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In this paper, the concept of convex rectangular b — metric spaces is introduced as a generalization of both convex metric spaces
and rectangular b — metric spaces. The purpose of this study is to indicate a way of generalizing Mann’s iteration algorithm and a
series of fixed point results in rectangular b — metric spaces. Furthermore, certain examples are given to support the results. We
also study well posedness of fixed point problems of some mappings in convex rectangular b—metric spaces, and an
application to the dynamic programming is entrusted to manifest the viability of the obtained results. Our results extend

comparable results in the existing literature.

1. Introduction and Preliminaries

It is well known that fixed point theory has become an
important field of mathematics due to its high degree of
unity and wide application. No doubt that the most signifi-
cant fundamental result of this theory is Banach contraction
principle [1] which was published in 1922. Banach contrac-
tion principle proposes for the first time to use Picard itera-
tion to approximate a fixed point, which not only proves the
existence of the fixed point but also proves the uniqueness of
the fixed point. Later in 1968, Kannan [2] studied a new type
of contractive mapping. Since then, there have been many
results related to mappings satisfy various types of contrac-
tive inequality, see for example [3-9].

In 2000, Branciari [10] developed the notion of a rectan-
gular space as a generalization of normal metric space via
substituting the triangle inequality with the quadrilateral
inequality and extended Banach contraction principle to this
space. Successively, George et al. [11] introduced the notion
of a rectangular b — metric space as a generalization of rect-
angular metric space and they also proved some fixed point
results for contractive mappings. The concept of a convex
structure and a convex metric space was introduced by

Takahashi [12]. Later, Goebel and Kirk [13] studied some
iterative processes for nonexpansive mappings in a hyper-
bolic metric space, and in 1988, Ding [14] found fixed points
of quasicontraction mappings in convex metric spaces by
Ishikawa’s iteration scheme. However, iterative methods
have received vast investigation for finding fixed points of
nonexpansive mappings, see [15-17]. Particularly, in the
process of the research on some fixed point problem, one
of the most famous fixed point method is the Mann iteration
[18, 19] as follows:

X+l :“nxn+(1_‘xn)Txn’ (1)
for some suitably chosen scalars «, €[0,1]. Due to [20],
Mann iterative sequence {x,} converges weakly to a fixed
point of T if the sequence {a,} € [0,1] satisfies following
conditions: Y2, a,(1 - a,) = 0co.

Very recently, Chen et al. [21] introduced the notion of a
convex b-—metric space and extend Mann’s algorithms
directly to b — metric spaces. After that, Asif et al. [22] inves-
tigate fixed point of single-valued Hardy-Roger’s type F —
contraction globally as well as locally in a convex b — metric
space. Along the line, Chen et al. [23] introduce the concept
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of a convex graphical rectangular b — metric space and prove
some fixed point theorems in this space. New some fixed
point results on a closed ball can be seen in [22, 24-26].

In this work, we firstly introduce the concept of the
convex rectangular b — metric spaces which is a combination
of properties of rectangular b — metric spaces and convex
metric spaces. However, we prove some fixed point theo-
rems using generalized Mann’s iteration algorithm and show
concrete examples supporting our main results. In addition,
we claim that fixed point problem is well posed and as an
application, we apply our main results to solve the dynamic
programming problem.

Some fundamental definitions related to our work are
given below:

Definition 1. (See [11]). Let X be a nonempty set and the
mapping d : X x X — [0,00) satisfy

d(x,y) =0 if and only if x =y for all x,y € X
d(x,y) =d(y,x) for all x,y € X

(3) There exists a real number such that d(x,y) < s[d(x,
u) +d(u,v) + d(v,y)] for all x,y € X and all distinct
points u,ve X\ {x,y}

Then, d is called a rectangular b — metric on X, and (X, d)
is called a rectangular b - metric space (R,MS) with
coefficient s> 1.

Remark 2. Note that every metric space is a rectangular
metric space (RMS) (see [11]), and every RMS is a R,MS
with coefficient s = 1.

Definition 3. (See [11]). Let (X,d) be a R,MS, {x,} be a
sequence in X and x € X. Then,

(a) The sequence {x,,} is said to be convergent in X to x,
if for every & > 0, there exists n, € N such that d(x,,
x) <& for all n>n;, and this fact is represented by

lim x, =x

n—oo

(b) The sequence {x,} is said to be a Cauchy sequence
in X if for every € > 0, there exists #n, € N such that
d(x,,x,,) <& for all n,m > n,, and this fact is repre-
sented by M%igood(xn, x,,) =0

X is said to be a complete R,MS if every Cauchy
sequence in X converges to some x € X

Definition 4. (See [12]). Let (X, d) be a metric space and
I=1[0,1]. A continuous function w:XxXx|[0,1] — X
is said to be a convex structure on X if for each x,y € X
and a €],

d(u, w(x, y, @) < ad(u, x) + (1 - a)d(u, y), (2)

for all u € X. A metric space (X, d) with a convex structure
w is called a convex metric space.
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2. Main Results

In this section, we introduce a generalization of both convex
metric spaces and rectangular b — metric spaces, which we
call convex rectangular b — metric spaces. We also establish
some fixed point theorems arising from this metric space.

Definition 5. Let (X, d) be a R,MS with constant s > 1. If a
mapping w : X x X x [0, 1] — X satisfies

d(u, w(x, y, a)) < ad(u, x) + (1 - x)d(u, y), (3)

for all x, y, u € X and « € [0, 1], then (X, d, w) is said to be a
convex rectangular b — metric space (CR,MS).

