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In modern world, most of the optimization problems are nonconvex which are neither convex nor concave. The objective of this
research is to study a class of nonconvex functions, namely, strongly nonconvex functions. We establish inequalities of Hermite-
Hadamard and Fejér type for strongly nonconvex functions in generalized sense. Moreover, we establish some fractional integral
inequalities for strongly nonconvex functions in generalized sense in the setting of Riemann-Liouville integral operators.

1. Introduction

The integral and differential operators have remarkable
impact on applied sciences, and the interest of researchers
is increasing day by day in this research area [1, 2]. Consider
a convex function f : I ¢ R— R defined on the interval I
C R with a, b €I being constants and a < b. The inequality

f<“_+b> < b%rf(x)dxsm (1)

2

is Hermite-Hadamard’s (see [3, 4]).

The notion of convexity is very old, and it appears in
Archimedes treatment of orbit length. Nowadays, convex
geometry is a mathematical subject in its own right. There
are several modern works on convexity that are for the stud-
ies of real analysis, linear algebra, geometry, and functional
analysis. The theory of convexity helps us to solve many
applied problems. In recent years, the theory of convex anal-
ysis gains huge attention of researchers due to its interesting
applications in optimizations, geometry, and engineering [5,
6].

The present paper deals with a new class of convex func-
tions and establishes inequalities of Hermite-Hadamard and
Fejér. Moreover, we develop some fractional integral

inequalities. See [7, 8] for more general inequalities via con-
vexity of functions.

The classical definition of convex functions was given
in [3]. Another concept which is used widely in convex
analysis is p-convex sets and p-convexity (see [4]). By tak-
ing p=1 in the above definition, we get classical notion of
convexity. After that, the strongly convex with modulus
u>0 was introduced in [9]. And in [10], the notion of
the strongly p-convex function had been introduced. The
notion of generalized convex functions had been intro-
duced in [11, 12].

Motivated by the above researches, [13] introduced the
following class of functions.

The function f is strongly nonconvex in generalized
sense if

fex? + (1= 0" < ) + (£ (), f () = ut (1= 1)) = 2)°
(2)

holds for t € [0, 1].

Definition 1 (see [13, 14]). Consider f € L[a, b], then the RHS
and the LHS Riemann-Liouville fractional integral (RL) of
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order a >0 with b > a > 0 are defined by

a+f( )= Jx(x - t>a71f(t)dt, x> a,

1
I(a)
b

0= 7o Jxa-x)a-l F(B)dt,x<b,

respectively, where I'(«) is the Gamma function defined
as

I'(a)= Jooe_tt"‘_l. (4)

0

It is to be noted that J%.f(x) = J9-f(x) = f(x).

The Riemann integral is reduced to classical integral for
a=1[15-18].

The definition of strong p-convexity was studied in [13].
The aim of this paper is to establish the inequalities of Schur,
Fejér, and Hermite-Hadamard type for the strongly noncon-
vex functions via RL fractional integrals.

2. Inequality of Hermite-Hadamard Type

In order to prove the inequality of Hermite-Hadamard type,
the following lemma is very important.

Lemma 2 (see [19]). Let p be any nonzero real number and «
be any positive constant. Further consider an integrable func-
tion w: A— R, where A ={a, b] C (0,00) which is p-sym-
metric w.r.t. [af + b°/2)""; then, we have the following:

(i) If p>0,

S U3 (wog) () + T (wog) (@),
(5)

Jap+(wog) (V") = Jip_(wog)(a’) =
with g(x) =x'"?, x € [a?, 1P|

(ii) If p < 0,

T (wog) (@) = It (wog)(@) = 5 [T (wog) () + I (wog) (¥)].
(6)

with g(x) =x!"?, x € [bf, a|

Theorem 3. Let the strongly generalized p-convex function
f : I — R with magnitude u > 0 and 1 (-) be bounded above
in f(I) x f(I) y f € L[a, b]. Then, if p is any positive real num-
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ber, we have

ab + 1 [A(bp—ap)zf(oc+1)
f( 2 )_M"+ 6 Ia

+3)
= W []:P+H/2J09(bp) + ]Z“bp,z_fog(ap)}
<f(“) +f(b) + aM, oc(tx+3)(b1’_ap)2‘
< 2 2((X+1) 4(0(+1)((x+2)
(7)
Proof. We begin the proof by inserting x=
(ta? + (1 - )b")""? and y = (tb* + (1 — t)a?)"?

fo“y")]”"_ M, _ M(X}’l—zy")2 G ;f(y) . ?

