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In this manuscript, two new classes of generalized weakly contractions are introduced and common fixed point results concerning
the new contractions are proved in the context of rectangular b-metric spaces. Also, some examples are included to present the
validity of our theorems. As an application, we provide the existence and uniqueness of solution of an integral equation.

1. Introduction

In the field of nonlinear analysis, Banach fixed point theo-
rem, which is introduced by Banach [1], is a powerful and
classical means to deal with problems on fixed points in
metric spaces. It is widely used in many disciplines of math-
ematics and has been promoted in many aspects. One impor-
tant extension is to extend the concept of metric spaces. b
-metric spaces and rectangular metric spaces are regarded
as two well-known generalizations of metric spaces.

As a extension of a metric space, b-metric space was
firstly introduced by Czerwik [2], by modifying the third
condition of metric function. In that paper, the author pro-
vided fixed point results for contraction conditions in this
type space. Afterwards, some authors have obtained many
excellent results concerning fixed point theory of a lot of
new types of contractive mappings on b-metric spaces. Gen-
eralizing the results of Berinde [3], Zada et al. [4] obtained
fixed point results for mappings with rational type and
Pacurar [5] got fixed point theorems of φ-contractions. In
[6], common fixed point results for weak φ-contraction
mappings were proved in this type spaces by Aydi et al. In
2019, problems about periodic common fixed point were
studied by Hussain et al. [7]. Recently, in [8], Gopal et al.
explored the latest researches and developments on theory
of fixed point in the framework of b-metric spaces. Younis

et al. [9] introduced new fixed point results for the underly-
ing mappings in the framework of dislocated b-metric
spaces. In [10], in b-metric-like spaces, the authors extended
the concept of Kannan mappings in view of F-contraction.
Lately, Younis et al. [11] presented the notion of graphical
extended b-metric spaces and discussed the framework of
an open ball in this new type space.

In 2000, by changing triangular inequality to quadrilat-
eral inequality, more general inequality, Branciari [12]
introduced the concept of rectangular metric spaces. Also,
the author extended the Banach contraction mapping
principle for this new context. Subsequently, a lot of fixed
point theorems of various contractive conditions in rectan-
gular metric spaces were obtained. Lakzian et al. [13]
established fixed point theorems dealing with ðψ, ϕÞ
-weakly contraction conditions in this type space, which
was ulteriorly extended by Erhan et al. in [14]. Bari and
Vetro [15] got common fixed point results on given func-
tions with ðψ, ϕÞ-weakly contractive conditions. In [16],
George and Rajagopalan studied problems of common
fixed points of ðψ, ϕÞ-contractive mappings. Lately, in
complete rectangular metric spaces, Wang and Pei-Sheng
[17] gave generalised θ-contraction mappings which can
be regarded as generalized Suzuki-Berinde type θ-con-
traction mappings and provided conditions which ensured
this type mapping possesses a unique fixed point. By the
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help of C-functions, in [18], some fixed point results were
established by Budhia et al. In graphical rectangular b
-metric spaces, some errors from literature [19] were recti-
fied by Younis et al. in [20].

Inspired by results of Czerwik [2] and Branciari [12],
George et al. [21] extended b-metric space and rectangular
metric space by introduced rectangular b-metric space. In
that paper, the authors presented an analogue of Banach
fixed point theorem and fixed point theorem of Kannan.
After that, many researchers had solved problems of fixed
point of new type of contractive mappings on this type
space. Kadelburg and Radenovic [22] and Mitrovic [23] pre-
sented common fixed point theorems in this type space. In
the setting of rectangular b-metric spaces, a Boyd-Wong
type theorem was studied by Ding et al. in [24]. Sukprasert
et al. [25] presented the concept of weak altering distance
function and discussed fixed point result of a new general-
ized contractive mapping. Roshan et al. [26] gave some fixed
point theorems concerning almost generalized weakly con-
tractive mappings and rational type contractions. In [27],
Mitrovic obtained an analogue of Banach contractive map-
ping principle and solved an open problem arose in [21].

Recently, Sunarsini et al. [28] introduced a new extension
of metric space named as complex valued rectangular b
−metric space and gave an example of Banach contractive
mapping principle at linear equation system. In [29], com-
mon coupled fixed point theorems concerning generalised
T − contraction conditions were studied by George and
Reshma. Lately, in ordered partial rectangular b −metric
spaces, Asim et al. [30] established some ordered-
theoretic fixed point results of Geraghty-weak contractive
mappings.

In 1997, by using the notion of weak contractive map-
pings, Alber et al. [31] extended Banach contraction map-
ping principle in Hilbert spaces. In [32], weak contraction
principle was generalized to metric spaces by Rhoades. After
that, many authors had generalised the weak contraction
principle. For example, in [33], the authors obtained the
fixed point results involving α-ψ contraction conditions
and applied them to solve quadratic integral equations. In
[34], Jamal et al. used ðψ, ϕÞ-weak contraction to extend
coincidence point theorems obtained in partially ordered b
-metric spaces.

Set

Hao and Guan [35] proved common fixed point result
dealing with a new class of generalized weakly contraction
conditions in complete b-metric spaces as follows.

Theorem 1 (see [35]). Let ðE, ρÞ be a complete b -metric
space with coefficient s ≥ 1. Let O, R : E ⟶E be self-map-
pings such that R is injective and OðEÞ ⊂ RðEÞ where RðEÞ
is closed. Assume that p ≥ 2 is a fixed number and φ : E
⟶ ½0,+∞Þ is lower semicontinuous. If there exist ψ ∈Ψ
and ϕ ∈Φ satisfying

ψ sp ρ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
≤ ψ I ξ, η, ρ,O, R, φð Þð Þ − ϕ J ξ, η, ρ,O, R, φð Þð Þ, ð2Þ

where

I ξ, η, ρ,O, R, φð Þ =max ρ Rξ, Rηð Þ + φ Rξð Þ + φ Rηð Þ, 1
2

ρ Oξ, Rξð Þ + φ Oξð Þf
�

+ φ Rξð Þ + ρ Oη, Rηð Þ + φ Oηð Þ + φ Rηð Þg, 1
2s

ρ Oξ, Rηð Þf
+ φ Oξð Þ + φ Rηð Þ + ρ Oη, Rξð Þ + φ Oηð Þ + φ Rξð Þgg,

J ξ, η, ρ,O, R, φð Þ =max ρ Rξ, Rηð Þ + φ Rξð Þ + φ Rηð Þ, ρ Oη, Rηð Þf
+ φ Oηð Þ + φ Rηð Þg,

ð3Þ

then O and R possess a unique coincidence point in E. Fur-

ther, if O and R are weakly compatible, then O and R have
a unique common fixed point.

Continuing in the same direction, our aim is to give two
new classes of generalized weakly contractions and establish
some common fixed point theorems dealing with the new
contractions in the setting of rectangular b-metric spaces.
Moreover, we present some examples that elaborate the
validity of our theorems. Also, as an application, we prove
the existence of solution of an integral equation.

2. Preliminaries

First, we recall some definitions and lemmas as follows:

Definition 2 (see [2]). Let M be a nonempty set and s ≥ 1 be
a constant. A function σ : M ×M⟶ ½0,+∞Þ is said to be a
b -metric iff

(i) σðξ, ηÞ = 0 iff ξ = η for ξ, η ∈M
(ii) σðξ, ηÞ = σðη, ξÞ for ξ, η ∈M
(iii) there exists a real number s ≥ 1 satisfying σðξ, ηÞ ≤

sðσðξ, ϑÞ + σðη, ϑÞÞ for ξ, η, ϑ ∈M

Usually, we call ðM, σÞ a b-metric space with coefficient
s ≥ 1.

Ψ = ψ : 0,+∞½ Þ⟶ 0,+∞½ Þis a continuous and increasing functionf g,
Φ = ϕ : 0,+∞½ Þ⟶ 0,+∞½ Þis a lower semi continuous and nondecreasing function and ϕ tð Þ = 0 if and only if t = 0f g:

ð1Þ
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Definition 3 (see [12]). Let M be a nonempty set. A function
ρ : M ×M⟶ ½0,+∞Þ is said to be a rectangular metric iff

(i) ρðξ, ηÞ = 0 iff ξ = η for ξ, η ∈M
(ii) ρðξ, ηÞ = ρðη, ξÞ for ξ, η ∈M
(iii) ρðξ, ηÞ ≤ ρðξ, κÞ + ρðκ, νÞ + ρðν, ηÞ for ξ, η ∈M and

all different points κ, ν ∈M − fξ, ηg

In general, we call ðM, ρÞ a rectangular metric space.

Definition 4 (see [21]). LetM be a nonempty set and s ≥ 1 be
a constant. A function ϱ : M ×M⟶ ½0,+∞Þ is said to be a
rectangular b -metric iff

(i) ϱðξ, ηÞ = 0 iff ξ = η for ξ, η ∈M
(ii) ϱðξ, ηÞ = ϱðη, ξÞ for ξ, η ∈M
(iii) there exists a real number s ≥ 1 satisfying ϱðξ, ηÞ ≤

sðϱðξ, κÞ + ϱðκ, υÞ + ϱðυ, ηÞÞ for ξ, η ∈M and all dif-
ferent points κ, υ ∈M − fξ, ηg

As usual, we call ðM, ϱÞ a rectangular b-metric space
with coefficient s ≥ 1.

Remark 5. It is obvious that a rectangular metric function
becomes a metric function when κ = ν and a rectangular b
-metric function becomes a rectangular metric function
when s = 1, whereas the converse of this statement may not
be true (see [21], Examples 1.4 and 1.5).