Definition 6. Let (X,d,w) bea CRMSand T : X — X be a

mapping. Let {x,} be the sequence generated by Mann’s
iterative procedure involving the mapping T, as follows:

Xn1 = w(xn’ T'xn ;an)’ (4)
where a,, € [0, 1] and x,, € X are the initial value.
Definition 7. If s=1 in Definition 5, we call the resultant
space to be a convex rectangular metric space (CRMS),
which is, indeed, the RMS with a convex structure w.

Next, we see some specific examples of CR,MS.
Example 8. Let X = R. For any x, y € X, we define the metric
d: X xX—[0,+00) by d(x,y) =|x—y|" and r > 1. Notice
that, for any a, b, ¢ € [0,4+00) and 1 < r < 0o, then the convex
of the function f(x) = x"(x > 0) implies that

a+b +c

(a+b+c>r
<
3 3

Then, for any distinct points u, v € X \ {x, y}, we have

(a,b,c¢>0). (5)

dxy)=lx-y| =|x-u+u-v+v-yl
<[x—ul+u-v|+|v-y|]
(e = u +u=v|+|v-y]] (6)

<3 M —ul + lu—v| +|v-y|]
=3"d(x, u) + d(u,v) +d(v, )]

Hence, (X,d) is a R,MS with s=3""!. For any x,y € X,
let w: X x X x {1/2} — X be a mapping defined by
1

w(x,y;(x)=ocx+(1—(x)y,(x=§. (7)

Now, we verify that w satisfies inequality (3). In fact, for
any x, y, u € X, we can see that

r

d(u,w(x,y; @) = |u— [ax + (1 - a)y]|
<2 Ma|u-x"+(1-a) u-y7 (8
=ad(u, x) + (1 —a)d(u,y).



Journal of Function Spaces

Therefore, (X, d, w) is a CR,MS with s=3"". Note that
(X, d, w) is not a metric space as follows:

d(1,3)=2%>d(1,2) +d(2,3) =2, (9)

for we take r = 2. Moreover, (X, d, w) is a CRMS when we let
r =1, and it shows that CR,MS reduces to a CRMS for s=1.

Example 9. Let X = R. For any x, y € X, we define the metric
d : X x X — [0,4+00) by d(x, y) = |x - y|*. From Example 8,
it follows that (X, d) is a R,MS with s =3. For any x,y € X,
let w: X x X x [0, 1] — X be a mapping defined by

w(xy;a)=ax+ (1-a)y. (10)
For any x, y, u € X, we obtain that

d(uw(xys a)) = |u—[ax+ (1 - )y’
< fofue = x| + (1= o) u - y|]”
=ald(u, x) + (1 - )*d(u, y)
+2a(1 —a)ju—x||u-y|
<a*d(u,x) + (1 - a)’d(u, y) (11)
Ju—x* + Ju -y
2
=a?d(u, x) + (1 - a)*d(u, y)
+a(l-a){d(u,x)+d(u,y)}
=ad(u,x) + (1 —a)d(u,y).

+2a(l —a)

Therefore, (X,d,w) is a CR,MS with s=3, but not
a CRMS.

Example 10. Let X =[0,2], d : X x X — [0,+00), such that
d(x,y) =d(y,x) and

Oifx=y,
d(x, y) = 2aifx,y€[0,1), (12)
1

3 a otherwise,

where a > 0 is a constant. Then, (X, d) is a R,MS with coef-
ficient s=4/3. The mapping w:XxXx[0,1] — X is
defined by w(x, y;a) =2 — axy, a = 1/4, and then

du, w(x,y;a)) < ;ld(u,x)+ Zd(u,y). (13)

So, (X, d, w) is a CR,MS with coefficient s = 4/3, but not
a CRMS.

Definition 11. Let (X, d, w) be a CR,MS with constant s >1,

X, is some element in X, and € >0, and then the set B,[x]
={xeX :d(xy x) <e} is called a closed ball in X.

In the paper [3], George et al. proved Banach contraction
principle in complete R,MS by means of Picard iteration.

Now, we will show Banach contraction principle for com-
plete CR,MS using generalized Mann’s iteration algorithm.

Theorem 12. Let (X, d, w) be a complete CR,MS with con-
stant s> 1 and T : X — X be a mapping satisfying

d(Tx, Ty) < Bd(x, y), (14)

for all x, y € X, where B € [0, 1). Let the sequence {x,} gener-
ated by the Mann iterative process and x, € X such that d
(x9» Txy) =M < 00. If €0, (1/25%)] and a, € [0, (sr/25° + s
=2)] (r is an arbitrary positive real number and r< 1),
then T has a unique fixed point in X. Moreover, the

sequence {x,} € B,[x,] and x, — x* € B,[x,] as n —> oo,
if the following inequality holds:

d(xp, Txy) < B(1 = sP)e. (15)

Proof. Without loss of generality, we suppose that x, #
X, for all neN. Indeed, If x,=x,,,, then x,=w(x,, T
X,;a,). We conclude that

n+1>

d(x,, Tx,) =d(w(x,, Tx,;a,), Tx,) < a,d(x,, Tx,), (16)
and it shows d(x,, Tx,) = 0; then, x, is a fixed point of T,

and the proof is finished. It follows from Definition 5 and
Definition 6,

d(xn’ xn+1) = d(xn’ w(xn’ Txn ;an)) < (1 - ‘xn)d(xn’ Txn)'
(17)

O
Now, we consider the following two cases:

Case 13. It x,, # Tx,_, for all n € N, we have

d(xn’ Txn) = d(w(xn—l’ Txn—l ;an—l)’ Txn)
< (xn—ld(xn—l’ T'xn) + (1 - ‘xn—l)d(Txn—l’ T'xn)
< ‘xn—ld(xn—l’ Txn) + (1 - an—l)ﬁd(xn—l’ xn)

