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In this paper, we construct and investigate the space of weighted Gamma matrix of order r in Nakano sequence space of soft
functions. The idealization of the mappings has been achieved through the use of extended s-soft functions and this sequence
space of soft functions. This new space’s topological and geometric properties, the multiplication mappings that stand in on it,
and the mappings’ ideal that correspond to them are discussed. We construct the existence of a fixed point of Kannan
contraction mapping acting on this space and its associated prequasi ideal. Interestingly, several numerical experiments are
presented to illustrate our results. Additionally, some successful applications to the existence of solutions of nonlinear
difference equations of soft functions are introduced.

1. Introduction

Probability theory, fuzzy set theory, soft sets, and rough sets
have all contributed substantially to the study of uncertainty.
But there are drawbacks to these theories that must be
considered. For more information and real-world examples,
please refer to [1–10]. Numerous mathematicians have
investigated potential expansions to the theorem and its
applications in various contexts since the publication of the
book [11] on the Banach fixed point theorem. The Banach
contraction principle is an important part of nonlinear anal-
ysis, which uses it as a powerful tool [12–15]. Kannan [16]
presented a collection of mappings with the same actions
at fixed places as contractions. However, this collection is
discontinuous. In Reference [17], an explanation of Kannan
operators in modular vector spaces was once tried. Only this
one try was ever made as [18–23] show that much attention
has been paid to the s-number mapping ideal and the multi-
plication operator hypothesis in functional analysis. Bakery
and Mohamed [24] offered the idea of a prequasi norm on

the Nakano sequence space with a variable exponent that fell
somewhere in the range ð0, 1�. They talked about the condi-
tions that must be met to generate prequasi Banach and closed
space when it is endowed with a specified prequasi norm and
the Fatou property of various prequasi norms on it. They also
determined a fixed point for Kannan prequasi norm contrac-
tion mappings on it, in addition to the ideal of prequasi
Banach mappings derived from s-numbers in this sequence
space. Both of these ideals were established. In addition, sev-
eral fixed point findings of Kannan nonexpansive mappings
on generalized Cesàro backward difference sequence space of
a nonabsolute type were discovered in [25]. Assume that R
is the set of real numbers andN is the set of nonnegative inte-
gers. We denote the collection of all nonempty bounded sub-
sets ofR byBðRÞ, and E is the set of parameters. ByRðAÞ∗
andRðAÞ, we indicate the set of nonnegative and all soft real
numbers (corresponding to A), where A ⊂ E. The additive
identity and multiplicative identity in RðAÞ are denoted by
~0 and ~1, respectively. For more details on the arithmetic oper-
ations on RðAÞ, see [26]. Let μ : RðAÞ ×RðAÞ⟶RðAÞ∗,
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where μð~f , ~gÞ = j~f − ~gj, for all ~f , ~g ∈RðAÞ. Assume ~ρ : R
ðAÞ ×RðAÞ⟶R+ is defined by

~ρ ~f , ~g
� �

=max
λ∈A

μ ~f , ~g
� �

λð Þ: ð1Þ

Given that the proof of many fixed point theorems in a
given space requires either growing the space itself or expand-
ing the self-mapping that acts on it, both of these options are
viable; we have constructed the space, ðΓS

r ðq, vÞÞτ, which is
the domain of weighted Gamma matrix of order r in Nakano
soft sequence space since it is constructed by the domain of
weighted Gamma matrix of order r defined in ℓSððvlÞÞ, where
the weighted Gamma matrix of order r, WΓr = ðλrlzðqÞÞ, is
defined as

λrlz qð Þ =

r + z − 1
z

" #
qz

r + l

l

" # , 0 ≤ z ≤ l,

0, z > l,

8>>>>>>><>>>>>>>:
ð2Þ

where r is a positive integer, qz ∈ ð0,∞Þ, for all z ∈N and

r + z − 1
z

" #
= r + z − 1ð Þ!

z! r − 1ð Þ! : ð3Þ

In [27], Roopaei and Basar studied the Gamma spaces,
including the spaces of absolutely p-summable, null, conver-
gent, and bounded sequences.

In this article, we have introduced a new general space
called ðΓS

r ðq, vÞÞτ and the mappings’ ideal space of solutions
for many stochastic nonlinear and matrix systems of Kannan
contraction type. We have offered some geometric and topo-
logical structures of the soft function space, ðΓS

r ðq, vÞÞτ, mul-
tiplication operator acting on it, and its operators’ ideal. A
fixed point of the Kannan contraction operator exists in this
space, and its prequasi operator ideal is confirmed. Finally,
we discuss many applications of solutions to nonlinear sto-
chastic dynamical systems and illustrative examples of our
findings.

2. Properties of ðΓS
r ðq, vÞÞτ and Its Operators’

Ideal

Some geometric and topological structures of the soft func-
tion space, ðΓS

r ðq, vÞÞτ, and its operators’ ideals are pre-
sented in this section.