Example 1. Let M = A ∪ B, where A = f1/2, 1/3, 1/4, 1/5g, B
= ½1, 2�. Define ϱ : M ×M⟶ ½0,+∞Þ with ϱðξ, ηÞ = ϱðη, ξ
Þ for x, y ∈ X and

ϱ
1
2 ,

1
3

� �
= ϱ

1
3 ,

1
4

� �
= ϱ

1
4 ,

1
5

� �
= 0:05,

ϱ
1
2 ,

1
4

� �
= ϱ

1
3 ,

1
5

� �
= 0:08,

ϱ
1
2 ,

1
5

� �
= 0:6,

ϱ ξ, ηð Þ = ξ − ηj j, otherwise:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð4Þ

By calculation, we get ðM, ϱÞ is a rectangular b-metric
space as s = 4, whereas we obtain the following results:

(1) ðM, ϱÞ is not a metric space, as

ϱ
1
2 ,

1
5

� �
= 0:6 > 0:13 = ϱ

1
2 ,

1
3

� �
+ ϱ

1
3 ,

1
5

� �
ð5Þ

(2) ðM, ϱÞ is not a rectangular metric space, as

ϱ
1
2 ,

1
5

� �
= 0:6 > 0:15 = ϱ

1
2 ,

1
3

� �
+ ϱ

1
3 ,

1
4

� �
+ ϱ

1
4 ,

1
5

� �
ð6Þ

(3) ðM, ϱÞ is not a b-metric space with s = 4, as

ϱ
1
2 ,

1
5

� �
= 0:6 > 0:52 = 4 · ϱ

1
2 ,

1
3

� �
+ ϱ

1
3 ,

1
5

� �� �
ð7Þ

Example 2. Assume ðM, ϱ∗Þ is a metric space. For p ≥ 2,
define ϱðξ, ηÞ = ðϱ∗ðξ, ηÞÞp. Then, ðM, ϱÞ is a rectangular b
-metric space with parameter s = 3p−1.

Proof. One can verify easily the conditions (i) and (ii) hold
by definition of ϱðξ, ηÞ: In order to check (iii), we can infer
from the following inequality:

m + n + lð Þp ≤ 3p−1 mp + np + lp
� �

, for anym, n, l ≥ 0 and p ≥ 2:
ð8Þ

Then, for ξ, η ∈M and all different points τ, υ ∈M − fξ
, ηg, we have

ϱ ξ, ηð Þ = ϱ∗ ξ, ηð Þð Þp ≤ ϱ∗ ξ, τð Þ + ϱ∗ τ, υð Þ + ϱ∗ υ, ηð Þð Þp
≤ 3p−1 ϱ ξ, τð Þ + ϱ τ, υð Þ + ϱ υ, ηð Þð Þ: ð9Þ

That is, ðM, ϱÞ is a rectangular b-metric space when s
= 3p−1.☐

Definition 6 (see [21]). Let ðM, ϱÞ be a rectangular b-metric
space with coefficient s ≥ 1 . A sequence fξng in M is called:

(i) convergent sequence iff there is ξ ∈M such that ϱð
ξn, ξÞ⟶ 0 as n⟶ +∞

(ii) a Cauchy sequence iff ϱðξn, ξmÞ⟶ 0 when n,m
⟶ +∞

Furthermore, a rectangular b-metric space is called com-
pleteness iff every Cauchy sequence is convergent.

Remark 9. In rectangular b -metric spaces, one can show that
the limit of a sequence may not unique and every convergent
sequence in a rectangular b -metric space may not be a Cau-
chy sequence(see [21], Example 1.7).
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Definition 8 (see [36]). Let O and R be two self-maps defined
on a nonempty set M. If ν =Oξ = Rξ, for some ξ ∈M, then
ν is called the point of coincidence of O and R, where ξ is
said to be the coincidence point of O and R. Let CðO, RÞ rep-
resent the collection of all coincidence points of O and R.

Definition 9 (see [36]). Let O and R be two self-maps defined
on a nonempty setM. Then, O and R are called weakly com-
patible mappings when they commute at each coincidence
point, i.e., Oξ = Rξ⇒ORξ = ROξ for each ξ ∈ CðO, RÞ.

Lemma 10 (see [26]). Let ðM, ϱÞ be a rectangular b -metric
space with parameter s ≥ 1. Assume that fξng and fηng are
convergent to ξ and η, respectively. Then, one can get

1
s
ϱ ξ, ηð Þ ≤ lim inf

n⟶+∞
ϱ ξn, ηnð Þ ≤ lim sup

n⟶+∞
ϱ ξn, ηnð Þ ≤ sϱ ξ, ηð Þ:

ð10Þ

Moreover, if ξ = η, then we have limn⟶+∞ϱðξn, ηnÞ = 0.
Further, for ζ ∈M, we deduce

1
s
ϱ ξ, ζð Þ ≤ lim inf

n⟶+∞
ϱ ξn, ζð Þ ≤ lim sup

n⟶+∞
ϱ ξn, ζð Þ ≤ sϱ ξ, ζð Þ: ð11Þ

3. Main Results

In this section, a few of new common fixed point results on
generalized weakly contractive conditions in a complete
rectangular b-metric space will be presented. Moreover,
two examples will be provided to prove the validity of our
theorems.

Suppose ðM, ϱÞ is a rectangular b-metric space. A map-
ping O : M⟶ ½0,+∞Þ is named as a lower semicontinuous
mapping if, for ξ ∈M and fξng is convergent to ξ, one get

O ξð Þ ≤ lim inf
n⟶+∞

O ξnð Þ: ð12Þ

Let Ω represent the set of all functions β : ℝ0
+ ⟶ ½0, 1

/sÞ. We shall consider the contractive conditions defined by
the family Θ:

Θ = θ : 0,+∞½ Þ⟶ 0,+∞½ Þis a continuous and increasing function, for all κf
> 0, θ κð Þ < κ and θ κð Þ = 0 iff κ = 0g:

ð13Þ

Lemma 11 (see [37]). Let θ : ½0,+∞Þ⟶ ½0,+∞Þ be a non-
decreasing and upper semicontinuous mapping. Then, θðxÞ
< x for any x > 0 iff θnðxÞ⟶ 0 as n⟶∞.

Definition 12. Let ðM, ρÞ be a rectangular b -metric space
with coefficient s ≥ 1. Let α : M ×M⟶ ½0,+∞Þ and O, R
: M⟶M be given functions and p ≥ 2 be a real number.
A function O : M⟶M is called R - αsp -admissible func-
tion if, for all ξ, η ∈M,αðRξ, RηÞ ≥ sp implies αðOξ,OηÞ ≥ sp.

Definition 13. Let ðM, ϱÞ be a rectangular b -metric space
with coefficient s ≥ 1. Let α : M ×M⟶ ½0,+∞Þ and O, R

: M⟶M be three given mappings. Suppose that p ≥ 2 is
a real number and φ : M⟶ ½0,+∞Þ is a lower semicontin-
uous function. A mapping O is called a generalized ðR − αsp
, θ, φÞ contractive mapping, if there exist θ ∈Θ, β ∈Ω and
L ≥ 0, 1/s + L < 1 satisfying

θ α Rξ, Rηð Þ ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
≤ β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ
+ Lθ q ξ, η, ϱ,O, R, φð Þð Þ,

ð14Þ

for all ξ, η ∈M with αðRξ, RηÞ ≥ sp and ϱðOξ,OηÞ + φðOξÞ
+ φðOηÞ ≠ 0, where

h ξ, η, ϱ,O, R, φð Þ =max ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ, ϱ Oη,Oηð Þ + φ Oηð Þ + φ Rηð Þ
1 + ϱ Oξ, Rξð Þ + φ Oξð Þ + φ Rξð Þ

�

· ϱ Rξ, Rηð Þ + φ Rξð Þ + φ Rηð Þf g, 12 ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þf
+ ϱ Rξ, Rηð Þ + φ Rξð Þ + φ Rηð Þgg,

q ξ, η, ϱ,O, R, φð Þ = 1
2 min ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ, ϱ Rξ, Rηð Þf
+ φ Rξð Þ + φ Rηð Þg:

ð15Þ

Let α : M ×M⟶ ½0,+∞Þ be a mapping. Set
ðAspÞ If fξng is a sequence in M satisfying Rξn ⟶ Rξ as

n⟶ +∞, then there is a subsequence fRξnkg of fRξng with
αðRξnk , RξÞ ≥ sp for k ∈ℕ

ðBspÞ For x, y ∈ CðO, RÞ, one can get the condition of αð
Rx, RyÞ ≥ sp and αðRx, RyÞ ≥ sp

Theorem 14. Let ðM, ϱÞ be a complete rectangular b -metric
space with coefficient s ≥ 1. Let O, R : M⟶M be given self-
mappings satisfying OðMÞ ⊂ RðMÞ and RðMÞ is closed.
Assume that φ : M⟶ ½0,+∞Þ is a lower semicontinuous
mapping and α : M ×M⟶ ½0,+∞Þ. If

(i) O is R-αsp -admissible

(ii) O is generalized ðR − αsp , θ, φÞ contractive
(iii) there is ξ0 ∈M satisfying αðRξ0,Oξ0Þ ≥ sp

(iv) properties ðAspÞ and ðBspÞ are fulfilled
(v) α satisfies transitive property, i.e., for ξ, η, ζ ∈M

α ξ, ηð Þ ≥ sp and α η, ζð Þ ≥ sp ⇒ α ξ, ζð Þ ≥ sp, ð16Þ

then O and R possess a unique point of coincidence. Fur-
thermore, if O and R are weakly compatible, then O and R
possess a unique common fixed point in M.

Proof. It follows from condition (iii) that one can choose an
ξ0 ∈M with αðRξ0,Oξ0Þ ≥ sp. Define sequences fξng and f
ηng in M by ηn =Oξn = Rξn+1 for n ∈ℕ. If ηn = ηn+1 for
some n, then we deduce ηn = ηn+1 =Oξn+1 = Rξn+1 and O
and R possess a point of coincidence. Next, we suppose that
ηn ≠ ηn+1 for n ∈ℕ. In light of contraction condition (i), we
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obtain

α Rξ0, Rξ1ð Þ = α Rξ0,Oξ0ð Þ ≥ sp,
α Rξ1, Rξ2ð Þ = α Oξ0,Oξ1ð Þ ≥ sp,
α Rξ2, Rξ3ð Þ = α Oξ1,Oξ2ð Þ ≥ sp:

ð17Þ

Hence, for all n ∈ℕ, we deduce αðRξn, Rξn+1Þ = αðηn−1,
ηnÞ ≥ sp. Applying (14) with ξ = ξn and η = ξn+1,

θ ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ ≤ θ sp ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þ½ �ð Þ
≤ θ α Rξn, Rξn+1ð Þ ϱ Oξn,Oξn+1ð Þ + φ Oξnð Þ + φ Oξn+1ð Þ½ �ð Þ
≤ β θð h ξn, ξn+1, ϱ,O, R, φð Þð Þθ h ξn, ξn+1, ϱ,O, R, φð Þð Þ