< soty, oy [d(x,-15 %) + d(x,, Tx, ) +d(Tx, ), Tx,,)]
+ (1=, ) Bd(x, 1> Tx, )
< soty, y [(1 = o, y)d (1, X, )
+ 0, g d(X, TX ) + (1 - o, y) B (%, Txn—l)}
+ (1=, ) Bd(x, 5 T,y
< s, (1+ (1= a,)B)
+(1- an—l)zﬁ]d(‘xn—l’ Txn—l)'
(18)
Let A, =sa, [1+(1-a, )B]+(1-a, )’p, with the

assumption 0 < $< 1/2s* and 0 < a,, < sr/2s> +5—2, and we
obtain that



4
5 1
/\n—l <S‘xn 1 I+ (l_an—l)z_ +(1 &y 1) ﬁ
n-1 0‘%1—1 1 Op1 “i—l
=sa,_, +
2s 2s 252 s% 252

Hence,

d(xn’ Tx )</\ d( n— 1’ 1)< —d( n— 1’ 1)'

(20)
Case 14. If x,, = Tx,_, for some n € N, we have
d(xn’ Txn) = d(Txn—l’ Tx ) < Bd( n— 1’xn)
Sﬁ( - an)d( w1 TX, ) (21)
1
< 7d(xn—1’ T'xn—l)

Denote that A =r + 1/2 < 1, and it follows from (20) and
(21) that

d(x,, Tx,) <Ad(x,_, Tx,_,),foralln €N,  (22)

which implies that {d(x,, Tx,)} is a decreasing sequence of
nonnegative reals. Hence, there exists y > 0 such that

lim d(x,, Tx,)=1y. (23)

n—~oo

We will show that y=0. Suppose that y >0, letting n
— 00 in inequality (22), we obtain

y<AYs (24)

a contradiction. Hence, we get that y=0. Furthermore,
we have

d(xn xn+1) (1 - )d(xn’ Txn)’ (25)

which shows that 0. Also,

assume x, #x,,, for any p>1. Indeed, if x, =x
using the inequality (21), we have

lim d(x,,x,,;)= we can
n—~oo

then

n+p>

d(x,, Tx,) = d(x,,,, Tx

n+p> n+p) <A ld(x Tx ) (26)

in which shows that d(x,, Tx,)=0 and x,=Tx,, and
then x, is a fixed point, and the proof is finished. Next,
we shall prove lim d(x,,x,,,)=0 for all n € N. In order

to do it, we will consider the following two cases:
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Case 15. If x,,,, # Tx,, for all n € N, then we have

d('xn’ xn+2) S[d(xn’ Txn) + d(Txn’ Txn+2) + d(Txn+2’ xn+2)]
S[d('xn’ Txn) + ﬁd('xn’ xn+2) + d(Txn+2’ xn+2)]’

(27)

INIA

which establishes that

S

1
d(x,, %,,5) < [d(x, Tx,) +d(X,00 TX,15)] (asO <B< 5 2)

1-sp s
(28)
Case 16. If there exist some n € N such that x,,,, = Tx,,, then
(%, X42) < d(x,, Tx)- (29)

It follows from (28) and (29) that
lim d(x,,x,,,)=0. (30)

n—~oo
Next, we claim that {x,,} is a Cauchy sequence by contra-
diction. Assume that there exists g, > 0 and the subsequences
{xpp} and {x,} of x, such for 6(k) >n(k) >k with d
(Xo(k)» Xy (k)) = €0» A(Xg(s)-1> Xyk)) < €- On the one hand,

& =d (xe<k)’ xn(’<)> =3 [d (’Ce(k)’ xn(k)+1)

+d(x,1 10 Xk )+d( (k)22 fv(k))}’

taking the limit superior in above inequality as k — oo,
and we conclude

(31)

? < hmsupd(xe (k)> V/(k>+1) . (32)

k—00

On the other hand, let x, 4 # x, ()2 # Xg(k)-1 # Xyy(h)+1
and Tx, ) # X, ) # Txg()-1 # X, (k)+1> and we have

d ("9( K <k>+1> d (w (x(a(k)—v Txg(ig-1 3 "‘e<k>—1)>xn<k>+1>

< dgg14 <x6<k>+ xn(k>+1>
+ (1= a1 ) d( Ty 1000

< dg(iy-1 [d (’Ce(k)—v xn(k))
+d (x,,(k), xwm) +d (xﬂ(km, xn(kw)]
+ (1= )s[d(Txag0 T )
+ d(TxW) x,’(k)) + d( o xw)ﬂ)]

< (aoy-as-+ (1= e )B) (o100 )
+ tgey 15[ (00 B ) +d( - xn(kw)]

(= i) e
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by taking the limit superior on both sides of above the
inequality as k — oo, and we get

&, .
?0 < limsupd (x9<k)> xn(k)“)

k—00

< (ocg(k),ls + (1 - oce(k),l)sﬁ)so

1
< (“e(k)—ls * o (1 - 0‘9(k>—1)>€o

a contradiction. Thus, {x,} is a Cauchy sequence in X. Since
the space (X, d, w) is complete, there exists x* € X such that
lim x, =x*. We shall show that x* is a fixed point of T.

n—~oo

Applying the rectangular inequality, we obtain that

d(x*, Tx*) <s[d(x", x,,) + d(x,, %) + d(x,,1, Tx")]
<sd(x%,x,) +5d(X s X 1)
+s[a,d(x,, Tx*) + (1 -a,)d(Tx,, Tx")]
<sd(x*,x,) +5d(X s X 1)
b L %y00) + (0003 + (T
+5(1 - a,)Bd(x,,x"),

(35)
since sa,, < 1, and then
% % 1 *
d(x*, Tx") < 1_752“”{&1(9( 2 X,) +sd (X, X00)
(36)