2 2
)
6
(8)
Take = [(ta? + (1 - t)b*)])"? and y=
(7 + (1 - t)aP)]", then (8) yields
@+ P\ M ;J(Zt—l)z(b"—ap)2
f[( 2 )] "3 12
1 1p
<5 [l + (1= 0p)) "] o)
e L rTwe + -]
+%_y( t—1)*(bF - aP) .
2 6

Multiplying (9) by t*! and then integrating w.r.t. t over
the interval [0, 1/2],

llzf @+ l/pt""ldt— 1Q%t‘“dt
0 2 0 2

_p\2 12 12
_ V(bpu“ ) j (2t - 1)\ dt < %J 7 f (ta? + (1 - t)b)dt
0 0

172

#(uP; ) '[:/Z(Zt_l)zt“’ldt,
(10)
M, (b -a’)’T(a+1)
f{< 2 >} 7+ 6I'(a+3)
r 1)2% 1
< ((Zp+ ) )a []aP+bP/2+ng( )+]ZP+bP/2—ng(ap):|>

(11)

which is the left side of Theorem 3
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Now, to obtain the left-hand side of Theorem 3, we have
for x = [(ta? + (1 - t)b¥)]'",

Fl(ta" + (1= 0))]"" < f(b) + tn(f(a). £ (b)) — ut(1 = 1) (¥ — )",
(12)

and for y = [(t6” + (1 - t)a?)]'",

FI(0 + (1= 1)a")]"? < f(a) + tn(f(b), £ (a)) — pt(1 — 1) (¥ - a”)".

(13)
Combining (12) and (13), we have
f(ta? + (1= 6)0)]"? + f[(tF + (1 - t)a?)]"? < f(a)
+(f(a), f()) + f(b) + tn(f(b) f(a))
—2ut(1-1) (V" - a*)’. (14)

Multiplying (14) by 2/*! and then integrating w.r.t. ¢
over the interval [0, 1/2], we have

ZJW [f[(ta" (1= 0p) P f (10 + (1- 1)) upta_l]

0

1/2 1/2

dt< 2J (f(a)+f(b))t*'dt + 4M,7J tdt — 4u(b - af)’
0 0
12
J t(1 - 1)t dt, (15)
0
I(a+1)2%"
% e 09 (V") + T2 fog(a’)]
J@f) oMy palar 3B o)
2 2(a+1) 4la+1)(a+2)
Together (11) and (16) give the required result. O
Remark 4.

(i) Fixing p =1 in Theorem 3 gives Hermite-Hadamard
inequality in the sense of the strongly generalized
convexity

(ii) Fixing p=1 and ¢ =0 in Theorem 3, we obtain [20]
(Theorem 2.1)

(ili) Fixing #(x, y) =x —y and p =0 in Theorem 3 yields
[21] (Theorem 2.1)

(iv) Applying both (ii) and (iii) on Theorem 3, we
obtain classical fractional version of H-H inequality

Definition 5 (see [22]). Let p be any nonzero real number;
then, the function w: [a,b] — R is p-symmetric w.r.t.

[(a? +b7/2)]" if w(x) = w](a? + bF — xP)]"* for all x € [a, b).

Theorem 6 (inequality of Fejér type). Suppose that f is a
function as in Theorem 3 and an integrable, nonnegative
function w : [a,b] — R is symmetric w.r.t. [(a® +b°/2)]"7,

then

P 1)) s st + 1 woster)

- M"g(“) [V wog (V) + Jip-wog(a’)]

bF
H a-
+ EJaP (2x - —ap)z(bp - x) wog(x)dx

I'(a)

2

Vs fwog () + Jip fwog(a’)] JM@

[]meog(bp) +]Zp7wog(a1’)] +

v 2
- yJ (V" = x)"(x - a”)wog(x)dx.

a?

