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In this study, we focused on a subclass of bounded turning functions that are linked with a four-leaf-type domain. The primary
goal of this study is to explore the limits of the first four initial coefficients, the Fekete-Szegd type inequality, the Zalcman
inequality, the Kruskal inequality, and the estimation of the second-order Hankel determinant for functions in this class. All of

the obtained findings have been sharp.

1. Introduction and Definitions

Before getting into the key findings, some prior information
on function theory fundamentals is required. In this case, the
symbols &/ and & indicate the families of normalised holo-
morphic and univalent functions, respectively. These fami-
lies are specified in the set-builder form:

d={ge,): g(0)=g'(0)-1=0e%)}, (1)

§={ged : gisunivalentin %}, (2)

where @Q(% ;) stands for the set of analytic (holomorphic)
functions in the disc %, ={z € Cand|z| <1}. Thus, if g€
4, then, it can be stated in the series expansion form by

g(z)=z+ Oiakzk(ze Uy). (3)
k=2

For the given functions G,, G, € @(%,), the function G,
is subordinated by G, (stated mathematically by G, < G,) if
there exists a holomorphic function v in % ; with the restric-
tions v(0)=0 and |v(z)| <1 such that G,(z)=G,(v(2)).
Moreover, if G, is univalent in %, then

G1(2) < Ga(2), (2 € y) & Gy (0) = G,(0) and Gy (%) < Gy ().
(4)

Although the function theory was created in 1851, Biber-
bach [1] presented the coefficient hypothesis in 1916, and it
made the topic a hit as a promising new research field. De-
Brages [2] proved this conjecture in 1985. From 1916 to
1985, many of the world’s most distinguished scholars
sought to prove or disprove this claim. As a result, they
investigated a number of subfamilies of the class & of univa-
lent functions that are associated with various image
domains [3-5]. The most fundamental and significant


https://orcid.org/0000-0001-5210-8505
https://orcid.org/0000-0003-4755-9381
https://orcid.org/0000-0001-5905-5696
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/8356125

subclasses of the set & are the families of starlike and convex
functions, represented by & and %, respectively. Ma and
Minda [6] defined the unified form of the family in 1992 as

5 (¢) = {g cor i) <gioyae %)}, 5

where ¢ indicates the analytic function with ¢'(0) >0 and
Red > 0. Also, the region ¢(%,) is star-shaped about ¢(0)
=1 and is symmetric along the real axis. They examined
some interesting aspects of this class. Some significant sub-
families of the collection o/ have recently been investigated
as unique instances of the class §*(¢). In particular;

(i) The class §*[L, M]=S8"(1+Lz/1 + Mz), -1 <M<
L <1, is obtained by selecting ¢(z) =1+ Lz/1 + Mz
and was established in [7]. Moreover, §* (&)=
&*[1-2&-1] displays the well-known order &
(0 <& <1) starlike function class

(ii) The class 8% = S8"(¢(z)) with ¢(z) =1 +2z was
designed by the researchers Sokdl and Stankiewicz
in [8]. Also, they showed that the image of the func-

tion ¢(z) = /1 + z is bounded by |w? - 1] < 1.
(iii) The set &7 =8"(¢(z)) with ¢(z) =1+ 4/3z+2/3

z* has been deduced by Sharma and his coauthors
[9] in which they located the image domain of ¢(z)
=1+ 4/3z +2/3z%, which is bounded by the below

cardioid

(947 +9y* —18x +5)° ~ 16(9x> + 9> ~6x + 1) =0.  (6)

(iv) By selecting ¢(z) =1+ sin z, we get the class &*(
(z)) = 8%, which was defined in [10] while &) =
8*(e*) was contributed by the authors [11] and,
subsequently, explored some more properties of
it in [12]. This class was recently generalized by
Srivastava et al. [13] in which the authors deter-
mined upper bound of Hankel determinant of order
three

(v) The family 87 = &"(cos (z)) and &7 = " (cosh

(z)) were offered, respectively, by Raza and Bano

[14] and Alotaibi et al. [15]. In both the papers, the

authors studied some good properties of these

families

(vi) By choosing ¢(z)=1+sinh™'z, we obtain the
recently studied class & =" (1 + sinh™'z) created
by Al-Sawalha [16]. Barukab and his coauthors
[17] studied the sharp Hankel determinant of
third-order for the following class in 2021
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R.= ed: g (z)<1+sinhz,ze ¥, . 7
s g g d

