
Research Article
A Refinement of the Integral Jensen Inequality Pertaining Certain
Functions with Applications

Zaid Mohammed Mohammed Mahdi Sayed ,1,2 Muhammad Adil Khan ,2 Shahid Khan,2

and Josip Pečarić3

1Department of Mathematics, University of Sa’adah, Sa’adah 1872, Yemen
2Department of Mathematics, University of Peshawar, Peshawar 25000, Pakistan
3Department of Mathematical, Physical and Chemical Sciences, Croatian Academy of Sciences and Arts, Zrinski trg 11,
10000 Zagreb, Croatia

Correspondence should be addressed to Zaid Mohammed Mohammed Mahdi Sayed; zaidmohamm56@gmail.com

Received 7 March 2022; Accepted 28 June 2022; Published 30 July 2022

Academic Editor: Hugo Leiva

Copyright © 2022 Zaid Mohammed Mohammed Mahdi Sayed et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

In this paper, we present a new refinement of the integral Jensen inequality by utilizing certain functions and give its applications
to various means. We utilize the refinement to obtain some new refinements of the Hermite-Hadamard and Hölder’s inequalities
as well. Also, we present its applications in information theory. At the end of this paper, we give a more general form of the
proposed refinement of the Jensen inequality, associated to several functions.

1. Introduction

Being an important part of modern applied analysis, the field
of mathematical inequalities has recorded an exponential
growth with significant impact on various parts of science
and technology [1–5]. These inequalities are also extended
and generalized in various aspects; one can see such results
in [6–15]. The Jensen weighted integral inequality is a cen-
tral tool among them; its basic form is follows as [16].

Theorem 1. Assume a convex function f : I ⟶ℝ and g, h
: ½θ1, θ2�⟶ℝ are measurable functions such that gðθÞ ∈ I
and hðθÞ ≥ 0∀θ ∈ ½θ1, θ2�. Also, suppose that h, gh, ð f ∘ gÞ:h
are all integrable functions on ½θ1, θ2� and

Ð θ2
θ1
hðθÞdθ > 0, then

f

Ð θ2
θ1
g θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A ≤

Ð θ2
θ1

f ∘ gð Þ θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

: ð1Þ

The Jensen inequality is one of the fundamental inequalities

in modern applied analysis. This inequality is of pivotal impor-
tance because various other classical inequalities, for example,
the Beckenbach-Dresher,Minkowski’s, the Hermite-Hadamard,
Ky-Fan’s, Hölder’s, the arithmetic-geometric, and Levinson’s
and Young’s inequalities, can be deduced from this inequality.
Also, this inequality can be treated as a problem solving
oriented tool in different areas of science and technology,
and an extensive literature is dedicated to this inequality
regarding its counterparts, generalizations, improvements,
and converse results (see, for instance, [17–21]) and the refer-
ences therein.

The Hermite-Hadamard inequality is presented as
follows ([22], page 10 in [23]).

Theorem 2. Assume a convex function f : ½θ1, θ2�⟶ℝ,
then the following double inequalities hold:

f
θ1 + θ2

2

� �
≤

1
θ2 − θ1

ðθ2
θ1

f θð Þdθ ≤ f θ1ð Þ + f θ2ð Þ
2

: ð2Þ
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The Hölder inequality in its integral form is presented as
follows [23].

Theorem 3. Let 1 < p, q be such that 1/p + 1/q = 1 and
assume two measurable functions say h, g : ½θ1, θ2�⟶ℝ
such that the functions jhðθÞjp and jgðθÞjq are integrable on
½θ1, θ2�. Then

ðθ2
θ1

h θð Þg θð Þj jdθ ≤
ðθ2
θ1

h θð Þj jpdθ
 !1/p ðθ2

θ1

g θð Þj jqdθ
 !1/q

:

ð3Þ

The remaining paper is organized in the following manner:
Section 2 proposes a new refinement of the integral Jensen
inequality, associated to four functions whose sum is equal to
unity in pairs. Utilizing this refinement, we derive some new
refinements of the Hölder and Hermite-Hadamard inequalities
and some new inequalities for power and quasi-arithmetic
means. In Section 3, we focus to deduce inequalities for the
Csiszâr divergence, variational distance, Shannon entropy,
and Kullback-Leibler divergence. In the last section, we present
a more general form of the proposed refinement concerning
several certain functions.

2. Main Results

Assuming a real valued convex function f defined on the
interval I and suppose that h, u, v,w, z, g : ½θ1, θ2�⟶ℝ
are some integrable functions with the following conditions
gðθÞ ∈ I, hðθÞ, uðθÞ, vðθÞ,wðθÞ, zðθÞ ∈ℝ+ with uðθÞ +wðθÞ
= 1, vðθÞ + zðθÞ = 1 for all θ ∈ ½θ1, θ2� and H ≔

Ð θ2
θ1
hðθÞdθ.

Also, let for a nonempty subinterval J of ½θ1, θ2�, we put
�J = ½θ1, θ2� \ J ; then, for the above facts, we can define the
following functional

ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ = 1
H

ð
J

u θð Þh θð Þdθf
Ð
J
u θð Þh θð Þg θð ÞdθÐ
J
u θð Þh θð Þdθ

 !

+ 1
H

ð
J

w θð Þh θð Þdθf
Ð
J
w θð Þh θð Þg θð ÞdθÐ
J
w θð Þh θð Þdθ

 !

+ 1
H

ð
�J

v θð Þh θð Þdθf
Ð
�J
v θð Þh θð Þg θð ÞdθÐ
�J
v θð Þh θð Þdθ

 !

+ 1
H

ð
�J

z θð Þh θð Þdθf
Ð
�J
z θð Þh θð Þg θð ÞdθÐ
�J
z θð Þh θð Þdθ

 !
:

ð4Þ

We give the following refinement of the integral Jensen
inequality associated to four functions.

Theorem 4. Let f be a convex function defined on the interval
I. Also, let h, u, v,w, z, g : ½θ1, θ2�⟶ℝ be some integrable
functions with the following conditions such as gðθÞ ∈ I, hðθÞ,
uðθÞ, vðθÞ,wðθÞ,zðθÞ ∈ℝ+ with uðθÞ +wðθÞ = 1, vðθÞ + zðθÞ
= 1 for all θ ∈ ½θ1, θ2� andH ≔

Ð θ2
θ1
hðθÞdθ. Then, for any non-

empty subinterval J of ½θ1, θ2� with �J = ½θ1, θ2� \ J , the fol-

lowing inequalities hold

1
H

ðθ2
θ1

h θð Þf g θð Þð Þdθ ≥ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ

≥ f
1
H

ðθ2
θ1

h θð Þg θð Þdθ
 !

