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In this article, we present an orthogonal L-contraction mapping concepts and prove a fixed point theorem on orthogonal complete
Branciari metric spaces. As an application, we apply our major results to solving integral equations.

1. Introduction

The general metric concept was introduced by Branciari
[1] in 2000 and which is known as the Branciari metric.
Later, many authors were interested to the Branciari met-
ric space for extending the results of Branciarib-metric
spaces (see [2–7]). The €Θ-contraction concept was intro-
duced by Jleli and Samet [8] in 2014. It is based on some
fixed point results [9, 10]. An orthogonality concept in
metric spaces was introduced by Gordji et al. [11, 12]. Sev-
eral authors proved the fixed point results in the general-
ized orthogonal metric space of Branciari metric spaces
(BMS) [13–17]. The L-contraction concept was introduced
by Cho [17] in 2018. In this article, we present the new
concepts of L-contractive orthogonal mapping and prove
fixed point theorems in an orthogonal complete Branciari
metric space (OCBMS). We also give an example to our

current results for using the integral equation solved,
respectively.

2. Preliminaries

The basic definitions and results are required in the next sec-
tion as follows.

Definition 1 (see [1]). Let P be a non-empty set and S : P ×
P⟶ℝ+ a mapping such that for all I1,I2 ∈ P and all
I3 ≠I4 ∈ P/fI1,I2g:

(BM1) SðI1,I2Þ = 0, iff I1 =I2
(BM2) SðI1,I2Þ =SðI2,I1Þ
(BM3) SðI1,I2Þ ≤SðI1,I3Þ +SðI3,I4Þ +SðI4,I2Þ:
The metric S is called a Branciari metric, and the pair

ðP,SÞ is called a BMS.
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Definition 2 (see [1]). Let ðP,SÞ be a BMS. A self-map H :

P⟶ P is called €Θ-contraction if there exist €Θ ∈ Γ1,2,3 and
ν ∈ ð0, 1Þ such that ∀I1,I2 ∈ P:

S HI1, HI2ð Þ > 0⇒ €Θ S HI1, HI2ð Þð Þ ≤ €Θ S I1,I2ð Þð Þ
h iν

,

ð1Þ

where Γ1,2,3 is the family of all functions €Θ : ð0,∞Þ⟶ ð0,
∞Þ which satisfy the following conditions:

(€Θ1) €Θ is increasing
(€Θ2) For each sequence fαıg ⊂ ð0,∞Þ, limi⟶∞

€ΘðαıÞ =
1⇔ limi⟶∞αı = 0+:

(€Θ3) €Θ is continuous.

Remark 3. We know that every €Θ-contraction mapping is
continuous.

The following notes are subsequently adopted:

(1) Γ1,2,3 is the class of all functions €Θ which satisfy
½€Θ1 − €Θ3�

Definition 4 (see [17]). Let ðP,SÞ be a BMS. A mapping H :
P⟶ P is called L -contraction with respect to ς ∈ L if there
exists €Θ ∈ Γ1,2,3 such that (for all I1,I2 ∈ P):

S HI1, HI2ð Þ > 0⇒ ς €Θ S HI1, HI2ð Þð Þ, €Θ S I1,I2ð Þð Þ
h i

≥ 1,

ð2Þ

where L is the class of all functions ς : ½1,∞Þ × ½1,∞Þ⟶ℝ
in which the following conditions are satisfied (ς∗1 ):

(ς∗1 ) ςð1, 1Þ = 1
(ς∗2 ) ςðρ:ρ1Þ < ðρ1/ρÞ, for all ρ, ρ1 > 1
(ς∗3 ) If fρıg and fρ1ıg are two sequence in ð1,∞Þ

with ρı < ρ1ı, such that limı⟶∞ρı = limı⟶∞ρ1ı > 1, then
limsupı⟶∞ςðρı, ρ1ıÞ < 1:

Example 1 (see [17]). Let ςν, ςψ : ½1,∞Þ × ½1,∞Þ⟶ℝ be
two functions defined by

(a) ςνðρ, ρ1Þ = ρ1
ν/ρ, for all ρ, ρ1 ≥ 1, where ν ∈ ð0, 1Þ

(b) ςψðρ, ρ1Þ = ρ1/ρψðρ1Þ, for all ρ, ρ1 ≥ 1, where ψ : ½1,
∞Þ⟶ ½1,∞Þ is a lower semicontinuous and
increasing function with ψ−1ðf1gÞ = 1

Then, ςν, ςψ ∈ L:

Cho [17] proved the following theorem.