+ Lθ q ξn, ξn+1, ϱ,O, R, φð Þð Þ,
ð18Þ

where

h ξn, ξn+1, ϱ,O, R, φð Þ
=max ϱ Oξn,Oξn+1ð Þ + φ Oξnð Þ + φ Oξn+1ð Þ, ϱ Oξn+1, Rξn+1ð Þ + φ Oξn+1ð Þ + φ Rξn+1ð Þ

1 + ϱ Oξn, Rξnð Þ + φ Oξnð Þ + φ Rξnð Þ
�

· ϱ Rξn, Rξn+1ð Þ + φ Rξnð Þ + φ Rξn+1ð Þf g, 12 ϱ Oξn,Oξn+1ð Þf

+ φ Oξnð Þ + φ Oξn+1ð Þ + ϱ Rξn, Rξn+1ð Þ + φ Rξnð Þ + φ Rξn+1ð Þg
�

=max ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þ, ϱ ηn+1, ηnð Þ + φ ηn+1ð Þ + φ ηnð Þ
1 + ϱ ηn, ηn−1ð Þ + φ ηnð Þ + φ ηn−1ð Þ

�

· ϱ ηn−1, ηnð Þ + φ ηn−1ð Þ + φ ηnð Þf g, 12 ϱ ηn, ηn+1ð Þ + φ ηnð Þf

+ φ ηn+1ð Þ + ϱ ηn−1, ηnð Þ + φ ηn−1ð Þ + φ ηnð Þg
�

≤max ϱ ηn−1, ηnð Þ + φ ηn−1ð Þ + φ ηnð Þ, ϱ ηn+1, ηnð Þ + φ ηn+1ð Þ + φ ηnð Þf g,

ð19Þ

q ξn, ξn+1, ϱ,O, R, φð Þ = 1
2 min ϱ Oξn,Oξn+1ð Þ + φ Oξnð Þf

+ φ Oξn+1ð Þ, ϱ Rξn, Rξn+1ð Þ + φ Rξnð Þ + φ Rξn+1ð Þg
= 1
2 min ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þ, ϱ ηn−1, ηnð Þf
+ φ ηn−1ð Þ + φ ηnð Þg:

ð20Þ
If we assume that ϱðηn, ηn+1Þ + φðηnÞ + φðηn+1Þ > ϱðηn,

ηn−1Þ + φðηnÞ + φðηn−1Þ for some n ∈ℕ, according to (18),
(19), and (20), we have

θ ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ ≤ 1
s
θ h ξn, ξn+1, ϱ,O, R, φð Þð Þ

+ Lθ q ξn, ξn+1, ϱ,O, R, φð Þð Þ
≤
1
s
θ ϱ ηn+1, ηnð Þ + φ ηn+1ð Þ + φ ηnð Þð Þ + Lθ ϱ ηn+1, ηnð Þð

+ φ ηn+1ð Þ + φ ηnð ÞÞ < θ ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ,
ð21Þ

which is a contradiction. Thus,

ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þ ≤ ϱ ηn, ηn−1ð Þ + φ ηnð Þ + φ ηn−1ð Þ,
ð22Þ

h ξn, ξn+1, ϱ,O, R, φð Þ ≤ ϱ ηn, ηn−1ð Þ + φ ηnð Þ + φ ηn−1ð Þ, ð23Þ

q ξn, ξn+1, ϱ,O, R, φð Þ < ϱ ηn, ηn−1ð Þ + φ ηnð Þ + φ ηn−1ð Þ:
ð24Þ

It follows from (22) that fϱðηn, ηn+1Þ + φðηnÞ + φðηn+1Þg
is decreasing. It follows that there exists a real number γ ≥ 0
satisfying

lim
n⟶+∞

ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ = γ: ð25Þ

In view of (18), (23), and (24), one can obtain

θ ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ
≤ β θð h ξn, ξn+1, ϱ,O, R, φð Þð Þθ h ξn, ξn+1, ϱ,O, R, φð Þð Þ

+ Lθ q ξn, ξn+1, ϱ,O, R, φð Þð Þ
< θ ϱ ηn, ηn−1ð Þ + φ ηnð Þ + φ ηn−1ð Þð Þ:

ð26Þ

If γ > 0, putting n⟶∞ in (26), we obtain

ð27Þ

a contradiction. Hence,

lim
n⟶+∞

ϱ ηn, ηn+1ð Þ + φ ηnð Þ + φ ηn+1ð Þð Þ = γ = 0, ð28Þ

which implies that limn⟶+∞ϱðηn, ηn+1Þ = 0 and limn⟶+∞
φðηnÞ = 0: In view of hypothesis (v), we have αðηn−2, ηnÞ ≥
sp. Taking ξ = ξn−1 and η = ξn+1 in (14), we obtain

θ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þð Þ
≤ θ α ηn−2, ηnð Þ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þ½ �ð Þ
≤ β θð h ξn−1, ξn+1, ϱ,O, R, φð Þð Þθ h ξn−1, ξn+1, ϱ,O, R, φð Þð Þ

+ Lθ q ξn−1, ξn+1, ϱ,O, R, φð Þð Þ,
ð29Þ

where

h ξn−1, ξn+1, ϱ,O, R, φð Þ =max ϱ Oξn−1,Oξn+1ð Þ + φ Oξn−1ð Þ + φ Oξn+1ð Þ, f
� ϱ Oξn+1, Rξn+1ð Þ + φ Oξn+1ð Þ + φ Rξn+1ð Þ
1 + ϱ Oξn−1, Rξn−1ð Þ + φ Oξn−1ð Þ + φ Rξn−1ð Þ
· ϱ Rξn−1, Rξn+1ð Þ + φ Rξn−1ð Þ + φ Rξn+1ð Þf g,
� 12 ϱ Oξn−1,Oξn+1ð Þ + φ Oξn−1ð Þ + φ Oξn+1ð Þf
+ ϱ Rξn−1, Rξn+1ð Þ + φ Rξn−1ð Þ + φ Rξn+1ð Þgg

≤max ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þ, ϱ ηn−2, ηnð Þf
+ φ ηn−2ð Þ + φ ηnð Þg,

ð30Þ
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q ξn−1, ξn+1, ϱ,O, R, φð Þ = 1
2 min ϱ Oξn−1,Oξn+1ð Þ + φ Oξn−1ð Þf
+ φ Oξn+1ð Þ, ϱ Rξn−1, Rξn+1ð Þ + φ Rξn−1ð Þ
+ φ Rξn+1ð Þg

= 1
2 min ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þf
+ φ ηn+1ð Þ, ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þg:

ð31Þ
If for some n ∈ℕ, ϱðηn−1, ηn+1Þ + φðηn−1Þ + φðηn+1Þ > ϱð

ηn−2, ηnÞ + φðηn−2Þ + φðηnÞ, according to (29), (30), and
(31), we get

θ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þð Þ
< 1

s
θ h ξn−1, ξn+1, ϱ,O, R, φð Þð Þ + Lθ q ξn−1, ξn+1, ϱ,O, R, φð Þð Þ

< θ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þð Þ,
ð32Þ

which is a contradiction. It follows that

ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þ ≤ ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þ,
ð33Þ

h ξn−1, ξn+1, ϱ,O, R, φð Þ ≤ ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þ,
ð34Þ

q ξn−1, ξn+1, ϱ,O, R, φð Þ < ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þ:
ð35Þ

Inequality (33) yields that fϱðηn−2, ηnÞ + φðηn−2Þ + φðηn
Þg is non-increasing and which yields that there exists ∈ ≥
0 satisfying

lim
n⟶+∞

ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þð Þ = ∈: ð36Þ

In light of (32), (34), and (35), one can deduce

θ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þð Þ
≤ β θð h ξn−1, ξn+1, ϱ, O, R, φð Þð Þθ h ξn−1, ξn+1, ϱ,O, R, φð Þð Þ

+ Lθ q ξn−1, ξn+1, ϱ,O, R, φð Þð Þ
< θ ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þð Þ:

ð37Þ

Assume that ∈ > 0: Letting n⟶∞ in (37), we derive

θ ∈ð Þ = lim
n⟶+∞

θ ϱ ηn−1, ηn+1ð Þ + φ ηn−1ð Þ + φ ηn+1ð Þð Þ
≤ lim

n⟶+∞
β θ h ξn−1, ξn+1, ϱ,O, R, φð Þð Þθ h ξn−1, ξn+1, ϱ,O, R, φð Þð Þð

+ L lim
n⟶+∞

θ q ξn−1, ξn+1, ϱ,O, R, φð Þð Þ
	

< lim
n⟶+∞

θ ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þð Þ = θ ∈ð Þ,
ð38Þ

which gives a contradiction. This yields that

lim
n⟶+∞

ϱ ηn−2, ηnð Þ + φ ηn−2ð Þ + φ ηnð Þð Þ = ∈ = 0: ð39Þ

It follows that limn⟶+∞ϱðηn−2, ηnÞ = 0.
Now, we aim to show that fηng is a Cauchy sequence.