: ð5Þ

For a concave function f , the reverse inequalities hold
in (5).

Proof. Since uðθÞ +wðθÞ = 1, vðθÞ + zðθÞ = 1 for all θ ∈ ½θ1, θ2�,
therefore for the subinterval J of ½θ1, θ2�with �J = ½θ1, θ2� \ J ,
we have

ðθ2
θ1

h θð Þg θð Þdθ =
ð
J

h θð Þg θð Þdθ +
ð
�J

h θð Þg θð Þdθ

=
ð
J

u θð Þ +w θð Þð Þh θð Þg θð Þdθ

+
ð
�J

v θð Þ + z θð Þð Þh θð Þg θð Þdθ:

ð6Þ

Multiplying equation (6) by 1/H and assigning it to the
function f , then by convexity of f , we have

f
1
H

ðθ2
θ1

h θð Þg θð Þdθ
 !

= f
1
H

ð
J

u θð Þh θð Þg θð Þdθ + 1
H

ð
J

w θð Þh θð Þg θð Þdθ
�

+ 1
H

ð
�J

v θð Þh θð Þg θð Þdθ+ 1
H

ð
�J

z θð Þh θð Þg θð Þdθ
�

= f

Ð
J
u θð Þh θð Þdθ

H
:

Ð
J
u θð Þh θð Þg θð ÞdθÐ
J
u θð Þh θð Þdθ +

Ð
J
w θð Þh θð Þdθ

H

 

:

Ð
J
w θð Þh θð Þg θð ÞdθÐ
J
w θð Þh θð Þdθ +

Ð
�J
v θð Þh θð Þdθ

H
:

Ð
�J
v θð Þh θð Þg θð ÞdθÐ
�J
v θð Þh θð Þdθ

+
Ð
�J
z θð Þh θð Þdθ

H
:

Ð
�J
z θð Þh θð Þg θð ÞdθÐ
�J
z θð Þh θð Þdθ

!

≤
1
H

ð
J

u θð Þh θð Þdθf
Ð
J
u θð Þh θð Þg θð ÞdθÐ
J
u θð Þh θð Þdθ

 !

+ 1
H

ð
J

w θð Þh θð Þdθf
Ð
J
w θð Þh θð Þg θð ÞdθÐ
J
w θð Þh θð Þdθ

 !

+ 1
H

ð
�J

v θð Þh θð Þdθf
Ð
�J
v θð Þh θð Þg θð ÞdθÐ
�J
v θð Þh θð Þdθ

 !

+ 1
H

ð
�J

z θð Þh θð Þdθf
Ð
�J
z θð Þh θð Þg θð ÞdθÐ
�J
z θð Þh θð Þdθ

 !

=ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ:
ð7Þ
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Also, by making use of the integral Jensen inequality,
one has

ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ = 1
H

ð
J

u θð Þh θð Þdθf
Ð
J
u θð Þh θð Þg θð ÞdθÐ
J
u θð Þh θð Þdθ

 !

+ 1
H

ð
J

w θð Þh θð Þdθf
Ð
J
w θð Þh θð Þg θð ÞdθÐ
J
w θð Þh θð Þdθ

 !

+ 1
H

ð
�J

v θð Þh θð Þdθf
Ð
�J
v θð Þh θð Þg θð ÞdθÐ
�J
v θð Þh θð Þdθ

 !

+ 1
H

ð
�J

z θð Þh θð Þdθf
Ð
�J
z θð Þh θð Þg θð ÞdθÐ
�J
z θð Þh θð Þdθ

 !

≤
Ð
J
u θð Þh θð Þdθ

H
:

Ð
J
u θð Þh θð Þf g θð Þð ÞdθÐ

J
u θð Þh θð Þdθ

+
Ð
J
w θð Þh θð Þdθ

H
:

Ð
J
w θð Þh θð Þf g θð Þð ÞdθÐ

J
w θð Þh θð Þdθ

+
Ð
�J
v θð Þh θð Þdθ

H
:

Ð
�J
v θð Þh θð Þf g θð Þð ÞdθÐ

�J
v θð Þh θð Þdθ

+
Ð
�J
z θð Þh θð Þdθ

H
:

Ð
�J
z θð Þh θð Þf g θð Þð ÞdθÐ

�J
z θð Þh θð Þdθ

= 1
H

ð
J

u θð Þh θð Þf g θð Þð Þdθ + 1
H

ð
J

w θð Þh θð Þf g θð Þð Þdθ

+ 1
H

ð
�J

v θð Þh θð Þf g θð Þð Þdθ + 1
H

ð
�J

z θð Þh θð Þf g θð Þð Þdθ

= 1
H

ðθ2
θ1

h θð Þf g θð Þð Þdθ: ð8Þ

From (7) and (8), we get (5).

Remark 5. The following is an equivalent form of the
inequality (5)

inf
ϕ≠J⊂ θ1,θ2½ �

ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ ≥ f
1
H

ðθ2
θ1

h θð Þg θð Þdθ
 !

,

ð9Þ

1
H

ðθ2
θ1

h θð Þf g θð Þð Þdθ ≥ sup
ϕ≠J⊂ θ1,θ2½ �

ℤ
Ð

f , u, v, h,w, z, g ; Jð Þ:

ð10Þ
From Theorem 4, we obtain a new refinement of the H-

H inequality as follows.

Corollary 6. Let f be a convex function defined on ½θ1, θ2�.
Also, let u, v,w, z : ½θ1, θ2�⟶ℝ be integrable functions such
that uðθÞ, vðθÞ,wðθÞ, zðθÞ ∈ℝ+ with uðθÞ +wðθÞ = 1 and
vðθÞ + zðθÞ = 1 for all θ ∈ ½θ1, θ2�: Then, for a subinterval J
of ½θ1, θ2� with �J = ½θ1, θ2� \ J , the following inequalities hold

1
θ2 − θ1

ðθ2
θ1

f θð Þdθ ≥ 1
θ2 − θ1

ð
J

u θð Þdθf
Ð
J
θu θð ÞdθÐ

J
u θð Þdθ

 !

+ 1
θ2 − θ1

ð
J

w θð Þdθf
Ð
J
θw θð ÞdθÐ

J
w θð Þdθ

 !

+ 1
θ2 − θ1

ð
�J

v θð Þdθf
Ð
�J
θv θð ÞdθÐ
�J
v θð Þdθ

 !

+ 1
θ2 − θ1

ð
�J

z θð Þdθf
Ð
�J
θz θð ÞdθÐ
�J
z θð Þdθ

 !
≥ f

θ1 + θ2
2

� �
:

ð11Þ

The direction of the inequalities reverses in (11), when the
function f becomes concave.