Theorem 5 (see [17]). Let ðP,SÞ be a complete BMS and
H : P⟶ P an L-contraction mapping. Then, H has a
unique fixed point.

Remark 6. Let faıg, fbıg, fcıg are sequences of ℝ+ such that
limı⟶∞aı = a, limı⟶∞bı = b and limı⟶∞cı = c. Then,

limı⟶∞ max aı, bı, cıf g =max a, b, cf g
limı⟶∞ min aı, bı, cıf g =min a, b, cf g:

ð3Þ

Lemma 7 (see [7]). Let fI1ıg be a Cauchy sequence in a
BMS ðP,SÞ such that limı⟶∞SðI1ı,I1Þ = 0, for some
I1 ∈ P. Then, limı⟶∞SðI1ı,I2Þ =SðI1,I2Þ, for all I2 ∈
P: In particular, fI1ıg diverge to I2 if I2 ≠I1:

Definition 8 (see [11]). Let P ≠ ϕ and ∇⊆ P × P be a binary
relation. If ∇ satisfies the following condition:

∃I10 ∈ P : ∀I1 ∈ P,I1∇I10ð Þ or ∀I1 ∈ P,I10∇I1ð Þ, ð4Þ

then it is called an orthogonal set. We denote this O-set by
ðP, ∇Þ.

Example 2. Let P = Z and define I2∇I1 if there exists ν ∈ Z
such that I2 = νI1. It is easy to see that 0∇I1 for all I1 ∈ Z.
Hence ðP, ∇Þ is an O-set.

Example 3 (see [11]). A wheel graph W ı is a graph (see, for
example, Figure 1) with ı vertices for each ı ≥ 4, a single ver-
tex connect to all vertex to all vertices of an ðı − 1Þ-cycle. Let
P be the set of all vertices ofW ı for each ı ≥ 4. Define I1∇I2
if there is a connection from I1 to I2. Then, ðP, ∇Þ is an
O-set.

Definition 9 (see [11]). Let ðP, ∇Þ be an O-set. A sequence
fI1ıg is called an orthogonal sequence (shortly, O-
sequence) if

∀i ∈ℕ,I1ı∇I1ı+1ð Þ or ∀ı ∈ℕ,I1ı+1∇I1ıð Þ: ð5Þ

Definition 10 (see [11]). The triplet ðP,∇,SÞ is called an
orthogonal metric space if ðP, ∇Þ is an O-set and ðP,SÞ is
a metric space.

Definition 11 (see [11]). Let ðP,∇,SÞ be an orthogonal metric
space. Then, a mapping H : P⟶ P is said to be orthogo-
nally continuous in I1 ∈ P if for each O-sequence fI1ıg in
P with I1ı ⟶I1 as ı⟶∞, we have HðI1ıÞ⟶HðI1Þ
as ı⟶∞. Also, H is said to be ∇-continuous on P if H is
∇-continuous in each I1 ∈ P.

Definition 12 (see [11]). Let ðP,∇,SÞ be an orthogonal metric
space. Then, P is said to be an orthogonally complete, if
every Cauchy O-sequence is convergent.

Definition 13 (see [11]). Let ðP, ∇Þ be an O-set. A mapping
H : P⟶ P is said to be ∇-preserving if HI1∇HI2
whenever I1∇I2. Also, H : P⟶ P is said to be weakly ∇-
preserving if HðI1Þ∇HðI2Þ or HðI2Þ∇HðI1Þ whenever
I1∇I2 for all I1,I2 ∈ P.
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3. Major Results

In this section, we present the generalized orthogonal L-
contraction notion.

