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Digital technology is so broad today as to encompass almost everything. It eases the difficulties of day-to day life with internet. E-
commerce plays an important role in digital age of technology. Instead of many benefits of online system, it faces many types of
threats. Sometime, choosing the best e-commerce security has a lot of uncertainties and ambiguities to reduce the effect of threats.
To reduce these uncertainties, this article developed a new concept of complex cubic picture fuzzy set (CoCPFS) of fuzzy algebra
that explains the positive effect, neutral effect, and negative effect of any object and additionally discussed the Cartesian product
between two CoCPFSs, CoCPF relations, and their types. The relationship among the e-commerce securities and threats is
investigated for the first time in the history of fuzzy algebra. These relations show the ways of disabling the effects of a threat
by an effective security technique. Furthermore, the advantages and benefits of CoCPFS are explained through comparison
tests with preexisting frameworks of fuzzy sets.

1. Introduction

Uncertainty is a common feature of many every day deci-
sions. A situation of uncertainty arises when there can be
more than one possible consequence of selecting any course
of action/decision. Mostly, human decisions are uncertain
and unclear. It is an inevitable part of our lives. Meanwhile,
in mathematics, successfully detecting, processing, and
resolving uncertainty by using the theory of fuzzy sets
(FSs) in 1965 were proposed by Zadeh [1], which deal with
the uncertainty and ambiguousness of fuzziness. An FS
assigns a membership function to each element whose values
ranging between ½0, 1� interval. Fuzzy set used to solve real
life problems easily with uncertainty and ambiguities, like
Chen et al. [2] proposed an application of fuzzy set in eco-
nomics. Adlassnig [3] used fuzzy set in field of medication
and Lu and Ruan [4] in 2007 proposed an application of

multiobjective group decision-making. The invention of
fuzzy set theory opened up new ways to handle and model
uncertainty. The relation of crisp sets was presented by Klir
and Wierman [5]; these sets just described two possibilities
yes or no. The crisp theory only deals with exact information
and cannot deal with uncertainty. Mendel [6] proposed the
concept of fuzzy relations (FRs) that are not limited to tell
just two possibilities yes or no but also describes the
strength, grade, and level of good relations between any pair
of FSs. If the value of membership is closer to 1, this implies
that the relation is good. If the value of membership is closer
to 0, it specifies that relation is in bad situation. Yu et al. [7]
measured uncertainty and gave some applications by using
FRs. In 1975, Zadeh [8] introduced the interval-valued fuzzy
set (IVFSs) which replaced the single value of membership
with an interval of membership to reduce uncertainty in
decision-making. The extremes of interval belong to [0,1],
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i.e., the membership is subinterval of [0,1]. Bustince [9] gave
an application of fuzzy techniques to approximate reason-
ing. Bustince and Burillo [10] presented the concept of
interval-valued fuzzy relations (IVFRs), which is an exten-
sion of FRs. Gehrke et al. [11] commented on IVFSs. Roy
and Biswas [12] used IVFRs and Sanchez’s approach in
medical diagnosis. Atanassov [13] proposed an idea of intui-
tionistic fuzzy set (IFSs) which discuss the membership as
well as nonmembership of any element. It is a broader term
than FSs. Dengfeng and Chuntian [14] used IFS to measure
similarities and applied them to pattern recognition. Szmidt
and Kacprzyk [15] proposed an application of IFS in medi-
cal diagnosis. Burillo and Bustince [16] introduced the con-
cept of intuitionistic fuzzy relations (IFRs) which explain
effectiveness and ineffectiveness of any relation at the same
time. It is an extension of FRs. Wang et al. [17] described
the IFRs with compositional operators. Cuong and Kreino-
vich [18] invented a new notion of picture fuzzy set (PFSs)
which is an extension of FSs and IFSs. In this structure,
three stages of an element were discussed; one is level of
membership, second is level of indeterminacy, and level of
nonmembership and sum of membership, indeterminacy,
and nonmembership belong to [0,1]. They also introduced
the concept of picture fuzzy relations (PFRs). Ganie et al.
[19] invented some new correlation coefficients of PFS and
presented their applications.

After FS, a new innovation in fuzzy set which is an
extended form of fuzzy set was introduced by Ramot et al.
[20] known as the concept of complex fuzzy set (CoFS)
which represents the membership grades in the form of a
complex number, i.e., ѾðuÞ = ᾄðuÞeξðuÞð2πiÞ where ᾄðuÞ is
called amplitude term and ξðuÞ is called phase term. A CoFS
is capable of modeling a problem with periodicity and tells
both amplitude and phase term of an element. It reduces
the chances of errors and ambiguities. Further, he also
defines complex fuzzy relations (CoFRs). Li and Chiang
[21] comprehensively worked on the application of CoFSs.
Zhang et al. [22] established the data qualities of CoFRs.
Greenfield et al. [23] described the notion of complex
interval-valued FSs (CoIVFSs). In 2021, Nasir et al. [24]
described the complex interval-valued fuzzy relations
(CoIVFRs) as being used for studying the relationships
between two or more CoIVFSs and also proposed an appli-
cation of medical diagnosis. Complex intuitionistic fuzzy
set (CoIFS) was introduced by Rani and Garg [25] in which
membership and nonmembership are indicated in the form
of complex numbers. Jan et al. [26] introduced the complex
intuitionistic fuzzy relations (CoIFRs) with an application to
investigate the cybersecurity and cybercrimes in oil and gas
sector. Ngan et al. [27] represented CIFS by quaternion
numbers and application to decision-making. Akram et al.
[28] invented a new concept of complex picture fuzzy sets
(CoPFSs) which is an extension of CoIFS and contains an
extra level of indeterminacy expressing the neutral effect of
any element. All the three stages represent in form of com-
plex number and sum of right extremes of interval and
sum of left extremes of interval ranging between [0,1]. Nasir
et al. [29] proposed an application of CoPFRs in communi-
cation and network security.

Cubic fuzzy set tells present and future of any object
firstly introduced by Jun et al. [30]. It is the generalization
of fuzzy set and interval-valued fuzzy set. Kim et al. [31]
revealed the idea of cubic fuzzy relations (CFRs) which is
the extended form of FRs and IVFRs. It describes the present
and future effect of an object. Kaur and Garg et al. [32]
described the notion of generalized cubic fuzzy set with t-
norm. In 2019, Garg and Kaur [33] give the notion of cubic
intuitionistic fuzzy set (CIFS) which is a broader term than
the cubic fuzzy set because it explains the effectiveness and
ineffectiveness of an object with present and future forecast-
ing. Jun et al. [34] introduced cubic interval-valued intuitio-
nistic fuzzy set and its application in BCK/BCI. Chinnadurai
et al. [35] introduce the notion of complex cubic fuzzy sets
(CoCFS). CoCFS is a combination of the complex interval-
valued fuzzy set (CoIVFS) and complex fuzzy set (CoFS).
In CoCFS, there is an advantage to provide the membership
grade in complex numbers to solve problems with periodic-
ity. Zhou et al. [36] used CoCF aggregation operators in
group decision-making. Chinnadurai et al. [37] presented
the notion of complex cubic intuitionistic fuzzy set (CoCIFS)
which is a combination of complex cubic membership values
and complex cubic nonmembership values and define some
related operations on these sets. Rani and Garg [38]
proposed an application of complex intuitionistic fuzzy pref-
erence relation and their application in individual and group
decision-making. As a new extension of a cubic fuzzy set,
Gumaei and Hussain [39] proposed the concept of cubic pic-
ture fuzzy sets, which is an extension of cubic sets, picture
fuzzy sets, and interval-valued picture fuzzy sets.

This article develops a new concept of complex cubic
picture fuzzy set (CoCPFS), complex cubic picture fuzzy
relation (CoCPFR), and Cartesian product of two COCPFSs.
Moreover, the types of CoCPFRs have been defined, includ-
ing converse, reflexive, symmetric, transitive, and equiva-
lence relation. Every definition is followed by a suitable
example for better understanding, and some interesting
results of CoCPFR have also been proved. The innovative
concept proposed in this paper is superior to all existing
structures of FSs, CoFSs, IVFSs, CoIVFSs, PFSs, CoPFSs,
IVPFSs, CoIVFSs, CFSs, CoCFSs, CIFSs, CoIFSs, and CPFSs.
Since, CoCPFRs are the analyzing the relations between
CoCPFSs, so they are composed of degree of membership,
indeterminacy, and nonmembership. This structure explains
the present and future impact of one object on the other.
Due to complex-valued mappings, it is capable to solve mul-
tiple variable problems with phase term easily. It gives more
accurate results to reduce the uncertainty and ambiguity.
This article also aimed to study the effect of e-commerce
threats with e-commerce securities in digital business
system. For this reason, a better framework is used because
it can cover all aspects of the problem, i.e., positive effects,
no effects, and negative effects with time phase. By using
CoCPFRs, investigate the relations among the set of e-
commerce securities and threats. Additionally, this applica-
tion problem is solved using preexisting structures which
are fail to used and reduce uncertainty. These structures
can extend to more superior and better structures to produce
good modeling techniques which can be used in economics,
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statistics, medical fields and information technology and
computer sciences, etc.

The arrangement of the remaining paper is as follows:
Section 2 consists of all preexisting and basic concepts of
fuzzy algebra that are used as basis of current research.
Section 3 contains the newly defined concepts of CoCPFSs,
Cartesian product of two CoCPFSs, CoCPFRs, and their
types. Some results of CoCPFRs have also been proved.
Section 4 contains an application of investigating the e-
commerce securities and threats. Section 5 studies the com-
parison between CoCPFSs and preexisting frameworks of
fuzzy set. Section 6 concludes the results.

2. Preliminaries

Here,we explained some fundamental concepts of fuzzy algebra.
We define the FS, CFS, IVFS, CoIVFS, IFS, CoIFS, IVIFS, PFS,
CoPFS, IVPFS, CoIVPFS, CFS, CoCFS, CIFS, CoIFS and CPFS.

Definition 1 (see [1]). A fuzzy set (FS) _F on a universe Ǚ
with a mapping Ѿ : Ǚ ⟶ ½0, 1� can be expressed as

_F = σ,Ѿ σð Þ� �
: σ ∈Ǚ

n o
, ð1Þ

where ѾðσÞ denotes the degree of membership of σ.

Definition 2 (see [20]). A complex fuzzy set (CoFS) _F on uni-
verse Ǚ with mappings ᾄѾ, ξѾ : Ǚ ⟶ ½0, 1� is defined as

_F = σ, ᾄѾ σð Þe 2πið ÞξѾ σð Þ
� �

: σ ∈Ǚ
n o

, ð2Þ

where ᾄѾ and ξѾ denote the amplitude and phase terms of
degree of membership of σ.