Proof. Utilizing Theorem 4 for hðθÞ = 1, gðθÞ = θ for all
θ ∈ ½θ1, θ2�, we get (11).

From Theorem 4, we deduce the following refinement of
Hölder’s inequality.

Corollary 7. If p, q ∈ℝ and the functions u, v,w, z, h1, g1,
and g2 defined on ½θ1, θ2� are nonnegative such that the
functions h1g

p
1, h1g

q
2, uh1g

q
2,wh1g

q
2, vh1g

q
2, zh1g

q
2, uh1g1g2

and wh1g1g2, vh1g1g2, zh1g1g2, h1g1g2 are integrable with
uðθÞ +wðθÞ = 1 and vðθÞ + zðθÞ = 1 for all θ ∈ ½θ1, θ2�. Also,
if J is a subinterval of ½θ1, θ2� with �J = ½θ1, θ2� \ J , then

(A) For p, q > 1 such that ð1/pÞ + ð1/qÞ = 1, the following
inequalities hold

ðθ2
θ1

h1 θð Þgp1 θð Þdθ
 !1/p ðθ2

θ1

h1 θð Þgq
2 θð Þdθ

 !1/q

≥
ðθ2
θ1

h1 θð Þgq
2 θð Þdθ

 !1/q ð
J

u θð Þh1 θð Þgq2 θð Þdθ
� �1−p

(

×
ð
J

u θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
J

w θð Þh1 θð Þgq2 θð Þdθ
� �1−p

×
ð
J

w θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
�J

v θð Þh1 θð Þgq2 θð Þdθ
� �1−p

×
ð
�J

v θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
�J

z θð Þh1 θð Þgq
2 θð Þdθ

� �1−p

×
ð
�J

z θð Þh1 θð Þg1 θð Þg2 θð Þdθ
p )1/p

≥
ðθ2
θ1

h1 θð Þg1 θð Þg2 θð Þdθ ð12Þ

(B) For 0 < p < 1 and q = p/ðp − 1Þ with
Ð θ2
θ1
h1ðθÞgq2ðθÞd

θ > 0, the following inequalities hold

ðθ2
θ1

h1 θð Þg1 θð Þg2 θð Þdθ ≥
ð
J

u θð Þh1 θð Þgq2 θð Þdθ
� �1/q

×
ð
J

u θð Þh1 θð Þgp1 θð Þdθ
� �1/p

+
ð
J

w θð Þh1 θð Þgq2 θð Þdθ
� �1/q

×
ð
J

w θð Þh1 θð Þgp1 θð Þdθ
� �1/p

+
ð
�J

v θð Þh1 θð Þgq
2 θð Þdθ

� �1/q

×
ð
�J

v θð Þh1 θð Þgp1 θð Þdθ
� �1/p

+
ð
�J

z θð Þh1 θð Þgq2 θð Þdθ
� �1/q
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×
ð
�J

z θð Þh1 θð Þgp1 θð Þdθ
� �1/p

≥
ðθ2
θ1

h1 θð Þgp1 θð Þdθ
 !1/p

×
ðθ2
θ1

h1 θð Þgq2 θð Þdθ
 !1/q

ð13Þ

(C) For p < 0 and q = p/ðp − 1Þ with Ð θ2
θ1
h1ðθÞgp

1ðθÞdθ > 0,

the inequalities in (13) hold

Proof.

(A) In the case when p, q > 1, let Ð θ2
θ1
h1ðθÞgq2ðθÞdθ > 0.

Then, by using Theorem 4 for f ðθÞ = θp, θ > 0, hðθÞ
= h1ðθÞgq2ðθÞ, and gðθÞ = g1ðθÞg−q/p2 ðθÞ, we obtain

(12). Also, let
Ð θ2
θ1
h1ðθÞgp1ðθÞdθ > 0; then, applying

the same procedure as above and replacing p, q, g1,
g2 by q, p, g2, g1, respectively, we obtain (12)

For
Ð θ2
θ1
h1ðθÞgq2ðθÞdθ = 0 and

Ð θ2
θ1
h1ðθÞgp1ðθÞdθ = 0, the

inequalities in (12) also hold. This can be proved as follows,
since we know that

0 ≤ h1 θð Þg1 θð Þg2 θð Þ ≤ 1
p
h1 θð Þgp

1 θð Þ + 1
q
h1 θð Þgq2 θð Þ: ð14Þ

Taking integral, then with the proposed conditions, we
obtain

Ð θ2
θ1
h1ðθÞg1ðθÞg2ðθÞdθ = 0, which concludes the

result.

(B) In the case when 0 < p < 1, we have q < 0. So, apply-
ing (12) for p⟶ 1/p > 1, q⟶ ð1 − pÞ−1, g1ðθÞ
⟶ ðg1ðθÞg2ðθÞÞp, and g2ðθÞ⟶ ðg2ðθÞÞ−p, we
obtain (13)

(C) In the case when p < 0, we have 0 < q < 1. So,
applying the arguments of part B with replacing p,
q, g1ðθÞ, g2ðθÞ by q, p, g2ðθÞ, g1ðθÞ, respectively, we
get (13)

The Hölder inequality is refined by the following
corollary.

Corollary 8. Let p, q ∈ℝ and u, v,w, z, h1, g1, g2 be nonneg-
ative functions defined on ½θ1, θ2� such that h1g

p
1, h1g

q
2, uh1

gq2, uh1g
p
1,wh1g

q
2,wh1g

p
1, vh1g

q
2, vh1g

p
1, zh1g

q
2 and zh1g

p
1, h1

g1g2 are integrable functions with uðθÞ +wðθÞ = 1 and vðθÞ
+ zðθÞ = 1 for all θ ∈ ½θ1, θ2�. Also, assume that J is a subin-
terval of ½θ1, θ2� with �J = ½θ1, θ2� \ J , then