In [18, 19], Pommerenke provided the following Hankel
determinant 9, ,(g) containing coefficients of a function g € &

ay Ant1 an+q—1
a a “es a
n+l n+2 n+q
gq,n (g) = . . . > (8)
Apig-1 Gnig " Oniag

with ¢, n € N = {1, 2, ---}. By varying the parameters g and #,
we get the determinants listed below:

1 a, )

2,1(9) = =az — ay, )
a, 4as
a, 4as

2,,(9) = =a,a, — ag, (10)
as dy
1 a, a

D3,1(9)=|a, a5 a,
a, a, as

=d3 (“2“4 - ag) —ay(a, — ayas) +as (“3 - “%)’
(11)

that referred as first-, second-, and third-order Hankel determi-
nants, respectively. The Hankel determinant for functions
belonging to the general family & has just a few references in
the literature. The best established sharp inequality for the func-
tion g € 8 is | D, ,,(g)| < A\/n, where A is a constant, and it is
because of Hayman [20]. Additionally, it was determined in
[21] for the class & that

11
|2,,(9)| <A for1 <A< 3 (12)

4
Jfor — <pu<
|93,1(9)|3H or9<[4< 5

Several mathematicians were drawn to the problem of find-
ing the sharp bounds of Hankel determinants in a given family
of functions. In this context, Janteng et al. [22, 23] estimated the
sharp bounds of |, ,(g)|, for three basic subfamilies of the set
&. These families are #,8*, and % (functions of a bounded
turning class), and these bounds are stated as

1
3 forge #,
’92,2(53)‘ << 1, forged”, (14)
4
5’ forge R.
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This determinant’s exact bound for the unified collection
8" (¢) was determined in [24] and subsequently investigated
in [25]. In [26-28], this problem was also solved for various
families of biunivalent functions.

The formulae provided in (11) make it abundantly evi-
dent that the computation of |2;,(g)| is much more diffi-
cult than determining the bound of |9,,(g)|. Babalola [29]
was the first mathematician who studied third-order Hankel
determinant for the #,8™, and & families in 2010. Follow-
ing that, several academics [30-34] used the same method to
publish papers regarding | (g)| for specific subclasses of
univalent functions. However, Zaprawa’s work [35] caught
the researcher’s attention, in which he improved Babalola’s
results by utilising a revolutionary method to show that

9
520 forge %,
|25,(9)| <4 1, forge s, (15)
41
50’ forge %.

He also pointed out that these bounds are not sharp. In
2018, Kwon et al. [36] achieved a more acceptable finding
for g€ & and demonstrated that |2;,(g)| < 8/8, and this
limit was further enhanced by Zaprawa and his coauthors
[37] in 2021. They got |25 (g)| <5/9 for g € &*. In recent
years, Kowalczyk et al. [38] and Lecko et al. [39] got a sharp
bound of third Hankel determinant given by

4
—, f ex,
135" Y

1 1
5’ forgEcS’*(§>,

where §*(1/2) is the starlike functions family of order 1/2.
In [40], the authors obtained the sharp bounds of third Han-
kel determinant for the subclass of &7, , and Mahmood et al.
[41] calculated the third Hankel determinant for starlike
functions in g-analogue. For some new literature on sharp
third-order Hankel determinant, see [42-45].

In [46], Gandhi introduced a family of bounded turning
function connected with a four-leaf function defined by

231(9)| < (16)

. zg' (z 5 1
&g,;z{geé’: g(i))<1+gz+825,(ze%d) ) (17)

and characterized it with some important properties.

Similar to the definition of &, we now define a new
subfamily of bounded turning functions by the following
set builder notation:

5 1
BT 4o = {ge& g9’ (z)< 1+ get gzs, (ze%d)}. (18)

The aim of the current manuscript is to determine the
exact bounds of the coefficient inequalities, Fekete-Szegd

type problem, Kruskal inequality, and Hankel determinant
of order two for functions of bounded turning class linked
with four-leaf domain.

2. A Set of Lemmas

We say a function p € & if and only if it has the series
expansion

p(z)=1+ i c,2"(z€Uy), (19)

n=1
along with the Rp(z) >0(z € %,).

