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The Allen-Cahn model is discussed mainly in the phase field simulation. The compact difference method will be used to
numerically approximate the two-dimensional nonlinear Allen-Cahn equation with initial and boundary value conditions, and
then, a fully discrete compact difference scheme with second-order accuracy in time and fourth-order in space is established.
And its numerical solution satisfies the discrete maximum principle under the constraints of reasonable space and time steps.
On this basis, the energy stability of the scheme is investigated. Finally, numerical examples are given to illustrate the
theoretical results.

1. Introduction

The phase field problem is a mathematical model described
by partial differential equations. The numerical simulation
of the phase field has always been an important field of
research at home and abroad because of its important theo-
retical and practical significance. In 1979, the Allen-Cahn
equation is considered to describe the antiphase boundary
of the crystal movement by Allen and Cahn, which describes
fluid dynamics problems and reaction diffusion problems in
materials science, and the same model on the study of many
diffusion phenomena is proposed such as the competition
and repulsion of biological populations and the migration
process of river beds. For describing the motion of the anti-
phase boundary in the crystal, since this type of phase field
model does not have an accurate solution, different numeri-
cal methods are used to simulate. At present, numerical
approximation methods about these phase field models
include the finite difference method [1–5], finite element
method [6–8], and spectral method [9, 10], etc.

In the paper, the compact difference method is
applied to approximate the two-dimensional nonlinear
Allen-Cahn equations with initial boundary conditions
numerically.

∂u
∂t

= ε2Δu − f uð Þ, x, yð Þ ∈Ω, t ∈ 0, T½ �,

u x, y, 0ð Þ = u0 x, yð Þ, x, yð Þ ∈ �Ω,
u ∂Ω = 0,j t ∈ 0, T½ �,

8>>><
>>>:

ð1Þ

where u represents the concentration of a metal compo-
nent in a binary alloy, the positive parameter ε is the
interface width, and the nonlinear term f ðuÞ = u3 − u.

The energy function on the L2 space is defined as

E uð Þ =
þ
Ω

F uð Þ − 1
2 ε

2uΔu
� �

dx: ð2Þ
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Here, FðuÞ = ð1/4Þðu2 − 1Þ2. One of the intrinsic properties
of the Allen-Cahn equation is the energy function that
decreases with time:

d
dt

E uð Þ ≤ 0, ∀t > 0: ð3Þ

In 2016, Zhang and Hou [3] considered three discrete
schemes of the Allen-Cahn equation that included the sta-
ble first-order linear explicit-implicit scheme, stable
second-order nonlinear Crank-Nicolson scheme, and sta-
ble second-order linear Leap-Frog scheme and proved
the discrete maximum principle and energy stability under
the condition of these three schemes; a compact difference
scheme with second-order accuracy in time and fourth-
order accuracy in space for one-dimensional Allen-Cahn
equation was established by Tian et al. [2] in 2018, and
the energy stability of the scheme was investigated; Wu
et al. [11] proposed two ADI schemes for the two-
dimensional Allen-Cahn equation: the second-order ADI
scheme and fourth-order compact ADI scheme, and the
analysis of stability and maximum principle were given,
respectively, in 2019; then, Deng et al. [12] adopted the
finite difference method in time and barycentric interpola-
tion collocation method in space for the two-dimensional
Allen-Cahn equation in 2020, obtained the spatial high
precision error, and verified the law of energy decline;
the Crank-Nicolson difference scheme with second-order
accuracy in time and space for the two-dimensional
Allen-Cahn equation was established by Zhang et al. [1]
in 2021, which proved the existence and convergence of
the solution, and finally verified the discrete maximum
principle with a numerical example. Based on the existing
finite difference methods and inspired by reference [2], a
compact difference scheme with second-order accuracy in
time and fourth-order accuracy in space is established
for the two-dimensional Allen-Cahn equation. Then, the
discrete maximum principle and discrete energy stability
are mainly investigated. Compared with the previous work
about two-dimensional Allen-Cahn equations, this paper
obtains higher accuracy in space than before, and the
compact difference method is applied and realized in
two-dimensional equations for the first time, which will
add an effective and feasible method to this kind of
research.

2. Establishment of a Compact Difference
Scheme for the Two-Dimensional Allen-
Chan Equation

Firstly, several commonly used numerical differential formu-
las are given:

Leth > 0 and c be two constants.

Lemma 1 (see [2]). If gðxÞ ∈ C2½c − h, c + h�, then

g cð Þ = 1
2
g c − hð Þ + g c + hð Þ½ � − h2

2
g″ ξ1ð Þ, c − h < ξ1 < c + h:

ð4Þ

Lemma 2 (see [2]). If gðxÞ ∈ C3½c − h, c + h�, then

g′ cð Þ = 1
2h

g c + hð Þ − g c − hð Þ½ � − h2

6
g″ ξ2ð Þ, c − h < ξ2 < c + h:

ð5Þ

Lemma 3 (see [2]). If gðxÞ ∈ C6½c − h, c + h�, then

1
12

g″ c − hð Þ + 10g″ cð Þ + g″ c + hð Þ
h i
= 1

h2
g c + hð Þ − 2g cð Þ + g c − hð Þ½ � + h4

240
g 6ð Þ ξ3ð Þ, 

c − h < ξ3 < c + h:

ð6Þ

In this section, a compact difference scheme will be
establish for the following two-dimensional Allen-Cahn
equation as

∂u
∂t

= ε2
∂2u
∂x2

+ ∂2u
∂y2

 !
− f uð Þ, x, yð Þ ∈Ω, t ∈ 0, T½ �,

u x, y, 0ð Þ = u0 x, yð Þ, x, yð Þ ∈ �Ω,
uj∂Ω = 0, t ∈ 0, T½ �,

8>>>>><
>>>>>:

ð7Þ

where Ω = ½0, 1� × ½0, 1�.
Let us divide the interval [0, 1] intoM equal parts and [0,