Definition 14. Let ðP, ∇Þ be an O-set and S : P × P⟶ℝ+ a
mapping such that for all I1,I2,I3,I4 ∈ P and all I3 ≠
I4 ∈ P/fI1,I2g:

(OBM1) SðI1,I2Þ = 0, if and only if I1 =I2
(OBM2) SðI1,I2Þ =SðI2,I1Þ
(OBM3) SðI1,I2Þ ≤SðI2,I3Þ +SðI3,I4Þ +SðI4,

I2Þ for all I1∇I2,I1∇I3,I3∇I4,I4∇I2.
The metric S is an orthogonal Branciari metric (shortly

OBM), and the pair ðP,∇,SÞ is an orthogonal BMS (shortly
OCBMS).

Definition 15. Let ðP,∇,SÞ be a OCBMS and H : P⟶ P.
Then, H is said to be generalized orthogonal L-contraction
with respect to ς ∈ L if there exist €Θ ∈ Γ1,2,3 such that

∀I1,I2 ∈ PwithI1∇I2 S HI1, HI2ð Þ
> 0⇒ ς €Θ S HI1, HI2ð Þð Þ, €Θ S I1,I2ð Þð Þ

� �
≥ 1:

ð6Þ

Theorem 16. Let ðP,∇,SÞ be a complete OCBMS with an
orthogonal element I2 and a self-mapping H : P⟶ P. Sup-
pose that there exist ς ∈ L and l > 0 such that the following
conditions hold:

(i) H is ∇-preserving;

(ii) H is generalized orthogonal L-contraction mapping;

(iii) H is ∇-continuous.

Then, H has a unique fixed point.

Proof. Since ðP, ∇Þ is an O-set,

∃I2 ∈ P : ∀I1 ∈ P,I1∇I2ð Þ or ∀I1 ∈ P,I2∇I1ð Þ: ð7Þ

It follows that I2∇HI2 or HI2∇I2. Let

I11 = HI10,I12 = HI11 = H2I10,⋯⋯ ,I1ı+1
= HI1ı =Hı+1I10,

ð8Þ

for all ı ∈ℕ ∪ f0g. If I1ı0 =I1ı0+1 for any ı0 ∈ℕ ∪ f0g, then
it is clear that I1ı0 is a fixed point of H. Now, we consider
I1ı0 ≠I1ı0+1 for all ı0 ∈ℕ ∪ f0g. Since H is ∇-preserving,
we have

I1ı0∇I1ı0+1 orI1ı0+1∇I1ı0 , ð9Þ

for all ı0 ∈ℕ ∪ f0g. This implies fI1ıg is an O-sequence.
Using contractive Condition (6) and ðς∗2 Þ, we have

1 ≤ ς €Θ S HI1n−1, HI1ıð Þð Þ, €Θ S I1ı−1,I1ıð Þð Þ
h i

= ς €Θ S I1ı,I1ı+1ð Þð Þ, €Θ S I1ı−1,I1ıð Þð
h i

<
€Θ S I1ı−1,I1ıð Þð Þ
€Θ S I1ı,I1ı+1ð Þð Þ

,

ð10Þ
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Figure 1: An image of a wheel graph.
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which is implies that