Assume on the contrary that, fηng is not Cauchy. So, there
exists ε > 0 for which we can choose sequences fηmk

g and
fηnkg of fηng such that nk is the smallest index for which
nk >mk > k,

ε ≤ ϱ ηmk
, ηnk

� 	
, ð40Þ

ϱ ηmk
, ηnk−1

� 	
< ε: ð41Þ

In light of the rectangular inequality and (40) and (41),
we have

ε ≤ ϱ ηmk
, ηnk

� 	
≤ s ϱ ηmk

, ηnk−1
� 	

+ ϱ ηnk−1, ηnk+1
� 	

+ ϱ ηnk+1, ηnk
� 	h i

< sε + sϱ ηnk−1, ηnk+1
� 	

+ sϱ ηnk+1, ηnk
� 	

:

ð42Þ

Taking the superior limit as k⟶ +∞, we have

ε ≤ lim sup
k⟶+∞

ϱ ηmk
, ηnk

� 	
≤ sε: ð43Þ

Similarly,

ϱ ηmk
, ηnk

� 	
≤ s ϱ ηmk

, ηmk+1

� 	
+ ϱ ηmk+1, ηmk−1

� 	
+ ϱ ηmk−1, ηnk
� 	h i

,

ð44Þ

ϱ ηmk
, ηnk

� 	
≤ s ϱ ηmk

, ηmk−1

� 	
+ ϱ ηmk−1, ηnk−1
� 	

+ ϱ ηnk−1, ηnk
� 	h i

,

ð45Þ

ϱ ηmk−1, ηnk
� 	

≤ s ϱ ηmk−1, ηmk

� 	
+ ϱ ηmk

, ηnk−1
� 	

+ ϱ ηnk−1, ηnk
� 	h i

:

ð46Þ
It follows from (40), (41), and (42) that

ε

s
≤ lim sup

k⟶+∞
ϱ ηmk

, ηnk−1
� 	

≤ ε: ð47Þ

By (40), (41), (44), and (46), we get

ε

s
≤ lim sup

k⟶+∞
ϱ ηmk−1, ηnk
� 	

≤ sε: ð48Þ

By the similar method, we have

ϱ ηmk−1, ηnk−1
� 	

≤ s ϱ ηmk−1, ηmk

� 	
+ ϱ ηmk

, ηnk
� 	

+ ϱ ηnk , ηnk−1
� 	h i

,

ð49Þ
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so is

ε

s
≤ lim sup

k⟶+∞
ϱ ηmk−1, ηnk−1
� 	

≤ s2ε: ð50Þ

According to the definition of hðξ, η, ϱ,O, R, φÞ, we get

h ξmk
, ξnk , ϱ,O, R, φ

� �
=max ϱ Oξmk

,Oξnk
� �

+ φ Oξmk

� �

+ φ Oξnk
� �

,
ϱ Oξnk , Rξnk
� �

+ φ Oξnk
� �

+ φ Rξnk
� �

1 + ρ Oξmk
, Rξmk

� �
+ φ Oξmk

� �
+ φ Rξmk

� �
· ϱ Rξmk

, Rξnk
� �

+ φ Rξmk

� �
+ φ Rξnk
� �
 �

, 12 ϱ Oξmk
,Oξnk

� �
+ φ Oξmk

� �

+ φ Oξnk
� �

+ ϱ Rξmk
, Rξnk

� �
+ φ Rξmk

� �
+ φ Rξnk
� ��)

=max ϱ ηmk
, ηnk

� 	
+ φ ηmk

� 	
+ φ ηnk

� 	
,

ϱ ηnk , ηnk−1
� 	

+ φ ηnk

� 	
+ φ ηnk−1

� 	
1 + ϱ ηmk

, ηmk−1

� 	
+ φ ηmk

� 	
+ φ ηmk−1

� 	
8<
:

· ϱ ηmk−1, ηnk−1
� 	

+ φ ηmk−1

� 	
+ φ ηnk−1

� 	n o
, 12 ϱ ηmk

, ηnk
� 	

+ φ ηmk

� 	
+ φ ηnk

� 	n
+ ϱ ηmk−1, ηnk−1
� 	

+ φ ηmk−1

� 	
+ φ ηnk−1

� 	o
g:

ð51Þ

Taking the superior limit as k⟶ +∞ in (51), we get

lim sup
k⟶+∞

h ξmk
, ξnk , ϱ,O, R, φ

� �
≤max sε, 0, sε + s2ε

2

� �
< s2ε:

ð52Þ

Also, we have

q ξmk
, ξnk , ϱ,O, R, φ

� �
= 1
2 min ϱ Oξmk

,Oξnk
� �

+ φ Oξmk

� �
+ φ Oξnk
� �

, ϱ Rξmk
, Rξnk

� �

+ φ Rξmk

� �
+ φ Rξnk
� ��

= 1
2 min ϱ ηmk

, ηnk
� 	

+ φ ηmk

� 	
+ φ ηnk

� 	
, ϱ ηmk−1, ηnk−1
� 	n

+ φ ηmk−1

� 	
+ φ ηnk−1

� 	o
:

ð53Þ

It follows that

lim sup
k⟶+∞

q ξmk
, ξnk , ϱ,O, R, φ

� �
< s2ε: ð54Þ

The transitivity property of α yields that αðRξmk
, RξnkÞ

≥ sp. Taking ξ = ξmk
and η = ξnk in (14), one can deduce

θ s2ε
� �

≤ θ spεð Þ ≤ θ α Rξmk
, Rξnk

� �
lim sup
n⟶+∞

ϱ ηmk
, ηnk

� 	
+ φ ηmk

� 	
+ φ ηnk

� 	h i� �
≤ lim sup

n⟶+∞
β θ h ξmk

, ξnk , ϱ,O, R, φ
� �� �� �

θ h ξmk
, ξnk , ϱ,O, R, φ

� �� �
+ lim sup

n⟶+∞
Lθ q ξmk

, ξnk , ϱ,O, R, φ
� �� �

≤
1
s
θ s2ε
� �

+ Lθ s2ε
� �

< θ s2ε
� �

,

ð55Þ

a contradiction. Hence, fηng is Cauchy. Since ðM, ρÞ is

complete, there is a ϑ ∈M such that

lim
n⟶+∞

ϱ ηn, ϑð Þ = lim
n⟶+∞

ϱ Oξn, ϑð Þ = lim
n⟶+∞

ϱ Rξn+1, ϑð Þ = lim
n,m⟶+∞

ϱ ηn, ηmð Þ = 0:

ð56Þ

Since RðMÞ is closed, we have ϑ ∈ RðMÞ. Hence,we
choose a z ∈M satisfying ϑ = Rz. We write (56) as

lim
n⟶+∞

ϱ ηn, Rzð Þ = lim
n⟶+∞

ϱ Oξn, Rzð Þ = lim
n⟶+∞

ϱ Rξn+1, Rzð Þ = 0:

ð57Þ

It follows from the definition of φ that

φ Rzð Þ = φ ϑð Þ ≤ liminf
n⟶+∞

φ ηnð Þ = 0, ð58Þ

which implies that φðRzÞ = φðϑÞ = 0:
The property ðAspÞ ensures that there exists a subse-

quence fηnkg of fηng with αðηnk−1, RzÞ ≥ sp for k ∈ℕ. If ϱð
Oz, RzÞ + φðOzÞ ≠ 0, taking ξ = ξnk and η = z in (14), one
deduce that

θ ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ� �
≤ θ sp ϱ Oξnk ,Oz

� �
+ φ Oξnk
� �

+ φ Ozð Þ� � �
≤ θ α ηnk−1, Rz

� 	
ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ� � 	
≤ β θ h ξnk , z, ϱ,O, R, φ

� �� �� �
θ h ξnk , z, ϱ,O, R, φ
� �� �

+ Lθ q ξnk , z, ϱ,O, R, φ
� �� �

,
ð59Þ

where

h ξnk , z, ϱ,O, R, φ
� �

=max ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ,

� ϱ Oz, Rzð Þ + φ Ozð Þ + φ Rzð Þ
1 + ρ Oξnk , Rξnk

� �
+ φ Oξnk
� �

+ φ Rξnk
� �

· ϱ Rξnk , Rz
� �

+ φ Rξnk
� �

+ φ Rzð Þ
 �
,

� 12 ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ

+ ϱ Rz, Rξnk
� �

+ φ Rzð Þ + φ Rξnk
� ��g

=max ϱ ηnk ,Oz
� 	

+ φ ηnk

� 	
+ φ Ozð Þ,

n
� ϱ Oz, Rzð Þ + φ Ozð Þ + φ Rzð Þ
1 + ϱ ηnk , ηnk−1

� 	
+ φ ηnk

� 	
+ φ ηnk−1

� 	
· ϱ ηnk−1, Rz

� 	
+ φ ηnk−1

� 	
+ φ Rzð Þ

n o
,

� 12 ϱ ηnk ,Oz
� 	

+ φ ηnk

� 	
+ φ Ozð Þ + ϱ ηnk−1, Rz

� 	n
+ φ ηnk−1

� 	
+ φ Rzð Þ

o
g,

ð60Þ
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q ξnk , z, ϱ,O, R, φ
� �

= 1
2 min ϱ Oξnk ,Oz

� �
+ φ Oξnk
� �


+ φ Ozð Þ, ϱ Rξnk , Rz
� �

+ φ Rξnk
� �

+ φ Rzð Þ�
= 1
2 min ϱ ηnk ,Oz

� 	
+ φ ηnk

� 	
+ φ Ozð Þ, ϱ ηnk−1, Rz

� 	n
+ φ ηnk−1

� 	
+ φ Rzð Þ

o
:

ð61Þ

By simple calculation, we get

lim sup
k⟶+∞

h ξnk , z, ϱ,O, R, φ
� �

≤ s ϱ Oz, Rzð Þ + φ Ozð Þð Þ, ð62Þ

lim sup
k⟶+∞

q ξnk , z, ϱ,O, R, φ
� �

< s ρ Oz, Rzð Þ + φ Ozð Þð Þ:

ð63Þ

Letting k⟶ +∞ in (59), using (62) and (63), we obtain

θ s ϱ Oz, Rzð Þ + φ Ozð Þð Þð Þ ≤ θ s2lim sup
k⟶∞

ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ� �� �

≤ θ lim sup
k⟶∞

�
α ηnk−1 , Rz
� 	

ϱ Oξnk ,Oz
� �

+ φ Oξnk
� �

+ φ Ozð Þ� � 	

< 1
s
θ s ϱ Oz, Rzð Þ + φ Ozð Þð Þð Þ + Lθ s ϱ Oz, Rzð Þ + φ Ozð Þð Þð Þ

< θ s ϱ Oz, Rzð Þ + φ Ozð Þð Þð Þ:
ð64Þ

It follows that ϱðOz, RzÞ + φðOzÞ = 0, which implies that
Oz = Rz, φðOzÞ = 0:

Next, we show that O and R possess the unique point of
coincidence ϑ. Assume on the contrary, there exist z, z′ ∈ C
ðO, RÞ and Oz ≠Oz′. By the property of ðBspÞ, one can
obtain