Definition 3. (see [23]). A complex interval-valued fuzzy set
(CoIVFS) _F on a universe Ǚ with mappings ᾄ−Ѿ, ᾄ+Ѿ, ξ−Ѿ,
ξ+Ѿ : Ǚ ⟶ ½0, 1� can be written as

_F = σ; ; ᾄ−Ѿ σð Þ, ᾄ+Ѿ σð Þ½ �e 2πið Þ ξ−Ѿ σð Þ,ξ+Ѿ σð Þ½ � : σ ∈Ǚ
� �n o

, ð3Þ

where ᾄ−ѾðσÞ and ᾄ+ѾðσÞ are right and left ends of amplitude
term of membership grade of an interval, respectively, and
ξ−ѾðσÞ and ξ+ѾðσÞ are right and left ends of amplitude term
of membership grade of the interval, respectively. Moreover,
ᾄ−ѾðσÞ ≤ ᾄ+ѾðσÞ and ξ−ѾðσÞ ≤ ξ+ѾðσÞ.

Definition 4 (see [13]). An intuitionistic fuzzy set (IFS) _F
on a universe Ǚ with a mapping Ѿ, ϑ : Ǚ ⟶ ½0, 1� can
be defined as

_F = σ,Ѿ σð Þ, ϑ σð Þ� �
: σ ∈Ǚ

n o
: ð4Þ

Given that 0 ≤ѾðσÞ + ϑðσÞ ≤ 1, where ѾðσÞ and ϑðσÞ
are membership and nonmembership grades.

Definition 5 (see [25]). A set on a universe Ǚ is said to be
complex intuitionistic fuzzy set (CoIFS) _F such as

_F = σ, ᾄѾ σð Þe
2πið ÞξѾ σð Þ, ᾄϑ σð Þe 2πið Þξϑ σð Þ

� �
: σ ∈Ǚ

n o
, ð5Þ

where ᾄѾ, ᾄϑ : Ǚ ⟶ ½0, 1� denote the amplitude terms of
membership and nonmembership grades, respectively, and
ξѾ, ξϑ : Ǚ ⟶ ½0, 1� denote the phase terms of membership
and nonmembership grades, given that ᾄѾ + ᾄϑ ≤ 1 and
ξѾ + ξϑ ≤ 1.

Definition 6 (see [18]). A picture fuzzy set (PFS) _F on a uni-
verse Ǚ with real-valued mappings Ѿ, Ø, ϑ : Ǚ ⟶ ½0, 1�
can be defined as

_F = σ,Ѿ σð Þ,Ø σð Þ, ϑ σð Þ: σ ∈Ǚ
n o

, ð6Þ

where a condition 0 ≤ѾðσÞ +ØðσÞ + ϑðσÞ ≤ 1 and ѾðσÞ,
ØðσÞ, ϑðσÞ are membership, indeterminacy, and nonmem-
bership grades of σ.

Definition 7 (see [28]). A complex picture fuzzy set (CoPFS)
_F on a universe Ǚ can be expressed as

_F = σ, ᾄѾ σð Þe 2πið ÞξѾ σð Þ, ᾄØ σð Þe 2πið ÞξØ σð Þ, ᾄϑ σð Þe 2πið Þξϑ σð Þ
n o

,

ð7Þ

where ᾄѾ, ᾄØ, ᾄϑ : Ǚ ⟶ ½0, 1� are amplitude terms and

ξѾ, ξØ, ξϑ : Ǚ ⟶ ½0, 1� are phase terms of membership
indeterminacy and nonmembership grades, respectively.
Moreover, ᾄѾ + ᾄØ + ᾄϑ ≤ 1 and ξѾ + ξØ + ξϑ ≤ 1.

Definition 8 (see [30]). A cubic fuzzy set (CFS) _F on a
universe Ǚ can be defined as

_F = σ, A σð Þ, B σð Þð Þ: σ ∈Ǚ
n o

, ð8Þ

where A : Ǚ ⟶ ½0, 1� denotes the membership and BðσÞ
= ½Ѿ+,Ѿ−� ∋Ѿ+,Ѿ−

: Ǚ ⟶ ½0, 1� denotes the interval
of membership.

Definition 9 (see [35]). On a universe Ǚ , a complex cubic
fuzzy set (CCFS) _F can be defined as

_F = σ,Ѿc σð Þ, Ѿ
−
c σð Þ,Ѿ+

c σð Þ
h i� �

: σ ∈Ǚ
n o

, ð9Þ

where ѾcðσÞ denotes the complex membership and B½Ѿ−
c

ðσÞ,Ѿ+
c ðσÞ� denotes the interval of complex membership.
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Definition 10 (see [33]). A cubic intuitionistic fuzzy set
(CIFS) _F on a universe Ǚ is defined by

_F = σ, Ѿ σð Þ, ϑ σð Þ� �
, Ѿ−

σð Þ,Ѿ+
σð Þ

h i
, ϑ− σð Þ, ϑ+ σð Þ� �� �� �

: σ ∈Ǚ
n o

,

ð10Þ

where ѾðσÞ and ϑðσÞ are membership and nonmember-
ship, respectively, and ½Ѿ−ðσÞ,Ѿ+ðσÞ� and ½ϑ−ðσÞ, ϑ+ðσÞ�
are intervals of membership and nonmembership,
respectively.

Definition 11 (see [37]). A complex cubic intuitionistic fuzzy
set (CoCIFS) _F on a universe Ǚ is defined by

_F = σð , Ѿc σð Þ, ϑc σð Þ� �
, Ѿ−

c σð Þ,Ѿ+
c σð Þ

h i
, ϑ−c σð Þ, ϑ+c σð Þ� �� �

: σ ∈Ǚ
n o

,

ð11Þ

whereѾðσÞ and ϑðσÞ are complex membership and complex
nonmembership, respectively, and ½Ѿ−ðσÞ,Ѿ+ðσÞ� and
½ϑ−ðσÞ, ϑ+ðσÞ� are intervals of complex membership and
complex nonmembership, respectively.

Hence, a CoCIFS can be expressed as

_F = σ, ᾄѾ σð Þe 2πið ÞξѾ σð Þ, ᾄϑ σð Þe 2πið Þξϑ σð Þ
� ��

,

8>><
>>:

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BB@

1
CCA: σ ∈Ǚ

9>>=
>>;,

ð12Þ

such that ᾄѾðσÞ + ᾄϑðσÞ ≤ 1 and ξѾðσÞ + ξϑðσÞ ≤ 1. More-
over, ᾄ+ѾðσÞ + ᾄ+ϑ ðσÞ ≤ 1 and ξ+ѾðσÞ + ξ+ϑ ðσÞ ≤ 1.

Definition 12 (see [39]). A cubic picture fuzzy set (CPFS) _F
on a universe Ǚ can be defined as

_F = σ, Ѿ σð Þ,Ø σð Þ, ϑ σð Þ� �
, Ѿ

−
σð Þ,Ѿ+

σð Þ
h i

, Ø− σð Þ,Ø+ σð Þ½ �,
�n

ϑ− σð Þ, ϑ+ σð Þ� �Þ: σ ∈Ǚg,
ð13Þ

where ѾðσÞ,ØðσÞ, and ϑðσÞ are membership, indetermi-
nacy, and nonmembership, respectively, and ½Ѿ−ðσÞ,Ѿ+

ðσÞ�, ½Ø−ðσÞ,Ø+ðσÞ�, and ½ϑ−ðσÞ, ϑ+ðσÞ� are intervals of
membership, indeterminacy, and nonmembership,
respectively.

Hence, a CPFS can be expressed as

_F = σ,

ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄϑ σð Þe 2πið Þξϑ σð Þ

0
BBB@

1
CCCA

0
BBB@

1
CCCA,

8>>>>><
>>>>>:

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBBB@

1
CCCCCCA
: σ ∈Ǚ

9>>>>>>=
>>>>>>;
:

ð14Þ

3. Main Results

By using previously defined basic concepts, the CoCPFSs,
Cartesian product of two CoCPFSs, CoCPFRs, and their
types are defined.

Definition 13. A complex cubic picture fuzzy set (CoCPFS) _F
on a universe Ǚ can be defined as

U = σ, Ѿc σð Þ,Øc σð Þ, ϑc σð Þ� �
, Ѿ−

c σð Þ,Ѿ+
c σð Þ

h i
, Ø−

c σð Þ,Ø+
c σð Þ½ �,

�n
ϑ−c σð Þ, ϑ+c σð Þ� �Þ: σ ∈Ǚg,

ð15Þ

where ѾcðσÞ and ½Ѿ−
c ðσÞ,Ѿ+

c ðσÞ� are complex-valued
membership and complex interval-valued membership
grades, ØcðσÞ and ½Ø−

c ðσÞ,Ø+
c ðσÞ� are complex-valued inde-

terminacy and interval-valued indeterminacy grades, and
ϑcðσÞ and ½ϑ−c ðσÞ, ϑ+c ðσÞ� are complex-valued nonmember-
ship and interval-valued nonmembership grades, respec-
tively. CCPFS can also be defined as

_F = σ,

ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ σð Þe 2πið Þξϑ σð Þ

0
BBB@

1
CCCA,

8>>>>><
>>>>>:

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBBB@

1
CCCCCCA
: σ ∈Ǚ

9>>>>>>>=
>>>>>>>;
,

ð16Þ

with condition 0 ≤ ᾄѾ, ᾄØ, ᾄ ϑ, ξѾ, ξØ, ξϑ ≤ 1, ᾄ−Ѿ ≤ ᾄ+Ѿ,
ᾄ−Ø ≤ ᾄ+Ø, ᾄ−ϑ ≤ ᾄ+ϑ , and 0 ≤ ξ−Ѿ, ξ+Ѿ, ξ−Ø, ξ+Ø, ξ−ϑ , ξ+ϑ ≤ 1 and
ξ−Ѿ ≤ ξ+Ѿ, ξ−Ø ≤ ξ+Ø, ξ

−
ϑ ≤ ξ+ϑ .
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Definition 14. Take two CoCPFSs

Then, their Cartesian product is

where ᾄѾðσ, τÞ =min fᾄѾðσÞ, ᾄѾðτÞg, ᾄØðσ, τÞ =min fᾄØ
ðσÞ, ᾄØðτÞg, ᾄϑðσ, τÞ =max fᾄϑðσÞ, ᾄϑðτÞg, ξѾðσ, τÞ =min
fξѾðσÞ, ξѾðτÞg, ξØðσ, τÞ =min fξØðσÞ, ξØðτÞg, ξϑðσ, τÞ =
max fξϑðσÞ, ξϑðτÞg, ᾄ−mðσ, τÞ =min fᾄ−mðσÞ, ᾄ−mðτÞg, ᾄ+Ѿðσ,
τÞ = fᾄ+ѾðσÞ, ᾄ+ѾðτÞg, ᾄ−Øðσ, τÞ =min fᾄ−ØðσÞ, ᾄ−ØðτÞg, ᾄ+Øðσ
, τÞ =min fᾄ+ØðσÞ, ᾄ+ØðτÞg,ᾄ−ϑ ðσ, τÞ=max fᾄ−ϑ ðσÞ, ᾄ−ϑ ðτÞg, ᾄ+ϑ
ðσ, τÞ =max fᾄ+ϑ ðσÞ, ᾄ+ϑ ðτÞg, ξ−Ѿðσ, τÞ =min fξ−ѾðσÞ, ξ−ѾðτÞ

g, ξ+Ѿðσ, τÞ =min fξ+ѾðσÞ, ξ+ѾðτÞg, ξ−Øðσ, τÞ = min fξ−ØðσÞ
, ξ−ØðτÞg, ξ+Øðσ, τÞ =min fξ+ØðσÞ, ξ+ØðτÞg, ξ−ϑ ðσ, τÞ =max fξ−ϑ ð
σÞ, ξ−ϑ ðτÞg, and ξ +

ϑ ðσ, τÞ =max fξ+ϑ ðσÞ, ξ+ϑ ðτÞg.