Proof. Setting t =1/2 in (2),

xP + yP\ 1P 1 7 2
{(557)] =100+ a0 - o -y
(18)
Substitute y=|[(ta + (1 - £)b")]"? and x=

(0 + (1= 1)a?)]"” in (18),

1/
foP ;yp)] "t (1- )]+ P )
(19)
According to the given conditions of w, we have
w(x) = w[(ap +bF - xp)] v,

w(ta + (1= )6)] "7 = w] (b + (1 -

a’)] " 0

Vx,y€[a,b].  Multiplying  (19) by 2t“lw
P

[(t0° + (1 —1)a?)]'" and then integrating w.rt. t over the
interval [0, 1],

J;2t"‘1 w[(th” + (1 - t)a?)]"" x f[(ap;bp):lllp

sjl w[(tt + (1= t)a’)]"? x f[(ta" + (1 - £)b?)] Pt

0

+ M”ler“‘lw[(tbp +(1-t)a?)] Pt
2 0



TR

w[(tV + (1-t)a?)] Pdt,

(21)

JIZt"‘I(Zt — 1) (¥ -a")? x

0

(O] TS e
oremen L)

o x—b\ ! upy | Ax
RO =

(22)
GO AR
Sjwzf(xl/p)w(xllp) (bp_x)zH dx ]
“ (b —a?)
o[- (e
B %J: (20 =0 =)’ (1 %) xw(x'?) (v ilxap)a
(23)
Let g(x) = x'"7, then (23) becomes
fKaP : b")] UP G —1aP)“ JZ v ‘x)“'lwog(x)dxﬁ

v bp a-1 Mn v b a-1
Lpfwog(x)( -x)" dx+ WL})( -x)" wog(x)dx

v
) MWL (20 =6 = a")* xx (VP — )" wog(x)dx,
(24)
af + b
@ [(u )] i wog (V) + Tp_wog ()]
M
o wog(bP % wog(a’
2 ! L) [T wog (b7) + T wog(a”)] (25)
+§ (2x B —a?)’ (1 —x)" " wog(x)dx

ab

/\%

\_/

ﬁ

[]aP+fw0g( ) + Jip_fwog(a’)].

Now, take x = (ta” + (1 —t)b*)Vt € [0, 1], then by Def of

f

Fl(ta? + (1= 0)")]"P < () + tn(f(a), f (b)) - pt(1 = 1) (¥ ).
(26)
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Multiply on both sides of (26) by 2t*'w
[t + (1 - t)aP)]'" and then integrate w.r.t. t over the inter-
val [0, 1],

JIZf[(taP +(1=1)p") ] P w (b + (1 - £)a?)] Pt
< r%""lw[(tb" +(1-t)a?)] P f(b)dt

+ JIZt“qu [(tb7 + (1 - £)a?)] e - ZyJIZt”‘(l (¥ -a)
X w[(tbp +(1- t)a")] Yp gy,
(27)

[ (35) " 2

<[Cre (220w o]
o (575) v )

_ #J“p (B )" (x - ) <x“P dx ) |

W (bp—ap)

Take g(x) =x"7 in (28), then we have

v a-1
(b = x)" wog(x)f (b)dx

ab

J:P (0" —x)* ' wfog(x)dx < J
+ %J: (V° (b - x)“wog(x)dx

b
- pr (¥ (b = x)"(x - a”)wog(x)dx.

Similarly, we have
v a-1 v a-1
LP (¥ - x) wfog(x)dxgj (VP = x)" wog(x)f (a)dx

af

v «
+ WJM (b (bF — x)"wog(x)dx

24
~u| (- wog e
(30)

from definition of f by fixing x = t0* + (1 - t)a?.
Combining (29) and (30), we obtain

b a I
Lp (b”—x)“_lwfog(x)dxs fla)+f(b) );f(h)J

a?