(A) For p > 1, q = p/ðp − 1Þ and Ð θ2
θ1
h1ðθÞgq

2ðθÞdθ > 0, the

following inequalities hold

ðθ2
θ1

h1 θð Þgp1 θð Þdθ
 !1/p ðθ2

θ1

h1 θð Þgq2 θð Þdθ
 !1/q

≥
ð
J

u θð Þh1 θð Þgq2 θð Þdθ
� �1/q ð

J

u θð Þh1 θð Þgp1 θð Þdθ
� �1/p

+
ð
J

w θð Þh1 θð Þgq
2 θð Þdθ

� �1/q ð
J

w θð Þh1 θð Þgp1 θð Þdθ
� �1/p

+
ð
�J

v θð Þh1 θð Þgq2 θð Þdθ
� �1/q ð

�J

v θð Þh1 θð Þgp
1 θð Þdθ

� �1/p

+
ð
�J

z θð Þh1 θð Þgq2 θð Þdθ
� �1/q ð

�J

z θð Þh1 θð Þgp1 θð Þdθ
� �1/p

≥
ðθ2
θ1

h1 θð Þg1 θð Þg2 θð Þdθ ð15Þ

(B) For 0 < p < 1 and q = p/ðp − 1Þ with
Ð θ2
θ1
h1ðθÞgq2ðθÞd

θ > 0, the following inequalities hold

ðθ2
θ1

h1 θð Þgp1 θð Þdθ
 !1/p ðθ2

θ1

h1 θð Þgq2 θð Þdθ
 !1/q

≤
ðθ2
θ1

h1 θð Þgq2 θð Þdθ
 !1/q ð

J

u θð Þh1 θð Þgq
2 θð Þdθ

� �1−p
(

×
ð
J

u θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
J

w θð Þh1 θð Þgq2 θð Þdθ
� �1−p

×
ð
J

w θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
�J

v θð Þh1 θð Þgq2 θð Þdθ
� �1−p

×
ð
�J

v θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

+
ð
�J

z θð Þh1 θð Þgq2 θð Þdθ
� �1−p

×
ð
�J

z θð Þh1 θð Þg1 θð Þg2 θð Þdθ
� �p

)1/p

≤
ðθ2
θ1

h1 θð Þg1 θð Þg2 θð Þdθ

ð16Þ

(C) For p < 0 and q = p/ðp − 1Þ with Ð θ2
θ1
h1ðθÞgp1ðθÞdθ > 0,

the result in (16) holds

Proof.

(A) Let f ðθÞ = θ1/p, θ > 0 which is clearly a concave func-
tion for p > 1. Thus, by using Theorem 4 for f ðθÞ
= θ1/p, hðθÞ = h1ðθÞgq2ðθÞ, and gðθÞ = gp1ðθÞg−q2 ðθÞ,
we obtain (15). If

Ð θ2
θ1
h1ðθÞgp1ðθÞdθ > 0, then adopt-

ing the same procedure and replacing p, q, g1, g2
by q, p, g2, g1, respectively, we obtain (15)

For
Ð θ2
θ1
h1ðθÞgq

2ðθÞdθ = 0 and
Ð θ2
θ1
h1ðθÞgp1ðθÞdθ = 0, the

inequalities in (12) also hold. This can be proved as follows,
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since we know that

0 ≤ h1 θð Þg1 θð Þg2 θð Þ ≤ 1
p
h1 θð Þgp

1 θð Þ + 1
q
h1 θð Þgq2 θð Þ: ð17Þ

Hence, taking integral and using the proposed condi-
tions, we get

Ð θ2
θ1
h1ðθÞg1ðθÞg2ðθÞdθ = 0, which verifies the

result.

(B) In the case when 0 < p < 1, applying (15) for p⟶
1/p > 1, q⟶ ð1 − pÞ−1, g1ðθÞ⟶ ðg1ðθÞg2ðθÞÞp,
and g2ðθÞ⟶ ðg2ðθÞÞ−p, we obtain (16)

(C) In the case when 0 > p, we have q ∈ ð0, 1Þ, which
shows that this case reflects case B; therefore, applying
the arguments of case B with replacing p, q, g1ðθÞ,
g2ðθÞ by q, p, g2ðθÞ, g1ðθÞ, respectively, we get (16)

Let h and g be positive integrable functions defined on
½θ1, θ2� and J be any nonempty subinterval of ½θ1, θ2�, then
the integral power means of order r ∈ℝ are defined as

M r;J½ � h ; gð Þ =

Ð
J
h θð Þgr θð ÞdθÐ
J
h θð Þdθ

 !1/r

, if r ≠ 0,

exp
Ð
J
h θð Þ log g θð ÞdθÐ

J
h θð Þdθ

 !
, if r = 0,

8>>>>><
>>>>>:

M r;J½ � u:h ; gð Þ =

Ð
J
u θð Þh θð Þgr θð ÞdθÐ
J
u θð Þh θð Þdθ

 !1/r

, if r ≠ 0,

exp
Ð
J
u θð Þh θð Þ log g θð ÞdθÐ

J
u θð Þh θð Þdθ

 !
, if r = 0,

8>>>>><
>>>>>:

ð18Þ

M r; θ1,θ2½ �½ � h ; gð Þ =

Ð θ2
θ1
h θð Þgr θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A

1/r

, if r ≠ 0,

exp
Ð θ2
θ1
h θð Þ log g θð ÞdθÐ θ2

θ1
h θð Þdθ

0
@

1
A , if r = 0:

8>>>>>>><
>>>>>>>:

ð19Þ

Corollary 9. Assume some positive integrable functions h, u,
v,w, z and g defined on ½θ1, θ2� with uðθÞ +wðθÞ = 1 and
vðθÞ + zðθÞ = 1 for θ ∈ ½θ1, θ2�. Also, assume that α, β ∈ℝ
such that α ≤ β, then

(A) For α/β ∈ℝ − fð−1, 0Þg, β ≠ 0, the following inequal-
ities hold

M α; θ1 ,θ2½ �½ � h ; gð Þ ≤ 1Ð θ2
θ1
h θð Þdθ

2
4

3
5
1/α ð

J

u θð Þh θð Þdθ
� �

Mα
β;J½ � u:h ; gð Þ

�

+
ð
J

w θð Þh θð Þdθ
� �

Mα
β;J½ � w:h ; gð Þ

+
ð
�J

v θð Þh θð Þdθ
� �

Mα
β; �J½ � v:h ; gð Þ

+
ð
�J

z θð Þh θð Þdθ
� �

Mα
β; �J½ � z:h ; gð Þ

#1/α

≤M β; θ1 ,θ2½ �½ � h ; gð Þ, α ≠ 0, ð20Þ

M α; θ1 ,θ2½ �½ � h ; gð Þ ≤ exp
Ð
J
u θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A log M β;J½ � u:h ; gð Þ

2
4

+
Ð
J
w θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A log M β;J½ � w:h ; gð Þ

+
Ð
�J
v θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A logM β; �J½ � v:h ; gð Þ

+
Ð
�J
z θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A logM β; �J½ � z:h ; gð Þ