Example 1.
Let O be a CoCPFS defined as

U = σ,
ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ σð Þe 2πið Þξϑ σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBB@

1
CCCCCA: σ ∈Ǚ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
,

V = τ,
ᾄѾ τð Þe 2πið ÞξѾ τð Þ,

ᾄØ τð Þe 2πið ÞξØ τð Þ,

ᾄ ϑ τð Þe 2πið Þξϑ τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τð Þe 2πið Þξ−Ѿ τð Þ, ᾄ+Ѿ τð Þe 2πið Þξ+Ѿ τð Þ
h i

,

ᾄ−Ø τð Þe 2πið Þξ−Ø τð Þ, ᾄ+Ø τð Þe 2πið Þξ+Ø τð Þ
h i

,

ᾄ−ϑ τð Þe 2πið Þξ−ϑ τð Þ, ᾄ+ϑ τð Þe 2πið Þξ+ϑ τð Þ
h i

0
BBBBB@

1
CCCCCA: τ ∈Ǚ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
:

ð17Þ

U ×V = σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA: σ, τ ∈Ǚ

9>>>>>>=
>>>>>>;
,

8>>>>>>><
>>>>>>>:

ð18Þ

O =

o1,
0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,

0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2,
0:50e0:20 2πið Þ, 0:12e0:25 2πið Þ,

0:32e0:55 2πið Þ

 !
,

0:30e0:23 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3,
0:11e0:09 2πið Þ, 0:38e0:33 2πið Þ,

0:51e0:47 2πið Þ

 !
,

0:37e0:03 2πið Þ, 0:49e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:31 2πið Þ
h i

,

0:11e0:31 2πið Þ, 0:15e0:39 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

: ð19Þ
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The Cartesian product O ×O is

Definition 15. Any subcollection of the Cartesian products of
CoCPFSs is known as CoCPF relation (CoCPFR) and
denoted by R.

Example 2. From Equation (20), the subset R is a CoCPFR
on CoCPFS O.

O ×O =

o1, o1ð Þ, 0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o2ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o3ð Þ, 0:11e0:09 2πið Þ, 0:31e0:10 2πið Þ,
0:51e0:57 2πið Þ

 !
,

0:10e0:03 2πið Þ, 0:20e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o1ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o2ð Þ, 0:50e0:20 2πið Þ, 0:12e0:25 2πið Þ,
0:32e0:55 2πið Þ

 !
,

0:30e0:23 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o3ð Þ, 0:11e0:09 2πið Þ, 0:12e0:25 2πið Þ,
0:51e0:55 2πið Þ

 !
,

0:30e0:03 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

,

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o1ð Þ, 0:11e0:09 2πið Þ, 0:31e0:10 2πið Þ,
0:51e0:57 2πið Þ

 !
,

0:10e0:03 2πið Þ, 0:20e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o2ð Þ, 0:11e0:09 2πið Þ, 0:12e0:25 2πið Þ,
0:51e0:55 2πið Þ

 !
,

0:30e0:03 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

,

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o3ð Þ, 0:11e0:09 2πið Þ, 0:38e0:33 2πið Þ,
0:51e0:47 2πið Þ

 !
,

0:37e0:03 2πið Þ, 0:49e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:31 2πið Þ
h i

,

0:11e0:31 2πið Þ, 0:15e0:39 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

: ð20Þ

R =

o1, o1ð Þ, 0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o2ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o3ð Þ, 0:11e0:09 2πið Þ, 0:31e0:10 2πið Þ,
0:51e0:57 2πið Þ

 !
,

0:10e0:03 2πið Þ, 0:20e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

:

ð21Þ
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Definition 16. A CoCPF relation R is said to be complex
cubic picture reflexive fuzzy relation (CoCP reflexive FR)
on a CCPFS Ǚ , if

This implies

Definition 17. A CoCPF relation R is said to be complex
cubic picture symmetric fuzzy relation (CoCP symmetric
FR) on CoCPFS Ǚ , if

If

∀ σ,
ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ σð Þe 2πið Þξϑ σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈Ǚ : ð22Þ

∀ σ, σð Þ,
ᾄѾ σ, σð Þe 2πið ÞξѾ σ,σð Þ,

ᾄØ σ, σð Þe 2πið ÞξØ σ,σð Þ,

ᾄ ϑ σ, σð Þe 2πið Þξϑ σ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, σð Þe 2πið Þξ−Ѿ σ,σð Þ, ᾄ+Ѿ σ, σð Þe 2πið Þξ+Ѿ σ,σð Þ
h i

,

ᾄ−Ø σ, σð Þe 2πið Þξ−Ø σ,σð Þ, ᾄ+Ø σ, σð Þe 2πið Þξ+Ø σ,σð Þ
h i

,

ᾄ−ϑ σ, σð Þe 2πið Þξ−ϑ σ,σð Þ, ᾄ+ϑ σ, σð Þe 2πið Þξ+ϑ σ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R: ð23Þ

∀ σ,
ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ σð Þe 2πið Þξϑ σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA,

τ,
ᾄѾ τð Þe 2πið ÞξѾ τð Þ,

ᾄØ τð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ τð Þe 2πið Þξϑ τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τð Þe 2πið Þξ−Ѿ τð Þ, ᾄ+Ѿ τð Þe 2πið Þξ+Ѿ τð Þ
h i

,

ᾄ−Ø τð Þe 2πið Þξ−Ø τð Þ, ᾄ+Ø τð Þe 2πið Þξ+Ø τð Þ
h i

,

ᾄ−ϑ τð Þe 2πið Þξ−ϑ τð Þ, ᾄ+ϑ τð Þe 2πið Þξ+ϑ τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈Ǚ:

ð24Þ

∀ σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R: ð25Þ
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Then, there exists

Definition 18. A CoCPF relation R is said to be complex
cubic picture transitive fuzzy relation (CoCP transitive FR)
on CoCPFS Ǚ , if

Definition 19. A CoCPF relation R is said to be complex
cubic picture fuzzy equivalence relation, if it is

(i) CoCP reflexive FR

(ii) CoCP symmetric FR

(iii) CoCP transitive FR

Definition 20. ACoCPFrelation is knownas complex cubicpic-
ture antisymmetric fuzzy relation (CoCP anti-symmetric FR), if

Then,

τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R: ð26Þ

∀ σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BBB@

1
CCCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBBB@

1
CCCCCCA

0
BBBBBB@

1
CCCCCCA
and τ,ϣð Þ,

ᾄѾ τ,ϣð Þe 2πið ÞξѾ τ,ϣð Þ,

ᾄØ τ,ϣð Þe 2πið ÞξØ τ,ϣð Þ,

ᾄ ϑ τ,ϣð Þe 2πið Þξϑ τ,ϣð Þ

0
BBB@

1
CCCA,

0
BBB@

ᾄ−Ѿ τ,ϣð Þe 2πið Þξ−Ѿ τ,ϣð Þ, ᾄ+Ѿ τ,ϣð Þe 2πið Þξ+Ѿ τ,ϣð Þ
h i

,

ᾄ−Ø τ,ϣð Þe 2πið Þξ−Ø τ,ϣð Þ, ᾄ+Ø τ,ϣð Þe 2πið Þξ+Ø τ,ϣð Þ
h i

,

ᾄ−ϑ τ,ϣð Þe 2πið Þξ−ϑ τ,ϣð Þ, ᾄ+ϑ τ,ϣð Þe 2πið Þξ+ϑ τ,ϣð Þ
h i

0
BBBBBB@

1
CCCCCCA

1
CCCCCCA

∈ R⟹ σ,ϣð Þ,
ᾄѾ σ,ϣð Þe 2πið ÞξѾ σ,ϣð Þ,

ᾄØ σ,ϣð Þe 2πið ÞξØ σ,ϣð Þ,

ᾄ ϑ σ,ϣð Þe 2πið Þξϑ σ,ϣð Þ

0
BBB@

1
CCCA,

ᾄ−Ѿ σ,ϣð Þe 2πið Þξ−Ѿ σ,ϣð Þ, ᾄ+Ѿ σ,ϣð Þe 2πið Þξ+Ѿ σ,ϣð Þ
h i

,

ᾄ−Ø σ,ϣð Þe 2πið Þξ−Ø σ,ϣð Þ, ᾄ+Ø σ,ϣð Þe 2πið Þξ+Ø σ,ϣð Þ
h i

,

ᾄ−ϑ σ,ϣð Þe 2πið Þξ−ϑ σ,ϣð Þ, ᾄ+ϑ σ,ϣð Þe 2πið Þξ+ϑ σ,ϣð Þ
h i

0
BBBBBB@

1
CCCCCCA

0
BBBBBB@

1
CCCCCCA

∈ R:

ð27Þ

∀ σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R: ð28Þ

τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∉ R: ð29Þ
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Definition 21. A CoCPF relation R is said to be complex
cubic partial order fuzzy relation, if

(i) CoCP reflexive FR

(ii) CoCP antisymmetric FR

(iii) CoCP transitive FR

Definition 22. A CCPF relation R is said to be complex cubic
picture complete fuzzy relation (CCP complete FR), if

Then, there exist

Definition 23. A CoCPF relation R is said to be complex
cubic picture preorder fuzzy relation (CoCP preorder FR),
if it is

(i) CoCP reflexive FR

(ii) CoCP transitive FR

Definition 24. A CoCPF relation R is said to be complex
cubic picture strict order fuzzy relation (CoCP strict order
FR), if it is

(i) CoCP irreflexive FR

(ii) CoCP transitive FR

Definition 25. A CoCPF relation R is said to be complex
cubic picture linear order fuzzy relation (CoCP linear order
FR), if it is

(i) CoCP reflexive FR

(ii) CoCP anti symmetric FR

(iii) CoCP transitive FR

(iv) CoCP complete FR

Example 3. Considering the Cartesian product in Equation
(20), the following relations are given as

(a) the CoCP equivalence FR R1 on O is

∀ σ,
ᾄѾ σð Þe 2πið ÞξѾ σð Þ,

ᾄØ σð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ σð Þe 2πið Þξϑ σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σð Þe 2πið Þξ−Ѿ σð Þ, ᾄ+Ѿ σð Þe 2πið Þξ+Ѿ σð Þ
h i

,

ᾄ−Ø σð Þe 2πið Þξ−Ø σð Þ, ᾄ+Ø σð Þe 2πið Þξ+Ø σð Þ
h i

,

ᾄ−ϑ σð Þe 2πið Þξ−ϑ σð Þ, ᾄ+ϑ σð Þe 2πið Þξ+ϑ σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA,

τ,
ᾄѾ τð Þe 2πið ÞξѾ τð Þ,

ᾄØ τð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ τð Þe 2πið Þξϑ τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τð Þe 2πið Þξ−Ѿ τð Þ, ᾄ+Ѿ τð Þe 2πið Þξ+Ѿ τð Þ
h i