€Θ S I1ı,I1ı+1ð Þð Þ < €Θ S I1ı−1,I1ıð Þð ∀ı ∈ℕ: ð11Þ

Hence, inequality (11) becomes (in view of (€Θ1)) that

S I1ı,I1ı+1ð Þ <S I1ı−1,I1ıð Þ,∀ı ∈ℕ: ð12Þ

Therefore, the sequence fSðI1ı−1,I1ıÞg is non-
increasing and bounded below by 0. Then, ℓ ≥ 0 such that
limi⟶∞SðI1ı−1,I1ıÞ = ℓ: We can claim that ℓ ≠ 0, then

lim
ı⟶∞

€Θ S I1ı−1,I1ıð Þð Þ > 1: ð13Þ

Setting ρı = €ΘðSðI1ı,I1ı+1ÞÞ and ρ1ı = €ΘðSðI1ı−1,
I1ıÞÞ: In view of (11),(13), and (€Θ3), we have limı⟶∞ρı =
limı⟶∞ρ1ı > 1 and ρı < ρ1ı, for all ı ∈ℕ. Therefore, apply-
ing the condition ðς∗3 Þ, we deduce

1 ≤ limsup
ı⟶∞

ς ρı, ρ1ı
� �

< 1, ð14Þ

which is a contradiction, and therefore

lim
ı⟶∞

S I1ı−1,I1ıð Þ = 0: ð15Þ

Now, we consider I1ȷ =I1ı, for some ȷ > ı. Then, also
I1ȷ+1 =I1ı+1. Using (11), we get

€Θ S I1ȷ,I1ȷ+1

� �� �
< €Θ S I1ȷ−1,I1ȷ

� �� �

< €Θ S I1ȷ−2,I1ȷ−1

� �� �

<⋯ < €Θ S I1ı,I1ı+1ð Þð Þ
= €Θ S I1ȷ,I1ȷ+1

� �� �
,

ð16Þ

which is a contradiction. Hence, we conclude that I1ȷ ≠
I1ı, ∀ı ≠ ȷ.

Next, we show that fI1ıg is a Cauchy sequence in ðP,∇,
SÞ. On the contrary, assume that it is not Cauchy, then
there exists an ϵ > 0 for which we can find two subse-
quences fI1ıνg and fI1ȷνg of fI1ıg such that ıν > ȷν ≥ ν,

for all ν ∈N and

S I1ȷν ,I1ıν

� �
≥ ϵ: ð17Þ

Suppose that iν is the least integer exceeding ȷν satisfy-
ing inequality (17). Then,

S I1ıν ,I1ıν−1

� �
< ϵ: ð18Þ

Using (17), (18), and the triangular inequality, we get

ϵ <S I1ȷν ,I1ıν

� �

≤S I1ȷν ,I1ıν−2

� �
+S I1ıν−2,I1ıν−1

� �
+S I1ıν−1,I1ıν

� �

< ϵ +S I1ıν−2,I1ıν−1

� �
+S I1ıν−1,I1ıν

� �
:

ð19Þ

As ν⟶∞,

lim
ν⟶∞

S I1ȷν ,I1ıν

� �
= ϵ: ð20Þ

Employing the triangular inequality once again, we get

S I1ȷν ,I1ıν

� �
≤S I1ȷν ,I1ȷν−1

� �
+S I1ȷν−1,I1ıν−1

� �

+S I1ıν−1,I1ıν

� �

≤ 2S I1ȷν ,I1ȷν−1

� �
+S I1ȷν ,I1ıν

� �

+ 2S I1ıν−1,I1ıν

� �
:

ð21Þ

On letting ν⟶∞ and using (15) as well as (20)
we get

lim
ν⟶∞

S I1ȷν−1,I1ıν−1

� �
= ϵ: ð22Þ

Now, using (6) and ðς∗2 Þ, we obtain

1 ≤ ς €Θ S HI1ȷν−1, HI1ıν−1

� �� �
, €Θ S I1ȷν−1,I1ıν−1

� �� �h i

= €Θ S I1ȷν ,I1ıν

� �� �
, €Θ S I1ȷν−1,I1ıν−1

� �� �h i

<
€Θ S I1ȷν−1,I1ıν−1

� �� �

€Θ S I1ȷν ,I1ıν

� �� � :