By c0, ℓ∞, and ℓr , we denote the space of null, bounded,
and r-absolutely summable sequences of reals. We indicate
the space of all bounded, finite rank linear mappings from
an infinite-dimensional Banach space G into an infinite-
dimensional Banach space V by DðG ,V Þ and FðG ,V Þ,
and if G =V , we write DðGÞ and FðGÞ. The space of
approximable and compact bounded linear operators from

G into V will be marked by AðG ,V Þ andKðG ,V Þ, respec-
tively. The ideal of bounded, approximable, and compact
mappings between every two infinite-dimensional Banach
spaces will be denoted by D, A , and K , respectively. Sup-
pose ωS is the class of all sequence spaces of soft reals.

Definition 1. If ðvlÞ ∈R+N ,R+N is the space of all sequences
of positive reals. The sequence space ðΓS

r ðq, vÞÞτ with the
function τ is defined by

ΓS
r q, vð Þ

� �
τ
= ~h = fhm� �

∈ ωS : τ δ~h
� �

<∞,for some ε > 0
n o

,

where τ ~h
� �

= 〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz ehz , ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

:

ð4Þ

Lemma 2 (see [28]). If vb > 0 and xb, zb ∈R, for all b ∈N ,
and ℏ =max f1, supbvbg, then

xb + zbj jvb ≤ 2ℏ−1 xbj jvb + zbj jvbð Þ: ð5Þ

Theorem 3. Suppose ðvlÞ ∈ ℓ∞ ∩R+N , then

ΓS
r q, vð Þ

� �
τ
= ~h = ehb� �

∈ ωS : τ δ~h
� �

<∞,for all δ > 0
n o

:

ð6Þ

Proof. Obviously, ðvlÞ is a bounded sequence.

Theorem 4. The space ðΓS
r ðq, vÞÞτ is a nonabsolute type,

whenever ðvlÞ ∈ ½1,∞ÞN ∩ ℓ∞.

Proof. Clearly, since

τ ~1,−~1, ~0, ~0, ~0,⋯
� �

= q0ð Þv0 + q0 − rq1j j
1 + r

� �v1
+ q0 − rq1j j

r + 2

2

" #
0BBBB@

1CCCCA
v2

+⋯≠ q0ð Þv0 + q0 + rq1
1 + r

� �v1 + q0 + rq1
r + 2

2

" #
0BBBB@

1CCCCA
v2

+⋯ = τ ~1, ~1, ~0, ~0, ~0,⋯
� �

:

ð7Þ
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Definition 5. Assume ðvbÞ ∈R+N and vb ≥ 1, for all b ∈N :

ΓS
r

��� ��� q, vð Þ
� �

φ
≔ ~h = ehb� �

∈ ωS : φ δfð Þ<∞, for some δ > 0
n o

,

ð8Þ

where

φ ~h
� �

= 〠
∞

b=0

~ρ ∑b
z=0

z + r − 1
z

" #
qz ehz��� ���, ~0 !

r + b

b

" #
0BBBB@

1CCCCA
vb

: ð9Þ

Theorem 6. Suppose ðvlÞ ∈ ð1,∞ÞN ∩ ℓ∞ with

l + 1

r + l

l

" #
0BBBB@

1CCCCA ∉ ℓ vlð Þ, ð10Þ

hence ðjΓS
r jðq, vÞÞφ ⊊ ðΓS

r ðq, vÞÞτ.

Proof. Assume ~f ∈ ðjΓS
r jðq, vÞÞφ, as

〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + b

b

" #
0BBBBB@

1CCCCCA
vb

≤ 〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
qz ef z��� ���, ~0 !

r + b

b

" #
0BBBBB@

1CCCCCA
vb

<∞:

ð11Þ

Then ~f ∈ ðΓS
r ðq, vÞÞτ: If we choose

~g = −~1
� �z

z + r − 1
z

" #
qz

0BBBB@
1CCCCA

z∈N

, ð12Þ

one gets ~g ∈ ðΓS
r ðq, vÞÞτ and ~g ∉ ðjΓS

r jðq, vÞÞφ.
Suppose ES is a linear space of sequences of soft

functions, and ½p� describes an integral part of the real
number p.

Definition 7. The space ES is said to be a private sequence
space of soft functions ðpsssfÞ if it satisfies the next setups:

(a1) For all b ∈N , then eeb ∈ES, where eeb = ð~0, ~0,⋯, ~1,
~0, ~0,⋯Þ, while ~1 displays at the bth place

(a2) If ~f = ð ef bÞ ∈ ωS, j~gj = ðj egbjÞ ∈ES and j ef bj ≤ j egbj,
with b ∈N , then j~f j ∈ES

(a3) ðjgh½b/2�jÞ∞b=0 ∈ES, whenever ðj ehbjÞ∞b=0 ∈ES

Definition 8 (see [29]). An s-number is a function s : DðG ,
V Þ⟶R+N that gives all V ∈DðG ,V Þ a ðsdðVÞÞ∞d=0 holds
the following conditions:

(1) kVk = s0ðVÞ ≥ s1ðVÞ ≥ s2ðVÞ ≥⋯≥ 0, for allV ∈Dð
G ,V Þ

(2) sdðVYWÞ ≤ kVksdðYÞkWk, for everyW ∈DðG0, GÞ,
Y ∈DðG ,V Þ and V ∈DðV ,V 0Þ, where G0 and V 0
are arbitrary Banach spaces