+32(xn [d (x5 Xp01) + d(x,005%7)]

+ 5(1 - ‘xn)ﬁd(xn’ x*)}’

letting n — oo, and we deduce d(x*, Tx*) = 0 which implies
Tx* =x*. Thus, x* is a fixed point of T. Suppose that x*, y*
€ X are two distinct fixed points of T, that is, Tx* = x* and
Ty* = y*. Then,

d(x7y") =d(Tx", Ty") < pd(x", y"), (37)

which is a contradiction. Therefore, we must have d(x*, y*)
=0, i.e, x* = y*. Thus, T has a unique fixed point. Next, we
proceed to show that the sequence {x,} € B,[x]. In order to
complete it, we will use mathematical induction. Thanks to

Definition 5 and Definition 6, we obtain

d(xg> %,) = d(xg, w(xg> Txg 5 %))
< (1= a)d(xp Tx) (38)
<(1-ay)B(1-sP)e<s,

which implies d(x,, x;) <& therefore, x; € B,[x,]. Suppose
Xy, X35 0, X, € B[x,], observe from above proof, we get d
(x,» Tx,) <A"d(x, Tx,) for all neN. It is easy to see that
B(1-sP)<1/4s. Now, we can assume that x, , #x,,. If

Txy # Tx,, # Xy # X,,,,> then

d(xgs X,y ) < 8[d(xg, Txg) +d(Txg, Tx,,) +d(Tx,, X,01)]
[
[

<s ﬁ(l - 5ﬁ>8 + ﬁd(xO’xm) + ‘de(Txm’xm)]
<s[B(1—sP)e+ Be+a,, A" B(1 - sp)e]
<Eifiloe

4 2 4

(39)
We also need to distinguish the following four cases:
Case 17. If x, = Tx,, then we have

d(xO’ xm+1) = d(xO’ w(xm’ Txm > Oém))
< a,,d(x9, X,,) + (1 = at,,)d(Txy, Tx,,)  (40)

<ane+(1-a,)Pe<e.
Case 18. if x, = Tx,,, then we have

A (%9, X,ppr) = A(Tx,, w(x,,, TX,, 5 0,,))
<a,d(Tx,,, X,,)
<a, A"d(Txy, x,)
<a, A"B(1-sP)e<e.

Case 19. if x,, ., = Tx,, then we have
(%> X 1) = d (%0, Txg) < f(1 - Ple<e. (42)
Case 20. if x,,,, = Tx,,, then we have
d(xg> Xpy1) = d (X0 WXy T, 5 1))

<a,d(xg %) + (1 = a,,)d(x9, Tx,,) (43)

= &, (X, X,,) + (1 = @, )d(X05 X141 )
which implies
d(x0> Xppe1) < (X0, %,) < & (44)

m+1) e
which show that x,,,, € B,[x,]. Hence, by induction x, €

B,[x,], therefore, we conclude that x,, € B, [x,] for all n e N.
As every closed ball in a complete metric space is complete,
so x, — x* € B,[x,], as n — o0.

The following example illustrates the above theorem.

Finally, by above cases, we prove that d(xy,x

Example 21. Let X = R* U {0} and Tx = x/5 for all x € X. For
any x,y € X, we define d: X x X — [0,+00) by d(x,y) =
(x —y)*. The mapping w : X x X x [0, 1] — X is defined by

wx,y;a)=ax+(l-a)y,xyeX. (45)



Set x,,,; = w(x,, Tx, 3 ,) and a, = 1/28 + 2. If B=1/25
+ 1, then x, € B.[x;] and T have a unique fixed point in
Be [xo]-

Proof. 1t is easy to see that (X, d) is a CR,MS with s=3. In
addition, for any x, y, u € X, we have

d(”’w(x’y ; “n)) = [an(u - x)

i
<at(u-x)*+
«
+

<a,(u-x)?
So, (X,d, w) is a CR,MS with s=3. It is not difficult to
see that T satisfies

d(Tx Ty) = 32d(x.y) < fd(x,), (47)

for f=1/18. According to x,,, =w(x,, Tx,;a,), we have
X, = 1/20x, +19/20Tx,, since Tx = x/5, and we obtain

19 1
Xy = Exn + % X gxn, (48)

that is, x,,; = 6/25x,, then

6 6 6
X —x,  (49)

n= Exn—l’xn—l = Z_an—Z’ X = 25

And we obtain

6\" 1 6\"
X, = <£) X, Tx,, = z X (E) X, (50)

while n— oo, getting x, —0€X and Tx, —0€X.
Hence, 0 is a fixed point of T in X. Suppose x*, y* € X are
two distinct fixed points of T, then we have d(x*,y*)=d
(Tx*, Ty*)=1/25d(x*,y*) which shows that d(x*,y*) =0,
that is, x* = y*. Thus, T has a unique fixed point in X. Let
e=x5/(1-5sp)>0, then B(1-sP)e=x%>d(xy Tx,) =16/
25x2. For all n € N, we obtain d(x,, x,) = (x, — (6/25)"x,)’
<x} <e, and this means that the sequence {x,} CB,[x,].

Furthermore, d(x,, 0) = x] < ¢, that is, 0 € B,[x,]. O

Now, we prove the Kannan type fixed point theorem for
a complete CR,MS, which extends the results in the paper
[3], replacing Picard’s iteration algorithm by Mann’s itera-
tion algorithm.