,

ᾄ−Ø τð Þe 2πið Þξ−Ø τð Þ, ᾄ+Ø τð Þe 2πið Þξ+Ø τð Þ
h i

,

ᾄ−ϑ τð Þe 2πið Þξ−ϑ τð Þ, ᾄ+ϑ τð Þe 2πið Þξ+ϑ τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈Ǚ :

ð30Þ

σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R,

or τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R:

ð31Þ
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(b) the CoCP partial order FR R2 on O is

R1 =

o1, o1ð Þ, 0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o2ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o1ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o2ð Þ, 0:50e0:20 2πið Þ, 0:12e0:25 2πið Þ,
0:32e0:55 2πið Þ

 !
,

0:30e0:23 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o3ð Þ, 0:11e0:09 2πið Þ, 0:38e0:33 2πið Þ,
0:51e0:47 2πið Þ

 !
,

0:37e0:03 2πið Þ, 0:49e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:31 2πið Þ
h i

,

0:11e0:31 2πið Þ, 0:15e0:39 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

:

ð32Þ

R2 =

o1, o1ð Þ, 0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o2ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o3ð Þ, 0:11e0:09 2πið Þ, 0:31e0:10 2πið Þ,
0:51e0:57 2πið Þ

 !
,

0:10e0:03 2πið Þ, 0:20e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o2ð Þ, 0:50e0:20 2πið Þ, 0:12e0:25 2πið Þ,
0:32e0:55 2πið Þ

 !
,

0:30e0:23 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o3ð Þ, 0:11e0:09 2πið Þ, 0:12e0:25 2πið Þ,
0:51e0:55 2πið Þ

 !
,

0:30e0:03 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

,

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o3ð Þ, 0:11e0:09 2πið Þ, 0:38e0:33 2πið Þ,
0:51e0:47 2πið Þ

 !
,

0:37e0:03 2πið Þ, 0:49e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:31 2πið Þ
h i

,

0:11e0:31 2πið Þ, 0:15e0:39 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

:

ð33Þ
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(c) the CoCP preorder FR R2 on O is

Definition 26. The converse of a CoCPF relation R is
defined as

R3 =

o1, o1ð Þ, 0:30e0:21 2πið Þ, 0:31e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:36 2πið Þ
h i

, 0:33e0:14 2πið Þ, 0:49e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o2ð Þ, 0:30e0:20 2πið Þ, 0:12e0:10 2πið Þ,
0:32e0:57 2πið Þ

 !
,

0:10e0:23 2πið Þ, 0:20e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o1, o3ð Þ, 0:11e0:09 2πið Þ, 0:31e0:10 2πið Þ,
0:51e0:57 2πið Þ

 !
,

0:10e0:03 2πið Þ, 0:20e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:21 2πið Þ
h i

,

0:11e0:34 2πið Þ, 0:29e0:41 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o2ð Þ, 0:50e0:20 2πið Þ, 0:12e0:25 2πið Þ,
0:32e0:55 2πið Þ

 !
,

0:30e0:23 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o2, o3ð Þ, 0:11e0:09 2πið Þ, 0:12e0:25 2πið Þ,
0:51e0:55 2πið Þ

 !
,

0:30e0:03 2πið Þ, 0:43e0:26 2πið Þ
h i

, 0:13e0:14 2πið Þ, 0:19e0:18 2πið Þ
h i

,

0:21e0:45 2πið Þ, 0:29e0:56 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

o3, o3ð Þ, 0:11e0:09 2πið Þ, 0:38e0:33 2πið Þ,
0:51e0:47 2πið Þ

 !
,

0:37e0:03 2πið Þ, 0:49e0:16 2πið Þ
h i

, 0:23e0:14 2πið Þ, 0:26e0:31 2πið Þ
h i

,

0:11e0:31 2πið Þ, 0:15e0:39 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

:

ð34Þ

Rc =

τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA:

∀ σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

: ð35Þ
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Definition 27. Let R1and R2 be two CoCPF relations on a
CoCPFS Ǚ . Then, the complex cubic picture composite
fuzzy relation R1 ∘ R2 is defined as follows:

For any

Then,

Definition 28. For CoCPF equivalence fuzzy relation R, the
CoCPF equivalence class of σ modulo R is defined as

σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R1:

τ,ϣð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R2:

ð36Þ

σ,ϣð Þ,
ᾄѾ σ,ϣð Þe 2πið ÞξѾ σ,ϣð Þ,

ᾄØ σ,ϣð Þe 2πið ÞξØ σ,ϣð Þ,

ᾄ ϑ σ,ϣð Þe 2πið Þξϑ σ,ϣð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ,ϣð Þe 2πið Þξ−Ѿ σ,ϣð Þ, ᾄ+Ѿ σ,ϣð Þe 2πið Þξ+Ѿ σ,ϣð Þ
h i

,

ᾄ−Ø σ,ϣð Þe 2πið Þξ−Ø σ,ϣð Þ, ᾄ+Ø σ,ϣð Þe 2πið Þξ+Ø σ,ϣð Þ
h i

,

ᾄ−ϑ σ,ϣð Þe 2πið Þξ−ϑ σ,ϣð Þ, ᾄ+ϑ σ,ϣð Þe 2πið Þξ+ϑ σ,ϣð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R1 ∘ R2: ð37Þ

R σ½ � =

τ,
ᾄѾ τð Þe 2πið ÞξѾ τð Þ,

ᾄØ τð Þe 2πið ÞξØ σð Þ,

ᾄ ϑ τð Þe 2πið Þξϑ τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τð Þe 2πið Þξ−Ѿ τð Þ, ᾄ+Ѿ τð Þe 2πið Þξ+Ѿ τð Þ
h i

,

ᾄ−Ø τð Þe 2πið Þξ−Ø τð Þ, ᾄ+Ø τð Þe 2πið Þξ+Ø τð Þ
h i

,

ᾄ−ϑ τð Þe 2πið Þξ−ϑ τð Þ, ᾄ+ϑ τð Þe 2πið Þξ+ϑ τð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA:

τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ R

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

: ð38Þ
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Theorem 29. A CoCPFR R is a CoCP symmetric FR on a
CoCPFS Ǚ if R = Rc:

Proof. Necessity condition:
Suppose that R is a CoCP symmetric FR on a CoCPFS Ǚ .

Then,

However,

Sufficient condition: LetR = Rc, then

We have

σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BBB@

1
CCCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
h i

,

ᾄ−ϑ σ, τð Þe 2πið Þξ−ϑ σ,τð Þ, ᾄ+ϑ σ, τð Þe 2πið Þξ+ϑ σ,τð Þ
h i

0
BBBBBB@

1
CCCCCCA

0
BBBBBB@

1
CCCCCCA

� ∈ R⟺ τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BBB@

1
CCCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBBB@

1
CCCCCCA

0
BBBBBB@

1
CCCCCCA

∈ R:

ð39Þ

τ, σð Þ,
ᾄѾ τ, σð Þe 2πið ÞξѾ τ,σð Þ,

ᾄØ τ, σð Þe 2πið ÞξØ τ,σð Þ,

ᾄ ϑ τ, σð Þe 2πið Þξϑ τ,σð Þ

0
BB@

1
CCA,

ᾄ−Ѿ τ, σð Þe 2πið Þξ−Ѿ τ,σð Þ, ᾄ+Ѿ τ, σð Þe 2πið Þξ+Ѿ τ,σð Þ
h i

,

ᾄ−Ø τ, σð Þe 2πið Þξ−Ø τ,σð Þ, ᾄ+Ø τ, σð Þe 2πið Þξ+Ø τ,σð Þ
h i

,

ᾄ−ϑ τ, σð Þe 2πið Þξ−ϑ τ,σð Þ, ᾄ+ϑ τ, σð Þe 2πið Þξ+ϑ τ,σð Þ
h i

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA ∈ Rc

⟹R = Rc: ð40Þ

σ, τð Þ,
ᾄѾ σ, τð Þe 2πið ÞξѾ σ,τð Þ,

ᾄØ σ, τð Þe 2πið ÞξØ σ,τð Þ,

ᾄ ϑ σ, τð Þe 2πið Þξϑ σ,τð Þ

0
BB@

1
CCA,

ᾄ−Ѿ σ, τð Þe 2πið Þξ−Ѿ σ,τð Þ, ᾄ+Ѿ σ, τð Þe 2πið Þξ+Ѿ σ,τð Þ
h i

,

ᾄ−Ø σ, τð Þe 2πið Þξ−Ø σ,τð Þ, ᾄ+Ø σ, τð Þe 2πið Þξ+Ø σ,τð Þ
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This implies that

This is required result.

Theorem 30. A CoCPFR R is a CoCP transitive FR on a
CoCPFS Ǚ if R ∘ R ⊆ R.

Proof. Necessity condition
Assume that R is an CoCP transitive FR on CoCPFS Ǚ .
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Conversely, assume that R ∘ R ⊆ R, then

And

This implies

So,

Hence, R is CoCP transitive FR on Ǚ .

Theorem 31. Suppose R is a CoCPF equivalence FR on
CoCPFS Ǚ , then R ∘ R = R.
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Then by symmetry of CoCP equivalence FR,

Now by using transitive property,

Hence, by definition of CoCP composite FR,

Thus,

R ⊆ R ∘ R: ð55Þ

Conversely, suppose that ðσ, τÞ ∈ R ∘ R. Then, ∃w ∈ Y ∋
ðσ,ϣÞ ∈ R and ðϣ, τÞ ∈ R. Since, R is a CoCP equivalence
FR, R is also a CoCP transitive FR. Thus,

This implies

R ∘ R ⊆ R: ð57Þ

From (55) to (57), R ∘ R = R

4. Application

In this section, an application of newly proposed concepts
CoCPFSs, CoCPFRs and theirs types is discussed.

4.1. Protection of E-Commerce from Digital Extortions. E-
commerce is buying and selling of goods over internet. In
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such transactions, these products and goods are sold through
an electronic medium without using any paper document.
Almost everything can be purchased through e-commerce. It
focuses on the use of information and communication tech-
nology to enable the external activities and relationships of
the business with individuals, groups, and other businesses.
It facilitates the human lives to buy things at home. The recent
outbreak of COVID-19 has dramatically changed the current
business climate. For stores that have closed their doors, for
the time being, having a reliable e-commerce platform can
help to create stable revenue and save business. This pandemic
has affected consumer behavior. People are now choosing to
shop online to avoid contacts with other. This rapid grow of
e-commerce is facing many types of threats and risks. These
threats can put negative impact on e-commerce, which results
in losses of money. Some threats and methods used for
security purposes are discussed below. Figure 1 presents the
algorithm of application.

Here, each threat has been assigned membership, inde-
terminacy, and nonmembership grades. These all grades

are set by experts according to their work. The membership
grade of threats indicates its weakness; indeterminacy indi-
cates neutral effect, indeterminacy indicates the neutral
effect of threat, and nonmembership grades show the
strength of threats. Amplitude term indicates the term which
indicates the level of strength or weakness, and phase term
show the time duration of level of strength or weakness.

4.1.1. Securities. The method use to secure e-commerce is
discussed below and assigned membership, indeterminacy,
and nonmembership to each security. Table 1 contains all
the abbreviations for security measures.