T] into N equal parts, the space step is h = 1/M, and time
step is τ = T/N , where xi = ih, 0 ≤ i ≤M, yj = jh, 0 ≤ j ≤M,
and tn = nτ, 0 ≤ n ≤N . Ωh = fðxi, yjÞj0 ≤ i, j ≤Mg and Ωτ =
ftnj0 ≤ n ≤Ng. Let f n+1/2ij = f ðuðxi, yj, tn+1/2ÞÞ and ðxi, yj,
tn+1/2Þ be called the node.
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Suppose u = funijj0 ≤ i, j ≤M, 0 ≤ n ≤Ng is a grid func-
tion on Ωh ×Ωτ, let

tn+1/2 =
1
2 tn + tn+1ð Þ,

δtu
n+1/2
ij = 1

τ
un+1ij −n

ij

� �
,

δ2xu
n
ij =

1
h2

uni+1,j − 2unij + uni−1,j
� �

,

δ2yu
n
ij =

1
h2

uni,j+1 − 2unij + uni,j−1
� �

,

un+1/2ij = 1
2 unij + un+1ij

� �
,

un+1/2ij

� �3
= 1
2 unij
� �3

+ un+1i

� �3� 	
:

ð8Þ

Suppose u = fuijj0 ≤ i, j ≤Mg is a grid function on Ωh,
the operator is defined by

Auð Þij =

1
12 ui−1,j + 10uij + ui+1,j
� �

,

1 ≤ i ≤M − 1, 0 ≤ j ≤M,
uij, i = 0,M, 0 ≤ j ≤M,

8>>><
>>>:

ð9Þ

Buð Þij =

1
12 ui,j−1 + 10uij + ui,j+1
� �

,

1 ≤ j ≤M − 1, 0 ≤ i ≤M,
uij, j = 0,M, 0 ≤ i ≤M,

8>>><
>>>:

ð10Þ

v = ∂2u
∂x2

, ð11Þ

w = ∂2u
∂y2

: ð12Þ

Then, we get the following equation:

∂u
∂t

= ε2v + ε2w − f uð Þ: ð13Þ

Define the grid functions as

Un
i,j = u xi, yj, tn

� �
, 0 ≤ i, j ≤M, 0 ≤ n ≤N ,

Vn
i,j = v xi, yj, tn

� �
, 0 ≤ i, j ≤M, 0 ≤ n ≤N ,

Wn
i,j =w xi, yj, tn

� �
, 0 ≤ i, j ≤M, 0 ≤ n ≤N:

ð14Þ

Considering differential Equation (13) at the point ðxi,
yj, tn+1/2Þ,

∂u
∂t

xi, yj, tn+1/2
� �

= ε2v xi, yj, tn+1/2
� �

+ ε2w xi, yj, tn+1/2
� �

− f u xi, yj, tn+1/2
� �� �

, 0 ≤ i, j ≤M, 0 ≤ n ≤N − 1:

ð15Þ

Using Taylor expansion,

∂u
∂t

xi, yj, tn+1/2
� �

= 1
τ

u xi, yj, tn+1
� �

− u xi, yj, tn
� �h i

−
τ2

24 · ∂
3u
∂t3

xi, yj, tn+1/2
� �

+O τ4
� �

= δtU
n+1/2
i,j −

τ2

24 · ∂
3u
∂t3

xi, yj, tn+1/2
� �

+O τ4
� �

,

v xi, yj, tn+1/2
� �

=Vn+1/2
i,j −

τ2

8 · ∂
2v
∂t2

xi, yj, tn+1/2
� �

+O τ4
� �

,

w xi, yj, tn+1/2
� �

=Wn+1/2
i,j −

τ2

8 · ∂
2w
∂t2

xi, yj, tn+1/2
� �

+O τ4
� �

:

ð16Þ

Substituting the above three equations into (15),

δtU
n+1/2
i,j = ε2Vn+1/2

i,j + ε2Wn+1/2
i,j − f n+1/2i,j

+ τ2

24 · ∂
3u
∂t3

xi, yj, tn+1/2
� �

−
ε2τ2

8
∂2v
∂t2

xi, yj, tn+1/2
� �

+ ∂2w
∂t2

xi, yj, tn+1/2
� �" #

+O τ4
� �

:

ð17Þ

Denoted by

g x, y, tð Þ = 1
24 · ∂

3u
∂t3

x, y, tð Þ − ε2

8
∂2v
∂t2

x, y, tð Þ + ∂2w
∂t2

x, y, tð Þ
" #

:

ð18Þ

Then,

δtU
n+1/2
i,j = ε2Vn+1/2

i,j + ε2Wn+1/2
i,j − f n+1/2i,j + τ2gn+1/2

i,j +O τ4
� �

:

ð19Þ

Acting the operator AB on both sides of the equation
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above,

ABδtU
n+1/2
i,j = ε2ABVn+1/2

i,j + ε2ABWn+1/2
i,j −ABf n+1/2i,j

+ τ2ABgn+1/2
i,j +O τ4

� �
,

 1 ≤ i, j ≤M − 1, 0 ≤ n ≤N − 1: ð20Þ

Considering differential Equation (11) at the point ðxi,
yj, tnÞ,

v xi, yj, tn
� �

= ∂2u
∂x2

xi, yj, tn
� �

, 0 ≤ i, j ≤M, 0 ≤ n ≤N:

ð21Þ

Based on Lemma 3,

AVn
i,j = δ2xU

n
i,j +

h4

240
∂6u
∂x6

xi, yj, tn
� �

+O h6
� �

,

 1 ≤ i ≤M − 1, 0 ≤ j ≤M, 0 ≤ n ≤N: ð22Þ

Acting the two equations superscripted as n and n + 1
and dividing by 2,

AVn+1/2
i,j = 1

2 AVn
i,j +AVn+1

i,j

� �
= 1
2 δ2xU

n
i,j + δ2xU

n+1
i,j

� �

+ h4

240 · 12
∂6u
∂x6

xi, yj, tn
� �

+ ∂6u
∂x6

xi, yj, tn+1
� �" #

+O h6
� �

= δ2xU
n+1/2
i,j + h4

240
∂6u
∂x6

xi, yj, tn+1/2
� �

+O τ2 + τ2h4 + h6
� �

, 1 ≤ i ≤M − 1, 0 ≤ j

≤M, 0 ≤ n ≤N − 1:
ð23Þ

Acting the operator B on both sides of the equation
above,

ABVn+1/2
i,j =Bδ2xU

n+1/2
i,j + h4

240B
∂6u
∂x6

xi, yj, tn+1/2
� �

+O τ2 + τ2h4 + h6
� �

, 1 ≤ i, j ≤M

− 1, 0 ≤ n ≤N − 1:

ð24Þ

Similarly, considering differential Equation (12) at the

point ðxi, yj, tnÞ, then

ABWn+1/2
i,j =Aδ2yU

n+1/2
i,j + h4

240A
∂6u
∂y6

xi, yj, tn+1/2
� �

+O τ2 + τ2h4 + h6
� �

, 1 ≤ i, j ≤M

− 1, 0 ≤ n ≤N − 1:

ð25Þ

Substituting (24) and (25) into (20),

ABδtU
n+1/2
i,j = ε2 Bδ2xU

n+1/2
i,j +Aδ2yU

n+1/2
i,j

� �
−ABf n+1/2i,j

+ ε2
h4

240 B
∂6u
∂x6

xi, yj, tn+1/2
� �

+A
∂6u
∂y6

xi, yj, tn+1/2
� �" #

+ τ2ABgn+1/2i,j +O τ4 + τ2h4 + h6
� �

, 1 ≤ i, j

≤M − 1, 0 ≤ n ≤N − 1:
ð26Þ

Here,

Rn+1/2
i,j = ε2

h4

240 B
∂6u
∂x6

xi, yj, tn+1/2
� �

+A
∂6u
∂y6

xi, yj, tn+1/2
� �" #

+ τ2ABgn+1/2
i,j +O τ4 + τ2h4 + h6

� �
:

ð27Þ

Then,

ABδtU
n+1/2
i,j = ε2 Bδ2xU

n+1/2
i,j +Aδ2yU

n+1/2
i,j

� �
−ABf n+1/2i,j

+ Rn+1/2
i,j , 1 ≤ i, j ≤M − 1, 0 ≤ n ≤N − 1:

ð28Þ

Omitting the small term Rn+1/2
i,j and substituting the fol-

lowing equation into (28),

f u xi, yj, tn+1/2
� �� �

= un+1/2i,j

� �3
− un+1/2i,j

=
un+1ij

� �3
+ unij
� �3

2 −
un+1ij + unij

2 :

ð29Þ

Then, the two-dimensional Allen-Cahn Equation (7)
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corresponding compact difference scheme is obtained.

AB
un+1ij − unij

τ
+AB

un+1ij

� �3
+ unij
� �3

2 −
un+1ij + unij

2

2
64

3
75

= ε2

2 Bδ2xu
n+1
ij +Bδ2xu

n
ij +Aδ2yu

n+1
ij +Aδ2yu

n
ij

� �
, 1 ≤ i, j

≤M − 1, 0 ≤ n ≤N − 1:
ð30Þ

Finally, the spatial derivative is discretized by the central
finite difference scheme for the two-dimensional Allen-Cahn
equation, the D2 is expressed as the corresponding discrete
matrix, and

D2 = BD1 +D1A: ð31Þ

Here,

D1 =
1
h2

−2 1 0 ⋯ 0
1 −2 1 ⋯ 0
0 1 −2 ⋯ 0
⋮ ⋮ ⋮ ⋮

0 0 0 ⋯ −2

0
BBBBBBBB@

1
CCCCCCCCA

M−1ð Þ× M−1ð Þ

: ð32Þ

Meanwhile, let M − 1 be the number of nodes inside the
interval after spatial dispersion and h be the space step.

B = A =

10
12

1
12 0 ⋯ 0

1
12

10
12

1
12 ⋯ 0

0 1
12

10
12 ⋯ 0

⋮ ⋮ ⋮ ⋮

0 0 0 ⋯
10
12

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

M−1ð Þ× M−1ð Þ

: ð33Þ

Then, the discrete matrix D2 satisfies the following
properties:

(a) D2 is symmetric.

(b) D2 is semi-negative definite, such as

UTD2U ≤ 0: ð34Þ

(c) The elements in D2 satisfy

dii < 0,  − dii ≥ max
1≤i≤M−1

〠
M−1

j=1,j≠i
dij


 

: ð35Þ

Let

C = AB: ð36Þ

Matrix C satisfies the following properties:

(a) C is symmetric.

(b) C is positive definite, such as

UTCU > 0: ð37Þ

(c) The elements in C satisfy

cij > 0, cii ≥ max
1≤i≤M−1

〠
M−1

j=1,j≠i
cij


 

: ð38Þ

Substituting the matrix D2 and C into (30), we get the
compact difference scheme:

C
Un+1 −Un

τ
+ C

Un+1� �3 −Un+1

2 + Unð Þ3 −Un

2

" #

= ε2 D2U
n+1 +D2U

n� �
2 :

ð39Þ

Here,

Un ≔ unij



1 ≤ i, j ≤M − 1

n o
,

Unð Þ3 ≔ unij
� �3

1 ≤ i, j ≤M − 1j
� �

:

ð40Þ

Multiplying C−1 to both sides of the above equation,

Un+1 −Un

τ
+ Un+1� �3 −Un+1

2 + Unð Þ3 −Un

2

" #

= ε2

2 C−1D2 Un+1 +Un� �
, 0 ≤ n ≤N − 1:

ð41Þ

Matrix C−1D2 satisfies the following properties:

(a) C−1D2 is symmetric.