Theorem 22. Let (X, d, w) be a CR,MS with constant s> 1
and the mapping T : X — X be defined by

d(Tx, Ty) <kld(x, Tx) +d(y, Ty)), (51)
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forall x,y € X, and k € [0, 1/2). Let the sequence {x,} gener-
ated by the Mann iterative process and x, € X such that d(x,,
Tx,) =M< oo. Ifke[0,(1/3s)] and a, € [0, (1/us®)] (u is an
arbitrary real number and u > 5), then T has a unique fixed
point in X. Moreover, the sequence {x,} € B,[x,] and x,, —>
x* € B,[x,] as n — oo, if the following inequality holds:

d(xg, Tx,) < k(1 - sk)e. (52)

Proof. Without loss of generality, we suppose that x,, # x,,,, for
all n>N. Indeed, If x, =x,,;, that is, x, =w(x,, Tx, ; a,).
Then, we have

d(x,, Tx,) =d(w(x,, Tx,;a,), Tx,) < a,d(x,, Tx,), (53)

and it shows that d(x,, Tx,) = 0 and x,, = Tx,, which means
that x,, is a fixed point of T, and the proof is finished. Thanks
to Definition 5 and Definition 6, we have

(3 %r11) = A (%, T, 50,)) < (1 - 0,)d(x, T, ).

(54)

n+1

O
Now, we have the following two cases:

Case 23. It x,, # Tx,_, for all n € N, we have

d(x,, Tx,) = d(W(x,- 1 TX, 5 6,1), Tx,)

1A%, Tx,) + (1=, )d(Tx,y, Tx,,)

< s [d(x, 05 %,) +d (%, Tx, ) +d(Tx, 5 T, )]
+ (1= )d(Tx,y, Tx,)

<5, [(1= @, )d(x,p Tx, ) +a
+kd(x, 1, Tx, ) +kd(x,, Tx,)]
b (U K5y 10 T, ) + 0 T,

< [set, g + s, ik + (1=, )Kd(x,1, Tx, )
bl (1=, K, T,

<«

d(xn—l’ Txn—l)

n-1

which establishes that

(1= (1= oy 1 )k s, 1K), T,)
< [so,_y + s, k+ (1o, )K|d(x,_, Tx,_,).

Notice that (1 - «,_; )k + sa,_,k) < 1, then we have

so,_y + s, k+(1—a, )k

d(x,, Tx,) < (1= p

d(x,-1, Tx, ).

“n—l)k —Sq, 4

(57)
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Since u > 5, we conclude that

s,y +sa,_k+ (1—a, )k (Vus)+ (1/3us”) + (1/3s) cutd
set,_1k—(1—a, )k 1—1/3us? - 1/3s T2u-1
(58)
Case 24. If x,, = Tx,_, for some n € N, then
d(xn’ Txn) = d(Txn—l’ Txn) = k[d(xn—l’ Txn—l) + d(xn’ Txn)]’
(59)
and this implies that
(l_k)d(xn’ Tx )<kd( n— 1’ 1)‘ (60)
Since 0 < k <1/3s, then we get
k
d(xn’ Txn) < l—kd( n—1° Tx 1)‘ (61)
Noticing that
k 1 _ut 4 (62)
e R T

Let A, =u+4/2u—1, it is clear that A, <1, and for any
n € N, we obtain the following inequality:

d(x,, Tx,) <A,d(x,_, Tx,_,), foralln € IN, (63)

and it implies that {d(x,, Tx,)} is a decreasing sequence of
nonnegative reals. Hence, there exists y > 0 such that

lim d(x,, Tx,)=y. (64)

n—~aoo

We will show that y=0. Suppose that y > 0. Letting n
— 00 in inequality (63), we obtain

Y <A (65)
a contradiction. Hence, we get that y = 0. Moreover, we have

(x> %y41) < (1= @, )d (%, Tx,), (66)

which shows that lim d(x,, x,,,;) = 0. Next, we shall prove
n—=o0
that lim d(x,,x,,,)=0. In order to do it, we will consider

the following two cases:

7
Case 25. if x,,,, # Tx,, for all n € N, then we obtain
d(xn’xn+2) < d(xn’ ‘LU( n+1»> Txn+1 > n+1))
< ‘xnﬂd(xn’xnﬂ) + (1 - ‘xn+1)d(xn’ Txn+1)
= an+1d(xn’xn+l) + (1 - an+l)s[d(xn’ Txn)
+ d(Txn’ xn+1) + d( n+1> n+1)}
< ‘xn+1d(xn’xn+l) + (1 - an+l>s[d<xn’ Txn)
+a,d(Tx,, x,) +d(x,,1, Tx,,)]-
(67)
Hence,
d(xn’erZ) < “n+ld(xn’xn+l)
+ (1 - an+1)s[(1 + “n)d(Txn’x ) + d( n+1> n+1)]'
(68)

Case 26. If there exist some n € N such that x,,,, = Tx,, then
we get

A(Xp X13) S S[A(Xy Xppiq) + A (X015 X13) + A (X430 X15)]
=s[d (X, X41) + A (X405 WX TX, 5 6,1))
+d (x5 n+2)]
Ss[d(Xy X11) + G (X115 %42)
+ (1= a0)d (X 00 Tx,0) (1 = a,0)d(TX, 5, X,15)]
<s[d (x5 Xpg1) + 0 0A (X405 X,042)
+(1 kd (x,, Tx,)+(1 =
+(1 A(Tx120 Xp12)]-

‘xn+2) n+2)kd( n+2> n+2)
~ i2)

n+2

(69)
Hence,

d(xn’ xn+2) < S[d(x xn+1) + “n+2d(xn+1’ xn+2)
+ (1= )kd(x,, Tx, ) +(1 -
+ (1 - ‘xn+2)d(T'xn+2’ xn+2)}'

n+2)kd( n+2> n+2)

