þ −<j − i, j − n>+<~j −~i,~j − ~n >
À ÁÀ

− 2 i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á

<m, i − j + n +~j −~i − ~n >
+ i1 − j1 + n1 +m1ð Þ i2 − j2 + n2 +~j2 −~i2 − ~n2

À Á
~i2 −~j2 + ~n2 + l2
À Á

− ~i1 −~j1 + ~n1 +m1
À Á

i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

i2 − j2 + n2 +m2ð Þ,

δ321 = −<j − i, j − n>+<~j −~i,~j − ~n>−<m, i − j + n +~j −~i − ~n >
À Á2
+ i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

i2 − j2 + n2 +m2ð Þ
Á <~j −~i,~j − ~n>+<m,~i −~j + ~n >
À Á

− i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

Á ~i2 −~j2 + ~n2 +m2
À Á

<j − i, j − n>+<m, i − j + n >ð Þ:
ðA:38Þ

<m − r, i − j + n − r> = <i − j, j − n>,
<r,~i + ~n + ~m −~j − i − n −m + j> = <i − j, j − n>−<~i −~j,~j − ~n>+<~i −~j + ~n, ~m>−<i − j + n,m>:

(
ðA:32Þ

13Journal of Function Spaces



Therefore,

Δ = α2321 − 4β321δ321

= γ2321 · m2 +
μ321

i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á2

" #2

+ 4 i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á2

· i − j + n +~j −~i − ~n
�� ��2

i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á · σ321,

ðA:39Þ

where

γ321 = i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á

i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

,

μ321 = − i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á

i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

m1

+ 2 i2 − j2 + n2 +~j2 −~i2 − ~n2
À Á

<~j −~i,~j − ~n>−<j − i, j − n >
À Á

+ i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á

~i1 −~j1 + ~n1
À Á

i2 − j2 + n2ð Þ
− i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á

i1 − j1 + n1ð Þ ~i2 −~j2 + ~n2
À Á

,

σ321 = <~j −~i,~j − ~n>−<j − i, j − n >
À Á

m1+ < j − i, j − n > ~i1 −~j1 + ~n1
À Á

− <~j −~i,~j − ~n > i1 − j1 + n1ð Þ

−
<~j −~i,~j − ~n>−<j − i, j − n >
À Á2

i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á :

ðA:40Þ

Due to σ321 which is of order m1 which is far less than
m2, we have

Δ = γ2321 · m2 +
μ321

i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á2 − ν321

" #2
,

ðA:41Þ

where

ν321 ~
m1
m2

≪
1

i1 − j1 + n1 +~j1 −~i1 − ~n1
À Á2 : ðA:42Þ

Therefore,

r1 =
−α321 ±

ffiffiffiffi
Δ

p

2β321
= −α321
2β321

±
γ321j jm2 + γ321j jμ321/ i1 − j1 + n1 +~j1 −~i1 − ~n1

À Á2� �
− γ321j jν321

2β321
:

ðA:43Þ

Due to 0 < jjγ321jν321/2β321j≪ 1/ð2β321ði1 − j1 + n1 +~j1 −~i1 − ~n1Þ
2Þ,

we have r1∈ℤ.
Other situations are similar to the above cases.

Case 3.3. Three elements of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg
get the maximum value. It can be seen by [23] that such

situation is similar to that mentioned above; thus, omit
the proof.

Case 3.4. Four elements of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg get
the maximum value.

Case 3.4.1. Suppose that jij = jnj = jmj = j~mj =max fj~ij, j~jj, j
~nj, j~mj, jij, jjj, jnj, jmjg, then i = n =m = ~m. By the calculation
to (A.32),

β341r
2
1 + α341r1 + δ341 = 0, ðA:44Þ

where

β341 = 2m − j +~j −~i − ~n
�� ��2,

α341 = 2 2m1 − j1 +~j1 −~i1 − ~n1
À Á

− j −mj j2+<~j −~i,~j − ~n >
À Á

+ 2 2m1 − j1 +~j1 −~i1 − ~n1
À Á

<m,−2m + j +~i −~j + ~n >
+ 3m1 − j1ð Þ 2m2 − j2 +~j2 −~i2 − ~n2

À Á
m2 +~i2 −~j2 + ~n2
À Á

− m1 +~i1 −~j1 + ~n1
À Á

2m2 − j2 +~j2 −~i2 − ~n2
À Á

3m2 − j2ð Þ,

δ341 = − j −mj j2 + <~j −~i,~j − ~n>+<m,−2m + j +~i −~j + ~n >
À Á2

+ 2m2 − j2 +~j2 −~i2 − ~n2
À Á

3m2 − j2ð Þ
· <~j −~i,~j − ~n>+<m,~i −~j + ~n >
À Á
− 2m2 − j2 +~j2 −~i2 − ~n2
À Á

m2 +~i2 −~j2 + ~n2
À Á

· j −mj j2+<m, 2m − j >
À Á

:

ðA:45Þ

It is shown that equation (A.32) has no solution in ℤ2,⋄

because

Δ = α2341 − 4β341δ341

= 2m2 − j2 +~j2 −~i2 − ~n2
À Á2 ·m2

2 · −8m2
2 + γ341

À Á
< 0,
ðA:46Þ

where the order of γ341 does not exceed m2.
Other situations are similar to the above cases.

Case 3.5. Five elements of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg get
the maximum value. It can be seen by [23] that such situa-
tion is similar to that mentioned above; thus, omit the proof.

Case 3.6. Six elements of fj~ij, j~jj, j~nj, j~mj, jij, jjj, jnj, jmjg get
the maximum value. It can be seen by [23] that such situa-
tion is similar to that mentioned above; thus, omit the proof.

It is shown that equation (A.4) has no solution in ℤ2,⋄.
That is, K satisfies the property (7) in Definition 1. Simi-
larly, K satisfies the properties (5) and (12) in Definition 1.
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