(3) sl+d−1ðV1 +V2Þ ≤ slðV1Þ + sdðV2Þ, for every V1, V2
∈DðG ,V Þ and l, d ∈N

(4) Assume V ∈DðG ,V Þ and γ ∈R, then sdðγVÞ = jγj
sdðVÞ

(5) If rank ðVÞ ≤ d, then sdðVÞ = 0, for all V ∈DðG ,V Þ
(6) sl≥aðIaÞ = 0 or sl<aðIaÞ = 1, where Ia indicates the unit

mapping on the a-dimensional Hilbert space ℓa2

Some examples of s-numbers:

(a) The bth approximation number is defined as αbðXÞ
= inf fkX − Yk: Y ∈DðG ,V Þ and rank ðYÞ ≤ bg

(b) The bth Kolmogorov number is defined as dbðXÞ =
infdim  J≤b supk f k≤1 infg∈J kXf − gk

Notation 9 (see [30]).

eDs
ES ≔ eDs

ES G ,Vð Þ
n o

, where eDs
ES G ,Vð Þ

≔ V ∈D G ,Vð Þ: gsj Vð Þ
� �∞

j=0
∈ES

�	 

,

fDα
ES ≔ fDα

ES G ,Vð Þ
n o

, wherefDα
ES G ,Vð Þ

≔ V ∈D G ,Vð Þ: gαj Vð Þ
� �∞

j=0
∈ES

�	 

,

fDd
ES ≔ fDd

ES G ,Vð Þ
n o

, wherefDd
ES G ,Vð Þ

≔ V ∈D G ,Vð Þ: gdj Vð Þ
� �∞

j=0
∈ES

�	 

,
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eDs
ES

� �γ
≔ eDs

ES

� �γ
G ,Vð Þ

n o
, where eDs

ES

� �γ
G ,Vð Þ

≔ V ∈D G ,Vð Þ: gγb Vð Þ
� �∞

b=0
∈ES

�
and

n
� V − ~ρ gγb Vð Þ, ~0

� �
I

��� ��� = 0, for all b ∈N
o
:

ð13Þ

Theorem 10. Assume the linear sequence space ES is a ps

ssf, then fDs
ES is an operator ideal.

Proof.

(i) Assume V ∈ FðG ,V Þ and rank ðVÞ = n with n ∈N ,
as eei ∈ES for all i ∈N and ES is a linear space,

one has ð gsi ðVÞÞ∞i=0 = ð gs0ðVÞ, gs1ðVÞ,⋯, gsn−1ðVÞ, ~0, ~0,
~0,⋯Þ =∑n−1

i=0
gsi ðVÞeei ∈ES, for that V ∈fDs

ESðG ,V Þ
then FðG ,V Þ ⊆fDs

ESðG ,V Þ
(ii) Suppose V1, V2 ∈fDs

ESðG ,V Þ and β1, β2 ∈R then
by Definition 7 condition (iii), one has

ð gs½i /2�ðV1ÞÞ
∞

i=0 ∈E
S and ð gs½i /2�ðV1ÞÞ

∞

i=0 ∈E
S, as i ≥ 2½

i/2�, by the definition of ~s-numbers and gsi ðPÞ is a
decreasing sequence, we have

gsi β1V1 + β2V2ð Þ ≤ gs2 i /2½ � β1V1 + β2V2ð Þ
≤ gs i /2½ � β1V1ð Þ + s i /2½ � β2V2ð Þ = β1j j gs i /2½ � V1ð Þ + β2j j gs i /2½ � V2ð Þ,

ð14Þ

for each i ∈N . In view of Definition 7 condition (ii) and ES

is a linear space, one obtains ð gsi ðβ1V1 + β2V2ÞÞ
∞

i=0 ∈E
S,

then β1V1 + β2V2 ∈fDs
ESðG ,V Þ

(iii) If P ∈DðG0, GÞ, T ∈fDs
ESðG ,V Þ, and R ∈DðV ,

V 0Þ, one has ð gsi ðTÞÞ∞i=0 ∈ES and as gsi ðRTPÞ ≤ kR
k gsi ðTÞkPk, by Definition 7 conditions (i) and (ii),

one gets ð gsi ðRTPÞÞ
∞
i=0 ∈E

S, hence RTP ∈fDs
ESðG0,

V 0Þ

Assume eθ = ð~0, ~0, ~0,⋯Þ and F is the space of finite
sequences of soft numbers.

Definition 11. A subspace of the psssf is called a premodular
psssf, if there is a function τ : ES ⟶ ½0,∞Þ satisfies the
next setups:

(i) If ~h ∈ES, ~h = eθ⇔ τðj~hjÞ = 0, and τð~hÞ ≥ 0

(ii) Assume ~h ∈ES and ε ∈R, one has E0 ≥ 1 so that
τðε~hÞ ≤ jεjE0τð~hÞ

(iii) There are G0 ≥ 1 so that τð~f + ~gÞ ≤G0ðτð~f Þ + τð~gÞÞ,
for all ~f , ~g ∈ES

(iv) Assume j ef bj ≤ j egbj, for all b ∈N , then τðj ef bjÞ ≤ τ
ðj egbjÞ

(v) One getsD0 ≥ 1 such that τðj~f jÞ ≤ τðjff ½·�jÞ ≤D0τðj~f jÞ
(vi) The closure of F =ES

τ

(vii) There are ε > 0 with τð~ν, ~0, ~0, ~0,⋯Þ ≥ εjνjτð~1, ~0, ~0,
~0,⋯Þ

Definition 12. The psssfES
τ is said to be a prequasi normed

psssf, if τ confirms the setups (i)-(iii) of Definition 11. The
space ES

τ is called a prequasi Banach psssf, whenever ES is
complete under τ.