(¥ = x)* ' wog (x)dx

v b
t - J ) wogl)dx - "L, (B = )" (x - @ ywog(x)dx,

(31)
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T@ (e, fwog(#) + 1%_fuwog(a?)]

2
f( ) +f(b) I'(e) (72, wog (V") + J%_wog(a”)]

2
b (32)
+ @p]\fjj (VF (VF - x)“wog(x)dx

ab

b*
- th (b = x)(x - @ )wog(x)dx.

ar

Combining (32) and (25) completes the theorem (17). O

3. Fractional Integral Inequalities for Strongly
Generalized p-Convex Function

Lemma 7. Consider a differentiable function f : 1 (0,00)

— R on I°, with f' € L[a, b], where a, b €l and a<b. If w
: [a, b] — R is integrable, then

1)

M, . /,t(bp—ap)zf(a+1)
2 2T (a+ 3)
1 b

af +b /2 D , W
e MG W
M +y(b”—a”)2f

I'(«
Jla ((bp-'—_llzp)a a2 09 (V) + Top012-fog(a")]

t)“(fog)'(f)} dt

M, (a+1)

2 2T(a+3)
(33)
holds with g(x) = x'?.

Proof. Let p > 0, and x € [aP, b], then for generalized strongly
p-convex function, we have

1 al+bP 12 ,
- WJW (t—a’)*(fog) (t)dt

1 b o , M
- WLW(W—O (fog)'(t)dt - —+

u(v’ - aP)ZF(oc+ 1)

2T (a+3) ’
(34)
KoK K _%+y(bp—ap)21“(¢x+!) (35)

) 2l(a+3)
where
1 al+bf 12 ,
K, = WJ“P (t=a’)*(fog) (t)dt

(36)

1 4 a !
K, = Wjap+w/z(bp_t) (fog)'(t)|dt.

By integration by parts, we have

K= zl-“(b;—ap)“ (bp;apff[(apsz)]w

(44

aP+bP /2 e
- aP)aJ (t— @) fog(t)dt

! f[ (ap + bp)] - (;(T ; l))ap(a)

al +b' 12
x J (t = ) fog(r)dt

a?

(37)

I'(a+1)
T )

X ]ZP+bP/2+f0g(bp) .
(38)

By combining (34), (37), and (38), we have (33). This
completes the proof. O

Remark 8. Setting y=0 and #=x -y in Lemma 7 gives us
[21] (Lemma 2.1).

Theorem 9. Let the function f be as in Theorem 3.1. If |f'| is
a strongly generalized p-convex function on [a, b] for positive
p and a, then

ap + bp tip T(a+1 a N
‘ < ) o1 bp a)P) Uaz’+h"/2+f09(bp) +1aP+b"/2—f09(“p>}

M bp a? a+1 b — gt ,
7+ zr(oz+3() L 2175 [Cu@p)|f' )]
! 2 b — a?)’I'(a
+Colapp(If )1 (”)D’Cs(“’l’)ﬂ(bp*a")}7?+%)
(39)
where
112 iy , (- uye
Ci(a,p)= d i
®p) Jo p(uar + (1~ u)b")lfu‘l7 “r Jz/zp(uaf’ +(1- u)bP)I*”P u
" utt! ! (I-u)u
C,(a,p) = J .,
(. p) L P(Wp+(1_u)bp)1—1/p “+J1/2p(uap+(1—u)bp)1*1/p u
r1/2 uaﬂ( )(bP ap) [1 utx+1( )(bp up)
Cy(a,p) = J .
3(ap) JO p(ua]’+(1—u)bp)1 1lp M+' 1/2p(ua/’+(1—u)bp)1 p Y
(40)



Proof. Theorem (3) gives

aP + B\ 1P M,
H( )| -
EOH— ) )zx [ a}’+b'"/2+f0g( ) + Jarsir2 fog(af’)]

aP+bF 2 1
J (t—a")"f l/f’ tl T dt
aP

u(b —a?)’I(a+1)
T CTE

zl‘xbp ar)

M,
- p -
e g O )