ð23Þ

Consequently, we deduce that

€Θ S I1ȷν ,I1ıν

� �� �
< €Θ S I1ȷν−1,I1ıν−1

� �� �
,∀ν ∈N: ð24Þ

Let ρν = €ΘðSðI1ȷν ,I1ıνÞÞ and ρ1ν = €ΘðSðI1ȷν−1,
I1ıν−1ÞÞ. Then, in view of Remark 6 and (24), we have
limν⟶∞ρν = limν⟶∞ρ1ν > 1 and ρν < ρ1ν, ∀ν ∈N: So, on
using ς∗3 , we obtain

1 ≤ limsup
ν⟶∞

ς ρν, ρ1ν
� �

< 1, ð25Þ
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which is a reductio ad absurdum. Therefore, fI1ıgmust be a
Cauchy sequence in ðP,∇,SÞ. Since ðP,∇,SÞ is a complete,
then there exists ν1 ∈ P such that limi⟶∞I1ı = ν1, then,

lim
ı⟶∞

S I1ı, ν1ð Þ = 0: ð26Þ

As H is continuous, then we get that (due to (26))

lim
ı⟶∞

S I1ı+1, Hν1ð Þ = lim
ı⟶∞

S HI1ı, Hν1ð Þ = 0: ð27Þ

Using Lemma 7, we have ν1 = Hν1 that is, ν1 is a fixed
point of H. On the contrary, assume that there are two fixed
points such that Sðν1,I3Þ =SðHν1, HI3Þ > 0. From (6),
since H is preserving, ∀Hν1∇HI3 we have

1 ≤ ς €Θ S Hν1, HI3ð Þð Þ, €Θ S ν1,I3ð Þð Þ
h i

= ς €Θ S ν1,I3ð Þð Þ, €Θ S ν1,I3ð Þð Þ
h i

<
€Θ S ν1,I3ð Þð Þ
€Θ S ν1,I3ð Þð Þ

:

ð28Þ

This is implies that

€Θ S ν1,I3ð Þð Þ < €Θ S ν1,I3ð Þð Þ, ð29Þ

which is a reductio ad absurdum. Then, H has a unique fixed
point.

Example 4. Let P = E ∪G, where E = ½0, 2� and G = fð1/iÞ:
n = 2, 3, 4, 5g: Define the binary relation ∇ on P by I1∇I2
if I1,I2 ≥ 0. Define a mappingS : P × P⟶ ½0,∞Þ defined
by SðI1,I2Þ = jI1 −I2j, for all I1,I2 ∈ P.

It is easy to see that ðP,∇,SÞ is an orthogonal complete
BMS. Let H : P⟶ P be defined as HI1 =I1/6 for all
I1 ∈ P. Clearly, H is an orthogonal preserving and orthog-
onal continuous. Observe that H is an L-contraction with
respect to ς : ½1,∞Þ × ½1,∞Þ⟶ℝ, where

ςν ρ, ρ1ð Þ = ρ1
ν

ρ
,∀ρ, ρ1 ∈ 1,∞½ Þ, ν ∈ 0, 1ð Þ, ð30Þ

and €Θ : ð0,∞Þ⟶ ð1,∞Þ such that €ΘðρÞ = eρ, ∀ρ > 0.
Let I1,I2 ∈ P; then,

ς €Θ S HI1, HI2ð Þð Þ, €Θ S I1,I2ð Þð Þ
h i

=
€Θ S I1,I2ð Þð Þ

h iν
€Θ S HI1, HI2ð Þð Þ

= eν I1−I2j j

e I1−I2j j/6 ≥ 1:
ð31Þ

Hence, all the hypotheses of Theorem 16 are satisfied,
and I1 = 0 is the unique fixed point of H.

4. Applications

As an application of Theorem 16, we find an existence
and uniqueness of the solution of the following integral
equation:

I1 ρð Þ = g ρð Þ +
ða
0
ȷ ρ, ν1ð Þf ν1,I1 ν1ð Þð Þdν1, ρ ∈ 0, a½ �, a > 0:

ð32Þ

Let U =Cð½0, a�, RÞ be the set of real continuous func-
tions defined on ½0, a� and the mapping H : U⟶U

defined by

H I1 ρð Þð Þ = g ρð Þ +
ða
0
ȷ ρ, ν1ð Þf ν1,I1 ν1ð Þð Þdν1, ρ ∈ 0, a½ �:

ð33Þ

Obviously, I1ðρÞ is a solution of integral Equation (32)
iff I1ðρÞ is a fixed point of H.