(b) C−1D2 is negative definite, such as
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UTC−1D2U ≤ 0: ð42Þ

3. Discrete Maximum Principle of Compact
Difference Scheme for Two-Dimensional
Allen-Cahn Equation

Theorem 4. Assuming that the initial value of the Allen-
Cahn problem satisfies max

ðx,yÞϵ �Ω
ju0ðx, yÞj ≤ 1, when the step

ratio satisfies 5/24 < λ < 5/12 and the time step satisfies 0 <
τ ≤min fð4/5Þλ − 1/6, 1 − ð12/5Þλg, we have kUnk∞ ≤ 1,
for ∀n ≥ 1.

Proof. Obviously, kU0k∞ ≤ ku0k ≤ 1. Assuming that
kUnk∞ ≤ 1, then kUn+1k∞ ≤ 1 needs to be proved. Expand-
ing the established compact difference scheme,

1
τ

1
144 u

n+1
i−1,j−1 +

10
144 u

n+1
i,j−1 +

1
144 u

n+1
i+1,j−1 +

10
144 u

n+1
i−1,j

��

+ 100
144 u

n+1
i,j + 10

144 u
n+1
i+1,j +

1
144 u

n+1
i−1,j+1 +

10
144 u

n+1
i,j+1 +

1
144 u

n+1
i+1,j+1

�

−
1
144 u

n
i−1,j−1 +

10
144 u

n
i,j−1 +

1
144 u

n
i+1,j−1 +

10
144 u

n
i−1,j +

100
144 u

n
i,j

�

+ 10
144 u

n
i+1,j +

1
144 u

n
i−1,j+1 +

10
144 u

n
i,j+1 +

1
144 u

n
i+1,j+1

�
�

+ 1
2

1
144 un+1i−1,j−1

� �3
+ 10
144 un+1i,j−1

� �3
+ 1
144 un+1i+1,j−1

� �3��

+ 10
144 un+1i−1,j

� �3
+ 100
144 un+1i,j

� �3
+ 10
144 un+1i+1,j

� �3
+ 1
144 un+1i−1,j+1

� �3
+ 10
144 un+1i,j+1

� �3
+ 1
144 un+1i+1,j+1

� �3�
+ 1

144 uni−1,j−1
� �3�

+ 10
144 uni,j−1

� �3
+ 1
144 uni+1,j−1

� �3
+ 10
144 uni−1,j

� �3
+ 100
144 uni,j

� �3
+ 10
144 uni+1,j

� �3
+ 1
144 uni−1,j+1

� �3
+ 10
144 uni,j+1

� �3
+ 1
144 uni+1,j+1

� �3�� − 1
2

1
144 u

n+1
i−1,j−1 +

10
144 u

n+1
i,j−1 +

1
144 u

n+1
i+1,j−1

��

+ 10
144 u

n+1
i−1,j +

100
144 u

n+1
i,j + 10

144 u
n+1
i+1,j +

1
144 u

n+1
i−1,j+1 +

10
144 u

n+1
i,j+1

+ 1
144 u

n+1
i+1,j+1

�
+ 1

144 u
n
i−1,j−1 +

10
144 u

n
i,j−1 +

1
144 u

n
i+1,j−1

�

+ 10
144 u

n
i−1,j +

100
144 u

n
i,j +

10
144 u

n
i+1,j +

1
144 u

n
i−1,j+1 +

10
144 u

n
i,j+1

+ 1
144 u

n
i+1,j+1

�
� = ε2

2
1
h2

2
12 u

n+1
i−1,j−1 +

8
12 u

n+1
i,j−1 +

2
12 u

n+1
i+1,j−1

��

+ 8
12 u

n+1
i−1,j −

40
12 u

n+1
i,j + 8

12 u
n+1
i+1,j +

2
12 u

n+1
i−1,j+1 +

8
12 u

n+1
i,j+1 +

2
12 u

n+1
i+1,j+1

�

+ 2
12 u

n
i−1,j−1 +

8
12 u

n
i,j−1 +

2
12 u

n
i+1,j−1 +

8
12 u

n
i−1,j −

40
12 u

n
i,j +

8
12 u

n
i+1,j

�

+ 2
12 u

n
i−1,j+1 +

8
12 u

n
i,j+1 +

2
12 u

n
i+1,j+1

�
�:

ð43Þ

Multiplying τ to both sides of the above equation and
letting λ = ε2ðτ/h2Þ,

100
144 1 − τ

2
� �

+ 5
3 λ

� 	
un+1i,j + 100

144
τ

2 un+1i,j

� �3
+ 10

144 1 − τ

2
� �

−
1
3 λ

� 	
un+1i−1,j +

10
144

τ

2 un+1i−1,j

� �3
+ 10

144 1 − τ

2
� �

−
1
3 λ

� 	
un+1i+1,j +

10
144

τ

2 un+1i+1,j

� �3
+ 10

144 1 − τ

2
� �

−
1
3 λ

� 	
un+1i,j−1 +

10
144

τ

2 un+1i,j−1

� �3
+ 10

144 1 − τ

2
� �

−
1
3 λ

� 	
un+1i,j+1 +

10
144

τ

2 un+1i,j+1

� �3
+ 1

144 1 − τ

2
� �

−
1
12 λ

� 	
un+1i−1,j−1 +

1
144

τ

2 un+1i−1,j−1

� �3
+ 1

144 1 − τ

2
� �

−
1
12 λ

� 	
un+1i+1,j−1 +

1
144

τ

2 un+1i+1,j−1

� �3
+ 1

144 1 − τ

2
� �

−
1
12 λ

� 	
un+1i−1,j+1 +

1
144

τ

2 un+1i−1,j+1

� �3
+ 1

144 1 − τ

2
� �

−
1
12 λ

� 	
un+1i+1,j+1 +

1
144

τ

2 un+1i+1,j+1

� �3
= 100

144 1 + τ

2
� �

−
5
3 λ

� 	
uni,j −

100
144

τ

2 uni,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni−1,j −

10
144

τ

2 uni−1,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni+1,j −

10
144

τ

2 uni+1,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni,j−1 −

10
144

τ

2 uni,j−1
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni,j+1 −

10
144

τ

2 uni,j+1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni−1,j−1 −

1
144

τ

2 uni−1,j−1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni+1,j−1 −

1
144

τ

2 uni+1,j−1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni−1,j+1 −

1
144

τ

2 uni−1,j+1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni+1,j+1 −

1
144

τ

2 uni+1,j+1
� �3

:

ð44Þ
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Shifting terms on both sides of the equation,

100
144 1 − τ

2
� �

+ 5
3 λ

� 	
un+1i,j + 100

144
τ

2 un+1i,j

� �3
= 1

3 λ −
10
144 1 − τ

2
� �� 	

un+1i−1,j −
10
144

τ

2 un+1i−1,j

� �3
+ 1

3 λ −
10
144 1 − τ

2
� �� 	

un+1i+1,j −
10
144

τ

2 un+1i+1,j

� �3
+ 1

3 λ −
10
144 1 − τ

2
� �� 	

un+1i,j−1 −
10
144

τ

2 un+1i,j−1

� �3
+ 1

3 λ −
10
144 1 − τ

2
� �� 	

un+1i,j+1 −
10
144

τ

2 un+1i,j+1

� �3
+ 1

12 λ −
1
144 1 − τ

2
� �� 	

un+1i−1,j−1 −
1
144

τ

2 un+1i−1,j−1

� �3
+ 1

12 λ −
1
144 1 − τ

2
� �� 	

un+1i+1,j−1 −
1
144

τ

2 un+1i+1,j−1

� �3
+ 1

12 λ −
1
144 1 − τ

2
� �� 	

un+1i−1,j+1 −
1
144

τ

2 un+1i−1,j+1

� �3
+ 1

12 λ −
1
144 1 − τ

2
� �� 	

un+1i+1,j+1 −
1
144

τ

2 un+1i+1,j+1

� �3
+ 100

144 1 + τ

2
� �

−
5
3 λ

� 	
uni,j −

100
144

τ

2 uni,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni−1,j −

10
144

τ

2 uni−1,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni+1,j −

10
144

τ

2 uni+1,j
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni,j−1 −

10
144

τ

2 uni,j−1
� �3

+ 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
uni,j+1 −

10
144

τ

2 uni,j+1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni−1,j−1 −

1
144

τ

2 uni−1,j−1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni+1,j−1 −

1
144

τ

2 uni+1,j−1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni−1,j+1 −

1
144

τ

2 uni−1,j+1
� �3

+ 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
uni+1,j+1 −

1
144

τ

2 uni+1,j+1
� �3

:

ð45Þ

For the right side of Equation (45), the n-layer terms are
processed firstly.

Then, the sum of the n-layer terms is L. Let kUnk∞ ≤ 1.

f xð Þ = 100
144 1 + τ

2
� �

−
5
3 λ

� 	
x −

100
144

τ

2 x
3, x ∈ 0, 1½ �: ð46Þ

Thus,

f 0ð Þ = 0, f 1ð Þ = 25
36 −

5
3 λ =

5
3

5
12 − λ

� �
: ð47Þ

Since

f ′ xð Þ = 25
36 1 + τ

2
� �

−
5
3 λ −

25τ
24 x2,

f ″ xð Þ = −
25τ
12 x ≤ 0:

ð48Þ

f ′ðxÞ is monotonicity decreasing,

f ′ 0ð Þ = 25
36 1 + τ

2
� �

−
5
3 λ,

f ′ 1ð Þ = 25
36 1 + τ

2
� �

−
5
3 λ −

25τ
24 :

ð49Þ

When τ ≤ 1 − ð12/5Þλ, f ′ð1Þ ≥ 0, therefore, f ′ðxÞ ≥ 0.
Thus, f ðxÞ is monotonicity increasing. ∀x ∈ ½0, 1�, f ð0Þ

≤ f ðxÞ ≤ f ð1Þ, namely,

f xð Þ ≤ 25
36 −

5
3 λ, λ ≤

5
12 : ð50Þ

Let

g xð Þ = 10
144 1 + τ

2
� �

+ 1
3 λ

� 	
x −

10
144

τ

2 x
3, x ∈ 0, 1½ �: ð51Þ

Then,

g 0ð Þ = 0, g 1ð Þ = 5
72 + 1

3 λ: ð52Þ

Since

g′ xð Þ = 5
72 1 + τ

2
� �

+ 1
3 λ −

5τ
48 x

2,

g″ xð Þ = −
5τ
24 x ≤ 0:

ð53Þ

g′ðxÞ is monotonicity decreasing,

g′ 0ð Þ = 5
72 1 + τ

2
� �

+ 1
3 λ,

g′ 1ð Þ = 5
72 1 + τ

2
� �

+ 1
3 λ −

5τ
48 :

ð54Þ

When τ ≤ 1 + ð24/5Þλ, g′ð1Þ ≥ 0, we have g′ðxÞ ≥ 0.
Thus, gðxÞ is monotonicity increasing. ∀x ∈ ½0, 1�, then

gð0Þ ≤ gðxÞ ≤ gð1Þ, namely,

g xð Þ ≤ 5
72 + 1

3 λ: ð55Þ
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Let

h xð Þ = 1
144 1 + τ

2
� �

+ 1
12 λ

� 	
x −

1
144

τ

2 x
3, x ∈ 0, 1½ �: ð56Þ

Then,

h 0ð Þ = 0, h 1ð Þ = 1
144 + 1

12 λ: ð57Þ

Since

h′ xð Þ = 1
144 1 + τ

2
� �

+ 1
12 λ −

τ

96 x
2,

h″ xð Þ = −
τ

48 x ≤ 0:
ð58Þ

h′ðxÞ is monotonicity decreasing,

h′ 0ð Þ = 1
144 1 + τ

2
� �

+ 1
12 λ,

h′ 1ð Þ = 1
144 1 + τ

2
� �

+ 1
12 λ −

τ

96 :
ð59Þ

When τ ≤ 1 + 12λ, h′ð1Þ ≥ 0, we have h′ðxÞ ≥ 0.
Thus, hðxÞ is monotonicity increasing. ∀x ∈ ½0, 1�, hð0Þ