#

≤M β; θ1 ,θ2½ �½ � h ; gð Þ, α = 0 ð21Þ

(B) For β/α ∈ℝ − fð−1, 0Þg, α ≠ 0, the following inequal-
ities hold

M β; θ1 ,θ2½ �½ � h ; gð Þ ≥ 1Ð θ2
θ1
h θð Þdθ

2
4

3
5
1/β ð

J

u θð Þh θð Þdθ
� �

Mβ
α;J½ � u:h ; gð Þ

�

+
ð
J

w θð Þh θð Þdθ
� �

Mβ
α;J½ � w:h ; gð Þ

+
ð
�J

v θð Þh θð Þdθ
� �

Mβ

α; �J½ � v:h ; gð Þ

+
ð
�J

z θð Þh θð Þdθ
� �

Mβ

α; �J½ � z:h ; gð Þ�
1/β

≥M α; θ1 ,θ2½ �½ � h ; gð Þ, β ≠ 0, ð22Þ

M β; θ1 ,θ2½ �½ � h ; gð Þ ≥ exp
Ð
J
u θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A logM α;J½ � u:h ; gð Þ

2
4

+
Ð
J
w θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A log M α;J½ � w:h ; gð Þ

+
Ð
�J
v θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A log M α; �J½ � v:h ; gð Þ

+
Ð
�J
z θð Þh θð ÞdθÐ θ2
θ1
h θð Þdθ

0
@

1
A log M α; �J½ � z:h ; gð Þ

#
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≥M α; θ1 ,θ2½ �½ � h ; gð Þ, β = 0 ð23Þ

Proof.

(A) Let f ðθÞ = θα/β for θ > 0, then the following possible
cases can be discussed:

Case 1. If α, β ∈ℝ− with α ≤ β, then α/β ≥ 1, and the func-
tion f ðθÞ is convex. Therefore, utilizing (5) for f ðθÞ and gðθÞ
⟶ gβðθÞ, after that taking power 1/α, we obtain (20)

Case 2. If α, β ∈ℝ+ with α < β, then 0 < α/β < 1, and the
function f ðθÞ is concave. Therefore, utilizing (5) for f ðθÞ
and gðθÞ⟶ gβðθÞ and then taking power 1/α, we obtain (20)

Case 3. If β ∈ℝ+, α ∈ℝ− with α ≤ β, then α/β ≤ 0, and the
function f ðθÞ is convex. Therefore, utilizing (5) for f ðθÞ and
gðθÞ⟶ gβðθÞ and then taking power 1/α, we obtain (20)

For the case when α = 0, taking lim
α⟶0

of (20), we get (21).

(B) Let f ðθÞ = θβ/α for θ > 0, then the following possible
cases can be discussed:

Case 1. If α, β ∈ℝ+ with α ≤ β, then β/α ≥ 1, and the
function f ðθÞ is convex. Hence, using (5) for f ðθÞ and gðθÞ
⟶ gαðθÞ and then taking power 1/β, we obtain (22)

Case 2. If α, β ∈ℝ− with α ≤ β, then 0 < β/α < 1, and the
function f ðθÞ is concave. Hence, using (5) for f ðθÞ and gðθÞ
⟶ gαðθÞ and then taking power 1/β, we obtain (22)

Case 3. Similarly, if α ∈ℝ−, β ∈ℝ+ with α ≤ β, then β/α
≤ −1, and the function f ðθÞ is convex function. Hence, using
(5) for f ðθÞ and gðθÞ⟶ gαðθÞ and taking power 1/β, we
obtain (22)

For the case when β = 0, taking limβ⟶0 in (22), we
get (23).

Let h and u be some positive integrable functions and g
be an arbitrary integrable function defined on ½θ1, θ2�. Fur-
ther, if p is considered as a strictly monotone and continuous
function whose domain is the image of g, then for any non-
empty subinterval J of ½θ1, θ2�, the quasi-arithmetic mean is
defined by

M J½ �
p h ; gð Þ = p−1

Ð
J
h θð Þp g θð Þð ÞdθÐ

J
h θð Þdθ

 !
,

M J½ �
p u:h ; gð Þ = p−1

Ð
J
u θð Þh θð Þp g θð Þð ÞdθÐ

J
u θð Þh θð Þdθ

 !
,

ð24Þ

M θ1,θ2½ �
p h ; gð Þ = p−1

Ð θ2
θ1
h θð Þp g θð Þð ÞdθÐ θ2

θ1
h θð Þdθ

0
@

1
A: ð25Þ

Some inequalities are given for the quasi-arithmetic
mean as follows.

Corollary 10. Assume some positive integrable functions h,
u, v,w, z defined on ½θ1, θ2� such that uðθÞ +wðθÞ = 1 and v
ðθÞ + zðθÞ = 1 for θ ∈ ½θ1, θ2� and further assume that g is
an arbitrary integrable function defined on ½θ1, θ2�. Also, sup-
pose that p is a strictly monotone continuous function whose
domain is the image of g. Then, for ðΨ ∘ p−1ÞðθÞ as a convex
function, the following inequalities hold

1Ð θ2
θ1
h θð Þdθ

ðθ2
θ1

h θð ÞΨ g θð Þð Þdθ

≥
1Ð θ2

θ1
h θð Þdθ

ð
J

u θð Þh θð ÞdθΨ M J½ �
p u:h ; gð Þ

� ��

+
ð
J

w θð Þh θð ÞdθΨ M J½ �
p w:h ; gð Þ

� �

+
ð
�J

v θð Þh θð ÞdθΨ M
�J½ �

p v:h ; gð Þ
� �

+
ð
�J

z θð Þh θð ÞdθΨ M
�J½ �

p z:h ; gð Þ
� ��

≥Ψ M θ1 ,θ2½ �
p h ; gð Þ

� �
:

ð26Þ

The direction of the inequalities reverses in (26), when the
function ðΨ ∘ p−1ÞðθÞ, becomes concave.

Proof. The desired inequalities can be calculated by utilizing
(5) for g⟶ p ∘ g and f ⟶Ψ ∘ p−1.

3. Applications in Information Theory

In this section, we use the main result to obtain some new
and interesting estimates for various divergences and Shan-
non entropy in information theory. A literature about the
inequalities related to these divergences can be found in [24].

Definition 11 (Csiszâr divergence [25]). Assume that Ψ : I+

⟶ℝ is a function defined on a positive interval I+. Also,
assume that p, q : ½θ1, θ2�⟶ ð0,∞Þ are two integrable func-
tions such that qðθÞ/pðθÞ ∈ I+ for all θ ∈ ½θ1, θ2�, then the
integral form of Csiszâr-divergence is defined by

CΨ p, qð Þ =
ðθ2
θ1

p θð ÞΨ q θð Þ
p θð Þ
� �

dθ: ð27Þ

Theorem 12. Let Ψ : I+ ⟶ℝ be a convex function defined
on a positive interval I+ and assume that u, v,w, z, p, q : ½θ1,
θ2�⟶ℝ+ are integrable functions such that qðθÞ/pðθÞ ∈ I+,
uðθÞ +wðθÞ = 1, and vðθÞ + zðθÞ = 1 for all θ ∈ ½θ1, θ2�. Then,
for a subinterval J of ½θ1, θ2� with �J = ½θ1, θ2� \ J , the
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following inequalities hold

CΨ p, qð Þ ≥
ð
J

u θð Þp θð ÞdθΨ
Ð
J
u θð Þq θð ÞdθÐ

J
u θð Þp θð Þdθ

 !