α Rz′, Rz
� 	

≥ sp: ð65Þ

Taking ξ = z′ and η = z in (14), we obtain

θ ϱ Oz′,Oz
� 	

+ φ Oz′
� 	

+ φ Ozð Þ
� 	
≤ θ sp ϱ Oz′,Oz

� 	
+ φ Oz′
� 	

+ φ Ozð Þ
h i� 	

≤ θ α Rz′, Rz
� 	

ϱ Oz′,Oz
� 	

+ φ Oz′
� 	

+ φ Ozð Þ
h i� 	

≤ β θ h z′, z, ϱ,O, R, φ
� 	� 	� 	

θ h z′, z, ϱ,O, R, φ
� 	� 	

+ Lθ q z′, z, ϱ,O, R, φ
� 	� 	

,

ð66Þ

where

h z′, z, ϱ,O, R, φ
� 	

=max ϱ Oz′,Oz
� 	

+ φ Oz′
� 	

+ φ Ozð Þ,
n

� ϱ Oz, Rzð Þ + φ Ozð Þ + φ Rzð Þ
1 + ϱ Oz′, Rz′

� 	
+ φ Oz′
� 	

+ φ Rz′
� 	

· ϱ Rz′, Rz
� 	

+ φ Rz′
� 	

+ φ Rzð Þ
n o

,

� 12 ϱ Oz′,Oz
� 	

+ φ Oz′
� 	

+ φ Ozð Þ
n

+ ϱ Rz′, Rz
� 	

+ φ Rz′
� 	

+ φ Rzð Þ
o
g

≤ ϱ Rz′, Rz
� 	

+ φ Rz′
� 	

,

q z′, z, ϱ,O, R, φ
� 	

= 1
2 min ϱ Oz′,Oz

� 	
+ φ Oz′
� 	n

+ φ Ozð Þ, ϱ Rz′, Rz
� 	

+ φ Rz′
� 	

+ φ Rzð Þ
o

< ϱ Rz′, Rz
� 	

+ φ Rz′
� 	

:

ð67Þ

In view of (66), we have

θ ϱ Rz′, Rz
� 	

+ φ Rz′
� 	� 	

< 1
s
θ ϱ Rz′, Rz

� 	
+ φ Rz′
� 	� 	

+ Lθ ϱ Rz′, Rz
� 	

+ φ Rz′
� 	� 	

< θ ϱ Rz′, Rz
� 	

+ φ Rz′
� 	� 	

:

ð68Þ

Therefore, one can obtain that ϱðRz, Rz′Þ + φðRz′Þ = 0,
that is, Rz = Rz′ = ϑ and φðRz′Þ = 0: Hence, ϑ is a unique
point of coincidence for O and R: Furthermore, if O and R
are weak compatible mappings, it is easy to prove that O
and R have a unique common fixed point z. The proof is
complete.☐

Example 3. Let ðM, ϱÞ be the same as it is in Example 1.
Define mappings O, R : M⟶M by

Oξ =

1
5 , ξ ∈ A,

1
3 , ξ ∈ B,

8>><
>>:

Rξ =

1
5 , ξ = 1

5 ,

1
3 , ξ = 1

4 ,

1
2 , ξ = 1

3 ,

1, ξ ∈
1
2

� �
∪ B:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð69Þ
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Define mappings α : M ×M⟶ ½0,+∞Þ by

α ξ, ηð Þ =
sp, ξ, η ∈ 1

5 ,
1
4 ,

1
3 ,

1
2

� �
with ξ ≠ η, or ξ = η = 1

5 , or ξ = η = 1, or ξ = η = 1
3 ,

0, otherwise:

8><
>:

ð70Þ

Define θ : ½0,+∞Þ⟶ ½0,+∞Þ, φ : M⟶ ½0,+∞Þ as fol-
lows:

θ ξð Þ = ξ

2 ,

φ ξð Þ =

0, ξ ∈ 0, 15

� �
,

0:15ξ − 0:03, ξ ∈
1
5 ,

1
3

� �
,

11:97ξ − 3:97, ξ ∈
1
3 ,+∞
� �

:

8>>>>>>>><
>>>>>>>>:

ð71Þ

Defined βðξÞ = 1/5 for all ξ ≥ 0, then β ∈Ω. We can show
that OðMÞ ⊂ RðMÞ, RðMÞ is closed. For ξ, η ∈M such that
αðRξ, RηÞ ≥ sp, we get that Rξ, Rη ∈ f1/5, 1/4, 1/3, 1/2g with
Rξ ≠ Rη, or Rξ = Rη = 1/5, or Rξ = Rη = 1. This implies that
ξ, η ∈ f1/5, 1/4, 1/3g with ξ ≠ η, or ξ = η = 1/5, or ξ = η = 1/
4, or ξ, η ∈ f1/2g ∪ B. So we obtain Oξ,Oη ∈ f1/5, 1/3g and
αðOξ,OηÞ ≥ sp. Combining with the condition ϱðOξ,OηÞ +
φðOξÞ + φðOηÞ ≠ 0, the following cases are considered:

Case 1. ξ = 1/2, η ∈ B (or η = 1/2, ξ ∈ B).

θ α Rξ, Rηð Þ ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
= 1
2 · 16 · ϱ

1
5 ,

1
3

� �
+ φ

1
5

� �
+ φ

1
3

� �� �
= 0:8,

β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ + Lθ q ξ, η, ϱ,O, R, φð Þð Þ
≥ β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ
≥
1
5 · 12 · 12 ϱ

1
5 ,

1
3

� �
+ φ

1
5

� �
+ φ

1
3

� �
+ ϱ 1, 1ð Þ + φ 1ð Þ + φ 1ð Þ

� �

= 1
20 · 0:1 + 8 + 8ð Þ > 0:8:

ð72Þ

In view of above inequalities, one can get that

θ α Rξ, Rηð Þ ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
≤ β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ + Lθ q ξ, η, ϱ,O, R, φð Þð Þ,

ð73Þ

with L ≥ 0, 1/s + L < 1 and s = 4, p = 2.

Case 2. ξ, η ∈ B.

θ α Rξ, Rηð Þ ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
= 1
2 · 16 · ϱ

1
3 ,

1
3

� �
+ φ

1
3

� �
+ φ

1
3

� �� �
= 0:32,

β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ + Lθ q ξ, η, ϱ,O, R, φð Þð Þ
≥ β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ
≥
1
5 · 12 · 12 ϱ

1
3 ,

1
3

� �
+ φ

1
3

� �
+ φ

1
3

� �
+ ϱ 1, 1ð Þ + φ 1ð Þ + φ 1ð Þ

� �

= 1
20 · 0:04 + 8 + 8ð Þ > 0:32:

ð74Þ

That is, for ξ, η ∈ B,

θ α Rξ, Rηð Þ ϱ Oξ,Oηð Þ + φ Oξð Þ + φ Oηð Þ½ �ð Þ
≤ β θ h ξ, η, ϱ,O, R, φð Þð Þð Þθ h ξ, η, ϱ,O, R, φð Þð Þ

+ Lθ q ξ, η, ϱ,O, R, φð Þð Þ,
ð75Þ

with L ≥ 0, 1/s + L < 1 and s = 4, p = 2.

In summary, all requirements of Theorem 14 are satis-
fied. O and R have a unique common fixed point 1/5.

In Theorem 14, letting φ = 0, we can obtain the following
result.

Corollary 15. Let ðM, ρÞ be a complete rectangular b -metric
space with coefficient s ≥ 1. Let α : M ×M⟶ ½0,+∞Þ and
O, R : M⟶M be given mappings with OðMÞ ⊂ RðMÞ
and RðMÞ is closed. Assume that p ≥ 2 is a arbitrary constant
and φ : M⟶ ½0,+∞Þ is a lower semi-continuous function.
If

(i) O is R-αsp-admissible

(ii) for ξ, η ∈M such that αðRξ, RηÞ ≥ sp and ϱðOξ,OηÞ
≠ 0, there exist θ ∈Θ, β ∈Ω and L ≥ 0, 1/s + L < 1
satisfying:

θ α Rξ, Rηð Þϱ Oξ,Oηð Þð Þ ≤ β θ m ξ, η, ϱ,O, Rð Þð Þð Þθ m ξ, η, ϱ,O, Rð Þð Þ
+ Lθ n ξ, η, ϱ,O, Rð Þð Þ,

ð76Þ

where

m ξ, η, ϱ,O, Rð Þ =max ϱ Oξ,Oηð Þ, ϱ Oη, Rηð Þ
1 + ϱ Oξ, Rξð Þ

�

· ϱ Rξ, Rηð Þ, 1
2

ϱ Oξ, Rηð Þ + ϱ Rξ, Rηð Þð Þ
�
,

ð77Þ
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and

n ξ, η, ϱ,O, Rð Þ = 1
2
min ϱ Oξ,Oηð Þ, ϱ Rξ, Rηð Þf g ð78Þ

(iii) there is ξ0 ∈M such that αðRξ0,Oξ0Þ ≥ sp

(iv) properties ðAspÞ and ðBspÞ are fulfilled
(v) α satisfies transitive property, i.e., for ξ, η, z ∈M

α ξ, ηð Þ ≥ sp and α η, zð Þ ≥ sp ⇒ α ξ, zð Þ ≥ sp, ð79Þ

then, O and R possess a unique point of coincidence in M.
Further, if O and R are weakly compatible, then O and R pos-
sess a unique common fixed point

If φ = 0, R = I, and L = 0 in Theorem 14, we have the
following.

Corollary 16. Let ðM, ϱÞ be a complete rectangular b -metric
space with coefficient s ≥ 2 and M be closed. Let α : M ×M

⟶ ½0,+∞Þ and O : M⟶M be given mappings. Suppose
p ≥ 2 is a arbitrary constant. If

(i) O is αsp -admissible

(ii) for ξ, η ∈M such that αðξ, ηÞ ≥ sp and ϱðOξ,OηÞ ≠ 0,
there exists θ ∈Θ satisfying:

θ α ξ, ηð Þϱ Oξ,Oηð Þð Þ ≤ βθ m∗ ξ, η, ϱ,Oð Þð Þ, ð80Þ

where β ∈ ð0, 1/sÞ is a constant and

m∗ ξ, η, ϱ,Oð Þ =max ϱ Oξ,Oηð Þ, ϱ Oη, ηð Þ
1 + ϱ Oξ, ξð Þ · ϱ ξ, ηð Þ, 1

2
ϱ Oξ, ηð Þ + ϱ ξ, ηð Þð Þ

� �

ð81Þ

(iii) there is ξ0 ∈M with αðξ0,Oξ0Þ ≥ sp

(iv) properties ðAspÞ and ðBspÞ are fulfilled when R = I

(v) α satisfies transitive property, i.e., for ξ, η, z ∈M

α ξ, ηð Þ ≥ sp,
α η, zð Þ ≥ sp ⇒ α ξ, zð Þ ≥ sp,

ð82Þ

then O possesses a unique fixed point

Definition 17. The self-mappings O, R : M⟶M are called
αs orbital admissible mapping, if the following condition

holds:

αs ξ,Oξð Þ ≥ sp, αs ξ, Rξð Þ ≥ sp imply αs Oξ, ROξð Þ ≥ sp, αs Rξ,ORξð Þ ≥ sp,
ð83Þ

for a constant p ≥ 3.

