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The aim of this paper is to establish the Ulam stability of the Caputo-Fabrizio fractional differential equation with integral
boundary condition. We also present the existence and uniqueness results of the solution for the Caputo-Fabrizio fractional
differential equation by Krasnoselskii’s fixed point theorem and Banach fixed point theorem. Some examples are provided to

illustrate our theorems.

1. Introduction

Ulam [1] proposed to study the approximation degree of the
approximate solution and the exact solution of the equation
in 1940. Hyers [2] responded to Ulam’s proposal and
defined the Hyers-Ulam stability of equation in 1941. Later
on, Rassias [3] extended Hyers’s work and defined the
Hyers-Ulam-Rassias stability of equation in 1978. The
Hyers-Ulam stability and Hyers-Ulam-Rassias stability are
collectively referred to as the Ulam stability. Subsequently,
researchers initiated a research on the Ulam stability of
integer-order differential equations (see [4-10]). Obloza
[4], Cemil and Emel [5] proved the Hyers-Ulam stability
and Hyers-Ulam-Rassias stability of the first-order differen-
tial equation, respectively. Wang et al. [6] studied the Ulam
stability of the first-order differential equation with a bound-
ary value condition. Otrocol and Ilea [7] obtained the Ulam
stability of the first-order delay differential equation. Huang
and Li [8] also obtained the Hyers-Ulam stability of another
class of the first-order delay differential equation. Zada et al.
[9] studied the Hyers-Ulam-Rassias stability of the higher
order delay differential equation. However, the study on
the Ulam stability of fractional differential equations is in
its infancy.

Fractional differential equations are widely applied in
physics [11, 12], control systems [13], chemical technology
[14], and biosciences [15]. Fractional integral boundary

value problems have been explored by many researchers.
In particular, the integral boundary value problem provides
a feasible method for the modeling of population dynamics
and chemical engineering problems (see [16-18]). Although
fractional integral boundary value problems are widely used,
it is not easy to solve the equation, and the exact solution is
often not obtained. Therefore, it is necessary to study the
Ulam stability of fractional differential equations and use
the approximate solution to replace the exact solution. So
far, researchers have studied the Ulam stability and the exis-
tence and uniqueness of a solution for fractional differential
equations with Hilfer-Hadamard, Caputo, and Caputo-
Fabrizio fractional derivatives (see [19-22]). Abbas et al.
[19] proved the existence and the Ulam stability of a frac-
tional differential equation with the Hilfer-Hadamard
derivative.

In [20], Wang et al. established the Ulam stability and
data dependence for the Caputo fractional differential
equation

DPx(t) = k(t, x(t)), t € [a,+00). (1)

In [21], Dai et al. studied the Ulam stability of the
Caputo fractional differential equation with an integral
boundary condition
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{x'(t) + DB x(t) = k(t, x(t)), € [0, 1], )

x(1) = I x(),

where I, g+ (-) is the Riemann-Liouville fractional integral,
y>0.

In [22], Liu et al. obtained the Hyers-Ulam stability and
the existence of solutions for the Caputo-Fabrizio fractional
differential equation

EDFx(t) = k(t x(t)), t € 0, T], (3)

where “FDP(.) is the Caputo-Fabrizio fractional derivative,
Be(0,1).

Motivated by [20-22], in this paper, our purpose is to
study the existence and uniqueness of a solution and the
Ulam stability of the following Caputo-Fabrizio fractional
differential equation with boundary value condition:

{x'(t) + SFDPx(t) = k(t, x(£)), £ € [0, 1], ”

x(1) =Ig+x(E),

where x(t) is a continuous differentiable function on [0, 1J;
k:[0,1]x R — R is continuous; “FDF() is the Caputo-
Fabrizio fractional derivative, B € (0,1); and I}.(-) is the
Riemann-Liouville fractional integral, y > 0, & € [0, 1].

Equation (4) is a new kind of the Korteweg-de Vries-
Bergers (KDVB) equation model. In [23], Equation (4) is
used to describe unusual irregularities and nonlinearities in
wave dynamics and liquids motions.