H(b"—al’)zl’(a+1) W —ab (402 opnaglupy L
2I'(a+3) = J (t=ay () =vp dat
Wb (¥ - M, p(b-a?)’I(a+1)
# T [ B ) g S S

(41)

Setting ¢ = ua? + (1 — u)b?, dt = (a? — VP)du, we have

‘f Kap ;r bp” 2071 EZ; ljp) o fog(b")

u(b? - aP)ZF(oc+ 1)

T T3

+ ]ZMbplz-ng(ap)]

B — aP) (12
< ( 217‘:1 )J -1/p

o p(ua +(1-u)bP)

(b —aP) Jl (1-u)”

2l 12 p(uab + (l—u)bp)l_llp
M, y(b"—a")zf(a+ 1)
T2 T T3

M,
3
u

o

'(ua? -+ (1= w)t?) " |du

+

f'(ua” + (1 —u)bp)llp du

(42)

Since |f'] is a strongly generalized p-convex function on
[a, b], we have

£ (ua+ (1-we) | < | )+ (| @ | O)]) -1 =) (¥ - ).

(43)
After combining (48) and (43), we have

5]

I'la+1
g Vv foo¥)

N M, u(b’-a?)’T(a+1
T fogtah) - gt ML T D)
W _ab (12 e ) , )
S5y sty (7@l @) o)

P AL
u (1 )(bp P) )d + yl-« jz p(uap_'_(l_u)bp)lfl/p

(I @)+ un(|f" @)

/(b)|) — pu(1 - u) (b - ap)z)du
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)
I(e+1)

M
T -] Uarrirnifog (V) + T, fog(a)] = =7

M, . y(bp—ap)zl"(a+l)

2 I(a+3) '

u(® —a")zf((x+ 1)

Yo - ,
' I(a+3) = 2l .[o P(uaP+(1—u)b")l_1/P el
b —af (! 1-u)*
e J ( ) 1-1/p |fl(b)|d”
2 12 p(uaf + (1 - u)b?)

b — ab (12 4ot , ,
T Jo p(uaP+(1—u)bp)1_1/pn(‘f (a)’f(b‘)

b —ab (! (1-u)u ' , u—%
’ 21 Jl/zp(uaP+(1—u)bp)l’”}’n<|f( )Mf (h)|)d 2

+

pp'—a)'ra+1) - Jm w1 - u) (B - a?)
I(a+3) 27 Jo pluar + (1 - u)b?)' ™"

J([ap ; bp} Up)
I'(a+1)

M
- W []ZP+bP/2+f0g(bp) + ]Zﬂbp/szog(ap)] - 7’1

b —a? u(l-u)*'u
+ -« J 1-1/p
2 12 p(uaf + (1-u)bP)

u(b? —a?)’r(a+1)

V- ,
)
+Colapyn(If' )], |f @)]) - Cs(epu(¥ - )] -
y(bp—ap)zl"(tx+ 1)
" I'(a+3) (44)
O

Remark 10. If one takes #=x — y and y =0, then we get [21]
(Theorem 2.2).

Theorem 11. Let the function f be as in Theorem 3.1. If | f'|
is as in Theorem 9, then

=)

(b —a?)’I(a+1)
- My 6T (a+3)

2a—{((Zp+_IZP)W a2 09 (V) + Jop o2 fog(a)]

<|(Cstep)) " [Cstenp) | 0)]

+ Cylan pIM, = G pJu(b = ) + (Cy(anp)) 1[G | (0)

b — a?)’T(a+ 1
+C9M,1+Cwy(b”—a1’)2]]—M,1+—M( 6F(D>H3() )

!
(45)
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where
C ( ) 1/2 ad J
, = u,
P e s (1w
B 112 o] ;
, = u,
o\®P Jo p[uaP+(1—u)bp]1_1/P
1/2 ua(l _ u)
C,(a,p)= du,
7( p) 0 p[uap_i_(]_u)bp}l—l/p ( )
46
1 a
(1-u)
Cq(a, p) = du,
o{%2) 12 pluaf + (1 - u)b’| -t
! u(l-u)®
Co(a, p) = du,
5(%2) Jizplual + (1 -u)b’] =i
1 u(] _ u)oc+1
Croa,p) = du.
10(% P) ] 1/2p[uaf’ (- u)bp} 1-1lp