Definition 18. Let O, R : M⟶M be two self-maps and p
≥ 3 be a real number. The pair ðO, RÞ is said to be triangular
αs orbital admissible if

(i) O, R : M⟶M are αs orbital admissible

(ii) αsðξ, ηÞ ≥ sp, αsðη,OηÞ ≥ sp and αsðη, RηÞ ≥ sp imply
αsðξ,OηÞ ≥ sp, αsðξ, RηÞ ≥ sp

Lemma 19. Let O, R : M⟶M be two self-mappings satis-
fying the pair ðO, RÞ is triangular αs orbital admissible. Sup-
pose that there is ξ0 ∈M satisfying αsðξ0,Oξ0Þ ≥ sp. Define a
sequence fξng in M by ξ2i+1 =Oξ2i, ξ2i+2 = Rξ2i+1 where i =
0, 1, 2,⋯. Then αsðξn, ξmÞ ≥ sp for m, n ∈ℕ ∪ f0g with m >
n , .

Proof. Since αsðξ0,Oξ0Þ = αsðξ0, ξ1Þ ≥ sp and ðO, RÞ is trian-
gular αs orbital admissible, αsðξ0,Oξ0Þ ≥ sp implies αsðOξ0,
ROξ0Þ = αsðξ1, Rξ1Þ = αsðξ1, ξ2Þ ≥ sp, αsðξ1, Rξ1Þ ≥ sp implies
αsðRξ1, ORξ1Þ = αsðξ2,Oξ2Þ = αsðξ2, ξ3Þ ≥ sp, αsðξ2,Oξ2Þ ≥ sp

implies αsðOξ2, ROξ2Þ = αsðξ3, Rξ3Þ = αsðξ3, ξ4Þ ≥ sp. Apply-
ing the above argument repeated, we obtain αsðξn, ξn+1Þ ≥
sp for all n ∈ℕ ∪ f0g. Since ðO, RÞ is triangular αs orbital
admissible, αsðξn, ξmÞ ≥ sp for n,m ∈ℕ ∪ f0g with m > n.☐

Definition 20. Let ðM, ϱÞ be a rectangular b -metric space
with coefficient s ≥ 1. Let O, R : M⟶M be two self-
mappings. Suppose that αs : M ×M⟶ ½0,+∞Þ and φ
: M⟶ ½0,+∞Þ is a lower semicontinuous function and p
≥ 3 is an arbitrary constant. The mappings O, R are said to
be generalized αs - θ -Geraghty contractions, if there exist
θ ∈Θ, β, L ≥ 0 and β + L < 1, 0 < λ < 1/4 such that

αs ξ, ηð Þ ϱ Oξ, Rηð Þ + φ Oξð Þ + φ Rηð Þ½ �
≤ βθ s ξ, η, ϱ,O, R, φð Þð Þ + Lθ t ξ, η, ϱ,O, φð Þð Þ, ð84Þ

for all ξ, η ∈M with αsðξ, ηÞ ≥ sp and ϱðOξ, RηÞ + φðOξÞ +
φðRηÞ ≠ 0, where

s ξ, η, ϱ,O, R, φð Þ = λ max ϱ ξ, ηð Þ + φ ξð Þ + φ ηð Þ,f
� 1 + ϱ ξ,Oξð Þ + φ ξð Þ + φ Oξð Þ

1 + ϱ ξ, ηð Þ + φ ξð Þ + φ ηð Þ
· ϱ Oξ, Rηð Þ + φ Oξð Þ + φ Rηð Þ½ �,
� ϱ η, Rηð Þ + φ ηð Þ + φ Rηð Þ
1 + ϱ ξ, ηð Þ + φ ξð Þ + φ ηð Þ
· ϱ ξ,Oξð Þ + φ ξð Þ + φ Oξð Þ½ �g,
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t ξ, η, ϱ,O, φð Þ = λ min ϱ ξ,Oξð Þ + φ ξð Þ + φ Oξð Þ, ϱ η,Oξð Þ + φ ηð Þ + φ Oξð Þf g:
ð85Þ

Let αs : M ×M⟶ ½0,+∞Þ be a given mapping. Set.
ðCspÞ For all ξ∗ ∈M, we have αsðξ∗, ξ∗Þ ≥ sp

ðDspÞ For all x, y ∈ CðO, RÞ, one can get the condition of
αsðx, yÞ ≥ sp or αsðy, xÞ ≥ sp

Theorem 21. Let ðM, ϱÞ be a complete rectangular b -metric
space with coefficient s ≥ 1. Let O, R : M⟶M be general-
ized αs - θ -Geraghty contractions and one of O and R is con-
tinuous. If

(i) O, R are triangular αs orbital admissible

(ii) there is ξ0 ∈M with satisfying αsðξ0,Oξ0Þ ≥ sp

(iii) properties ðCspÞ and ðDspÞ are satisfied
then O and R possess a unique common fixed point

Proof. For ξ0 ∈M, define a sequence fξng by ξ2j+1 =Oξ2j,
ξ2j+2 = Rξ2j+1 for j = 0, 1, 2,⋯. We show that O and R have
at most one common fixed point. Assume that v ≠w are
two common fixed points, then RðvÞ =OðvÞ = v ≠w = RðwÞ
=OðwÞ: Therefore, ϱðOðvÞ, RðwÞÞ = ϱðv,wÞ > 0: It follows
from the property of ðDspÞ that αsðv,wÞ ≥ sp or αsðw, vÞ ≥ sp

. Without loss of generality, suppose that αsðv,wÞ ≥ sp. Let-
ting ξ = v and η =w in (84), we have

ϱ v,wð Þ + φ vð Þ + φ wð Þ ≤ sp ϱ Ov, Rwð Þ + φ Ovð Þ + φ Rwð Þ½ �
≤ αs v,wð Þ ϱ Ov, Rwð Þ + φ Ovð Þ + φ Rwð Þ½ �
≤ βθ s v,w, ϱ,O, R, φð Þð Þ + Lθ t v,w, ϱ,O, φð Þð Þ,

ð86Þ

where

s v,w, ϱ,O, R, φð Þ = λ max ϱ v,wð Þ + φ vð Þ + φ wð Þ, 1 + ϱ v,Ovð Þ + φ vð Þ + φ Ovð Þ
1 + ϱ v,wð Þ + φ vð Þ + φ wð Þ

�

· ϱ Ov, Rwð Þ + φ Ovð Þ + φ Rwð Þ½ �, ϱ w, Rwð Þ + φ wð Þ + φ Rwð Þ
1 + ϱ v,wð Þ + φ vð Þ + φ wð Þ

· ϱ v,Ovð Þ + φ vð Þ + φ Ovð Þ½ �g
< 1
4 max ϱ v,wð Þ + φ vð Þ + φ wð Þ, 2 ϱ v,wð Þ + φ vð Þ + φ wð Þ½ �, 4 ϱ v,wð Þ½f

+ φ vð Þ + φ wð Þ�g = ϱ v,wð Þ + φ vð Þ + φ wð Þ,
ð87Þ

and

t v,w, ϱ,O, φð Þ = λ min ϱ v,Ovð Þ + φ vð Þ + φ Ovð Þ, ϱ w,Ovð Þ + φ wð Þ + φ Ovð Þf g
< 1
4 min ϱ v, vð Þ + φ vð Þ + φ vð Þ, ϱ w, vð Þ + φ wð Þ + φ vð Þf g

< ϱ v,wð Þ + φ vð Þ + φ wð Þ:
ð88Þ

In view of (86), we have

ϱ v,wð Þ + φ vð Þ + φ wð Þ < θ ϱ v,wð Þ + φ vð Þ + φ wð Þð Þ
< ϱ v,wð Þ + φ vð Þ + φ wð Þ, ð89Þ

which implies that ϱðv,wÞ + φðvÞ + φðwÞ = 0. That is, v =w
and φðvÞ = 0: Hence, O, R have at most one common fixed
point.

Now, assume ϱðξn, ξn+1Þ > 0 for n ∈ℕ: Otherwise, for
some k, ξ2k = ξ2k+1, by assumption (ii) and Lemma 19, we
have αsðξ2k, ξ2k+1Þ ≥ sp. According to (84), if ξ2k+1 ≠ ξ2k+2,
we obtain

ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ
≤ sp ϱ Oξ2k, Rξ2k+1ð Þ + φ Oξ2kð Þ + φ Rξ2k+1ð Þ½ �
≤ αs ξ2k, ξ2k+1ð Þ ϱ Oξ2k, Rξ2k+1ð Þ + φ Oξ2kð Þ + φ Rξ2k+1ð Þ½ �
≤ βθ s ξ2k, ξ2k+1, ϱ,O, R, φð Þð Þ + Lθ t ξ2k, ξ2k+1, ϱ,O, φð Þð Þ,

ð90Þ

where

s ξ2k, ξ2k+1, ϱ,O, R, φð Þ = λ max ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ,f
� 1 + ϱ ξ2k,Oξ2kð Þ + φ ξ2kð Þ + φ Oξ2kð Þ
1 + ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ
· ϱ Oξ2k, Rξ2k+1ð Þ + φ Oξ2kð Þ + φ Rξ2k+1ð Þ½ �,

� ϱ ξ2k+1, Rξ2k+1ð Þ + φ ξ2k+1ð Þ + φ Rξ2k+1ð Þ
1 + ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ

· ϱ ξ2k,Oξ2kð Þ + φ ξ2kð Þ + φ Oξ2kð Þ½ �g
< 1
4 max ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ,f

� 1 + ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ
1 + ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ
· ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ½ �,

� ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ
1 + ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ
· ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ½ �g

≤ ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ,
ð91Þ

t ξ2k, ξ2k+1, ϱ,O, φð Þ = λ min ϱ ξ2k,Oξ2kð Þ + φ ξ2kð Þ + φ Oξ2kð Þ, ϱ ξ2k+1,Oξ2kð Þf
+ φ ξ2k+1ð Þ + φ Oξ2kð Þg

< 1
4 min ϱ ξ2k, ξ2k+1ð Þ + φ ξ2kð Þ + φ ξ2k+1ð Þ, ϱ ξ2k+1, ξ2k+1ð Þf
+ φ ξ2k+1ð Þ + φ ξ2k+1ð Þg ≤ ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ:

ð92Þ
In light of (90) and above inequalities, we have

ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þ ≤ βθ s ξ2k, ξ2k+1, ϱ,O, R, φð Þð Þ
+ Lθ t ξ2k, ξ2k+1, ϱ,O, φð Þð Þ + Lθ ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þð Þ
< θ ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ + φ ξ2k+2ð Þð Þ < ϱ ξ2k+1, ξ2k+2ð Þ + φ ξ2k+1ð Þ
+ φ ξ2k+2ð Þ,

ð93Þ
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which yields that ϱðξ2k+1, ξ2k+2Þ + φðξ2k+1Þ + φðξ2k+2Þ = 0. It
follows that ξ2k+1 = ξ2k+2.