The main contributions are as follows: Firstly, we give
the definitions of the Hyers-Ulam stability and Hyers-
Ulam-Rassias stability for Equation (4). Then, we obtain a
sufficient condition to derive the uniqueness of the solution
for Equation (4) by the Banach contraction principle. Next,
we give a sufficient condition to prove the existence of the
solution for Equation (4) by Krasnoselskii’s fixed point the-
orem. On this basis, we give the Ulam stability results for
Equation (4) by the Laplace transform and inequality results.

The rest of our article is arranged as follows. Some basic
definitions and necessary theorems are presented in Section
2. We establish sufficient conditions to show existence and
uniqueness of solution for the Caputo-Fabrizio fractional
differential equation in Section 3. In Section 4, we prove
the Ulam stability of the Caputo-Fabrizio fractional differen-
tial equation. Two examples are provided in Section 5 to
illustrate our theorems.

2. Preliminaries

We will denote by C'[0, 1] the space of continuous differen-
tiable functions on [0, 1] with norm

[1%[| = sup {|x(t)], ¢ € [0, 1]} ()

Definition 1 [24]. The Caputo-Fabrizio fractional derivative of
order 8 of a continuous differentiable function x is given by

Journal of Function Spaces

CFDﬁx(t) = %L exp (—%(t - T))x’('r)dr, t>0,
(6)

the normalization function M(3) depends on f3.

Definition 2 [25]. The Riemann-Liouville fractional integral
of order y of a function x is given by

t

.

Iox(t) = (t—7)" " x(1)dT, t 2 0. (7)

Based on Definition 2 in [5] and Definition 2.1 in [9], we
give the definitions of the Hyers-Ulam stability and the
Hyers-Ulam-Rassias stability for Equation (4).

Definition 3. Equation (4) has the Hyers-Ulam stability if
and only if for any solution x(t) of

X (6 + FDPx(t) - k(t x(1)| <&t €[0,1),  (8)

where € > 0, there is a constant C > 0 and a solution y(t) of
Equation (4) satisfying

|x(t) = y(t)| < Cxe te|0,1]. (9)

Definition 4. Equation (4) has the Hyers-Ulam-Rassias
stability if and only if for any solution x(t) of

x'(t) + FDPx(t) - k(t, x(t))| < 8(t), t€[0,1],  (10)

where 8(t) € C([0,1], R, ), there is a constant K; 5 >0 and a
solution y(t) of Equation (4) satisfying

|x(t) = y(t)| < Kps x 8(t), t €0, 1]. (11)

Theorem 5 [26]. If x is a piecewise continuous function and
there exist K > 0 and y such that

x(D)|<Ke t>t,, 12
0

then the Laplace transform L|x(t)](s) exists.

Theorem 6 [27]. Let € (0,1). The Laplace transform of

CFD‘Bx(t) is

L [CFDﬁx(t)] (s) = % (sL[x(£)](s) = x(0)), 5 > 0,
(13)

where L{x(t)](s) is the Laplace transform of x(t).
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Theorem 7. The solution of the following fractional problem

{x’(t) + FDPx(t) = k(6 x(t)), t € [0, 1], 14)

x(1) = I x(E).
is given by
5= La(®) + [ G 9ksx)s (9)
where

b b
<1 - i) exp (—aﬁ(t—s)) - <1 - ﬁ) exp (—aﬂ(l —s)), 0<s<t,

G(t,s) =

—<1—2—£>exp(—aﬁ(1—s))—z—£, t<s<l1,
(16

B -pMB) , 2

an v aen W

Proof. Since x(t) is continuous differentiable function on
[0,1], x"(t) is bounded function on [0, 1]. By Definition 1,
crpf x(t) is also a bounded function. Then, there exist con-
stants k;, k, > 0 and y,, 4, such that

|x' (1) < ke’ £ 2 85> 0,

(18)

’CFDﬁx(t)’ <kyetl £ >t > 0.

From Theorem 5, the Laplace transform of x'(¢) and
CFDPx(t) exists.

Taking the Laplace transform for the first formula of
Equation (14), we conclude

C-BMP) o :

sx(s) —x(0) + 72(5_”3(1 =)

=
|
x
—~
(e}
~
~—
I
)
—
&»
x
—
“
=
~

(19)
- 1 1 -
=0 ST e pmpna - )

262(1- B) .
Y G+ @B - pMBR-p) &)
(20)

Taking the Laplace inverse transform for the above
equation, we conclude

bg

x(t) =x(0) + (1 - a_)J exp (—aﬁ(t - s))k(s,x(s))ds
P/ (21)

b. ft
+ a—’ZJOk(s, x(s))ds.