≤ hðxÞ ≤ hð1Þ, that is,

h xð Þ ≤ 1
144 + 1

12 λ: ð60Þ

According to (50), (55), and (60), when τ ≤ 1 − ð12/5Þλ,

f xð Þ ≤ 25
36 −

5
3 λ, λ ≤

5
12 ,

g xð Þ ≤ 5
72 + 1

3 λ,

h xð Þ ≤ 1
144 + 1

12 λ:

ð61Þ

Then,

L ≤ f 1ð Þ + 4g 1ð Þ + 4h 1ð Þ = 1: ð62Þ

Next, the eight items in the n + 1 layer on the right side
of equation (45) are dealt.

Let

p yð Þ = λ

3 −
10
144 1 − τ

2
� �� 	

y −
10
144

τ

2 y
3: ð63Þ

Then,

p′ yð Þ = λ

3 −
10
144 1 − τ

2
� �

−
5τ
48 y

2: ð64Þ

When p′ðyÞ = 0, the maximum point is obtained,

y1 =
ffiffiffiffiffi
48
5τ

r
·
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
3 λ −

5
24

� �
+ 5τ
144

s
, λ ≥

5
24 : ð65Þ

Since pðyÞ is an odd function and monotonicity increas-
ing in the interval of ð−y1, y1Þ, then jpðyÞj ≤ jpðy1Þj.

Let

q yð Þ = λ

12 −
1
144 1 − τ

2
� �� 	

y −
1
144

τ

2 y
3: ð66Þ

Then,

q′ yð Þ = λ

12 −
1
144 1 − τ

2
� �

−
τ

96 y
2: ð67Þ

When q′ðyÞ = 0, the maximum point is obtained,

y2 =
ffiffiffiffiffi
96
τ

r
·
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
12 λ −

1
12

� �
+ τ

288

s
, λ ≥

1
12 : ð68Þ

Since qðyÞ is an odd function and monotonicity increas-
ing in the interval of ð−y2, y2Þ, then jqðyÞj ≤ jqðy2Þj.

Substituting (62), (63), and (66) into (45), then

100
144 1 − τ

2
� �

+ 5
3 λ

� 	
un+1ij + 100

144
τ

2 un+1ij

� �3
≤ p un+1i−1,j

� �
+ p un+1i+1,j

� �
+ p un+1i,j−1

� �
+ p un+1i,j+1

� �
+ q un+1i−1,j−1

� �
+ q un+1i+1,j−1

� �
+ q un+1i−1,j+1

� �
+ q un+1i+1,j+1

� �
+ 1, 1 ≤ i, j ≤N − 1:

ð69Þ

Suppose kUn+1k∞ = jUn+1
i0,j0 j =m.

On the one hand, for the right eight terms of Equation
(69), taking the absolute value of both sides of the equation
by definition (63), according to the triangle inequality,

p un+1i−1,j

� �


 


 = λ

3 −
10
144 1 − τ

2
� �� 	

un+1i−1,j −
5τ
144 un+1i−1,j

� �3










≤
λ

3 −
5
72 1 − τ

2
� �� 	

un+1i−1,j




 


 + 5τ
144 un+1i−1,j




 


3
≤

λ

3 −
5
72 1 − τ

2
� �� 	

m + 5τ
144m

3:

ð70Þ
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Similarly,

p un+1i+1,j

� �


 


 ≤ λ

3 −
5
72 1 − τ

2
� �� 	

m + 5τ
144m

3,

p un+1i,j−1

� �


 


 ≤ λ

3 −
5
72 1 − τ

2
� �� 	

m + 5τ
144m

3,

p un+1i,j+1

� �


 


 ≤ λ

3 −
5
72 1 − τ

2
� �� 	

m + 5τ
144m

3:

ð71Þ

Taking the absolute value of both sides of the equation
by definition (66), according to the triangle inequality,

q un+1i−1,j−1

� �


 


 = λ

12 −
1
144 1 − τ

2
� �� 	

un+1i−1,j−1 −
τ

288 un+1i−1,j−1

� �3










≤
λ

12 −
1
144 1 − τ

2
� �� 	

un+1i−1,j−1




 


 + τ

288 un+1i−1,j−1




 


3
≤

λ

12 −
1
144 1 − τ

2
� �� 	

m + τ

288m
3:

ð72Þ
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Figure 1: When τ = 0:025, 0:04, the maximum of the scheme is (30).
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Similarly,

q un+1i+1,j−1

� �


 


 ≤ λ

12 −
1
144 1 − τ

2
� �� 	

m + τ

288m
3,

q un+1i−1,j+1

� �


 


 ≤ λ

12 −
1
144 1 − τ

2
� �� 	

m + τ

288m
3,

q un+1i+1,j+1

� �


 


 ≤ λ

12 −
1
144 1 − τ

2
� �� 	

m + τ

288m
3:

ð73Þ

Taking i = i0, j = j0 for the left side of (69), substituting

(70) and (72) into the right side of (69),

100
144 1 − τ

2
� �

+ 5
3 λ

� 	
m + 100

144
τ

2m
3

≤ 4 λ

3 −
5
72 1 − τ

2
� �� 	

m + 5τ
144m

3
� �

+ 4 λ

12 −
1
144 1 − τ

2
� �� 	

m + τ

288m
3

� �
+ 1,

ð74Þ

namely,

1 − τ

2
� �

m + 7τ
36m

3 ≤ 1: ð75Þ
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Figure 2: When τ = 0:3, 0:5, the maximum of the scheme is (30).
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When τ ≤ 1, then M ≤ 1/ð1 − τ/2Þ ≤ 2, jun+1i0,j0 j ∈ ð0, 2Þ.