(1) Strong Cybersecurity. A strong cybersecurity is the appli-
cation of technologies, processes, and controls to protest sys-
tem, devices, and data from cyberattacks. It protects against
the unauthorized exploitation of system. A robust cyberse-
curity strategy is the best defense against attack but many
organizations do not know where to begin.

(2) Securing Payment Gateway. It is a payment gateway as a
merchant service that processes credit cards payments for e-

commerce sites and traditional brick and motor stores. Pop-
ular payment gateways include PayPal, Stripe, and Square.

(3) Mobile Devices. Mobility is an essential part of busi-
ness these days. However, while it is necessary, the use
of personal phones and mobile devices for work can
open your business to additional security risks. If you
plan to allow your employees to use their personal

devices for business purposes, you need to be sure you
have security policies in place, including requirements
that devices be password-protected to prevent outside
access to confidential data in the event that devices are
lost or stolen.

Securities
assign
grades

Threats
assign
grades

Cartesian
product

Read the
information

Figure 1: Algorithm of application.

Table 1: Summary of securities.

Securities Abbreviations

Strong cybersecurity SCS
Securing payment gateway SPG
Mobile devices MD
Solid rock firewall SRF
Antimalware software AMS
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(4) Solid Rock Firewalls. Use effective e-commerce software
and plugins to bar untrusted networks and regulate the
inflow and outflow of website traffic. They should provide

selective permeability, only permitting trusted traffic to go
through. You can trust the Astra firewall to stop spam, mal-
ware, and many other attacks on your website.

(5) Antimalware Software. The electronic devices, computer
systems, and web system need a program or software that
detects and block malicious software, otherwise known as

malware. Such protective software is called antimalware soft-
ware. An effective antimalware should render all the hidden
malware on your website.

Now the set of securities I is
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CA

0
B@

1
CA,

SR _F,
0:55e042 2πið Þ, 0:09e0:38 2πið Þ,

0:39e0:48 2πið Þ

 !
,

0:03e0:55 2πið Þ, 0:19e0:57 2πið Þ
h i

, 0:43e0:14 2πið Þ, 0:89e0:81 2πið Þ
h i

,

0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

AMS,
0:66e0:58 2πið Þ, 0:33e0:43 2πið Þ,

0:11e0:32 2πið Þ

 !
,

0:33e0:23 2πið Þ, 0:41e0:31 2πið Þ
h i

, 0:52e0:42 2πið Þ, 0:63e0:69 2πið Þ
h i

,

0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

: ð63Þ
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4.1.2. Threats. Some common threats faced in e-commerce
are explained below and assigned the level of membership,
level of abstinence, and level of nonmembership to them.
Table 2 contains all the abbreviations for security threats.

(1) Phishing. It is cyberattack that uses disguised email as a
weapon. The goal is to steal sensitive data like credit cards
and login information.

(2) Spamming. Some hackers can leave infected links in their
comments and messages on blog post and contact forms.

Once you click on such links, they will direct you to their
spam websites, where you may end up being victim.

(3) Bots. Some attackers develop special bots that can scrape
your websites to get information about inventory and prices.
Such hackers can then use the data to lower and modify the

prices in their websites in an attempt to lower your sales and
revenue.

(4) Man, in the Middle. A hacker may listen in on the com-
munication taking place between your e-commerce store

and a user. If the user is connected to a vulnerable Wi-Fi
or network, then attackers can take advantage of that.

(5) e-Skimming. It involves infecting a website’s checkout
pages with malicious software. The intention is to steal the
client’s personal data and payment details.

P,
0:30e0:21 2πið Þ, 0:41e0:90 2πið Þ,

0:32e0:57 2πið Þ

 !
,

0:50e0:23 2πið Þ, 0:43e0:76 2πið Þ
h i

, 0:43e0:14 2πið Þ, 0:89e0:81 2πið Þ
h i

,

0:61e0:45 2πið Þ, 0:79e0:91 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA: ð64Þ

S,
0:11e0:21 2πið Þ, 0:251e0:41 2πið Þ,

0:17e0:67 2πið Þ

 !
,

0:31e0:11 2πið Þ, 0:43e0:89 2πið Þ
h i

, 0:43e0:56 2πið Þ, 0:89e0:91 2πið Þ
h i

,

0:61e0:36 2πið Þ, 0:67e0:54 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA: ð65Þ

B,
0:22e0:59 2πið Þ, 0:78e0:90 2πið Þ,

0:81e0:57 2πið Þ

 !
,

0:17e0:35 2πið Þ, 0:39e0:76 2πið Þ
h i

, 0:71e0:45 2πið Þ, 0:79e0:64 2πið Þ
h i

,

0:81e0:45 2πið Þ, 0:89e0:55 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA: ð66Þ

MIM,
0:07e0:09 2πið Þ, 0:51e0:98 2πið Þ,

0:22e0:43 2πið Þ

 !
,

0:61e0:09 2πið Þ, 0:63e0:21 2πið Þ
h i

, 0:54e0:23 2πið Þ, 0:76e0:41 2πið Þ
h i

,

0:81e0:49 2πið Þ, 0:92e0:71 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA: ð67Þ

eS,
0:90e0:20 2πið Þ, 0:87e0:87 2πið Þ,

0:31e0:67 2πið Þ

 !
,

0:21e0:56 2πið Þ, 0:29e0:59 2πið Þ
h i

, 0:41e0:14 2πið Þ, 0:49e0:81 2πið Þ
h i

,

0:11e0:32 2πið Þ, 0:71e0:91 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA: ð68Þ
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Then the set of threats J is

Now the determining the effectiveness of each security
against each threat, calculate the Cartesian product I × J as
given in Table 3:

Each member of I × J of Table 3 is an ordered pair,
which indicates the relation between that pair, i.e., the effect
of one factor on the other. The degree of membership indi-
cates the effectiveness of security to overcome a specific
threat in particular time duration. The degree of indetermi-
nacy shows the neutral effect of one parameter on the other
parameter over the time. The degree of nonmembership
describes the noneffectiveness of the security to overcome
any threat with phase duration. For example, any ordered

pair ððSR _F, BÞ, 0:22e0:42ð2πiÞ, 0:09e0:38ð2πiÞ,
0:81e057ð2πiÞ

 !
,

½0:03e0:35ð2πiÞ, 0:19e0:57ð2πiÞ�,
½0:43e0:14ð2πiÞ, 0:79e0:64ð2πiÞ�,
½0:81e0:62ð2πiÞ, 0:89e0:87ð2πiÞ�

0
BB@

1
CCAÞ explains that bots can eas-

ily overcome the solid rock firewalls. Further it explains the
present and future effect of the ordered pair. Bots overcome
the threat of SRF, in present, and have low efficacy with
short time, low indeterminacy with short time period, but
a high ineffectiveness for a long period. Given ordered pair
predicts the future forecasting in the form of interval to
reduce the uncertainty. In future, bots have a lower effective-
ness with a normal time period, indeterminacy with long
time duration, and higher level of ineffectiveness for longer
time period. As for as the security concerns, the membership
with long time period is considered better, while nonmem-
bership with less time period is good.

5. Comparative Analysis

In this section, compare the proposed concept of CoCPFRs
with preexisting concepts, i.e., cubic fuzzy relations (CFRs),
complex CFRs (CoCFRs), cubic intuitionistic fuzzy relations
(CIFRs), complex cubic intuitionistic fuzzy relations
(CoCIRs), and cubic picture fuzzy relations (CPFRs).

Table 2: Summary of threats.

Threats Abbreviations

Phishing P
Spamming S
Bots B
Man in the middle MIM
e-Skimming Es

J =

P,
0:30e0:21 2πið Þ, 0:41e0:90 2πið Þ,

0:32e0:57 2πið Þ

 !
,

0:50e0:23 2πið Þ, 0:43e0:76 2πið Þ
h i

, 0:43e0:14 2πið Þ, 0:89e0:81 2πið Þ
h i

,

0:61e0:45 2πið Þ, 0:79e0:91 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

S,
0:11e0:21 2πið Þ, 0:25e0:41 2πið Þ,

0:17e0:67 2πið Þ

 !
,

0:31e0:11 2πið Þ, 0:43e0:89 2πið Þ
h i

, 0:43e0:56 2πið Þ, 0:89e0:91 2πið Þ
h i

,

0:61e0:36 2πið Þ, 0:67e0:54 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

B,
0:22e0:59 2πið Þ, 0:78e0:90 2πið Þ,

0:81e0:57 2πið Þ

 !
,

0:17e0:35 2πið Þ, 0:39e0:76 2πið Þ
h i

, 0:71e0:45 2πið Þ, 0:79e0:64 2πið Þ
h i

,

0:81e0:45 2πið Þ, 0:89e0:55 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

MIM,
0:07e0:09 2πið Þ, 0:51e0:98 2πið Þ,

0:22e0:43 2πið Þ

 !
,

0:61e0:09 2πið Þ, 0:63e0:21 2πið Þ
h i

, 0:54e0:23 2πið Þ, 0:76e0:41 2πið Þ
h i

,

0:81e0:49 2πið Þ, 0:92e0:71 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA,

eS,
0:90e0:20 2πið Þ, 0:87e0:87 2πið Þ,

0:31e0:67 2πið Þ

 !
,

0:21e0:56 2πið Þð Þ, 0:29e0:59 2πið Þ
h i

, 0:41e0:14 2πið Þ, 0:49e0:81 2πið Þ
h i

,

0:11e0:32 2πið Þ, 0:71e0:91 2πið Þ
h i

0
B@

1
CA

0
B@

1
CA

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

: ð69Þ
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Table 3: Cartesian product I × J .

Ordered pair Complex picture fuzzy set Complex interval-valued picture fuzzy set

SCS, Pð Þ
0:30e0:21 2πið Þ, 0:09e0:74 2πið Þ,

0:34e057 2πið Þ

 ! 0:21e0:23 2πið Þ, 0:43e0:67 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:78e0:64 2πið Þ� �

,

0:61e0:45 2πið Þ, 0:93e0:91 2πið Þ� �
 !

SPG, Pð Þ
0:05e0:21 2πið Þ, 0:39e0:51 2πið Þ,

0:32e0:57 2πið Þ

 ! 0:25e0:31 2πið Þ, 0:43e0:37 2πið Þ� �
, 0:43e0:42 2πið Þ, 0:67e0:51 2πið Þ� �

,

0:61e0:54 2πið Þ, 0:85e0:89 2πið Þ� �
 !

MD, Pð Þ
0:04e0:21 2πið Þ, 0:41e0:37 2πið Þ,

0:53e0:67 2πið Þ

 ! 0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �
, 0:47e0:32 2πið Þ, 0:67e0:55 2πið Þ� �

,

0:61e0:45 2πið Þ, 0:79e0:91 2πið Þ� �
 !

SRF, Pð Þ
0:30e0:21 2πið Þ, 0:09e0:38 2πið Þ,

0:39e0:57 2πið Þ

 ! 0:03e0:23 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:89e0:81 2πið Þ� �

,

0:61e0:62 2πið Þ, 0:80e0:91 2πið Þ� �
 !