Theorem 13. The space ES
τ is a prequasi normed psssf,

whenever it is premodular psssf. By ↑ and ↓, we denote the
space of all monotonic increasing and decreasing sequences
of positive reals, respectively.

Theorem 14. ðΓS
r ðq, vÞÞτ is a prequasi Banach psssf, if the

next setups are confirmed:

(f1) ðvlÞ ∈ ↑∩ ℓ∞ with v0 > 1/r

(f2) ð b + r − 1

b

" #
qbÞ

∞

b=0

∈ ↓ or ð b + r − 1

b

" #
qbÞ

∞

b=0

∈ ↑∩

ℓ∞ and there exists C ≥ 1 such that

2b + r

2b + 1

" #
q2b+1 ≤ C

b + r − 1

b

" #
qb ð15Þ

Proof. First, we have to show that ðΓS
r ðq, vÞÞτ is a premodu-

lar psss.

(i) Obviously, τðj~hjÞ = 0⇔ ~h = eθ and τð~hÞ ≥ 0

(a1) and (iii) If ~f , ~g ∈ ðΓS
r ðq, vÞÞτ, then

τ ~f + ~g
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz

ef z + egz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

0BBBBB@

+ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz egz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl
1CCCCCA = 2ℏ−1 τ ~f

� �
+ τ ~gð Þ

� �
<∞,

ð16Þ

hence ~f + ~g ∈ ðΓS
r ðq, vÞÞτ
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(ii) Next, suppose λ ∈R, ~f ∈ ðΓS
r ðq, vÞÞτ and as ðvlÞ ∈ ↑

∩ ℓ∞, we get

τ λ~f
� �

= 〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qzλef z , ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ sup
m

λj jvm 〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ E0 λj jτ ~f
� �

<∞,

ð17Þ

where E0 = max f1, supljλjvl−1g ≥ 1. So, λ~f ∈ ðΓS
r ðq, vÞÞτ.

As ðvlÞ ∈ ↑∩ ℓ∞ and v0 > 1/r, one obtains

〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz gebð Þz , ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

= 〠
∞

m=b

b + r − 1

b

" #
qb

r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ sup
m=b

∞ b + r − 1

b

" #
qb

 !vm

〠
∞

m=b

1
r +m

m

" #
0BBBB@

1CCCCA
vm

<∞:

ð18Þ

Therefore, eeb ∈ ðΓS
r ðq, vÞÞτ, for every b ∈N .

(a2) and (iv) If jff mj ≤ jfgmj, for all m ∈N and j~gj ∈
ðΓS

r ðq, vÞÞτ, then

τ ~f
��� ���� �

= 〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz ef z��� ���, ~0 !

r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ 〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz egzj j, ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

= τ ~gj jð Þ <∞,

ð19Þ

hence j~f j ∈ ðΓS
r ðq, vÞÞτ

(a3) and (v) Assume ðj ef z jÞ ∈ ðΓS
r ðq, vÞÞτ, with ðvlÞ ∈ ↑

∩ ℓ∞ and

z + r − 1
z

" #
qz

 !∞

z=0

∈ ↓, ð20Þ

we get

τ gf z/2½ �
��� ���� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gf z/2½ �
��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0

~ρ ∑2l
z=0

z + r − 1

z

" #
qz gf z/2½ �
��� ���, ~0 !

r + 2l

2l

" #
0BBBBB@

1CCCCCA
v2l

+ 〠
∞

l=0

~ρ ∑2l+1
z=0

z + r − 1

z

" #
qz
gf z/2½ �
��� ���, ~0 !

r + 2l + 1

2l + 1

" #
0BBBBB@

1CCCCCA
v2l+1

≤ 〠
∞

l=0

~ρ ∑2l
z=0

z + r − 1

z

" #
qz
gf z/2½ �
��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=0

~ρ ∑2l+1
z=0

z + r − 1

z

" #
qz
gf z/2½ �
��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 〠
∞

l=0

~ρ
2l + r − 1

2l

" #
q2l ef l��� ��� +∑l

z=0
2z + r − 1

z

" #
q2z +

2z + r

2z + 1

" #
q2z+1

 ! ef z��� ���, ~0 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=0

~ρ ∑l
z=0

2z + r − 1

z

" #
q2z +

2z + r

2z + 1

" #
q2z+1

 ! ef z��� ���, ~0 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=0

2~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

0BBBBB@

1CCCCCA

+ 〠
∞

l=0

2~ρ ∑l
z=0

z + r − 1

z

" #
qz
ef z��� ���, ~0 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤D0τ
~f
��� ���� �

<∞,

ð21Þ

where D0 ≥ ð22ℏ−1 + 2ℏ−1 + 2ℏÞ ≥ 1. Hence, ðjgf ½z/2�jÞ ∈
ðΓS

r ðq, vÞÞτ
(vi) It is clear that the closure of F = ΓS

r ðq, vÞ
(vii)There are 0 < δ ≤ supljλjvl−1 so that τð~λ, ~0, ~0, ~0,⋯Þ

≥ δjλjτð~1, ~0, ~0, ~0,⋯Þ, for all λ ≠ 0 and δ > 0, if λ = 0
By Theorem 13, the space ðΓS

r ðq, vÞÞτ is a prequasi
normed psssf. Second, to prove that ðΓS

r ðq, vÞÞτ is a Banach
space, suppose ehi = ð ehikÞ∞k=0 is a Cauchy sequence in
ðΓS

r ðq, vÞÞτ, hence for every γ ∈ ð0, 1Þ, one has i0 ∈N with
i, j ≥ i0, we have

τ ehi − ehj� �
= 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1
z

" #
qz

ehiz − ef jz� �
, ~0

 !
r + l

l

" #
0BBBB@

1CCCCA
vl

< γℏ:

ð22Þ
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That implies

~ρ 〠
l

z=0

z + r − 1
z

" #
qz

ehiz − ehjz� �
, ~0

 !
< γ: ð23Þ

As ðRðAÞ, ~ρÞ is a complete metric space. Therefore, ð ehjkÞ
is a Cauchy sequence in RðAÞ, for constant k ∈N . So, it is

convergent to eh0k ∈RðAÞ. This implies τðehi − eh0Þ < γℏ, for

every i ≥ i0. Clearly, from condition (iii) that eh0 ∈
ðΓS

r ðq, vÞÞτ.
In view of Theorems 10 and 14, we have the next theo-

rem.

Theorem 15. The space fDs
ΓS
r ðq,vÞ is an operator ideal, if the

conditions of Theorem 14 are verified.

Theorem 16. If s-type ES
τ ≔ f~h = ð gsj ðHÞÞ ∈RN : H ∈DðG ,

V Þ and τð~hÞ<∞g: Assume fDs
Eτ

is an operator ideal, one
has the next setups:

(a) s-type ES
τ ⊃F

(b) Suppose ð gsj ðH1ÞÞ
∞

j=0 ∈ s-type ES
τ and ð gsj ðH2ÞÞ

∞

j=0 ∈ s
-type ES

τ , then ð gsj ðH1 +H2ÞÞ
∞

j=0 ∈ s-type E
S
τ

(c) If ε ∈R and ð gsj ðHÞÞ∞
j=0 ∈ s-type ES

τ , one has jεj
ð gsj ðHÞÞ∞

j=0 ∈ s-type E
S
τ

(d) Suppose ð gsj ðUÞÞ∞
j=0 ∈ s-type ES

τ and gsj ðTÞ ≤ gsj ðUÞ,
for all j ∈N and T ,U ∈DðG ,V Þ, one gets

ð gsj ðTÞÞ∞j=0 ∈ s-type ES
τ , i.e., E

S
τ is a solid space

Proof. IffDs
Eτ

is a mappings’ ideal.

(a)We have FðG ,V Þ ⊂fDs
ES

τ
ðG ,V Þ. Hence, for all X ∈

FðG ,V Þ, we have ð gsr ðXÞÞ∞r=0 ∈F . This gives ð gsr ðXÞÞ∞r=0 ∈ s‐
typeES

τ . Hence, F ⊂ s-type ES
τ

(b) and (c)The space fDs
ES

τ
ðG ,V Þ is linear over R.

Hence, for each λ ∈R and X1, X2 ∈fDs
ES

τ
ðG ,V Þ, we have

X1 + X2 ∈fDs
ES

τ
ðG ,V Þ and λX1 ∈fDs

ES
τ
ðG ,V Þ. That

implies

gsr X1ð Þ
� �∞

r=0
∈ s‐typeES

τ  and  gsr X2ð Þ
� �∞

r=0
∈ s‐typeES

τ ⇒ gsr X1 + X2ð Þ
� �∞

r=0
∈ s‐typeES

τ ,

λ ∈R and  gsr X1ð Þ
� �∞

r=0
∈ s‐typeES

τ ⇒ λj j gsr X1ð Þ
� �∞

r=0
∈ s‐typeES

τ ð24Þ

(d)If A ∈DðG0, GÞ, B ∈fDs
ES

τ
ðG ,V Þ, and D ∈DðV ,V 0Þ,

then DBA ∈fDs
ES

τ
ðG0,V 0Þ. Therefore, since ðgsr ðBÞÞ∞r=0 ∈ s‐

typeES
τ , then ð gsr ðDBAÞÞ

∞
r=0 ∈ s‐typeES

τ . Since
gsr ðDBAÞ ≤ k

Dkgsr ðBÞkAk. By using condition (c), if ðkDkkAkgsr ðBÞÞ∞r=0 ∈
ES

τ , we have ð gsr ðDBAÞÞ
∞
r=0 ∈ s‐typeES

τ . This means s‐type
ES

τ is solid
Some properties of s‐type ðΓS

r ðq, vÞÞτ are presented in
the next theorem according to Theorems 16 and 15.