Thus, ξ2k is a common fixed point. Similarly, we can
prove that ξ2k+1 is a common fixed point of O and R when
ξ2k+1 = ξ2k+2.

Now, assume that ϱðξn, ξn+1Þ > 0 for each n ∈ℕ: Apply-
ing (84) with ξ = ξ2n, η = ξ2n+1, we get

s ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ
≤ βθ s ξ2n, ξ2n+1, ϱ,O, R, φð Þð Þ + Lθ t ξ2n, ξ2n+1, ϱ,O, φð Þð Þ,

ð94Þ

where

s ξ2n, ξ2n+1, ϱ,O, R, φð Þ = λ max ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ,f
� 1 + ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ
1 + ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ
· ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ½ �,

� ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ
1 + ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ
· ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ½ �g

< 1
4 max ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þf
+ φ ξ2n+1ð Þ, ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þg,

ð95Þ

t ξ2n, ξ2n+1, ϱ,O, φð Þ = λ min ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þf
+ φ ξ2n+1ð Þ, ϱ ξ2n+1, ξ2n+1ð Þ + φ ξ2n+1ð Þ
+ φ ξ2n+1ð Þg < ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ
+ φ ξ2n+1ð Þ:

ð96Þ
If ϱðξ2n+1, ξ2n+2Þ + φðξ2n+1Þ + φðξ2n+2Þ > ρðξ2n, ξ2n+1Þ + φ

ðξ2nÞ + φðξ2n+1Þ for some n, then by (94), (95), and (96),
we have

s ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ
≤ βθ ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ + Lθ ϱ ξ2n+1, ξ2n+2ð Þð

+ φ ξ2n+1ð Þ + φ ξ2n+2ð ÞÞ < θ ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ
< ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ,

ð97Þ

which yields that

ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ = 0: ð98Þ

That is, ϱðξ2n+1, ξ2n+2Þ = 0, a contradiction. Therefore,

ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ ≤ ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ,
ð99Þ

for n ∈ℕ: It follows from (94),(95), and (96) that

s ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ < ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ:
ð100Þ

Using the same technique, we have

s ϱ ξ2n+2, ξ2n+3ð Þ + φ ξ2n+2ð Þ + φ ξ2n+3ð Þð Þ < ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ,
ð101Þ

which implies that fϱðξn, ξn+1Þ + φðξnÞ + φðξn+1Þg is a non-
increasing sequence satisfying

s ϱ ξn+1, ξn+2ð Þ + φ ξn+1ð Þ + φ ξn+2ð Þð Þ < ϱ ξn, ξn+1ð Þ + φ ξnð Þ + φ ξn+1ð Þ:
ð102Þ

So there exists a λ ≥ 0 satisfying

lim
n⟶+∞

ϱ ξn, ξn+1ð Þ + φ ξnð Þ + φ ξn+1ð Þð Þ = λ: ð103Þ

Now, we suppose λ > 0. By virtue of (94), (95), (96), and
(99), one can get that

ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þ ≤ βθ ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þð
+ φ ξ2n+1ð ÞÞ + Lθ ϱð ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þ:

ð104Þ

Letting n⟶ +∞ in (104), we have

λ = lim
n⟶+∞

ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ
≤ β lim

n⟶+∞
θ ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þð Þ

+ L lim
n⟶+∞

θ ϱ ξ2n, ξ2n+1ð Þ + φ ξ2nð Þ + φ ξ2n+1ð Þð Þ
< lim

n⟶+∞
θ ϱ ξ2n+1, ξ2n+2ð Þ + φ ξ2n+1ð Þ + φ ξ2n+2ð Þð Þ = θ λð Þ < λ,

ð105Þ

a contradiction. It follows that

lim
n⟶+∞

ϱ ξn, ξn+1ð Þ + φ ξnð Þ + φ ξn+1ð Þð Þ = 0: ð106Þ

Hence,

lim
n⟶+∞

ϱ ξn, ξn+1ð Þ = 0, lim
n⟶+∞

φ ξnð Þ = 0: ð107Þ

Now, we will show that fξng is Cauchy. It is sufficient to
show that fξ3ng, fξ3n+1g, and fξ3n+2g are Cauchy. First of
all, we prove fξ3ng is Cauchy. We take into consideration
the following.:
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Case 1. k = 2m + 1, wherem ≥ 1 and 3n is an odd number. By
means of rectangular inequality and (102), we deduce that

ϱ ξ3n, ξ3n+3kð Þ ≤ s ϱ ξ3n, ξ3n+1ð Þ + ϱ ξ3n+1, ξ3n+2ð Þ + ϱ ξ3n+2, ξ3n+3kð Þ½ �
≤ s ϱ ξ3n, ξ3n+1ð Þ + ϱ ξ3n+1, ξ3n+2ð Þ½ � + s2 ϱ ξ3n+2, ξ3n+3ð Þ½

+ ϱ ξ3n+3, ξ3n+4ð Þ + ϱ ξ3n+4, ξ3n+3kð Þ� ≤ s ϱ ξ3n, ξ3n+1ð Þ½
+ ϱ ξ3n+1, ξ3n+2ð Þ� + s2 ϱ ξ3n+2, ξ3n+3ð Þ + ϱ ξ3n+3, ξ3n+4ð Þ½ �
+ s3 ϱ ξ3n+4, ξ3n+5ð Þ + ϱ ξ3n+5, ξ3n+6ð Þ½ �+⋯⋯

+s3m+1 ϱ ξ3n+3 2m+1ð Þ−3, ξ3n+3 2m+1ð Þ−2
� 	h

+ ϱ ξ3n+3 2m+1ð Þ−2, ξ3n+3 2m+1ð Þ−1
� 	

+ ϱ ξ3n+3 2m+1ð Þ−1, ξ3n+3 2m+1ð Þ
� 	i

≤ s
1
s

� �3n
+ 1

s

� �3n+1
 !

+ s2
1
s

� �3n+2
+ 1

s

� �3n+3
 !"

+⋯+s · s3m+1 · 1
s

� �3n+6m+2
#
ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ

≤ s
1
s

� �3n
1 + 1

s
+ 1

s

� �2
+⋯

" #
ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ

+ s
1
s

� �3n+1
1 + 1

s
+ 1

s

� �2
+⋯

" #
ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ

= 1
s

� �3n
· 1 + s
1 − 1/s ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ⟶ 0 as n⟶∞:

ð108Þ

The case that 3n is an even number is similar to the case
that 3n is an odd number.

Case 2. k = 2m, where m ≥ 1 and 3n is an odd number. In
view of rectangular inequality again, we get that

ϱ ξ3n, ξ3n+3kð Þ ≤ s ϱ ξ3n, ξ3n+1ð Þ + ϱ ξ3n+1, ξ3n+2ð Þ + ϱ ξ3n+2, ξ3n+3kð Þ½ �
≤ s ϱ ξ3n, ξ3n+1ð Þ + ϱ ξ3n+1, ξ3n+2ð Þ½ � + s2 ϱ ξ3n+2, ξ3n+3ð Þ½

+ ϱ ξ3n+3, ξ3n+4ð Þ + ϱ ξ3n+4, ξ3n+3kð Þ�
≤ s ϱ ξ3n, ξ3n+1ð Þ + ϱ ξ3n+1, ξ3n+2ð Þ½ �

+ s2 ϱ ξ3n+2, ξ3n+3ð Þ + ϱ ξ3n+3, ξ3n+4ð Þ½ �
+ s3 ϱ ξ3n+4, ξ3n+5ð Þ + ϱ ξ3n+5, ξ3n+6ð Þ½ �
+⋯⋯+s3m ϱ ξ3n+6m−3, ξ3n+6m−2ð Þ + ϱ ξ3n+6m−2, ξ3n+6m−1ð Þ½

+ ϱ ξ3n+6m−1, ξ3n+6mÞ
� 	i

≤ s
1
s

� �3n
+ 1

s

� �3n+1
 !"

+ s2
1
s

� �3n+2
+ 1

s

� �3n+3
 !

+⋯+s · s3m+1 · 1
s

� �3n+6m+2
#
ϱ ξ0, ξ1ð Þð

+ φ ξ0ð Þ + φ ξ1ð ÞÞ ≤ s
1
s

� �3n
1 + 1

s
+ 1

s

� �2
+⋯

" #
ϱ ξ0, ξ1ð Þ + φ ξ0ð Þð

+ φ ξ1ð ÞÞ + s
1
s

� �3n+1
1 + 1

s
+ 1

s

� �2
+⋯

" #
ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ

= 1
s

� �3n
· 1 + s
1 − 1/sð Þ ϱ ξ0, ξ1ð Þ + φ ξ0ð Þ + φ ξ1ð Þð Þ⟶ 0 as n⟶∞:

ð109Þ

The case that 3n is an even number is similar to the case
that 3n is an odd number.