+
ð
J

w θð Þp θð ÞdθΨ
Ð
J
w θð Þq θð ÞdθÐ

J
w θð Þp θð Þdθ

 !

+
ð
�J

v θð Þp θð ÞdθΨ
Ð
�J
v θð Þq θð ÞdθÐ

�J
v θð Þp θð Þdθ

 !

+
ð
�J

z θð Þp θð ÞdθΨ
Ð
�J
z θð Þq θð ÞdθÐ

�J
z θð Þp θð Þdθ

 !

≥Ψ

Ð θ2
θ1
q θð ÞdθÐ θ2

θ1
p θð Þdθ

0
@

1
Aðθ2

θ1

p θð Þdθ:

ð28Þ

Proof. Using Theorem 4 for f ⟶Ψ, gðθÞ = qðθÞ/pðθÞ, and
hðθÞ = pðθÞ, we obtain (28).

Definition 13 (Shannon entropy). The Shannon entropy for
a positive probability density function pðθÞ defined on ½θ1,
θ2� is given by

S pð Þ = −
ðθ2
θ1

p θð Þ log p θð Þdθ: ð29Þ

Corollary 14. Let u, v,w, z : ½θ1, θ2�⟶ℝ+ be integrable
functions such that uðθÞ +wðθÞ = 1 and vðθÞ + zðθÞ = 1 for
all θ ∈ ½θ1, θ2�. Also, let p, q be two positive probability density
functions defined on ½θ1, θ2�, then for a subinterval J of ½θ1, θ2�
with �J = ½θ1, θ2� \ J , the following inequalities hold

ðθ2
θ1

p θð Þ log q θð Þð Þdθ + S pð Þ

≤
ð
J

u θð Þp θð Þdθ log
Ð
J
u θð Þq θð ÞdθÐ

J
u θð Þp θð Þdθ

 !

+
ð
J

w θð Þp θð Þdθ log
Ð
J
w θð Þq θð ÞdθÐ

J
w θð Þp θð Þdθ

 !

+
ð
�J

v θð Þp θð Þdθ log
Ð
�J
v θð Þq θð ÞdθÐ

�J
v θð Þp θð Þdθ

 !

+
ð
�J

z θð Þp θð Þdθ log
Ð
�J
z θð Þq θð ÞdθÐ

�J
z θð Þp θð Þdθ

 !

≤ log
ðθ2
θ1

q θð Þdθ
 !

: ð30Þ

Proof. Using (28) for the function ΨðζÞ = −log ζ, ζ ∈ I+, we
obtain (30).

Remark 15. For qðθÞ = 1, the result (30) becomes

S pð Þ ≤
ð
J

u θð Þp θð Þdθ log
Ð
J
u θð ÞdθÐ

J
u θð Þp θð Þdθ

 !

+
ð
J

w θð Þp θð Þdθ log
Ð
J
w θð ÞdθÐ

J
w θð Þp θð Þdθ

 !

+
ð
�J

v θð Þp θð Þdθ log
Ð
�J
v θð ÞdθÐ

�J
v θð Þp θð Þdθ

 !

+
ð
�J

z θð Þp θð Þdθ log
Ð
�J
z θð ÞdθÐ

�J
z θð Þp θð Þdθ

 !

≤ log θ2 − θ1ð Þ:

ð31Þ

Definition 16 (Kullback-Leibler divergence). The Kullback-
Leibler divergence for two positive probability densities pðθ
Þ and qðθÞ defined on ½θ1, θ2� is given by

KL q, pð Þ =
ðθ2
θ1

q θð Þ log q θð Þ
p θð Þ dθ: ð32Þ

Corollary 17. Let u, v,w, z, p, q : ½θ1, θ2�⟶ℝ+ be integra-
ble functions such that pðθÞ and qðθÞ are positive probability
density functions and uðθÞ +wðθÞ = 1 and vðθÞ + zðθÞ = 1 for
all θ ∈ ½θ1, θ2�. Then, for a subinterval J of ½θ1, θ2� with
�J = ½θ1, θ2� \ J , the following inequalities hold

KL q, pð Þ ≥
ð
J

u θð Þq θð Þdθ log
Ð
J
u θð Þq θð ÞdθÐ

J
u θð Þp θð Þdθ

 !

+
ð
J

w θð Þq θð Þdθ log
Ð
J
w θð Þq θð ÞdθÐ

J
w θð Þp θð Þdθ

 !

+
ð
�J

v θð Þq θð Þdθ log
Ð
�J
v θð Þq θð ÞdθÐ

�J
v θð Þp θð Þdθ

 !

+
ð
�J

z θð Þq θð Þdθ log
Ð
�J
z θð Þq θð ÞdθÐ

�J
z θð Þp θð Þdθ

 !

≥ 0:

ð33Þ

Proof. Using (28) for the convex function ΨðζÞ = ζ log ζ,
ζ ∈ I+, we obtain (33).

Definition 18 (variational distance). The variational distance
for two positive probability densities pðθÞ and qðθÞ defined
on ½θ1, θ2� is given by

V q, pð Þ =
ðθ2
θ1

q θð Þ − p θð Þj jdθ: ð34Þ

Corollary 19. Let u, v,w, z, p, q and J , �J be interpreted as in
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Corollary 17, then

V q, pð Þ ≥
ð
J

u θð Þ q θð Þ − p θð Þð Þdθ
				

				
+
ð
J

w θð Þ q θð Þ − p θð Þð Þdθ
				

				
+
ð
�J

v θð Þ q θð Þ − p θð Þð Þdθ
				

				
+
ð
�J

z θð Þ q θð Þ − p θð Þð Þdθ
				

				:

ð35Þ

Proof. Using the convex function ΨðζÞ = jζ − 1j for ζ ∈ I+ in
(28), we obtain (35).

Definition 20 (Jeffrey’s distance). Jeffrey’s distance for two
positive probability density functions pðθÞ and qðθÞ defined
on ½θ1, θ2� is given by

J q, pð Þ =
ðθ2
θ1

q θð Þ − p θð Þð Þ log q θð Þ
p θð Þ
� �

dθ: ð36Þ

Corollary 21. Let u, v,w, z, p, q and J , �J be interpreted as in
Corollary 17, then

J q, pð Þ ≥
ð
J

u θð Þ q θð Þ − p θð Þð Þdθ log
Ð
J
u θð Þq θð ÞdθÐ

J
u θð Þp θð Þdθ

 !