Lemma 1. Let p € P be represented by (19). Then

lc,| <2n>1. (20)
2 forOsu<i;
|Cn+k—‘l/lCan‘S2maX {1’ |2M_1|}: .
2|12u—1| otherwise.

(21)

Also, If B€ [0, 1] with B(2B— 1) < D < B, we have
|c5 = 2Bc,c, + Dej| < 2. (22)

These inequalities (20), (21), and (22) are taken from
[47, 48].

Lemma 2. Let p € & and be given by (19). Then, for x,8, p
€U, we have

2c,=¢c; +x(4- ), (23)
des=ci+2(4-c))ex—c)(4- )7+ 2(4— o)) (1 - |x[*)S,
(24)

For the formula c,, see [48]. The formula c; was due to
Zlotkiewicz and Libera [49] while the formula for ¢, was

proved in [50].

Lemma 3 [51]. Let «, 3, y, and a satisfy that a, « € (0, 1) and

8a(1-a)((eB~ 2y + (a(a+a) - ﬁ)z)

25
+a(1 - a)(B-2aa)’ <4ac’(1-a)’(1-a). (23)
If p € & and be given by (19), then
4 2 3,2
yci +ac + 2ac,¢; - E[3’c1c2 —c <2 (26)

3. Coefficient Inequalities for the Class 37 .,

We begin this section by finding the absolute values of the
first four initial coefficients for the function B7 ,.,.



Theorem 4. If g € BT ,, and has the series representation
(3), then

el = 35 @)
@ < =2, (28)
= 3 )
|as| < é. (30)

These bounds are best possible.
Proof. Let g € BT ;. Then, (18) can be written in the form
of Schwarz function as

g'()=1+ 0@+ (@) (ze%,). (D)

If p € P, and it may be written in terms of Schwarz func-
tion w(z) as

_1+uw(z)

= ol 4zt G 32
) €12+ 62" + 632 (32)

p(2)

Equivalently, we have

From (3), we get
g'(2)=1+2a,z + 3a;2° + 4a,2° + 5a5z*+---. (35)

By simplication and using the series expansion of (34),
we get

Journal of Function Spaces

5 1 5 5 5
L+ Z0(z) + g(w(z))S =1+ (Ec1>z+ <—ﬂcf + Ec2>z2

+ 5cc+5c+5c3 z
EIZE:‘} El

LY
—t+ —cic,— —c——c
124 161% 961 242
ﬁc1c3)z4+---.
(36)
By comparing (35) and (36), we obtain
5
ay= o e (37)
1 5
a3—§< ﬁcf+ 1262>, (38)
1 5 5
a4—1< 12% 1263+48 3)’ (39)

1/5 5 5 5 5
a- = <EC4+—C%C2—%C‘%—ﬁC§_EC153>- (40)

For a,, implementing (20), in (37), we get

5
< —. 41
ar] < = (41)

For aj;, (38) can be written as

5 1
a5 = o <c2 - ZCf). (42)

Using (21), we get

5
<—. 43
|as] 18 (43)

For a,, we can write (39) as

5 1 1,
|a4|=ﬁ c;—2 3 C162+ch . (44)

From (22), we have

1 1 1
0<B=_<1,B=_->D=—, (45)
2 2 4
1
B(2B-1)=0<D=_. (46)

Application of triangle inequality plus (22) leads us to

5
la,| < a (47)
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For as, we may write (40) as

1 1 1 1
o = g5t - 55 T+ et (49)
After simplifying, we have
1|1 1 1 3/1
|as| o gc‘l1 + EC% +2(§>c1c3 ) (5>ch2 —c4l- (49)
Comparing the right side of (49) with
3
yei +acs + 2ac,c; — Eﬁcfcz - ¢4l (50)
we get
1 1 1 1
Y=§’a=§a“=§’ﬁ=§- (51)
It follows that
8a(1—a)((af—2y)* + (a(a+a) - B)*) (52)
+a(l - a)(B-2aa)’ =0,
2 2 1
4ac’(1-a)*(1-a)= —. (53)
16
From (26), we deduce that
1
< - 54
|as] 6 (54)

These bounds are best possible and can be determined
by the following extremal functions:

_[ 5 1 5 1,
90(2)—J <1+6(t)+6( ))dt_z+122 g

0

Theorem 5. If g is of the form (3) belongs to BT o, then

5 25y
|as ya2|<max{18 1114'}, for yecC. (59)

This inequality is sharp.
Proof. By using (37) and (38), we may have

5, 25

| ya2| ’362 ﬁcl_%ycl

By rearranging, it yields

o3 ()

Application of (21) leads us to

a3—ya2£Emax I,
21736

5y+8
=1|5. 62
Sl @
After the simplification, we get

5 25|y
|ay — ya3| < max {18 T } (63)

This required result is sharp and is determined by
: 5oy, Lo S 5.1
gl(z):L(l + E(t )+ g(t ) |dt=z+ 3% teg? T
(64)
O

Theorem 6. If g has the form (3) belongs to BT ,,, then

< — 65
|laya; —ayl 24 (65)
This inequality is best possible.
Proof. By employing (37), (38), and (39), we have
23 7
|aya; —ay| = i 2 (36) €6+ 1786? . (66)
From (22), we have
23 23 7
0<B=-_<1,B==_>D=_—, (67)
36 3 18
115 7
B(2B-1)= ——~ <D= . (68)
48 18



Using (22), we obtain

5
|aya5 — ay| < 2 (69)

This inequality is best possible and can be obtained by

z 5 1 5 1
9,(z) = JO(I te (£)+ c (t15)>dt:z+ ﬁz“ + %zl6+---.
(70)

O

Theorem 7. If g belongs to BT ,o, and be of the form (3).
Then

1
|as —a,a,| < a (71)

This result is sharp.
Proof. From (37), (39), and (40), we obtain

73, 1C2 121 . 97 +1
——— =~ =6+ —= 6t — .
4608 1 242 1152 17 1152 1?7 12

(72)

las — aya,| = ’

After simplifying, we have

~ _|B a1, (12 3 (7o
|as “2“4|—E 3841734 192 )19 7 5\ 1ag )12 T G
(73)
Comparing the right side of (73) with
4, 2 3,2
yci +ac;, + 2ac,c5 — Eﬁclc2 —C4ls (74)
we get
73 1 121 97
= —ad= —,0= —, = —, 75
Y 3T 2 102 T (79)
It follows that
8a(1—a)((af—2y)" + (a(a+a) - B)*) 6)
+a(l - a)(B - 2aa)® =0.00735,
and
4aa’(1 - a)*(1-a)=0.05431. (77)
From (26), we deduce that
1
|as —a,a,| < —. (78)

6
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The required result is sharp and can be determined by

g5(2) = 1+ E(t“) + l(tzo) dt=z+ o5 L 2
3 0 6 6 6 126 '
(79)
U

Theorem 8. If g € BT ,, and be of the form (3). Then

1
’a5—a§|sg. (80)

This inequality is best possible.

Proof. By using (38) and (40), we have

R 79 , 79 , 1 53, 1
95 =3 = |~ 51559 T 12962 T 1296 Y Gas 12T 12|
(81)
After simplifying, we have
1179 79 1 3 /53
‘“5 —a§| = 12‘432(:‘11 + mcg +2(§>clc3 ~3 (ﬁ>c%c2 — ¢yl
(82)
Comparing the right side of (82) with
3
yei +acs + 2ac,c; — Eﬁcfcz — ¢4l (83)
we get
79 79 1 53
= — = — = — = —. 84
)/432(1108062[381 (84)
It follows that
2 2
8a(l—a)((aB-2y)" + (a(a+a)-p)°) (85)
+a(l - a)(B - 2aa)® =0.00616,
4a0*(1 - a)*(1 - a) =0.04910. (86)
From (26), we deduce that
1
R AEEY 87
|‘15 aa’ =5 (87)

This inequality is best possible and can be achieved by

g5(z) = ) 1+§(t4)+1(t2°) dt=z+ 25+ L 24
3 0 6 6 6 126 '

(88)

O
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4. Kruskal Inequality for the Class 35 ,.,

In this section, we will give a direct proof of the inequality

ab — a§<n_l)’ < 2Pl P (89)

over the class B5 ;o for the choice of n=4,p=1, and for
n=>5,p=1. Krushkal introduced and proved this inequality
for the whole class of univalent functions in [52].