Theorem 17.

(a) s-type ðΓS
r ðq, vÞÞτ ⊃F

(b) If ð gsnðX1ÞÞ
∞
n=0 ∈ s-type ðΓS

r ðq, vÞÞτ and ð gsnðX2ÞÞ
∞
n=0 ∈

s-type ðΓS
r ðq, vÞÞτ, then ð gsnðX1 + X2ÞÞ

∞
n=0 ∈ s-type

ðΓS
r ðq, vÞÞτ

(c) Assume λ ∈R and ð gsnðXÞÞ∞n=0 ∈ s-type ðΓS
r ðq, vÞÞτ,

hence jλjð gsnðXÞÞ∞n=0 ∈ s-type ðΓS
r ðq, vÞÞτ

(d) s-type ðΓS
r ðq, vÞÞτ is a solid space

Definition 18 (see [31]). A subclass U of D is said to be a
mappings’ ideal, if every UðG ,V Þ =U ∩DðG ,V Þ satisfies
the following setups:

(i) IΓ ∈U, where Γ indicates Banach space of one
dimension

(ii) The space UðG ,V Þ is linear over R
(iii) If W ∈DðG0, GÞ, X ∈UðG ,V Þ, and Y ∈DðV ,V 0Þ,

then YXW ∈UðG ,V 0Þ

Definition 19 (see [32]). A function H ∈ ½0,∞ÞU is said to be
a prequasi norm on the ideal U if the following conditions
hold:

(1) Assume V ∈UðG ,V Þ, HðVÞ ≥ 0 and HðVÞ = 0, if
and only if, V = 0

(2) One has Q ≥ 1 with HðαVÞ ≤DjαjHðVÞ, for all V ∈
UðG ,V Þ and α ∈R

(3) There are P ≥ 1 such that HðV1 + V2Þ ≤ P½HðV1Þ +
HðV2Þ�, for all V1, V2 ∈UðG ,V Þ

(4) There are σ ≥ 1 so that if V ∈DðG0, GÞ, X ∈UðG ,
V Þ, and Y ∈DðV ,V 0Þ, then HðYXVÞ ≤ σkYkHðX
ÞkVk

Theorem 20 (see [32]). Every quasi norm on the ideal U is a
prequasi norm.

We have discussed some properties of the ideal con-
structed by our soft space and extended s-numbers, supposing
that the conditions of Theorem 14 are verified.

Theorem 21. The conditions of Theorem 14 are sufficient

only for fDα
ðΓS

r ðq,vÞÞτðG ,V Þ = the closure of FðG ,V Þ.
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Proof. Clearly, the closure of FðG ,V Þ ⊆fDα
ðΓS

r ðq,vÞÞτðG ,V Þ
from the linearity of the space ðΓS

r ðq, vÞÞτ and eem ∈
ðΓS

r ðq, vÞÞτ, for all m ∈N . Next, to show that fDα
ðΓS

r ðq,vÞÞτ
ðG ,V Þ ⊆ the closure of FðG ,V Þ. If H ∈fDα

ðΓS
r ðq,vÞÞτðG ,V Þ,

one has ð gαl ðHÞÞ∞m=0 ∈ ðΓS
r ðq, vÞÞτ. As τð gαmðHÞÞ∞m=0 <∞,

assume γ ∈ ð0, 1Þ, we have l0 ∈N − f0g so that τð
ð gαmðHÞÞ∞m=l0Þ < γ/2ℏ+3δj, for some j ≥ 1 and

δ =max 1, 〠
∞

l=l0

1
r + l

l

" #
0BBBB@

1CCCCA
vl

8>>>><>>>>:

9>>>>=>>>>;
: ð25Þ

Since gαl ðHÞ ∈IS
↘ , we get

〠
2l0

l=l0+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz gα2l 0 Hð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 〠
2l0

l=l0+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz gαz Hð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 〠
∞

l=l0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gαz Hð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

< γ

2ℏ+3δj
:

ð26Þ

We get U ∈ F2l0ðG ,V Þ with rank ðUÞ ≤ 2l0 and

〠
3l0

l=2l0+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 〠
2l0

l=l0+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

< γ

2ℏ+3δj
,

ð27Þ

since ðvlÞ ∈ ↑∩ ℓ∞, we have

sup
l=l0

∞
~ρvl 〠

l0

z=0

z + r − 1
z

" #
qz gH −Uk k, ~0

 !
< γ

22ℏ+2δ
: ð28Þ

Therefore, one has

〠
l0

l=0

~ρ ∑l
z=0

z + r − 1
z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBB@

1CCCCA
vl

< γ

2ℏ+3δj
:

ð29Þ

Because of inequalities (5), (26), (27), (28), and (29), one
gets

d H,Uð Þ = τ gαl H −Uð Þ
� �∞

l=0
= 〠

3l0−1

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=3l0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA ≤ 〠
3l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=l0