AMS, Pð Þ
0:30e0:21 2πið Þ, 0:33e0:43 2πið Þ,

0:32e0:57 2πið Þ

 ! 0:33e0:23 2πið Þ, 0:41e0:31 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:63e0:69 2πið Þ� �

,

0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �
 !

SCS, Sð Þ
0:11e0:21 2πið Þ, 0:09e0:41 2πið Þ,

0:34e0:67 2πið Þ

 ! 0:21e0:11 2πið Þ, 0:43e0:67 2πið Þ� �
, 0:43e0:41 2πið Þ, 0:78e0:64 2πið Þ� �

,

0:61e0:45 2πið Þ, 0:93e0:85 2πið Þ� �
 !

SPG, Sð Þ
0:05e0:21 2πið Þ, 0:25e0:41 2πið Þ,

0:22e0:67 2πið Þ

 ! 0:25e0:11 2πið Þ, 0:43e0:37 2πið Þ� �
, 0:43e0:42 2πið Þ, 0:67e0:51 2πið Þ� �

,

0:61e0:54 2πið Þ, 0:85e0:89 2πið Þ� �
 !

MD, Sð Þ
0:04e0:21 2πið Þ, 0:25e0:37 2πið Þ,

0:53e0:67 2πið Þ

 ! 0:17e0:11 2πið Þ, 0:19e0:39 2πið Þ� �
, 0:43e0:32 2πið Þ, 0:67e0:55 2πið Þ� �

,

0:73e0:41 2πið Þ, 0:75e0:78 2πið Þ� �
 !

SRF, Sð Þ
0:11e0:21 2πið Þ, 0:09e0:38 2πið Þ,

0:39e0:67 2πið Þ

 ! 0:03e0:11 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:89e0:91 2πið Þ� �

,

0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ� �
 !

AMS, Sð Þ
0:11e0:21 2πið Þ, 0:25e0:41 2πið Þ,

0:17e0:67 2πið Þ

 ! 0:31e0:11 2πið Þ, 0:41e0:31 2πið Þ� �
, 0:43e0:42 2πið Þ, 0:63e0:69 2πið Þ� �

,

0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �
 !

SCS, Bð Þ
0:22e0:56 2πið Þ, 0:09e0:74 2πið Þ,

0:81e0:57 2πið Þ

 ! 0:17e0:35 2πið Þ, 0:39e0:67 2πið Þ� �
, 0:56e0:41 2πið Þ, 0:78e0:64 2πið Þ� �

,

0:81e0:45 2πið Þ, 0:93e0:85 2πið Þ� �
 !

SPG, Bð Þ
0:22e0:59 2πið Þ, 0:39e0:51 2πið Þ,

0:81e0:51 2πið Þ

 ! 0:17e0:31 2πið Þ, 0:39e0:37 2πið Þ� �
, 0:51e0:42 2πið Þ, 0:67e0:51 2πið Þ� �

,

0:81e0:54 2πið Þ, 0:85e0:89 2πið Þ� �
 !

MD, Bð Þ
0:04e0:51 2πið Þ, 0:45e0:37 2πið Þ,

0:81e0:67 2πið Þ

 ! 0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �
, 0:47e0:32 2πið Þ, 0:67e0:55 2πið Þ� �

,

0:81e0:45 2πið Þ, 0:89e0:78 2πið Þ� �
 !

SRF, Bð Þ
0:22e0:42 2πið Þ, 0:09e0:38 2πið Þ,

0:81e057 2πið Þ

 ! 0:03e0:35 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:79e0:64 2πið Þ� �

,

0:81e0:62 2πið Þ, 0:89e0:87 2πið Þ� �
 !

AMS, Bð Þ
0:22e0:58 2πið Þ, 0:33e0:43 2πið Þ,

0:81e0:57 2πið Þ

 ! 0:17e0:23 2πið Þ, 0:39e0:31 2πið Þ� �
, 0:52e0:42 2πið Þ, 0:63e0:64 2πið Þ� �

,

0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �
 !

SCS, MIMð Þ
0:07e0:09 2πið Þ, 0:09e0:74 2πið Þ,

0:34e0:55 2πið Þ

 ! 0:21e0:09 2πið Þ, 0:63e0:21 2πið Þ� �
, 0:54e0:23 2πið Þ, 0:76e0:41 2πið Þ� �

,

0:81e049 2πið Þ, 0:93e0:85 2πið Þ� �
 !

SPG, MIMð Þ
0:05e0:09 2πið Þ, 0:9e0:51 2πið Þ,

0:22e0:51 2πið Þ

 ! 0:25e0:09 2πið Þ, 0:45e0:21 2πið Þ� �
, 0:51e0:23 2πið Þ, 0:67e0:41 2πið Þ� �

,

0:81e0:54 2πið Þ, 0:92e0:89 2πið Þ� �
 !

MD,MIMð Þ
0:04e0:09 2πið Þ, 0:45e0:37 2πið Þ,

0:53e0:67 2πið Þ

 ! 0:17e0:09 2πið Þ, 0:19e0:21 2πið Þ� �
, 0:47e0:23 2πið Þ, 0:67e0:41 2πið Þ� �

,

0:81e0:41 2πið Þ, 0:92e0:78 2πið Þ� �
 !
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5.1. CoCPFRs with CoFRs, CoIFRs, and CoPFRs. The CoFRs
only describe the membership grade with respect to ampli-
tude and phase terms of an entity. Although it possesses
the properties to model the uncertain problems with peri-
odicity, but it fails to cover the future aspects of a problem.
Moreover, the lack of nonmembership and indeterminacy
also makes it limited in practicality, whereas CoIFRs and
CoPFRs are more generalized structure. They not only pos-

sess the property of amplitude and phase terms but also
define an object with membership, nonmembership, and
indeterminacy. But they also fall short when dealing with
the future aspects. Let us analyze this mathematically by
solving the application problem using complex picture
fuzzy information.

Consider the following CoPFSs for the sets of securities
and threats:

Table 3: Continued.

Ordered pair Complex picture fuzzy set Complex interval-valued picture fuzzy set

SRF, MIMð Þ
0:07e0:09 2πið Þ, 0:09e0:38 2πið Þ,

0:39e0:48 2πið Þ

 ! 0:03e0:09 2πið Þ, 0:19e0:21 2πið Þ� �
, 0:43e0:14 2πið Þ, 0:76e0:41 2πið Þ� �

,

0:81e0:62 2πið Þ, 0:92e0:87 2πið Þ� �
 !

AMS, MIMð Þ
0:07e0:09 2πið Þ, 0:33e0:43 2πið Þ,

0:22e0:43 2πið Þ

 ! 0:33e0:09 2πið Þ, 0:41e0:21 2πið Þ� �
, 0:52e0:23 2πið Þ, 0:63e0:41 2πið Þ� �

,

0:81e0:54 2πið Þ, 0:96e0:95 2πið Þ� �
 !

SCS, eSð Þ
0:41e0:20 2πið Þ, 0:09e0:74 2πið Þ,

0:34e0:55 2πið Þ

 ! 0:21e0:55 2πið Þ, 0:29e0:59 2πið Þ� �
, 0:41e0:14 2πið Þ, 0:49e0:64 2πið Þ� �

,

0:37e0:45 2πið Þ, 0:93e0:91 2πið Þ� �
 !

SPG, eSð Þ
0:05e0:20 2πið Þ, 0:39e0:51 2πið Þ,

0:31e0:67 2πið Þ

 ! 0:21e0:31 2πið Þ, 0:29e0:37 2πið Þ� �
, 0:41e0:14 2πið Þ, 0:49e0:51 2πið Þ� �

,

0:61e0:54 2πið Þ, 0:85e0:91 2πið Þ� �
 !

MD, eSð Þ
0:04e0:20 2πið Þ, 0:45e0:37 2πið Þ,

0:53e0:67 2πið Þ

 ! 0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �
, 0:41e0:14 2πið Þ, 0:49e0:55 2πið Þ� �

,

0:73e0:41 2πið Þ, 0:75e0:91 2πið Þ� �
 !

SRF, eSð Þ
0:55e0:20 2πið Þ, 0:09e0:38 2πið Þ,

0:39e0:67 2πið Þ

 ! 0:03e0:55 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:41e0:14 2πið Þ, 0:49e0:81 2πið Þ� �

,

0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ� �
 !

AMS, eSð Þ
0:66e0:58 2πið Þ, 0:33e0:43 2πið Þ,

0:31e0:67 2πið Þ

 ! 0:21e0:23 2πið Þ, 0:29e0:31 2πið Þ� �
, 0:41e0:14 2πið Þ, 0:49e0:69 2πið Þ� �

,

0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �
 !

I =

SCS,
0:41e0:56 2πið Þ, 0:09e0:74 2πið Þ,

0:34e0:55 2πið Þ

 ! !
, SPG,

0:05e0:47 2πið Þ, 0:39e0:51 2πið Þ,
0:22e0:51 2πið Þ

 ! !
,

MD,
0:04e0:51 2πið Þ, 0:45e0:37 2πið Þ,

0:53e0:67 2πið Þ

 ! !
, SR _F,

0:55e042 2πið Þ, 0:09e0:38 2πið Þ,
0:39e0:48 2πið Þ

 ! !
,

AMS,
0:66e0:58 2πið Þ, 0:33e0:43 2πið Þ,

0:11e0:32 2πið Þ

 ! !

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

,

J =

P,
0:30e0:21 2πið Þ, 0:41e0:90 2πið Þ,

0:32e0:57 2πið Þ

 ! !
, S,

0:11e0:21 2πið Þ, 0:25e0:41 2πið Þ,
0:17e0:67 2πið Þ

 ! !
,

B,
0:22e0:59 2πið Þ, 0:78e0:90 2πið Þ,

0:81e0:57 2πið Þ

 ! !
, MIM,

0:07e0:09 2πið Þ, 0:51e0:98 2πið Þ,
0:22e0:43 2πið Þ

 ! !
,

eS,
0:90e0:20 2πið Þ, 0:87e0:87 2πið Þ,

0:31e0:67 2πið Þ

 ! !

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

:

ð70Þ
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Their Cartesian product is in Table 4:
Each ordered pair of I × J in Table 4 shows the member-

ship, indeterminacy, and nonmembership grades with
amplitude term and phase term. Moreover, the interval part
is missing that is responsible to represent the future aspect
or prediction for a relationship, whereas CoCPFRs are
broader than CoFRs, CoIFRs, and CoPFRs. So, the above-
mentioned structures give limited information.

5.2. CoCPFRs with CFRs, CIFRs, and CPFRs. CFR is a collec-
tion of FS and IVFS. It explains only the amplitude term of
membership and interval-valued membership grades of
any object. CIFRs explain the amplitude term of member-
ship and nonmembership with single variable. CPFR dis-
cussed membership, indeterminacy, and nonmembership
with single variable. They are limited to solve only one-
dimensional problems. These structures are not capable to
solve the periodicity of the problem. On the other hand,
CoCPFSs discuss all the three stages, i.e., membership, inde-
terminacy, and nonmembership with multivariable.