(70)
It follows from (68) and (70) that

lim d(x,,x,,,)=0. (71)

n—oo

Next, we will claim that {x,} is a Cauchy sequence by
contradiction. Assume there exists ¢, >0 and the subse-
quences {xg) } and {x, } of {x,} such for 6(k) > n(k) >k
with d(xg k), %,(k)) 2 €, d(Xg(r)-1> %)) < €- On the one hand,

o < (xa 509 ) <5 (%o %1

+d(x,1 J+1> Xy ) +d( +z,x,,(k))],

taking the limit superior in above inequality as k — oo, and
we get

(72)



hmsupd(xe (k> (k)ﬂ). (73)

k—00

On the other hand, let x, ) # X, 4.2 # Xg(k)-1 # X, (k)41 and

Txn(k) F Xy F Txe 1 F X410 and we have

d (xe(k)’ xr/(k)+1) =d (w (xe(k)w Tx@(k)—l ; “G(k)—l) > xr](k)+1)
< Qg1 (xe(k)—l’ xq(k)ﬂ)
+ (1 - “9(k>—1> d<Tx€(k)—1> xr;(k)+l)

< Og(r)-1S [d <x6<k>—v xﬂ(k))

+d( 1> X (k)2 )+d( n(k)+2> n(k)+1)]
(1—a9 )s[d(Txe 1o Ty )
+d( Ty, 30 ) + (S0 %y ) |

< Qg1 [d (’Ce(k)—v xn<k>)

+d( n(k)> ) +d( n(k)+20 X (k)+1)}
(1 — Qg 1) [kd(xe l,Txe( k-1 )
+kd (xn(k> Txn(k))

)’xﬂ(k)+1>] :

(74)

+d (qu(k), xﬂ(k)) +d (x,w(

We obtain

S <y d( ><—1 < ! (75)
msu X, & — &y
s Pa\ Xg(k)> Xy(k)+1 us 0 S8

a contradiction. Thus, {x,} is a Cauchy sequence in X. Since
the space (X, d, w) is complete, there exists x* € X such that
lim x,=x*. We shall show that x* is a fixed point of T.

n—~oo

Applying the rectangular inequality, we obtain that

A", T < Sd(x'%,) + A5 %y1y) + 5y, T
<sd(x*,x,) +5d(X 5 X 1)
+sfor,d(x,, Tx") + (1 -
<sd(x*,x,) +5d(X 5 X 1)
+ 20, [d (%0 X)) + (X0, x7) + d (7, Tx")]

+5(1 —a,){kd(x,, Tx,) + kd(x*, Tx")},
(76)

a,)d(Tx,, Tx")]

since s*a,, +s(1 — &, )k < 1, and then
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1 *
_52 _ ( _ )k {Sd(x ’xn)+5d(xn’xn+1)

+52(xn[d( Xpo1) +A(X1, X7)]
+s(1 - a,)kd(x,, Tx,)},

d(x*, Tx") < I

(77)

letting n — oo, and we deduce d(x*, Tx*) = 0 which implies
Tx* =x*. Thus, x* is a fixed point of T. Suppose that x*, y* €
X are two distinct fixed points of T, that is, Tx* =x*, Ty* =
y*. Then,

0<d(x",y")=d(Tx", Ty") <kl[d(x", Tx") + d(y*, Ty")]| =0,

(78)

which is a contradiction. Therefore, we must have d(x*, y*)
=0, that is, x* = y*. Thus, T has a unique fixed point. Finally,
we will prove the iteration sequence {x, } € B,[x,]. In order to
complete it, we will use mathematical induction. Choose x,
€ X, and we have

d(xg, x1) = d(Xg, w(xg, Txg 5 %))
< (1-ay)d(xg, Txy) (79)
<(1-a)B(1-sP)e<s,

which implies d(x,, x;) <& therefore, x; € B,[x,]. Suppose
Xy, X3, -0+ X,y € Be[x]. It is easy to see that s[k(1 —sk) <2/9
s. Without loss of generality, we can assume that x,,., #
Xy If Txg# Tx,, #Xx,# % then

m+1>
d(xgs Xy ) < 8[d(xg, Txg) +d(Txg, Tx,,) +d(Tx,,, %,01)]
<s[k(1 - sk)e + k*(1 = sk)e + kA d(xp, Tx,)
+a, Ad(Txg, %) |

<s[k(1-sk)e+k*(1 - sk)e + ATk (1 - sk)
+ a, A"k(1 - sk)e]

2e  2e 2e& 2
— 4+ — +
9 27 27 9

(80)

We also need to distinguish the following four cases:

Case 27. It x, = Tx,, then we have

(0 Xu11) = A0 (0 T, 5 )

<a,,d(xg,x,) + (1 —a,)d(Txy, Tx,,)
Vk[d(xg> Txy) + d(x,,, Tx,,)]
o, ke <e.

<a,e+(l-a,
<a,,e+2k(1 - skl -

(81)
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Case 28. If x, = Tx,,, then we have

d(xO’me) = d<Txm’ w<xm’ Txm ;‘xm)) S amd(Txm’xm)
<a, Ay d(Txg, x) < a, Ay k(1 = sk)e <e.

(82)

Case 29. 1f x,,., = Tx,, then we have
A(x0> Xppir) = (x> Txg) < k(1 —sk)e <e. (83)

Case 30. If x,,., = Tx,,, then we have

d(xo’ xm+1) = d(xo’ w(xm’ Txm > (xm))
< amd(xO’ xm) + (1 - ‘xm)d(xO’ Txm) (84)

= “md(xO’xm) + (1 - ‘xm)d(xO’me)’

which implies
d(xO’me) sd(xO"xm) se (85)

Finally, by above cases, we prove that d(x,x,,,,) <e,

which show that x,,,, € B,[x,]. Hence, by induction x, €

B,[x,]. Therefore, we conclude that x, € B, [x,] for all n € N.
As every closed ball in a complete metric space is complete,

50 x* € B[x,], as n —> 0o0.
Next, we give the following example to illustrate above

theorem.