+
ð
J

w θð Þ q θð Þ − p θð Þð Þdθ log
Ð
J
w θð Þq θð ÞdθÐ

J
w θð Þp θð Þdθ

 !

+
ð
�J

v θð Þ q θð Þ − p θð Þð Þdθ log
Ð
�J
v θð Þq θð ÞdθÐ

�J
v θð Þp θð Þdθ

 !

+
ð
�J

z θð Þ q θð Þ − p θð Þð Þdθ log
Ð
�J
z θð Þq θð ÞdθÐ

�J
z θð Þp θð Þdθ

 !

≥ 0:

ð37Þ

Proof. Using the convex function ΨðζÞ = ðζ − 1Þ log ζ, ζ ∈ I+
in (28), we obtain (37).

Definition 22 (Bhattacharyya coefficient). The Bhattacharyya
coefficient for two positive probability density functions pðθÞ
and qðθÞ defined on ½θ1, θ2� is given by

B p, qð Þ =
ðθ2
θ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p θð Þq θð Þ

p
dθ: ð38Þ

Corollary 23. Let u, v,w, z, p, q and J , �J be interpreted as in

Corollary 17, then

B p, qð Þ ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

u θð Þp θð Þdθ
ð
J

u θð Þq θð Þdθ
s

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

w θð Þp θð Þdθ
ð
J

w θð Þq θð Þdθ
s

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
�J

v θð Þp θð Þdθ
ð
�J

v θð Þq θð Þdθ
s

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
�J

z θð Þp θð Þdθ
ð
�J

z θð Þp θð Þdθ
s

≤ 0:

ð39Þ

Proof. Using the convex function ΨðζÞ = −
ffiffiffi
ζ

p
, ζ ∈ I+ in (28),

we obtain (39).

Definition 24 (Hellinger distance). The Hellinger distance for
two positive probability density functions pðθÞ and qðθÞ
defined on ½θ1, θ2� is given by

H q, pð Þ =
ðθ2
θ1

ffiffiffiffiffiffiffiffiffi
q θð Þ

p
−

ffiffiffiffiffiffiffiffiffi
p θð Þ

p� �2
dθ: ð40Þ

Corollary 25. Let u, v,w, z, p, q and J , �J be defined as in
Corollary 17, then

H p, qð Þ ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

u θð Þq θð Þdθ
s

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

u θð Þp θð Þdθ
s !2

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

w θð Þq θð Þdθ
s

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

w θð Þp θð Þdθ
s !2

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

v θð Þq θð Þdθ
s

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

v θð Þp θð Þdθ
s !2

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

z θð Þq θð Þdθ
s

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið
J

z θð Þp θð Þdθ
s !2

≥ 0:

ð41Þ

Proof. Using (28) for the convex function ΨðζÞ = ð
ffiffiffi
ζ

p
− 1Þ2

, ζ ∈ I+, we obtain (41).

Definition 26 (triangular discrimination). The triangular dis-
crimination for two positive probability density functions p
ðθÞ and qðθÞ defined on ½θ1, θ2� is given by

Δ q, pð Þ =
ðθ2
θ1

q θð Þ − p θð Þð Þ2
p θð Þ + q θð Þ dθ: ð42Þ

Corollary 27. Let u, v,w, z, p, q and J , �J be as stated in
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Corollary 17, then

Δ q, pð Þ ≥
Ð
J
u θð Þ q θð Þ − p θð Þð Þdθ

� �2
Ð
J
u θð Þ p θð Þ + q θð Þð Þdθ

+
Ð
J
w θð Þ q θð Þ − p θð Þð Þdθ

� �2
Ð
J
w θð Þ p θð Þ + q θð Þð Þdθ

+
Ð
J
v θð Þ q θð Þ − p θð Þð Þdθ

� �2
Ð
J
v θð Þ p θð Þ + q θð Þð Þdθ

+
Ð
J
z θð Þ q θð Þ − p θð Þð Þdθ

� �2
Ð
J
z θð Þ p θð Þ + q θð Þð Þdθ

≥ 0:

ð43Þ

Proof. Utilizing the convex function ΨðζÞ = ðζ − 1Þ2/ðζ + 1Þ,
ζ ∈ I+ in (28), we obtain (43).

3.1. Further Generalization. In this section, we give more
general form of the proposed refinement of the integral Jen-
sen inequality concerning several certain functions.

Theorem 28. Let f : I ⟶ℝ be a convex function defined on
the interval I. Also, let g, h, uiℓ : ½θ1, θ2�⟶ℝ be integrable
functions for each i = 1, 2,⋯, s where gðθÞ ∈ I, hðθÞ, uiℓðθÞ ∈
ℝ+ for all θ ∈ ½θ1, θ2�ðℓ = 1, 2,⋯, n, i = 1, 2,⋯, s, s ∈NÞ and
H ≔

Ð θ2
θ1
hðθÞdθ,∑n

ℓ=1u
i
ℓðθÞ = 1, for each i. Suppose that L1,

L2,⋯, Ls be some nonempty subsets of f1, 2,⋯, ng such that
Lk ∩ Lt =∅ for k ≠ t and ∪s

i=1Li = f1, 2,⋯, ng. Furthermore,
if J 1, J 2,⋯, J s are some nonempty subintervals of ½θ1, θ2�
such that J k ∩ J t =∅ for k ≠ t and ∪s

i=1J i = ½θ1, θ2�, then
the following inequalities hold:

1
H

ðθ2
θ1

h θð Þf g θð Þð Þdθ

≥
1
H

ð
J 1

〠
ℓ∈L1

u1ℓ θð Þh θð Þdθf
Ð
J 1
∑ℓ∈L1u

1
ℓ θð Þh θð Þg θð ÞdθÐ

J 1
∑ℓ∈L1u

1
ℓ θð Þh θð Þdθ

 !

+⋯+ 1
H

ð
J 1

〠
ℓ∈Ls

u1ℓ θð Þh θð Þdθf
Ð
J 1
∑ℓ∈Lsu

1
ℓ θð Þh θð Þg θð ÞdθÐ

J 1
∑ℓ∈Lsu

1
ℓ θð Þh θð Þdθ

 !

+ 1
H

ð
J 2

〠
ℓ∈L1

u2ℓ θð Þh θð Þdθf
Ð
J 2
∑ℓ∈L1u

2
ℓ θð Þh θð Þg θð ÞdθÐ

J 2
∑ℓ∈L1u

2
ℓ θð Þh θð Þdθ

 !