Since x(1) = I}. x(€), thus

b 1
x(0) =1V.x(§) - <1 - l)J exp (ag(1-5))k(s,x(s))ds

- Z—ﬁﬂk(s,x(s))ds

(23)
Then
b\ 1
x(t) = Ig)tx(f) - (1 - ai) L exp (—aﬁ(l - s))k(s,x(s))ds
—%lsxs s —% tex 24
a;;Jok(’ (s))d +(1 aﬁ)L p (24)
b (t
. (—aﬁ(t—s))k(s,x(s))ds+ ﬁjok(s,x(s))ds.

By the definition of G(t, s), we conclude

1

x(t) = Ig+x(£) + J G(t, s)k(s, x(s))ds. (25)

0

ds

< J; [exp (~ag(t - 5)) +exp (~ag(1 -5))]ds

= exp (-ap0) o (-05)] - | o (gt

ag " [P (Capt) + ex (-ay)]

e (apt) =)< o[- (-a)] =
(26)



Thus, there exists a constant E > 0 such that
t
J IG(t,s)|ds < By t € [0, 1]. (27)
0

Theorem 9 (Krasnoselskii’s fixed point theorem). Let S be a
bounded convex closed subset of a Banach space W, and P,
Q : S — W satisfy the following:

(i) Px+QyeS, forallx,yeS
(ii) P is completely continuous
(iii) Q is a contraction mapping
Then, P + Q has at least one fixed point.

3. Existence and Uniqueness Theorems for
Fractional Differential Equation

The following assumption will be needed throughout the
paper:

(8)): k:[0,1] x R— R is a continuous function.

(S,): k(t, x) satisfies the following Lipschitz condition for
the second variable:

|k(t,x;) = k(t, x,)| < %) = x|, x5, %, € R, £ € [0, 1], (28)

(S5): Let 8(¢): [0,1] — R, satisfy

JtS(s)dssLa-(S(t),L(; >0,t€[0,1]. (29)

Theorem 10. Suppose that (S;) and (S,) are satisfied; then
Equation (4) has a unique solution provided that &'/
(F'(y+1))+Ec <1

Proof. Since k € C([0, 1] x R, R), there exists T > 0 such that

the[()rlzll?:iR|k(t’ s)]- (30)

Similar to the proof of Theorem 3 in [22]. Let operator F
be given by

1

(Fx)(t) =1 x(&) + J G(t, s)k(s, x(s))ds. (31)

0

Firstly, we prove that F maps a closed set into a closed
set.
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Let U,={xeC([0,1],R)||x|| <b,b>ET/1-&"IT'(y
+1) > 0}. For x € U, it follows that

1

1 ¢ -

(F901< 775 L(f = ) () ds + L'G(t’ 91 [k(s, x(s))|ds
EV

<—2 b+ET<b.

F(y+ 1)

(32)

This implies FU, € U,,.
Then, we prove that F is a strict contraction.
Let x;, x, € C'([0, 1], R), for any ¢ € [0, 1]; it follows that

1

: -1 —x,(s))ds
F(Y) 0(£_S)y (xl(s) 2( ))d

| 60,5) k(s 31(9) = K (6)) s

0

|(Fxy)(2) = (Fxp) (1)] <

EV
< (e B b=,

(33)

As &/(T'(y+1)) + Ec, < 1, for x;,x, € C'([0, 1], R), F is
a strict contraction. From the Banach fixed point theorem,
F has a unique fixed point x* () € C'([0, 1], R); accordingly,
Equation (4) has a unique solution. O

Theorem 11. Suppose that (S,) and (S,) are satisfied; then
Equation (4) has at least one solution provided that &'[(T
(y+1))+Ecg. <L

Proof. Since k € C([0, 1] x R, R), there exists T > 0 such that

T= k(t,s)|. 34
max k(8 5)] (34)

Let U.={xeC'0,1]]||x]|<c,c=ET/1-&/[(y+1)>
0}.