Example 31. Let X = R* U {0} and the mapping T : X — X
such that

0,ifx e [0, \/E),
Tx= . (86)
% ifxe [\/E,+oo),

for any x, y € X. Let us define the metric d : X x X — X by
the formula d(x, y) = (x — y)* as well as the mapping w : X
x X % [0,1] — X by the formula w(x, y; a) = ax + (1 — a)y.
Choose x, >0 to be the initial value and x,,,; = w(x,, Tx, ;
a,), where a, = 1/49. If k = 1/9, then x,, € B,[x,], and T has a
unique fixed point in B, [x,)].

Proof. 1t is easy to see that (X,d, w) is a CR,MS with s=3.
We claim that T satisfies inequality

d(Tx, Ty) <kld(x, Tx) + d(y, Ty)), (87)

for any x, y € X. Next, we will consider the four cases:

(a) If x, y € [0, /2), then it is easy to see that inequality
(87) holds

(b) If x € [0, /2) and y € [y/2,400), then

d(Tx, Ty) -
@]
ORI

which implies that

[d(x, Tx) +d(y, Ty)]

O —

Ol —

d(Tx, Ty) < = [d(x, Tx) +d(y, Ty)), (89)

O —

holds for any x € [0, v/2) and y € [v/2,+00).

(c) If x € [v/2,+00) and y€[0,/2), then, similarly to
case (b), we can also get that inequality (87) holds

(d) If x, y € [/2,+00), then

8 /1 1 L/, 5 1
36 \x2  »2) 9 2xy
8 /1 1 1 1
< —|=-+=)—-=(2+2+--2
36 (2 2) 9( 4 )
8 9
=— - —<0,
36 36
(90)
which shows that
1
d(Tx, Ty) < ld(x, Tx) +d(y, Ty)] (91)

holds for all x, y € [v/2,+00).

Summarizing, inequality, (87) holds for all x, y € X. Next,
we will show that T has a unique fixed point in X. In order to
do it, we will consider the following two cases:

(i) If x, < V2, then
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Tx,=0,
X, = 4—19x0 + ngo 9% Tx, =0,
X, = 4—19x1 + %Tx1 = (%) Zxo, Tx, =0, (92)
1 48 1\"
Xn = 59 %n1 + 4—9Txn,1 = (@) Xo-

Obviously, x,, — 0 as n — 00,

(i) If x, > /2, then

1
TXO = E,
0
1 48
X= 5%t o5 Tx,, (93)

x, 1 48 1 13
=—+ —X—<—.
X, 49 497 2:2 T 49

If 0 < x, < v/2, then Tx, = 0. From the case (i), it follows
that x, — 0 as 1 — c0. If x; > v/2, then x,/x, = 1/49 + 48/
49 x (1/2x1) < 13/49. From the above procedure, without loss

of generality, we can assume that x,_, > v/2. Then, we obtain

x, 1 48 1 13
= b x <,
X, 49 49 2%} T 49

X, X X X 13\"
In Tl T2 g ”S(_>’
Xo  Xp X X, 1 49

which implies that x,, < (13/49)"x,
Hence, lim x, =0, where 0 is a fixed point of T. Actu-

n—=~oo

(94)

ally, 0 is a unique fixed point of T in . Indeed, suppose that
y*re [\/§,+oo) is a fixed point of T, then Ty* =y*, that is,
y* = Ty* =1/2y*, which implies y* = \/2/2 < /2, a contra-
diction. Thus, T has a unique fixed point in . Let & = x/k(1
—sk) >0, then k(1 -sk)e=x%>d(xy, Tx,). For all neN,

from above proof, we can obtain x, < (13/49)"x,, then d(

Xg» X,) = (g — (13/49)"x,)” < x5 <¢, and this means that
the sequence {x,} € B,[x,]. Furthermore, d(x,,0)=x3 <e¢,
that is, 0 € B, [x,], and the proof is finished. O

The concept of well posedness is very important in many
fields of mathematics and has evoked much interest to
several researchers [27-29].

Definition 32. (see [26]). Let (X, d) be a metric space and T
be a self-map. The fixed point problem of T is said to be well
posed if
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T has a unique fixed point x* € X
(2) Forany sequence {y,} in X with lim d(y,, Ty,) =0,
we have lim d(y,,x*)=

We next study the well posedness of the fixed point
problem of T in complete CR, MS.

Theorem 33. Let (X, d,w) be a CR,MS with constant s> 1
and all the hypotheses of Theorem 12 hold. If the constant 0
<a< 1, then fixed point problem of T is well posed.

Proof. Let x* is a unique fixed point of T and assume {y, } be
a sequence in X such that lim d(y,, Ty,) =0. Because of
n—=~oa0

uniqueness of the fixed point of T, for all n € N, we can
assume that y, # Ty,. If y, =w(y,, Ty, ; «) for some « € (0,
1), n € N, then

d<yn’ )_ ( (yn’Tyn’ )’ )
<ad(y, x') + (1-d(Ty,x*)  (95)
<(at+(1-a)B)d(y,, x7),
since o+ (1-a)B <1, and we get d(y,,x*)=0. Due to «

>0, it is not difficult to see that Ty, #w(y,, Ty,; ),
indeed, if not,

AWy, Ty,) =d(y, w(x,, Ty, ;@) < (1= a)d(y,, Ty,), (%)

a contradiction. Therefore, let us assume that y, # Ty, #
w(y,, Ty, ;«), and then

d(yn’ )S [d()/n’w(yn’ Tyn’ )) +d( (yn’Tyn; ) Tyn) +d(Tyn’x*)]
<s(L=a)d(y,, Ty,) + sad(y,, Ty,) + spd(y,, x7),
(97)
combining with 1-s3>0, and we obtain
. s
d(yn’x )S l_sﬁd(yn’ Tyn)’ (98)

which implies lim d(y,,x*) =0, which completes the proof.
n—=ao00

O

Theorem 34. Let (X,d,w) be a CR,MS with constant s> 1
and all the hypotheses of Theorem 22 hold. If the constant 0
<a <1, then fixed point problem of T is well posed.