Theorem 17. Suppose that
(R1) The mappings ȷ : ½0, a� ×ℝ⟶ ½0,∞Þ, f : ½0, a� ×

ℝ⟶ℝ, and g : ½0, a�⟶ℝ are continuous functions;
(R2) there exist τ > 0 and ν ∈ ð0, 1Þ such that

f ν1,I1 ν1ð Þð Þ − f ν1,I2 ν1ð Þð Þj j ≤ ν I1 ν1ð Þ −I2 ν1ð Þj j ; ð34Þ

(R3)
Ð a
0 ȷðρ, ν1Þdν1 ≤ 1.

Then, the integral Equation (32) has a unique solution
in U.

Proof. Define the orthogonality relation ∇ on U by

I1∇I2 ⇔I1 ρð ÞI2 ρð Þ ≥I1 ρð Þ orI1 ρð ÞI2 ρð Þ
≥I2 ρð Þ,∀ρ ∈ 0, a½ �: ð35Þ

Define S : U ×U⟶ ½0,∞Þ given by

S I1,I2ð Þ = sup
ρ∈ 0,a½ �

I1 ρð Þ −I2 ρð Þj j, ð36Þ

for all I1,I2 ∈U. It is easy to see that ðU,∇,SÞ is complete
orthogonal BMS. For each I1,I2 ∈U with I1∇I2 and
ρ ∈ ½0, a�, we have

H I1 ρð Þð Þ = g ρð Þ +
ða
0
j ρ, ν1ð Þf ν1,I1 ν1ð Þð Þdν1 ≥ 1: ð37Þ

Accordingly, ½ðHI1ÞðρÞ�½ðHI2ÞðρÞ� ≥ ðHI2ÞðρÞ and so
ðHI1ÞðρÞ∇ðHI2ÞðρÞ. Then, H is ∇-preserving. Let I1,
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I2 ∈U with I1∇I2. Suppose that HðI1Þ ≠HðI2Þ. For
each ρ ∈ ½0, a�, we have

HI1 ρð Þ −HI2 ρð Þj j
=

ða
0
j ρ, ν1ð Þ f ν1,I1 ν1ð Þð Þ − f ν1,I2 ν1ð Þð Þ½ �du

����
����

≤
ða
0
j ρ, ν1ð Þν I1 ν1ð Þ −I2 ν1ð Þj jdu

≤ ν
ða
0
j ρ, ν1duð Þ sup

u∈ 0,a½ �
I1 uð Þ −I2 uð Þj j ≤ νS I1,I2ð Þ:

ð38Þ

Thus,

S HI1, HI2ð Þ ≤ νS I1,I2ð Þ, ð39Þ

which implies that

eS HI1,HI2ð Þ ≤ eνS I1,I2ð Þ, ð40Þ

for each I1,I2 ∈U. We consider L-simulation mapping
ς : ½1,∞Þ × ½1,∞Þ⟶ℝ, where

ςν ρ, ρ1ð Þ = ρ1
ν

ρ
,∀ρ, ρ1 ∈ 1,∞½ Þ, ν ∈ 0, 1ð Þ, ð41Þ

and €Θ : ð0,∞Þ⟶ ð1,∞Þ such that €ΘðρÞ = eρ, ∀ρ > 0. Then,

ς €Θ S HI1, HI2ð Þð Þ, €Θ S I1,I2ð Þð Þ
h i

≥ 1: ð42Þ

Hence, all the conditions of Theorem 16 are fulfilled.
Therefore, the integral equation has a unique solution.

5. Conclusion

In this article, we proved the fixed point theorems for
orthogonal L-contraction mapping on orthogonal complete
BMS.
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