Let operators P and Q be given by

t

b\
(Px)(t) = - (1 - a—Z)J exp (—ag(1-s))k(s, x(s))ds

- % Jlk(s, x(s))ds,

aﬁt

(35)
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Firstly, for all x,, x, € U,, using Remark 8, it follows that

||1Px; + Qx,|| = sup

- - b—ﬁ lex —-a =S

ba (1
k(s x,(s))ds - a—thk(s, x,(3))ds + Ih.x, (§)
bg

+ (1 - —) Jt exp (=ag(t—s))k(s, x,(s))

ﬂﬁ 0

—exp (—ag(1—s))k(s, x,(s))ds

<sup

J G(t, s)k(s, x,(s))ds

0

+ JIG(t, s)k(s, x,(s))ds

rinh -

<sup { [ 6069 (550 s

+ sup $)' ey (s)ds

+jt|G<r,s>||k<s,x1<s>>|ds}

3
+sup %}/)L(E—s)y—lds -c

1 Y
<sup {LG(t, s)|ds} -T+ F(yf+ 0 c
&

<
I'(y+1

c+ET<c.

(36)

Hence, we have Px, + Qx, € U..
Then, for all x,, x, € C'[0, 1],

% y bﬁ '
[1Qx; — Qx, || =sup [Ig.x, (&) = I, (&) + [ 1- % J

0

- [exp (—ap(t—s)) —exp (~ag(1 -s))]

k(s x1(5)) = (s, 25 (s))] s

<sup

! i -1 —x,(s)|ds
ng(f—s)? 51(5) - 2,(9))d

JO\G(R $)| - [k(s: 21(5)) = k(s, x,(s)) | ds

&
< (F(Y‘*l) +Eck> [l = 2, |-

+ sup

(37)

As &/(I'(y+1)) + Ec, <1, Q is a contraction mapping.
Finally, we prove operator P is completely continuous.

Step 1. Operator P is continuous.
Let x,, be a convergent sequence, x,, — x € C'([0, 1], R),
by Remark 8 and (S,); it follows that

b 1
|(Px,,)(£) = (Px)(t)] = ‘ (1 - a—i) J, exp (=ag(1-5)) (k(s, x,(s))

b 1
— k(s, x(s)))ds + a_ﬁjt ((s, x,,(s))
= k(s,x(s)))ds| < L |G(t, ) [k(s x,(s))

— k(s, x(s))|ds < Ec||x,, — x]|.

(38)

Since x, — x, we have Px, — Px; then operator P is
continuous.
Step 2. Operator P is bounded on U..

b 1
|(Px)(1)| = ‘— (1 - ﬁ)J exp (~ag(1 - s))k(s, x(s))ds

aﬁ ¢

- b—ﬁ Jlk(s, x(s))ds

tlﬁt

J G(t,s)k(s, x(s))ds

t

< Jtl |G(t,s)||k(s, x(s))|ds < ET.
(39)

Step 3. Operator P is equicontinuous in C*([0, 1], R).
Let t;,t, €[0,1] and ¢, < t;, x € U; it follows that

|(Px)(t)) = (Px)(t)] =

bg\ (1
(1 - %)J exp (—ag(1~s))k(s, x(s))ds

5}

b (1
+ —BJ k(s, x(s))ds
ag )t

< —% " €X] —a —S S+% " S
_Kl “ﬁ)Jrzl P(ep(t =)l “ﬁJrzd}

T<T- |t~ 1.

(40)

Then, operator P is equicontinuous.

From Step 1-Step 3 and the Arzela-Ascoli theorem, P is
completely continuous. By Theorem 9, P+ Q has at least
one fixed point, since

1

(Px+Qx)(t) =T x(§) + J G(t, s)k(s, x(s))ds. (41)

0

From Theorem 7, Equation (4) has at least one solution.
O

4. Stability Results

Theorem 12. Suppose that (S;) and (S,) are satisfied; then
Equation (4) has the Hyers-Ulam stability on [0, 1].



Proof. Since (S;) and (S,) hold, by Theorems 10 and 11,
Equation (4) has a unique solution. From Theorem 7, Equa-
tion (4) has the unique solution

b t
x(t) = x(0) + (1 - i)J exp (~ag(t - 5))k(s, x(5))ds

a/j 0

(42)

Let y(t) satisfy y(0)=x(0) and be a solution of the
inequality

Y (1) + D y(t) - K(t,y(1) | <e te[0,1). (43)
Set
G(t)=y'(t)+ FDy(t) - k(t.y(t) e [0,1). (44)
Then

y'(t) + CFDﬁy(t) =G(t) +k(t,y(t)), t€[0,1],
G(t)| <& te[0,1].