Proof. Let x* be a unique fixed point of T and a sequence y,
in sequence in X such that lim d(y,, Ty,) = 0. Without loss
n—~oo

of generality, let y, # x*, for all n € N. By the help of unique-
ness of the fixed point of T, then we have y, # Ty,. If y, =
w(y,, Ty, ;«) for some a € (0,1), n € N, then
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d(yn’x*) = d(w(yn’ Tyn > 0(),)6*)
<ad(y,,x")+(1-a)d(Ty,,x")
<ad(y,,x") + (1 - a)k{d(y,, Ty,) +d(x", Tx")}
<ad(y,,x") + (1 -a)kd(y,, Ty,).
(99)
Hence,
d(yn’x*) < kd(yn’ Tyn)’ (100)

and we conclude that lim d(y,,x*)=0. Due to a> 0, it is
n—=o00

not difficult to see that Ty, # w(y,, Ty, ; @), indeed, if not,

d(yn’ Tyn) = d(yn’w(yn’ Tyn ;0()) = (1 - a)d(yn’ Tyn)’
(101)

a contradiction. Therefore, let us assume that y, # Ty, # w
(y,» Ty, ; @), and then

d()/“,X*) S[d(yn’ w(yn’ Tyn ;“)) + d(w(yn’ Tyn ;(X), Tyn) + d(Tyn’x*)]
s(1 - @)d(y,, Ty,) + sad(y, Ty,) + sk{d(y,, Ty,) +d(x", Tx")},

(102)

<
<

combining with 1 —sf3 >0, and we obtain

d(y,,x") < (s+sk)d(y, Ty,), (103)

which implies lim d(y,,x*) = 0, which completes the proof.
O

3. Applications

In this section, we will apply our result to solving the follow-
ing functional equation arising in dynamic programming:

p(u) = sup{f(uv) + G(u, v, p(g(1,v))) }»

veB

(104)

for all ue A, where f: AXxB—R, ¢: AXB— A, and

G : AxBxR— R. We assume that C and D are Banach

spaces, ACC is a state space, and BCD is a decision

space. Precisely, see also [30, 31]. Let X=R(A) denote

the set of all bounded real-valued functions on A and

the norm ||-|| defined as ||x||=sup|x(u)| for all xeX.
ucA

Clearly, (X,|||) is a Banach space. Moreover, we can
define a rectangular b — metric d by

d(x, y) = sup|x(u) = y(u)|*, (105)

ucA

for all x,ye€X. Since (X,|||) is complete, we deduce
that (X,d) is a complete rectangular b— metric space
with s=3. In order to show the existence of a solution
of equation (104), we consider the operator T : X —
X of the form

11

T(x)(u) = sup{f(u, v) + G(u, v, x(p(u, v))) }»

veB

(106)

for all u € A and x € X. We will prove the following theorem.

Theorem 35. Let T : X — X be given by (106). Suppose that
the following hypotheses hold:

(Al) f:AxB— R and G:AxBxR—R are
bounded functions;

(A2) There exists a> 0, for all ue A, ve B and x,y € X,
such that

|G, (v x(u)) = Gy (s v, y(u))| < alx(u) = y(w)].~ (107)

Then, the functional equation (104) has a bounded
solution.

Proof. Obviously, T is well defined, since f and G are
bounded. That is, Tx € X and operator T are well defined.
Then, from (A2), we have

[Tx(u) = Ty(u) = [sup{f (s ¥) + G(ss v x(p(s)))}

—sup{f(uv) + G(u, v, y(9(, v)))}

veB

< sup|G(u, v, x(p(u, v))) = G(u, v, y(9 (1 v)) )|

veB

2

< a supx(u) - y(u) .

veB

(108)

Let 0 < a < 1/3+/2; thus, all the conditions of Theorem 12
are fulfilled, and there exists a fixed point x* € X of T such
that Tx* = x*. In other words,

x* (u) :sug{f(u, V) + G(u, v, x* (@(u, v))) } (109)
Ve
for all u € A. This completes the proof. O

Example 36. Consider the functional equation

x(u) = sup]{sin (u+v)+In (1 +uv+ éx(uv)) } (110)

vE[O,l

for ue|0,2]. We let A=[0,2], B=[0,1]. f: AXB— R is
defined by f(u,v)=sin (u+v), ¢ : AxB— A is defined
by ¢(u, v) = uv, and

G:AxBxR—R (111)

is defined by G(u,v,x)=In (1 +uv+ 1/6x) for x € X. It is



12

not difficult to see that f and G are bounded functions.
Moreover,

|G, v, x(9(1v))) = G(w, v, y(9(uv)))

In (1+uv+x)-1In (1+uv+x)\2
2

1+uv+1/6x+1/6y — 1/6y
n
1+uv+1/6y

1/6x - 1/6y >

=l

=|ln (1+

<1 1+1 !
n — _——

= 6" 6

1 2
< —|x— .
36| y'

: (112)

1+uv+1/6y
2

Thus, all the conditions of Theorem 35 are fulfilled.

Hence, functional equation (110) has a solution x*(u) €
R(A).
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