Theorem 9. If g belongs to BT ,, and be of the form (3).
Then

5
—a)l<—. 90
’5‘4 a2| Y (90)
This result is sharp.
Proof. From (37) and (39), we obtain
5 1 47
|a4—a;|=ﬁ c3—2<§>c1c2+ MC? . (91)
From (22), we have
1 1 47
0<B=-<1,B=->D=——, (92)
2 2 288
47
B(2B-1)=0<D=—. 93
(2B-1) -t (93)
Using (22), we obtain
5
—al<=. 94
’“4 az‘ =22 (94)

This result is sharp and can be obtained by

z 5 1 5 1
g,(2) = L(l tg (t3) te (t15)>dt:z+ ﬁz‘l + %z16+~-.
(95)

U

Theorem 10. If g belongs to BT ,o, and be of the form (3).
Then

|as—aj| < —. (96)

O ~

This inequality is best possible.
Proof. From (37) and (40), we obtain

, 1 . 1, . 1
Cc, — —CC —C;C —Cy .
2472 1217 1612 12t

(97)

| 1 4081 , 1
as—a,| = |- - =
> 331776 !

After simplifying, we have

q_ (4081 4 1, 1 3/1\,
|a5—a2‘=ﬁmcl+z 2+2 sjas—5(5)ae-aql

(98)
Comparing the right side of (98) with
3
yei +ack +2ac,c; - E,8ch2 —C4ls (99)
we get
4081 1 1 1
= —Ha= —, = = = —=. 1
Ul R (100)
It follows that
8a(1—a)((af—2y)* + (a(a+a) - B)*) (101)
+a(1 - a)(B - 2aa)® =0.00408,
2 2 1
4aa’(1 - ) (l—a):1—6. (102)
From (26), we deduce that
4 1
|as—az| < < (103)

This inequality is best possible and can be achieved by

a@=[ (142 + L) )=z Love L
3 0 6 6 6 126 '

(104)

Next, we will calculate the Hankel determinant of order
two |9D,,(g)| for the class g € BT o O

Theorem 11. If g belongs to BT ,o, then

25
D < - 105
| 2,2(Q)| 324 (105)
This inequality is sharp.
Proof. The 9,,(g) can be written as follows:

2,,(9) = 4,84 = a;. (106)

From (37), (38), and (39), we have

’ 1152 10368 ' 414721 1296 *

(107)

Using (23) and (24) to express ¢, and ¢, in terms of ¢,
and, noting that without loss in generality we can write
¢; =¢, with 0 <c<2, we obtain



8
25 N 5 5
12,,(9)] —mcz(él—c)x + c(4-¢c)(1-|x|*)e
a 25 22
55z ()]

(108)

with the aid of the triangle inequality and replacing |8] <
1, |x| =k, where k<1 and taking c € [0, 2]. So,

25 25
|222(9)] < 4g € (4= ) + o (4= ) (1-F)
25 N
c1ag (A=) R =50 k)

(109)

It is not hard to observe that Z'(c, k) >0 for [0,1], so
we have Z(c, k) <Z(c,1). Putting k=1 gives

25
|2,,(9)| < 460862(4_ cz) +

It is clear that Z'(c,1) <0, so Z(c, 1) is a decreasing
function and attains its maximum value at ¢=0. Thus,
we have

25
’92,2(9” < 324"

(111)
The required second Hankel determinant is sharp and
is obtained by

% 5 1 5 1
9,(2) =J (1 + g(tz) + g(tlo)>dt=z+ EZS + %z“+---.

0 (112)

O

5. Conclusion

In our present investigation, we considered a subclass of
bounded turning functions associated with a four-leaf-type
domain. We obtained some useful results for such a class,
such as the limits of the first four initial coeflicients, as well
as the Fekete-Szego type inequality, the Zalcman inequality,
the Kruskal inequality, and the estimation of the second-
order Hankel determinant. All of the obtained results have
been proven to be sharp. This work has been used to obtain
higher-order Hankel determinants, such as in the investiga-
tion of the bounds of fourth-order and fifth-order Hankel
determinants. These two determinants have been studied
in [45, 53-56], respectively. Also, one can easily use this
new methodology to obtain sharp bounds of the third-
order Hankel determinant for other subclasses of univalent
functions.
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