(45)

From the proof of Theorem 7, we conclude

(46)

b t
y(t) =y(0) - (1 - a—Z)J exp (=ag(t = s))k(s, y(s))ds

_ %J’k(s,y(s))ds = ‘ (1 _ %) Jt exp (_aﬁ(t_s))G(s)dS
ag Jo ag ) Jo
%t55<—%t55%t55

UJOG( Jds| < (1 aﬁ>L|G()d UﬁL'G( )Id

(47)
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Thus
bﬁ t
p(0) - x(0)] = ()= (0) - (1 2 )| exp
s/ Jo
ba
“(=ax(t—3s))k(s, x(s ds— P k(s, x(s))ds
(wagtt =)o x()ds = L | kst

b t
- (~ag(t = 5))k(s, y(s))ds - a_ijok(s, y(s))ds

b\ ft
+ (1 - f) L exp (—aﬁ(t—s))|k(s,y(s))

B

bﬁ t
~ k(s x(s))|ds + @Lv«s,y(s)) ~ k(5 x(5))|ds

Se+ CkJo [y(s) — x(s)|ds.

(48)

From the Gronwall-Bellman inequality, we conclude

() =x0) < fexp ([[ae) | -eexp ce (a9

0

From Definition 3, Equation (4) has the Hyers-Ulam sta-
bility. O

Theorem 13. Suppose that (S,), (S,), and (S;) are satisfied; then
Equation (4) has the Hyers-Ulam-Rassias stability on [0, 1].

Proof. Since (S,) and (S,) hold, by Theorems 10 and 11,
Equation (4) has a unique solution. From Theorem 7, Equa-
tion (4) has the unique solution

b\
x(t) =x(0) + <1 - ai) L exp (—ag(t—s))k(s x(s))ds
bg (!
+ a’BLk(s, x(s))ds.
(50)

Let y(t) satisfy y(0)=x(0) and be a solution of the
inequality

Y (1) + FDPy(t) - k()| <8(1), 1€ 0,1]. (51
Set

G(t) =y (1) + DI y(t) ~k(t.y(1), t € 0,1 (52)
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Then

' (8) + FDPy(t) = G(t) + k(6 y(t)), t € [0, 1],
G(t)| <8(¢), t € [0,1].

(53)

From the proof of Theorem 7, we conclude

b t
y(t)=y(0) + (1 - “_£> L exp (~ag(t=s))[G(s) + k(s,(s)))ds
b. rt
+ a_ﬁj [G(s) +k(s, y(s))]ds.
BJo

(54)
Then by (S;), it follows that

b t
y(t) = y(0) - (1 - “_Z> JO exp (=ag(t = s))k(s y(s))ds

_ %th(s,y(s))ds - ‘ (1 - %> J’ exp (~ag(t - $))G(s)ds
BsJo ag ) Jo
b, ft b t b

+ ﬁJOG(s)ds < (1— a—i) J0| (s)|ds + ﬁJ |G(s)|ds

< J;|G(s)\ds < JtS(s)ds <Ly O(t).

O (55)

Thus

t

b
I7(6) = x(6) = [(8) - x(0) - (1 : —ﬁ)j exp (~ag(t - 9))K(s. x(5))ds

- %th(s,x(s))ds
ag Jo

b t
(-ag(t=)k(s,y(9)ds - 2 | k(s (o)

b\ ft
+ (1 - —‘B> L exp (—a[,»(t - s)) |k(s, y(s)) = k(s, x(s))|ds

a
by [t t
2] ) =K s Ly 800+ 1) (9
(56)

From the Gronwall-Bellman inequality, we conclude

wa>—xansLaxau>+j;P@x8@>xaema(fqm)]m

N

< [Ls + Ls’c; exp (¢)] x 8(¢).
(57)

From Definition 4, Equation (4) has the Hyers-Ulam-
Rassias stability on [0, 1]. O

5. Example

In this section, we give two examples to illustrate our main
results.