Hence, fξ3ng is a Cauchy sequence. Similarly, fξ3n+1g,
fξ3n+2g are also Cauchy sequences. That is, fξng is Cauchy.
According to the completeness of ðM, ρÞ, we obtain that
there is a ξ∗ in M satisfying

lim
n⟶+∞

Oξ2n = lim
n⟶+∞

Rξ2n+1 = ξ∗: ð110Þ

In view of the definition of φ, we have

φ ξ∗
� �

≤ lim inf
n⟶+∞

φ ξnð Þ = 0: ð111Þ

Next, we show that Oξ∗ = Rξ∗ = ξ∗ provided O or R is
continuous. Without loss of generality, assume that O is con-
tinuous. By (110), we get

ξ∗ = lim
n⟶+∞

Oξ2n =O lim
n⟶+∞

ξ2n
� 	

=O ξ∗
� �

: ð112Þ

This implies that ξ∗ is a fixed point of O:
Using property ðCspÞ, we have αsðξ∗, ξ∗Þ ≥ sp. If ξ∗ ≠ Rξ∗,

from condition (84), one can deduce

ϱ ξ∗, Rξ∗
� �

+ φ ξ∗
� �

+ φ Rξ∗
� �

≤ s ϱ Oξ∗, Rξ∗
� �

+ φ Oξ∗
� �

+ φ Rξ∗
� �� 

≤ αs ξ∗, ξ∗
� �

ϱ Oξ∗, Rξ∗
� �

+ φ Oξ∗
� �

+ φ Rξ∗
� �� 

≤ βθ s ξ∗, ξ∗, ϱ,O, R, φ
� �� �

+ Lθ t ξ∗, ξ∗, ϱ,O, φ
� �� �

,

ð113Þ

where

s ξ∗, ξ∗, ϱ,O, R, φ
� �

= λ max ϱ ξ∗, ξ∗
� �

+ φ ξ∗
� �

+ φ ξ∗
� �

,



� 1 + ϱ ξ∗,Oξ∗
� �

+ φ ξ∗
� �

+ φ Oξ∗
� �

1 + ϱ ξ∗, ξ∗
� �

+ φ ξ∗
� �

+ φ ξ∗
� �

· ϱ Oξ∗, Rξ∗
� �

+ φ Oξ∗
� �

+ φ Rξ∗
� �� 

,

� ϱ ξ∗, Rξ∗
� �

+ φ ξ∗
� �

+ φ Rξ∗
� �

1 + ϱ ξ∗, ξ∗
� �

+ φ ξ∗
� �

+ φ ξ∗
� �

· ϱ ξ∗,Oξ∗
� �

+ φ ξ∗
� �

+ φ Oξ∗
� �� �

< ϱ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �

,
ð114Þ

t ξ∗, ξ∗, ϱ,O, φ
� �

= 0 ≤ ϱ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �

: ð115Þ
It follows from (113) that

ϱ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �

≤ βθ ρ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �� �

+ Lθ ϱ ξ∗, Rξ∗
� ��

+ φ Rξ∗
� ��

< θ ϱ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �� �

< ϱ ξ∗, Rξ∗
� �

+ φ Rξ∗
� �

,
ð116Þ

which implies that ϱðξ∗, Rξ∗Þ + φðRξ∗Þ = 0, that is, ξ∗ = Rξ∗

and φðRξ∗Þ = 0: It follows that O and R possess the unique
common fixed point ξ∗. This completes the proof.

Example 4. Let M = ½0,+∞Þ and ϱðξ, ηÞ = ðξ − ηÞ2: Define
mappings O, R : M⟶M by

Oξ = ξ

72 , Rξ =
ξ

63 , ξ ∈ 0,+∞½ Þ: ð117Þ

Define mappings αs : M ×M⟶ ½0,+∞Þ by

αs ξ, ηð Þ = s3, ξ, η ∈ 0,+∞½ Þ: ð118Þ
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Define θ : ½0,+∞Þ⟶ ½0,+∞Þ and φ : M⟶M with
θðξÞ = ξ/2, φðξÞ = ξ2. Let β = 1/3 and λ = 1/6.

For ξ, η ∈M with αsðξ, ηÞ ≥ s3, we can know that for ξ,
η ∈ ½0,+∞Þ such that ξ ≠ 0 or η ≠ 0,

αs ξ, ηð Þ ϱ Oξ, Rηð Þ + φ Oξð Þ + φ Rηð Þ½ � = 33 · ξ

72 −
η

63

� �2
+ ξ

72

� �2
+ η

63
� 	2" #

= 27 · 1
81 · 3

49
49ξ2
64 + η2

 !
≤

1
49 ξ2 + η2
� 	

,

βθ s ξ, η, ϱ,O, R, φð Þð Þ + Lθ t ξ, η, ϱ,O, φð Þð Þ ≥ βθ s ξ, η, ϱ,O, R, φð Þð Þ
≥
1
3 · 12 · 16 ϱð ξ, ηð Þ + φ ξð Þ + φ ηð Þ½ � = 1

36 ξ − ηð Þ2 + ξ2 + η2
h i

≥
1
36 ξ2 + η2
� 	

:

ð119Þ

In view of above inequalities, one can obtain that

αs ξ, ηð Þ ϱ Oξ, Rηð Þ + φ Oξð Þ + φ Rηð Þ½ � ≤ βθ s ξ, η, ϱ,O, R, φð Þð Þ
+ Lθ t ξ, η, ϱ,O, φð Þð Þ,

ð120Þ

for ξ, η ∈M with αsðξ, ηÞ ≥ sp and ϱðOξ, RηÞ + φðOξÞ + φðR
ηÞ ≠ 0. Hence, all requirements of Theorem 21 are fulfilled
with p = 3, s = 3, and L < 2/3. It is obvious that O and R pos-
sess the unique common fixed point 0.

Taking φ = 0 in Theorem 21, one can obtain the follow-
ing result.

Corollary 22. Let ðM, ϱÞ be a complete rectangular b -metric
space with coefficient s ≥ 1. Suppose O, R : M⟶M are two
given mappings and one of O and R is a continuous mapping.
Assume that αs : M ×M⟶ ½0,+∞Þ and p ≥ 1 is a constant
and there exist θ ∈Θ, β, L ≥ 0 and β + L < 1, 0 < λ < 1/4 such
that

αs ξ, ηð Þϱ Oξ, Rηð Þ ≤ βθ s∗ ξ, η, ϱ,O, Rð Þð Þ + Lθ t∗ ξ, η, ϱ,Oð Þð Þ,
ð121Þ

for ξ, η ∈M with αsðξ, ηÞ ≥ sp and ϱðOξ, RηÞ ≠ 0, where

s∗ ξ, η, ϱ,O, Rð Þ = λ max ϱ ξ, ηð Þ, 1 + ϱ ξ,Oξð Þ
1 + ϱ ξ, ηð Þ · ϱ Oξ, Rηð Þ, ϱ η, Rηð Þ

1 + ϱ ξ, ηð Þ · ϱ ξ,Oξð Þ
� �

,

t∗ ξ, η, ϱ,Oð Þ = λ min ϱ ξ,Oξð Þ, ϱ η,Oξð Þf g:
ð122Þ

If

(i) O, R are triangular αs orbital admissible

(ii) there is ξ0 ∈M with satisfying αsðξ0,Oξ0Þ ≥ sp

(iii) properties ðCspÞ and ðDspÞ are satisfied
then O and R possess a unique common fixed point

4. Application

In this part, we shall prove the existence and uniqueness of
solution to the integral equation:

ξ ϑð Þ =
ðK
0
F ϑ, λ, ξ λð Þð Þdλ: ð123Þ

LetM = Cð½0, K�Þ denote the collection of all continuous
mappings on ½0, K�. For p ≥ 2, define

ϱ ξ, ηð Þ = sup
ϑ∈ 0,K½ �

ξ ϑð Þ − η ϑð Þj jp for all ξ, η ∈M: ð124Þ

Hence, ðM, ρÞ is a complete rectangular b-metric space
with s = 3p−1.

Theorem 23. Let O : M⟶M by OξðϑÞ = Ð K0 Fðϑ, λ, ξðλÞÞ
dλ and δ : ð−∞, +∞Þ × ð−∞, +∞Þ⟶ ð−∞, +∞Þ be a
given mapping. Suppose that

(i) F : ½0, K� × ½0, K� × ð−∞,+∞Þ⟶ ½0,+∞Þ is
continuous

(ii) for all ϑ ∈ ½0, K� and ξ, η ∈M, δðξðϑÞ, ηðϑÞÞ ≥ 0
implies δðOξðϑÞ,OηðϑÞÞ ≥ 0

(iii) there exists ξ0 ∈M satisfying δðξ0ðϑÞ,Oξ0ðϑÞÞ ≥ 0
for ϑ ∈ ½0, K�,

(iv) properties ðAspÞ and ðBspÞ are fulfilled when R = I

(v) there is a continuous mapping γ : ½0, K� × ½0, K�
⟶ ½0,+∞Þ such that

sup
ϑ∈ 0,K½ �

ðK
0
γ ϑ, λð Þdλ ≤ 1 ð125Þ

(vi) there exists a real number β ∈ ð0, 1/sÞ satisfying for
ðϑ, λÞ ∈ ½0, K� × ½0, K�,

∣F ϑ, λ, ξ λð Þð Þ − F ϑ, λ, η λð Þð Þ∣ ≤
ffiffiffiffiffiffi
β

2sp
p

r
γ ϑ, λð Þ∣ξ λð Þ − η λð Þ∣

ð126Þ

Then, the integral equation (123) possesses a unique
solution ξðϑÞ ∈M:

Proof. Define α : M ×M⟶ ½0,+∞Þ by

α ξ, ηð Þ =
sp, if δ ξ ϑð Þ, η ϑð Þð Þ ≥ 0,
0, otherwise:

(
ð127Þ

For ξ, η ∈M, according to assumptions (i)-(vi), we
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obtain

spϱ Oξ ϑð Þ,Oη ϑð Þð Þ = sp sup
ϑ∈ 0,K½ �

Oξ ϑð Þ −Oη ϑð Þj jp

= sp sup
ϑ∈ 0,K½ �

ðK
0
F ϑ, λ, ξ λð Þð Þdλ

����
−
ðK
0
F ϑ, λ, η λð Þð Þdλ

����
p

≤ sp sup
ϑ∈ 0,K½ �

ðK
0
F ϑ, λ, ξ λð Þð Þ − F ϑ, λ, η λð Þð Þj j dλ

� �p

≤ sp sup
ϑ∈ 0,K½ �

ðK
0

ffiffiffiffiffiffi
β

2sp
p

r
γ ϑ, λð Þ ξ λð Þ − η λð Þj jdλ

 !p

≤ sp sup
ϑ∈ 0,K½ �

ðK
0

ffiffiffiffiffiffi
β

2sp
p

r
γ ϑ, λð Þdλ

 !p

· sup
ϑ∈ 0,K½ �

ξ ϑð Þ − η ϑð Þj jp

= β · 12 ϱ ξ, ηð Þ ≤ βθ m∗ ξ, η, ϱ,Oð Þð Þ:
ð128Þ

Letting θðϑÞ = ϑ/2, one can verify that all the conditions
of Corollary 16 hold. As a result, O possesses a unique fixed
point ξ ∈M, that is, ξðϑÞ is the unique solution of integral
equation (123). This completes the proof.☐
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