Let consider the previous problem of e-commerce with
CPFSs:

I =

SCS, 0:41,0:09,0:34ð Þ, 0:21,0:73½ �, 0:56,0:78½ �, 0:37,0:93½ �ð Þð Þ,
SPG, 0:05,0:39,0:22ð Þ, 0:25,0:45½ �, 0:51,0:67½ �, 0:61,0:85½ �ð Þð Þ,
MD, 0:04,0:45,0:53ð Þ, 0:17,0:19½ �, 0:47,0:6½ �, 0:73,0:75½ �ð Þð Þ,
SR _F, 0:55,0:09,0:39ð Þ, 0:03,0:19½ �, 0:43,0:89½ �, 0:51,0:80½ �ð Þ� �

,
AMS, 0:66,0:33,0:11ð Þ, 0:33,0:41½ �, 0:52,0:63½ �, 0:77,0:96½ �ð Þð Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
,

J =

P, 0:30,0:41,0:32ð Þ, 0:50,0:43½ �, 0:43,0:89½ �, 0:61,0:79½ �ð Þ� �
,

S, 0:11,0:25,0:17ð Þ, 0:31,0:43½ �, 0:43,0:89½ �, 0:61,0:67½ �ð Þð Þ,
B, 0:22,0:78,0:81ð Þ, 0:1,0:39½ �, 0:7,0:79½ �, 0:81,0:89½ �ð Þð Þ,

MIM, 0:07,0:51,0:22ð Þ, 0:61,0:63½ �, 0:54,0:76½ �, 0:81,0:92½ �ð Þð Þ,
eS, 0:90,0:87,0:31ð Þ, 0:21,0:29½ �, 0:41,0:49½ �, 0:11,0:71½ �ð Þð Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
:

ð71Þ

Then, their Cartesian product is in Table 5:
Each ordered pair of I × J in Table 5 only shows mem-

bership grade without phase terms. CPFR just represents
the amplitude term, but complex fuzzy relations explain

Table 4: Cartesian product I × J .

Ordered pair Membership Indeterminacy Nonmembership

SCS, Pð Þ 0:30e0:21 2πið Þ 0:09e0:74 2πið Þ 0:34e057 2πið Þ

SPG, Pð Þ 0:05e0:21 2πið Þ 0:39e0:51 2πið Þ 0:32e0:57 2πið Þ

MD, Pð Þ 0:04e0:21 2πið Þ 0:41e0:37 2πið Þ 0:53e0:67 2πið Þ

SRF, Pð Þ 0:30e0:21 2πið Þ 0:09e0:38 2πið Þ 0:39e0:57 2πið Þ

AMS, Pð Þ 0:30e0:21 2πið Þ 0:33e0:43 2πið Þ 0:32e0:57 2πið Þ

SCS, Sð Þ 0:11e0:21 2πið Þ 0:09e0:41 2πið Þ 0:34e0:67 2πið Þ

SPG, Sð Þ 0:05e0:21 2πið Þ 0:25e0:41 2πið Þ 0:22e0:67 2πið Þ

MD, Sð Þ 0:04e0:21 2πið Þ 0:25e0:37 2πið Þ 0:53e0:67 2πið Þ

SRF, Sð Þ 0:11e0:21 2πið Þ 0:09e0:38 2πið Þ 0:39e0:67 2πið Þ

AMS, Sð Þ 0:11e0:21 2πið Þ 0:25e0:41 2πið Þ 0:17e0:67 2πið Þ

SCS, Bð Þ 0:22e0:56 2πið Þ 0:09e0:74 2πið Þ 0:81e0:57 2πið Þ

SPG, Bð Þ 0:22e0:59 2πið Þ 0:39e0:51 2πið Þ 0:81e0:51 2πið Þ

MD, Bð Þ 0:04e0:51 2πið Þ 0:45e0:37 2πið Þ 0:81e0:67 2πið Þ

SRF, Bð Þ 0:22e0:42 2πið Þ 0:09e0:38 2πið Þ 0:81e057 2πið Þ

AMS, Bð Þ 0:22e0:58 2πið Þ 0:33e0:43 2πið Þ 0:81e0:57 2πið Þ

SCS, MIMð Þ 0:07e0:09 2πið Þ 0:09e0:74 2πið Þ 0:34e0:55 2πið Þ

SPG, MIMð Þ 0:05e0:09 2πið Þ 0:9e0:51 2πið Þ 0:22e0:51 2πið Þ

MD,MIMð Þ 0:04e0:09 2πið Þ 0:45e0:37 2πið Þ 0:53e0:67 2πið Þ

SRF, MIMð Þ 0:07e0:09 2πið Þ 0:09e0:38 2πið Þ 0:39e0:48 2πið Þ

AMS, MIMð Þ 0:07e0:09 2πið Þ 0:33e0:43 2πið Þ 0:22e0:43 2πið Þ

SCS, eSð Þ 0:41e0:20 2πið Þ 0:09e0:74 2πið Þ 0:34e0:55 2πið Þ

SPG, eSð Þ 0:05e0:20 2πið Þ 0:39e0:51 2πið Þ 0:31e0:67 2πið Þ

MD, eSð Þ 0:04e0:20 2πið Þ 0:45e0:37 2πið Þ 0:53e0:67 2πið Þ

SRF, eSð Þ 0:55e0:20 2πið Þ 0:09e0:38 2πið Þ 0:39e0:67 2πið Þ

AMS, eSð Þ 0:66e0:58 2πið Þ 0:33e0:43 2πið Þ 0:31e0:67 2πið Þ

Table 5: Cartesian product I × J .

Ordered pair Picture fuzzy
grades

Interval-valued picture
fuzzy grades

SCS, Pð Þ 0:30,0:09,0:34ð Þ 0:21,0:43½ �, 0:43,0:78½ �, 0:61,0:93½ �ð Þ
SPG, Pð Þ 0:05,0:39,0:32ð Þ 0:25,0:43½ �, 0:43,0:67½ �, 0:61,0:85½ �ð Þ
MD, Pð Þ 0:04,0:41,0:53ð Þ 0:17,0:19½ �, 0:47,0:67½ �, 0:61,0:79½ �ð Þ
SRF, Pð Þ 0:30,0:09,0:39ð Þ 0:03,0:19½ �, 0:43,0:89½ �, 0:61,0:80½ �ð Þ
AMS, Pð Þ 0:30,0:33,0:32ð Þ 0:33,0:41½ �, 0:43,0:63½ �, 0:77,0:96½ �ð Þ
SCS, Sð Þ 0:11,0:09,0:34ð Þ 0:21,0:43½ �, 0:43,0:78½ �, 0:61,0:93½ �ð Þ
SPG, Sð Þ 0:05,0:25,0:22ð Þ 0:25,0:43½ �, 0:43,0:67½ �, 0:61,0:85½ �ð Þ
MD, Sð Þ 0:04,0:25,0:53ð Þ 0:17,0:19½ �, 0:73,0:75½ �, 0:43,0:67½ �ð Þ
SRF, Sð Þ 0:11,0:09,0:39ð Þ 0:03,0:19½ �, 0:43,0:89½ �, 0:51,0:80½ �ð Þ
AMS, Sð Þ 0:11,0:25,0:17ð Þ 0:31,0:41½ �, 0:43,0:63½ �, 0:77,0:96½ �ð Þ
SCS, Bð Þ 0:22,0:09,0:81ð Þ 0:17,0:39½ �, 0:56,0:78½ �, 0:81,0:93½ �ð Þ
SPG, Bð Þ 0:22,0:39,0:81ð Þ 0:17,0:39½ �, 0:51,0:67½ �, 0:81,0:85½ �ð Þ
MD, Bð Þ 0:04,0:45,0:81ð Þ 0:17,0:19½ �, 0:47,0:67½ �, 0:81,0:89½ �ð Þ
SRF, Bð Þ 0:22,0:09,0:81ð Þ 0:03,0:19½ �, 0:43,0:79½ �, 0:81,0:89½ �ð Þ
AMS, Bð Þ 0:22,0:33,0:81ð Þ 0:17,0:39½ �, 0:52,0:63½ �, 0:77,0:96½ �ð Þ
SCS, MIMð Þ 0:07,0:09,0:34ð Þ 0:21,0:63½ �, 0:54,0:76½ �, 0:81,0:93½ �ð Þ
SPG, MIMð Þ 0:05,0:9,0:22ð Þ 0:25,0:45½ �, 0:51,0:67½ �, 0:81,0:92½ �ð Þ
MD,MIMð Þ 0:04,0:45,0:53ð Þ 0:17,0:19½ �, 0:47,0:67½ �, 0:81,0:92½ �ð Þ
SRF, MIMð Þ 0:07,0:09,0:39ð Þ 0:03,0:19½ �, 0:43,0:76½ �, 0:81,0:92½ �ð Þ
AMS, MIMð Þ 0:07,0:33,0:22ð Þ 0:33,0:41½ �, 0:52,0:63½ �, 0:81,0:96½ �ð Þ
SCS, eSð Þ 0:41,0:09,0:34ð Þ 0:21,0:29½ �, 0:41,0:49½ �, 0:37,0:93½ �ð Þ
SPG, eSð Þ 0:05,0:39,0:31ð Þ 0:21,0:29½ �, 0:41,0:49½ �, 0:61,0:85½ �ð Þ
MD, eSð Þ 0:04,0:45,0:53ð Þ 0:17,0:19½ �, 0:41,0:49½ �, 0:73,0:75½ �ð Þ
SRF, eSð Þ 0:55,0:09,0:39ð Þ 0:03,0:19½ �, 0:41,0:49½ �, 0:51,0:80½ �ð Þ
AMS, eSð Þ 0:66,0:33,0:31ð Þ 0:21,0:29½ �, 0:41,0:49½ �, 0:77,0:96½ �ð Þ
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Table 6: Cartesian product I × J .