+⋯+ 1
H

ð
J 2

〠
ℓ∈Ls

u2ℓ θð Þh θð Þdθf
Ð
J 2
∑ℓ∈Lsu

2
ℓ θð Þh θð Þg θð ÞdθÐ

J 2
∑ℓ∈Lsu

2
ℓ θð Þh θð Þdθ

 !
+

⋮

+ 1
H

ð
J s

〠
ℓ∈L1

usℓ θð Þh θð Þdθf
Ð
J s
∑ℓ∈L1u

s
ℓ θð Þh θð Þg θð ÞdθÐ

J s
∑ℓ∈L1u

s
ℓ θð Þh θð Þdθ

 !

+⋯+ 1
H

ð
J s

〠
ℓ∈Ls

usℓ θð Þh θð Þdθf
Ð
J s
∑ℓ∈Lsu

s
ℓ θð Þh θð Þg θð ÞdθÐ

J s
∑ℓ∈Lsu

s
ℓ θð Þh θð Þdθ

 !

≥f
1
H

ðθ2
θ1

h θð Þg θð Þdθ
 !

: ð44Þ

If the function f is concave, then the reverse inequalities
hold in (44).

Proof. Since ∑n
ℓ=1u

i
ℓðθÞ =∑ℓ∈∪s

i=1Li
uiℓðθÞ = 1 for all θ ∈ ½θ1, θ2�

and each i = 1, 2,⋯, s, therefore for the subintervals J i
of ½θ1, θ2�, we have

ðθ2
θ1

h θð Þf g θð Þð Þdθ

=
ð
J 1

〠
ℓ∈∪s

i=1Li

u1ℓ θð Þh θð Þf g θð Þð Þdθ

+
ð
J 2

〠
ℓ∈∪s

i=1Li

u2ℓ θð Þh θð Þf g θð Þð Þdθ+⋯+
ð
J s

〠
ℓ∈∪s

i=1Li

usℓ θð Þh θð Þf g θð Þð Þdθ

=
ð
J 1

〠
ℓ∈L1

u1ℓ θð Þh θð Þf g θð Þð Þdθ+⋯+
ð
J 1

〠
ℓ∈Ls

u1ℓ θð Þh θð Þf g θð Þð Þdθ

+
ð
J 2

〠
ℓ∈L1

u2ℓ θð Þh θð Þf g θð Þð Þdθ+⋯+
ð
J 2

〠
ℓ∈Ls

u2ℓ θð Þh θð Þf g θð Þð Þdθ+

⋮

+
ð
J s

〠
ℓ∈L1

usℓ θð Þh θð Þf g θð Þð Þdθ+⋯+
ð
J s

〠
ℓ∈Ls

usℓ θð Þh θð Þf g θð Þð Þdθ: ð45Þ

Applying the integral Jensen inequality to all terms on
the right hand side of (45), we obtain

1
H

ðθ2
θ1

h θð Þf g θð Þð Þdθ ≥
1
H

ð
J 1

〠
ℓ∈L1

u1ℓ θð Þh θð Þdθf
Ð
J 1
∑ℓ∈L1u

1
ℓ θð Þh θð Þg θð ÞdθÐ

J 1
∑ℓ∈L1u

1
ℓ θð Þh θð Þdθ

 ! 

+⋯+
ð
J 1

〠
ℓ∈Ls

u1ℓ θð Þh θð Þdθf
Ð
J 1
∑ℓ∈Lsu

1
ℓ θð Þh θð Þg θð ÞdθÐ

J 1
∑ℓ∈Lsu

1
ℓ θð Þh θð Þdθ

 !

+
ð
J 2

〠
ℓ∈L1

u2ℓ θð Þh θð Þdθf
Ð
J 2
∑ℓ∈L1u

2
ℓ θð Þh θð Þg θð ÞdθÐ

J 2
∑ℓ∈L1u

2
ℓ θð Þh θð Þdθ

 !

+⋯+
ð
J 2

〠
ℓ∈Ls

u2ℓ θð Þh θð Þdθf
Ð
J 2
∑ℓ∈Lsu

2
ℓ θð Þh θð Þg θð ÞdθÐ

J 2
∑ℓ∈Lsu

2
ℓ θð Þh θð Þdθ

 !
+

⋮

+
ð
J s

〠
ℓ∈L1

usℓ θð Þh θð Þdθf
Ð
J s
∑ℓ∈L1u

s
ℓ θð Þh θð Þg θð ÞdθÐ

J s
∑ℓ∈L1u

s
ℓ θð Þh θð Þdθ

 !

+⋯+
ð
J s

〠
ℓ∈Ls

usℓ θð Þh θð Þdθf
Ð
J s
∑ℓ∈Lsu

s
ℓ θð Þh θð Þg θð ÞdθÐ

J s
∑ℓ∈Lsu

s
ℓ θð Þh θð Þdθ

 !!

≥f
1
H

ð
J 1

〠
ℓ∈L1

u1ℓ θð Þh θð Þg θð Þdθ+⋯+ 1
H

ð
J 1

〠
ℓ∈Ls

u1ℓ θð Þh θð Þg θð Þdθ
 

+ 1
H

ð
J 2

〠
ℓ∈L1

u2ℓ θð Þh θð Þg θð Þdθ+⋯+ 1
H

ð
J 2

〠
ℓ∈Ls

u2ℓ θð Þh θð Þg θð Þdθ

+⋯+ 1
H

ð
J s

〠
ℓ∈L1

usℓ θð Þh θð Þg θð Þdθ+⋯

+ 1
H

ð
J s

〠
ℓ∈Ls

usℓ θð Þh θð Þg θð ÞdθÞ= f
1
H

ðθ2
θ1

h θð Þg θð Þdθ
 !

, ð46Þ

which concludes the result (44).

Remark 29. Using Theorem 28 for n = s = 2, we obtain
Theorem 4. Also, one can present similar applications of
Theorem 28 as in the previous sections.
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4. Conclusion

Jensen’s inequality and its refinements can help in various
aspects; for example, it helps to authenticate the positivity
of Kullback-Leibler divergence, it can be used to obtain some
useful estimates for Shannon and Zipf-Mandelbrot entropies
and for various divergences in information theory, its gap
can be utilized to obtain error bounds in the estimation of
certain parameters, and it is useful in the stability analysis
of discrete and continuous-time systems with time-varying
delay. In this paper, a new refinement of the integral Jensen
inequality is proposed with the help of four special type of
functions. The refinement is utilized to obtain improved
inequalities for various means. Also, new refinements of the
Hölder and the Hermite-Hadamard inequalities are obtained.
New estimates for several divergences and Shannon entropy
are presented. At the end of this paper, more general form of
the proposed refinement of the Jensen inequality associated
to several special type of functions is established.
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