Proof. Let p > 0:

H(“P;bpﬂw_MN %ﬁrﬁ(;}cm

I'(a+1
(e U S0 ) oy o)

1 pal+b7 12 eapt
SZ"“(b”faP)“JaP (t=a’)’f (t )tl—llpdt

1 4 1
- B2 — ) f! (0 dt— M
+ zlfoc(bp _ ap)aJujq.bP/z( t) f (t ) tl*l/p t n

H(bl’_ap)zp(a+1) Be _ gb (@R . 1
Ta+3) 2+ J =) () e

b —ab (¥ w1 1
T Jahb*’/z(bpit) G 1=1p

u(® —ap)zf(fx+ 1)
TR

(47)

dthﬂ+

Setting ¢ = ua? + (1 — u)b’, dt = (a” — V’)du, we have

a+ b\ Tla+1

()] e nson®
b — a?)I'(«
+Jopsn-fog(a)] = M, + %
- (bl’f,lp) Jl/z 4
-2 o pf(ua + (1-wp)]
(bp‘“”)le (1-u)"
2l-a 1/2p[(uaP+(1_u)bp)}1—1/p
(v *ﬂp)zf(ou 1)

-M, + W'

du

|f [(ua? + (1-u)p?)]

‘f’ [(ua” + (1~ u)b")]”p‘du

(48)

Using the inequality of power mean the definition of

q
£

(5] - e v fos() i o0

y(bp —aP)ZI’(OH. 1) - W — P 172 u 1-1/q
R [(J p[uw(bum“”") }
12 u® A 1/q
X " Tua? ! y
|:<[0 P[uth+(1—u)bp]l_”P‘f <[ +(1 ) } )‘ d ) :|
N W —ab Jl (1-u)® 1-1/q
2! 12 plua? + (1 - u)b] 1-1/p

! (1-u)" , , ) U [ 1/q
x |:<.[1/2p[uap+(1_u)bp]11/p f ([ua +(1-u)] )‘ du> }

W_a [ (2 ue 1-1/q
<
[ 2! (Jo p[uaP+(1—u)bp]l_”P> ]

) KL pluar + <1—u)bp]l-1/z’d”> f @)

at+l
u Mn

12
+J —1/p
o pluar+(1-u)t’|

_bp B ap 12 e 1-1/q
' | 21 (Jo p[ual’ +(1 —u)bp}l_W) ]

[ L
o pluar+(1-u)t’| -up

du]

[ 1 « 1-1/
N v —af J u(l _ u) q
L 21-a l/zp[uap + (1 — u)bp} 1-1/p
X r (1-u)* y )
_(Jl/zp[ual’ +(1-u)t’] ;4 ) If'(b)]

12 (1- u)“uM,l
+ -1/p du
o pluar+(1-u)t’|

b —at [ (! (1-u)" i
' [ 2! (Jl/zp[uaf’+(1—u)bp}l_llp> ]

XUI (1—u)““u(b‘”—ap)2 d”}

12 plua? + (1 - u)b] -up

=|[(Cs@p)) ' Cslap)| [ 1)
+ Cg(a p)M,, - Cy (o p)u (b’ - “‘D)Z}

+[Cylanp)) ™[ Gyl p)[f ()] + Colar p)M,
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5 V- a’)’I(a
+ Clo(“’p)y(bp _ap) ] M, + M( 6F(02+F3E) =

This completes the proof. O
Remark 12.

(i) Setting p=1 and =0, =xy in Theorem 11 gives
H-H type inequality for convex functions

(ii) Setting p=1 and a=1,u=0,7=xy in Theorem 11
gives H-H inequality for convex functions

4. Conclusion

In this paper, we established inequalities of Hermite-
Hadamard and Fejér type for strongly generalized p-convex
functions. We also established some fractional integral
inequalities for this class of function in the setting of RL frac-
tional integrals. We also related our results with the existing
results and proved that by fixing involved parameters, we get
many previous results.
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