Ordered pair Complex picture fuzzy set Complex interval-valued picture fuzzy set

SCS, Pð Þ 0:30e0:21 2πið Þ, 0:34e057 2πið Þ� �
0:21e0:23 2πið Þ, 0:43e0:67 2πið Þ� �

, 0:61e0:45 2πið Þ, 0:93e0:91 2πið Þ� �� �
SPG, Pð Þ 0:05e0:21 2πið Þ, 0:32e0:57 2πið Þ� �

0:25e0:31 2πið Þ, 0:43e0:37 2πið Þ� �
, 0:61e0:54 2πið Þ, 0:85e0:89 2πið Þ� �� �

MD, Pð Þ 0:04e0:21 2πið Þ, 0:53e0:67 2πið Þ� �
0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �

, 0:61e0:45 2πið Þ, 0:79e0:91 2πið Þ� �� �
SRF, Pð Þ 0:30e0:21 2πið Þ, 0:39e0:57 2πið Þ� �

0:03e0:23 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:61e0:62 2πið Þ, 0:80e0:91 2πið Þ� �� �

AMS, Pð Þ 0:30e0:21 2πið Þ, 0:32e0:57 2πið Þ� �
0:33e0:23 2πið Þ, 0:41e0:31 2πið Þ� �

, 0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �� �
SCS, Sð Þ 0:11e0:21 2πið Þ, 0:34e0:67 2πið Þ� �

0:21e0:11 2πið Þ, 0:43e0:67 2πið Þ� �
, 0:61e0:45 2πið Þ, 0:93e0:85 2πið Þ� �� �

SPG, Sð Þ 0:05e0:21 2πið Þ, 0:22e0:67 2πið Þ� �
0:25e0:11 2πið Þ, 0:43e0:37 2πið Þ� �

, 0:61e0:54 2πið Þ, 0:85e0:89 2πið Þ� �� �
MD, Sð Þ 0:04e0:21 2πið Þ, 0:53e0:67 2πið Þ� �

0:17e0:11 2πið Þ, 0:19e0:39 2πið Þ� �
, 0:73e0:41 2πið Þ, 0:75e0:78 2πið Þ� �� �

SRF, Sð Þ 0:11e0:21 2πið Þ, 0:39e0:67 2πið Þ� �
0:03e0:11 2πið Þ, 0:19e0:57 2πið Þ� �

, 0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ� �� �
AMS, Sð Þ 0:11e0:21 2πið Þ, 0:17e0:67 2πið Þ� �

0:31e0:11 2πið Þ, 0:41e0:31 2πið Þ� �
, 0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �� �

SCS, Bð Þ 0:22e0:56 2πið Þ, 0:81e0:57 2πið Þ� �
0:17e0:35 2πið Þ, 0:39e0:67 2πið Þ� �

, 0:81e0:45 2πið Þ, 0:93e0:85 2πið Þ� �� �
SPG, Bð Þ 0:22e0:59 2πið Þ, 0:81e0:51 2πið Þ� �

0:17e0:31 2πið Þ, 0:39e0:37 2πið Þ� �
, 0:81e0:54 2πið Þ, 0:85e0:89 2πið Þ� �� �

MD, Bð Þ 0:04e0:51 2πið Þ, 0:81e0:67 2πið Þ� �
0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �

, 0:81e0:45 2πið Þ, 0:89e0:78 2πið Þ� �� �
SRF, Bð Þ 0:22e0:42 2πið Þ, 0:81e057 2πið Þ� �

0:03e0:35 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:81e0:62 2πið Þ, 0:89e0:87 2πið Þ� �� �

AMS, Bð Þ 0:22e0:58 2πið Þ, 0:81e0:57 2πið Þ� �
0:17e0:23 2πið Þ, 0:39e0:31 2πið Þ� �

, 0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �� �
SCS, MIMð Þ 0:07e0:09 2πið Þ, 0:34e0:55 2πið Þ� �

0:21e0:09 2πið Þ, 0:63e0:21 2πið Þ� �
, 0:81e049 2πið Þ, 0:93e0:85 2πið Þ� �� �

SPG, MIMð Þ 0:05e0:09 2πið Þ, 0:22e0:51 2πið Þ� �
0:25e0:09 2πið Þ, 0:45e0:21 2πið Þ� �

, 0:81e0:54 2πið Þ, 0:92e0:89 2πið Þ� �� �
MD,MIMð Þ 0:04e0:09 2πið Þ, 0:53e0:67 2πið Þ� �

0:17e0:09 2πið Þ, 0:19e0:21 2πið Þ� �
, 0:81e0:41 2πið Þ, 0:92e0:78 2πið Þ� �� �

SRF, MIMð Þ 0:07e0:09 2πið Þ, 0:39e0:48 2πið Þ� �
0:03e0:09 2πið Þ, 0:19e0:21 2πið Þ� �

, 0:81e0:62 2πið Þ, 0:92e0:87 2πið Þ� �� �
AMS, MIMð Þ 0:07e0:09 2πið Þ, 0:22e0:43 2πið Þ� �

0:33e0:09 2πið Þ, 0:41e0:21 2πið Þ� �
, 0:81e0:54 2πið Þ, 0:96e0:95 2πið Þ� �� �

SCS, eSð Þ 0:41e0:20 2πið Þ, 0:34e0:55 2πið Þ� �
0:21e0:55 2πið Þ, 0:29e0:59 2πið Þ� �

, 0:37e0:45 2πið Þ, 0:93e0:91 2πið Þ� �� �
SPG, eSð Þ 0:05e0:20 2πið Þ, 0:31e0:67 2πið Þ� �

0:21e0:31 2πið Þ, 0:29e0:37 2πið Þ� �
, 0:61e0:54 2πið Þ, 0:85e0:91 2πið Þ� �� �

MD, eSð Þ 0:04e0:20 2πið Þ, 0:53e0:67 2πið Þ� �
0:17e0:27 2πið Þ, 0:19e0:39 2πið Þ� �

, 0:73e0:41 2πið Þ, 0:75e0:91 2πið Þ� �� �
SRF, eSð Þ 0:55e0:20 2πið Þ, 0:39e0:67 2πið Þ� �

0:03e0:55 2πið Þ, 0:19e0:57 2πið Þ� �
, 0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ� �� �

AMS, eSð Þ 0:66e0:58 2πið Þ, 0:31e0:67 2πið Þ� �
0:21e0:23 2πið Þ, 0:29e0:31 2πið Þ� �

, 0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ� �� �

Table 7: A complete comparison among all the structure based on different fuzzy information.

Structure Membership Indeterminacy Nonmembership Multidimensional Dual memberships

FR Yes No No No No

CFR Yes No No No Yes

CoCFR Yes No No Yes Yes

IFR Yes No Yes No No

CIFR Yes No Yes No Yes

CoCIFR Yes No Yes Yes Yes

PFR Yes Yes Yes No No

CPFR Yes Yes Yes No Yes

CoCPFR Yes Yes Yes Yes Yes
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both terms of membership. But CoCPFRs are broader than
FRs, CFRs, CIFRs, and CPFRs. So, the above-mentioned
structures give limited information.

5.3. CoCPFRs with CoCFRs and CoCIFRs. CoCFRs discuss
complex membership, and CoCIFRs only explain the
complex membership and complex nonmembership with
multivariable. These structures are capable to solve multidi-

mensional problems and also discuss the periodicity of the
problem. But CoCPFRs also describes the neutral effect of
one object on the other. It is the broader than CoCFRs and
CoCIFRs.

Here, an example is taken of previously presented appli-
cation problem and solve it with respect to CoCIFSs and
carry out a comprehensive analysis.

Their Cartesian product is in Table 6:
Each ordered pair of I × J of Table 6 describes the effec-

tiveness and ineffectiveness of e-commerce securities against
threats through membership and nonmembership, respec-
tively. But do not tell about the neutral effect of securities
on threats. These structures give limited information and
not providing required results of given problem. CoCPFRs
produce better results that are required to obtained detailed
information. In Table 7, the complete comparison among
different structures is presented.

To summarize the above comparisons, the advantages of
the proposed concepts are stated below based on the exper-
imental results:

(a) CoCPFRs deal with three grades, which are member-
ship, nonmembership, and indeterminacy

(b) Their structure is composed of complex-valued
functions, so they model periodicity with the help
of phase terms, that is, the imaginary part

(c) They have dual degrees comprising of single-valued
and interval-valued membership, indeterminacy,
and nonmembership grades. This allows them to

present two different time periods or stages in a
decision-making process

6. Conclusion

This research introduced the innovative concepts of complex
cubic picture fuzzy sets (CoCPFSs), complex cubic picture
fuzzy relations (CoCPFRs), and Cartesian product of two
complex cubic picture fuzzy sets. Furthermore, various types
of CoCPFRs are also defined, including CoCP-reflexive-FR,
CoCP-symmetric-FR, CoCP-transitive-FR, CoCP-equiva-
lence-FR, CoCP-partial order-FR, CoCP-strict order-FR,
CoCP-linear order-FR, CoCP-composite-FR, and CoCPF
equivalence class, and were also studied with the help of suit-
able examples, properties, and some results which are also
proven. The idea of these newly defined concepts and novel
modeling techniques is used to address the security concerns
in e-commerce in digital business system. Online business
systems have recently been targeted by the hackers and
cybercriminals. The current study analyzes the relationships
among the effectiveness of e-commerce security and the
most serious and common risks to the digital business.
Then, by using CoCPFRs investigate the impact of security

I =

SCS, 0:41e0:56 2πið Þ, 0:34e0:55 2πið Þ� �
, 0:21e0:55 2πið Þ, 0:73e0:67 2πið Þ
h i

, 0:37e0:45 2πið Þ, 0:93e0:85 2πið Þ
h i� �� �

,

SPG, 0:05e0:47 2πið Þ, 0:22e0:51 2πið Þ� �
, 0:25e0:31 2πið Þ, 0:45e0:37 2πið Þ
h i

, 0:61e0:54 2πið Þ, 0:85e0:89 2πið Þ
h i� �� �

,

MD, 0:04e0:51 2πið Þ, 0:53e0:67 2πið Þ� �
, 0:17e0:27 2πið Þ, 0:19e039 2πið Þ
h i

, 0:73e0:41 2πið Þ, 0:75e0:78 2πið Þ
h i� �� �

,

SR _F, 0:55e042 2πið Þ, 0:39e0:48 2πið Þ� �
, 0:03e0:55 2πið Þ, 0:19e0:57 2πið Þ
h i

, 0:51e0:62 2πið Þ, 0:80e0:87 2πið Þ
h i� �� �

,

AMS, 0:66e0:58 2πið Þ, 0:11e0:32 2πið Þ� �
, 0:33e0:23 2πið Þ, 0:41e0:31 2πið Þ
h i

, 0:77e0:54 2πið Þ, 0:96e0:95 2πið Þ
h i� �� �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

,

J =

P, 0:30e0:21 2πið Þ, 0:32e0:57 2πið Þ� �
, 0:50e0:23 2πið Þ, 0:43e0:76 2πið Þ
h i

, 0:61e0:45 2πið Þ, 0:79e0:91 2πið Þ
h i� �� �

,

S, 0:11e0:21 2πið Þ, 0:17e0:67 2πið Þ� �
, 0:31e0:11 2πið Þ, 0:43e0:89 2πið Þ
h i

, 0:61e0:36 2πið Þ, 0:67e0:54 2πið Þ
h i� �� �

,

B, 0:22e0:59 2πið Þ, 0:81e0:57 2πið Þ� �
, 0:17e0:35 2πið Þ, 0:39e0:76 2πið Þ
h i

, 0:81e0:45 2πið Þ, 0:89e0:55 2πið Þ
h i� �� �

,

MIM, 0:07e0:09 2πið Þ, 0:22e0:43 2πið Þ� �
, 0:61e0:09 2πið Þ, 0:63e0:21 2πið Þ
h i

, 0:81e0:49 2πið Þ, 0:92e0:71 2πið Þ
h i� �� �

,

eS, 0:90e0:20 2πið Þ, 0:31e0:67 2πið Þ� �
, 0:21e0:56 2πið Þ, 0:29e0:59 2πið Þ
h i

, 0:11e0:32 2πið Þ, 0:71e0:91 2πið Þ
h i� �� �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

:

ð72Þ
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on the threats. This innovative structure explains the present
impact as well as the future forecasting of the impact in the
form of interval to reduce ambiguity of securities on threats.
The strength of this structure is it discussed all level of an
object which is level of membership, level of indeterminacy,
and level of nonmembership. As it is complex, it deals with
periodicity of an object with multivariables. These concepts
can be extended to other generalization of fuzzy sets which will
give rise to many structures with vast range of applications.
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