Let y0 = ð−y1, y1Þ ∩ ð−y2, y2Þ, suppose y0 = 2, then pðyÞ
and qðyÞ are monotonicity increasing in the interval of
ð−2, 2Þ. For

p′ yð Þ = λ

3 −
10
144 1 − τ

2
� �

−
5τ
48 y

2 ≥ 0, ð76Þ

then

5τ
48 y

2 ≤
λ

3 −
10
144 1 − τ

2
� �

= 1
3 λ −

5
24

� �
+ 5τ
144 : ð77Þ

Since y ∈ ð−2, 2Þ, then

5τ
12 ≤

1
3 λ −

5
24

� �
: ð78Þ

So,

τ ≤
4
5 λ −

1
6 : ð79Þ

Similarly, for

q′ yð Þ = λ

12 −
1
144 1 − τ

2
� �

−
τ

96 y
2 ≥ 0, ð80Þ

then

τ

96 y
2 ≤

λ

12 −
1
144 1 − τ

2
� �

= 1
12 λ −

1
12

� �
+ τ

288 : ð81Þ

Since y ∈ ð−2, 2Þ, then

τ

24 ≤
1
12 λ −

1
12

� �
: ð82Þ

That means that

τ ≤ 2λ − 1
6 : ð83Þ

In conclusion, according to (65), (68), (79), and (83),
we obtain τ ≤ ð4/5Þλ − 1/6 ðλ ≥ 5/24Þ.

On the other hand, taking i = i0, j = j0 in (69), thus

100
144 1 − τ

2
� �

+ 5
3 λ

� 	
un+1i0,j0




 


 + 50τ
144 un+1i0,j0




 


� �3
,

≤4p un+1i0,j0




 


� �
+ 4q un+1i0,j0




 


� �
+ 1:

ð84Þ

According to (63) and (66),

25
36 1 − τ

2
� �

+ 5
3 λ

� 	
m + 25τ

72 m3,

≤
5
3 λ −

11
36 1 − τ

2
� �� 	

m −
11τ
72 m3 + 1,

ð85Þ

namely,

1 − τ

2
� �

m + τ

2m
3 ≤ 1: ð86Þ

m ≤ 1 is obtained.
Consequently, when 0 < τ ≤min fð4/5Þλ − 1/6, 1 − ð12/

5Þλg, 5/24 < λ < 5/12, then kUn+1k∞ ≤ 1.☐
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Figure 3: When τ = 0:025, 0:04, the energy of the scheme is (30).
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4. Two-Dimensional Discrete Energy Stability

Lemma 5 (see [2]). ∀a, b ∈ ½−1, 1�,

a3 − a
� �

a − bð Þ + a − bð Þ2 ≥ 1
4

a2 − 1
� �2 − b2 − 1

� �2h i
,

a3 − b
� �

a − bð Þ + a − bð Þ2 ≥ 1
4

a2 − 1
� �2 − b2 − 1

� �2h i
:

ð87Þ

According to the energy function that is defined by (2), dis-
crete energy function of compact difference scheme (41) is
defined by

E uð Þ = 1
4 · h2 · 〠

M−1

i=1
〠
M−1

j=1
u2ij − 1
� �2

−
ε2

2 · h2 · uTC−1D2u:

ð88Þ

Theorem 6. Assuming that the initial value of the Allen-
Cahn problem satisfies max

ðx,yÞϵ �Ω
ju0ðx, yÞj ≤ 1, then the numeri-

cal solution obtained by scheme (41) satisfies discrete energy
decaying under the condition of 4:

E Un+1� �
≤ E Unð Þ: ð89Þ

Proof.

E Un+1� �
− E Unð Þ

h2
= 1
4 〠
M−1

i=1
〠
M−1

j=1
Un+1

ij

� �2
− 1

� �2
− Un

ij

� �2
− 1

� �2
" #

−
ε2

2 Un+1� �T
C−1D2U

n+1 − Unð ÞTC−1D2U
n

� �
:

ð90Þ

In view of Theorem 4, kUnk∞ ≤ 1 and kUn+1k∞ ≤ 1.
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Figure 4: When τ = 0:3, 0:5, the energy of the scheme is (30).
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Figure 5: When τ = 0:02, 0:025, the maximum of the scheme is
(30).
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Therefore, using Lemma 5,

1
4 〠
M−1

i=1
〠
M−1

j=1
Un+1

ij

� �2
− 1

� �2
− Un

ij

� �2
− 1

� �2
" #

≤ 〠
M−1

i=1
〠
M−1

j=1

1
2 Un+1

ij

� �3
−Un+1

ij

� �
Un+1

ij −Un
ij

� ��

+ 1
2 Un

ij

� �3
−Un

ij

� �
Un+1

ij −Un
ij

� �
+ Un+1

ij −Un
ij

� �2	
:

ð91Þ

Since the matrix C−1D2 is symmetric,

ε2

2 Un+1 −Un� �T
C−1D2 Un+1 +Un� �

= ε2

2 Un+1� �T
C−1D2U

n+1 − Unð ÞTC−1D2U
n

� �
:

ð92Þ

Substituting (91) and (92) into (90),

E Un+1� �
− E Unð Þ

h2
≤ 〠

M−1

i=1
〠
M−1

j=1

1
2 Un+1

ij

� �3
−Un+1

ij

� �
Un+1

ij −Un
ij

� ��

+ 1
2 Un

ij

� �3
−Un

ij

� �
Un+1

ij −Un
ij

� �
+ Un+1

ij −Un
ij

� �2
−
ε2

2 Un+1 −Un� �T
C−1D2 Un+1 +Un� �

:

ð93Þ

Multiplying (41) by Un+1 −Un, summing up for i from 1
to M − 1 and same for j,

〠
M−1

i=1
〠
M−1

j=1

1
2 Un+1

ij

� �3
−Un+1

ij

� �
Un+1

ij −Un
ij

� ��

+ 1
2 Un

ij

� �3
−Un

ij

� �
Un+1

ij −Un
ij

� �
+ 1
τ

Un+1
ij −Un

ij

� �2	

= ε2

2 Un+1 −Un� �T
C−1D2 Un+1 +Un� �

:

ð94Þ
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Figure 6: When τ = 0:3, 0:5, the maximum of the scheme is (30).
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Figure 7: When τ = 0:02, 0:025, the energy of the scheme is (30).
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Substituting (94) into (93),

E Un+1� �
− E Unð Þ

h2
≤ 〠

M−1

i=1
〠
M−1

j=1

1
2 Un+1

ij

� �3
−Un+1

ij

� �
Un+1

ij −Un
ij

� ��

+ 1
2 Un

ij

� �3
−Un

ij

� �
Un+1

ij −Un
ij

� �
+ Un+1

ij −Un
ij

� �2	

− 〠
M−1

i=1
〠
M−1

j=1

1
2 Un+1

ij

� �3
−Un+1

ij

� ��

� Un+1
ij −Un

ij

� �
+ 1
2 Un

ij

� �3
−Un

ij

� �
Un+1

ij −Un
ij

� �

+ 1
τ

Un+1
ij −Un

ij

� �2	
:

ð95Þ

Then,

E Un+1� �
− E Unð Þ

h2
≤ 1 − 1

τ

� �
〠
M−1

i=1
〠
M−1

j=1
Un+1

ij −Un
ij

� �2
: ð96Þ

Since 0 < τ ≤min fð4/5Þλ − 1/6, 1 − ð12/5Þλg, 5/24 < λ
< 5/12, the right side of inequality is negative.

Then, EðUn+1Þ ≤ EðUnÞ is proved.

5. Numerical Examples

In this part, some numerical examples are given to verify the
theoretical results of the previous sections which are discrete
numerical maximum principle and energy stability. Consid-
ering a two-dimensional problem with homogeneous Rie-
mann boundary conditions, and selecting the initial
condition as

u0 xð Þ = 0:9 ∗ rand ·ð Þ + 0:05, ð97Þ

here, rand ð·Þ is a random sequence in the interval of ð0, 1Þ.
If given ϵ2 = 0:001, h = 0:01, by λ = ε2ðτ/h2Þ, using the

conditions of Theorem 4, 5/24 ≤ λ ≤ 5/12, 0 < τ ≤min fð4/5
Þλ − 1/6, 1 − ð12/5Þλg, we can get 1/48 < τ < 1/24. Taking
different values for time step τ, the results are shown in
the following figures.

It can be observed from Figure 1 that the discrete
scheme (30) satisfies the maximum principle when the
time step τ is 0.025 or 0.04, and from Figure 2, the dis-
crete scheme (30) does not satisfy the maximum principle
when the time step τ is 0.3 or 0.5. In addition, it satisfies
the stability of discrete energy decaying according to
Figures 3 and 4.

Then, if given ϵ2 = 0:001, h = 0:008; similarly, we can get
1/75 < τ < 2/75. The results are shown in the following
figures.

It can be observed from Figure 5 that the discrete
scheme (30) satisfies the maximum principle when the
time step τ is 0.02 or 0.025, and from Figure 6, the dis-
crete scheme (30) does not satisfy the maximum principle
when the time step τ is 0.3 or 0.5. In addition, it satisfies
the stability of discrete energy decaying according to
Figures 7 and 8.

6. Conclusions

In this paper, the two-dimensional nonlinear Allen-Cahn
equation is discretized by using the central finite difference
method in space and using two operators A and B in time,
and then, the fully discrete compact difference scheme with
second-order accuracy in time and fourth-order in space is
established as below:

AB
un+1ij − unij

τ
+AB

un+1ij

� �3
+ unij
� �3

2 −
un+1ij + unij

2

2
64

3
75

= ε2

2 Bδ2xu
n+1
ij +Bδ2xu

n
ij +Aδ2yu

n+1
ij +Aδ2yu

n
ij

� �
,

 1 ≤ i ≤M − 1, 0 ≤ n ≤N − 1: ð98Þ
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Figure 8: When τ = 0:3, 0:5, the energy of the scheme is (30).
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Constructing the discrete matrix,

D2 = BD1 +D1A,
C = AB:

ð99Þ

Then, using the matrix instead of the operator, the fol-
lowing compact difference equation (39) can be obtained:

C
Un+1 −Un

τ
+ C

Un+1� �3 −Un+1

2 + Unð Þ3 −Un

2

" #

= ε2 D2U
n+1 +D2U

n� �
2 :

ð100Þ

It proved that when 5/24 < λ < 5/12, 0 < τ ≤min fð4/5Þ
λ − 1/6, 1 − ð12/5Þλg, the discrete scheme satisfies the maxi-
mum principle kUnk∞ ≤ 1, for ∀n ≥ 1.

Secondly, the discrete energy function of the compact
difference scheme (88) of the two-dimensional Allen-Cahn
equation is

E uð Þ = 1
4 · h2 · 〠

M−1

i=1
〠
M−1

j=1
u2ij − 1
� �2

−
ε2

2 · h2 · uTC−1D2u:

ð101Þ

The numerical solution obtained by scheme (39) satisfies
the stability of discretization energy decaying under the con-
ditions and conclusions of discretization maximization.

E Un+1� �
≤ E Unð Þ: ð102Þ
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