Example 1. Consider the following problem of the Caputo-
Fabrizio fractional differential equation of form

—t

! CF e
D? T o > 1 >
¥ 1)+ Dl = e
(58)
x(1) —I% x l
- 0+ 4 b
and the following inequality
—t
; CF -l e
vy (t)+ ~ Dsy(t <d(t),t€]0,1]. (59)
(1) + “"Diy(0) - gl <8t
Let
1 1 1
B=ty= 18-t (60)
Then
1 1
M(—)ZE,(QZZ,I@:—, (61)
3 5 3 32
since
eft
k(t,x) = |x\—+8’ (t,x) €]0,1] x R. (62)
Then, it follows that
1 1
k(t,x,) - k(t, =¢! -
| ( xl) ( x2)| e |x1|+8 |x2|+8
—t 1
lx; —x,| (63)
(J2] +8) (Jxo +8)[ "
efx - x|
s 6—4 S a |x1 x2|.

Hence, ¢, = 1/64.

Therefore, (S;) and (S,) are satisfied, &/(I'(y +1)) +
Ec, = (1/4)"*/T(1/2+1) +3x1/64<1. By Theorems 10
and 11, Equation (4) has a unique solution

x(t) =x(0) + ZJ exp (_Z(t_s))%ds+ lJ e’

s
4 o|x|+8
(64)

Set () =e¢' € C([0, 1], (0,+00)) fo
—1<eé'; we conclude L6 = 1 > 0.

ds—f0 eds=e!



Because y(t) satisfies the following inequality:

<§(t),tel0,1], (65)
it follows that

‘ﬂﬂ—xm)—(L—hﬁ)req30@0—$)MaﬂQMs

a3/ Jo

_ by tk(s t
— ,y(s))ds| <e'.

a3 Jo

(66)

Because (S,), (S,), and (S;) are satisfied, by Theorem 13,
it follows that

1 .
ly(t) = x(t)| < [Ls + Ls"c; exp ()] - €' < <1 + 6—4664> e

(67)

Consequently, the equation has the Hyers-Ulam-Rassias
stability.

Example 2. Consider the following problem of the Caputo-
Fabrizio fractional differential equation of form

! CF 1~}
t Dix(t)= ——,t€][0,1],
K0+ D) = e o]
(68)
L 1
and the following inequality
! CF 1~ t
t 2 - <egtel0,1]. 69
Y0+ D) - o sate ol (69)
Let
1 1 1
==, = —,¢= —. 70
B=3v=3.8=3 (70)
Then
1 4
M(—)z—,a1=3,b1=1, (71)
2 3 2 2
since
t
k(t,x)= ——, (t, 0,1] x IR. 72
(6= g (63) € 0.1] (72)
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Then, it follows that

1 1
| [+8  [x,]+8

[k(t, x1) = k(t, %) = t

<t e, — x| (73)
(il +8) (| +8)] 71 72
tlx, — 1
SMS—|x1—x2|.
64 64

Hence, ¢, = 1/64.

Therefore, (S;) and (S,) are satisfied, &/(I'(y+1)) +
Ec,=(1/2)"°/T(1/3+1) +3x1/64<1. By Theorems 10
and 11, Equation (4) has a unique solution

t—0+2t =3(t - Sd+lt5d
0) =x(0) + 5| exp (3(0-9) e 3| s

(74)

Set y(t)=¢' € C([0,1], (0,+00)), and fix £=9/32; it
follows that

; t 9
y'(t) + “FDey(t) - D18 <5 metelo] (75)

Because (S;) and (S,) are satisfied, by Theorem 12, we
conclude

ly(f) —x(t)| <exp (6_14> : 3—92 = exp <%) e (76)

Consequently,
stability.

the equation has the Hyers-Ulam

6. Conclusions

In this article, we established the Ulam stability of the
Caputo-Fabrizio fractional differential equation with an
integral boundary condition by the Laplace transform
method. Krasnoselskii’s fixed point theorem and Banach
fixed point theorem are employed to prove the existence
and uniqueness results of the solution for the Caputo-
Fabrizio fractional differential equation. Besides, we con-
structed a solution for the equation via new Green’s function
G(t,s). The Ulam stability of the Caputo-Fabrizio fractional
differential equation is used to study unusual irregularities
and nonlinearities in wave dynamics and liquids motions.
Because the Ulam stability is widely used, we will study the
Ulam stability of the ABC fractional differential equation
in the future study.
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