~ρ ∑l+2l0
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l + 2l0
l + 2l0

" #
0BBBBB@

1CCCCCA
vl+2l0 vl

≤ 〠
3l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=l0

~ρ ∑l+2l0
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 3〠
l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=l0

~ρ ∑2l0−1
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ +∑l+2l0

z=2l0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 3〠
l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 〠
∞

l=l0

~ρ ∑2l0−1
z=0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 〠
∞

l=l0

~ρ ∑l+2l0
z=2l0

z + r − 1

z

" #
qz gαz H −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 3〠
l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 〠
∞

l=l0

~ρ ∑2l0−1
z=0

z + r − 1

z

" #
qz gαz Z −Uð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 〠
∞

l=l0

~ρ ∑l
z=0

z + 2l0 + r − 1

z + 2l0

" #
qz+2l0

gαz+2l 0 H −Uð Þ, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 3〠
l0

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 22ℏ−1 sup
l=l0

∞
~ρvl 〠

l0

z=0

z + r − 1

z

" #
qz gH −Uk k, ~0

 !

� 〠
∞

l=l0

1
r + l

l

" #
0BBBB@

1CCCCA
vl

+ 2ℏ−1 〠
∞

l=l0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gαz Hð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

< γ:

ð30Þ

On the other hand, one has a negative example as I2 ∈fDα
ðΓS

r ðq,vÞÞτðG ,V Þ, where z + r − 1zqz = 1, for all z ∈N and
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v = ð0,−1, 2, 2, 2Þ, but ðvlÞ ∉ ↑. This gives a negative answer to
the Rhoades [33] open problem about the linearity of s-type
ðΓS

r ðq, vÞÞτ spaces.

Theorem 22. The class ðfDs
ðΓS

r ðq,vÞÞτ , ΞÞ is a prequasi Banach

ideal, where ΞðHÞ = τðð gsbðHÞÞ∞b=0Þ.

Proof. Evidently, Ξ is a prequasi norm onfDs
ðΓS

r ðq,vÞÞτ since τ
is a prequasi norm on ðΓS

r ðq, vÞÞτ. Assume ðHmÞm∈N is a

Cauchy sequence in fDs
ðΓS

r ðq,vÞÞτðG ,V Þ. Since DðG ,V Þ ⊇fDs
ðΓS

r ðq,vÞÞτðG ,V Þ, we have

Ξ Hj −Hm

� �
= 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz

gsz Hj −Hm

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≥ Hj −Hm

�� ��� �v0 ,
ð31Þ

then ðHmÞm∈N is a Cauchy sequence in DðG ,V Þ. As DðG ,
V Þ is a Banach space, one has H ∈DðG ,V Þ so that

limm⟶∞kHm −Hk = 0: As ð gsl ðHmÞÞ
∞
l=0 ∈ ðΓS

r ðq, vÞÞτ, for
all m ∈N . By Definition 11 conditions (ii), (iii), and (v),
we have

Ξ Hð Þ = 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Hð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gs z/2½ � H −Hmð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gs z/2½ � Hmð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gH −Hmk k, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1D0 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Hmð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

<∞:

ð32Þ

Hence, ð gsbðHÞÞ∞b=0 ∈ ðΓS
r ðq, vÞÞτ, so H ∈fDs

ðΓS
r ðq,vÞÞτðG ,

V Þ.

Theorem 23. If 1 < vð1Þb < vð2Þb , and 0 < qð2Þb ≤ qð1Þb , for every b
∈N , then

fDs
ΓS
r q 1ð Þ

b

� �
, v 1ð Þ

b

� �� �� �
τ

G ,Vð Þ ⫋fDs
ΓS
r q 2ð Þ

b

� �
, v 2ð Þ

b

� �� �� �
τ

G ,Vð Þ ⫋D G ,Vð Þ:

ð33Þ

Proof. Let H ∈fDs
ðΓS

r ððqð1Þb Þ,ðvð1Þb ÞÞÞ
τ

ðG ,V Þ, then ð gsbðHÞÞ ∈
ðΓS

r ððqð1Þb Þ, ðvð1Þb ÞÞÞτ. One obtains

〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
q 2ð Þ
z
gsz Hð Þ, ~0

 !
r + b

b

" #
0BBBBB@

1CCCCCA
v 2ð Þ
b

< 〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
q 1ð Þ
z
gsz Hð Þ, ~0

 !
r + b

b

" #
0BBBBB@

1CCCCCA
v 1ð Þ
b

<∞,

ð34Þ

then H ∈fDs
ðΓS

r ððqð2Þb Þ,ðvð2Þb ÞÞÞ
τ

ðG ,V Þ. Take ð gsbðHÞÞ∞b=0 with

~ρ 〠
b

z=0

z + r − 1
z

" #
q 1ð Þ
z
gsz Hð Þ, ~0

 !
=

r + b

b

" #
ffiffiffiffiffiffiffiffiffiffi
b + 1vb1

p ,
ð35Þ

we have H ∈DðG ,V Þ with

〠
∞

b=0

~ρ ∑b
z=0

z + r − 1
z

" #
q 1ð Þ
z
gsz Hð Þ, ~0

 !
r + b

b

" #
0BBBB@

1CCCCA
v

1ð Þ
b

= 〠
∞

b=0

1
b + 1 =∞,

〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
q 2ð Þ
z
gsz Hð Þ, ~0

 !
r + b

b

" #
0BBBBB@

1CCCCCA
v

2ð Þ
b

≤ 〠
∞

b=0

~ρ ∑b
z=0

z + r − 1

z

" #
q 1ð Þ
z
gsz Hð Þ, ~0

 !
r + b

b

" #
0BBBBB@

1CCCCCA
v 2ð Þ
b

= 〠
∞

b=0

1
b + 1

� �v 2ð Þ
b /v 1ð Þ

b

<∞:

ð36Þ
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Hence, H ∉fDs
ðΓS

r ððqð1Þb Þ,ðvð1Þb ÞÞÞ
τ

ðG ,V Þ and H ∈fDs
ðΓS

r ððqð2Þb Þ,ðvð2Þb ÞÞÞ
τ

ðG ,V Þ.
Clearly, fDs

ðΓS
r ððqð2Þb Þ,ðvð2Þb ÞÞÞ

τ

ðG ,V Þ ⊂DðG ,V Þ. Take

ð gsbðHÞÞ∞b=0 with

~ρ 〠
b

z=0

z + r − 1
z

" #
q 2ð Þ
z
gsz Hð Þ, ~0

 !
=

r + b

b

" #
ffiffiffiffiffiffiffiffiffiffi
b + 1vb2

p :
ð37Þ

Then H ∈DðG ,V Þ and H ∉fDs
ðΓS

r ððqð2Þb Þ,ðvð2Þb ÞÞÞ
τ

ðG ,V Þ.
Recall that if G and V are infinite-dimensional, by

Dvoretzky’s theorem [34], there are G/Y j and Mj ⊆V

operated onto ℓj2 through isomorphisms V j and Xj such that
kV jkkV−1

j k ≤ 2 and kXjkkX−1
j k ≤ 2, for all j ∈N . Assume T j

is the quotient mapping from G onto G/Y j, I j is the identity

operator on ℓj2 and J j is the natural embedding operator
from Mj into V . Assume mj is the Bernstein numbers [18].

Theorem 24. The class fDα
ðΓS

r ðq,vÞÞτ is minimum, whenever

∑l
z=0

z + r − 1

z

" #
qz

r + l

l

" #
0BBBB@

1CCCCA
∞

l=0

∉ ℓ vlð Þð Þ: ð38Þ

Proof. Assume fDα
ΓS
r ðq,vÞðG ,V Þ =DðG ,V Þ, one has γ > 0 so

that ΞðHÞ ≤ γkHk, for all H ∈DðG ,V Þ and

Ξ Hð Þ = 〠
∞

b=0

~ρ ∑b
z=0

z + r − 1
z

" #
qz gαz Hð Þ, ~0

 !
r + b

b

" #
0BBBB@

1CCCCA
vb

:

ð39Þ

We have

1 =mz I j
� �

=mz XjX
−1
j I jV jV

−1
j

� �
≤ Xj

�� ��mz X−1
j I jV j

� �
V−1

j

��� ��� = Xj

�� ��mz J jX
−1
j I jV j

� �
V−1

j

��� ���
≤ Xj

�� ��dz J jX
−1
j I jV j

� �
V−1

j

��� ��� = Xj

�� ��dz J jX
−1
j I jV jT j

� �
� V−1

j

��� ��� ≤ Xj

�� ��αz J jX
−1
j I jV jT j

� �
V−1

j

��� ���:
ð40Þ

Take 0 ≤m ≤ j, one has

〠
m

z=0

z + r − 1

z

" #
qz ≤ ~ρ 〠

m

z=0
Xj

�� �� z + r − 1

z

" #
qz

g
αz J j X

−1
j I j V j T j

� �
V−1

j

��� ���, ~0 !
⇒

�
∑m

z=0
z + r − 1

z

" #
qz

r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ Xj

�� �� V−1
j

��� ���� �vm

�
~ρ ∑m

z=0
z + r − 1

z

" #
qz

g
αz J j X

−1
j I j V j T j

� �
, ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

:

ð41Þ

Therefore, for some λ ≥ 1, we obtain

〠
j

m=0

∑m
z=0

z + r − 1

z

" #
qz

r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ λ Xj

�� �� V−1
j

��� ��� 〠
j

m=0

�
~ρ ∑m

z=0
z + r − 1

z

" #
qz

g
αz J j X

−1
j I j V j T j

� �
, ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

⇒ 〠
j

m=0

�
∑m

z=0
z + r − 1

z

" #
qz

r +m

m

" #
0BBBBB@

1CCCCCA
vm

≤ λ Xj

�� �� V−1
j

��� ���Ξ J jX
−1
j I jV jT j

� �

≤ λγ Xj

�� �� V−1
j

��� ��� J jX
−1
j I jV jT j

��� ��� ≤ 4λγ:

ð42Þ

When j⟶∞, one has a contradiction. So, G and V

both cannot be infinite-dimensional when fDα
ΓS
r ðq,vÞðG ,V Þ

=DðG ,V Þ.

Theorem 25. The class fDd
ΓS
r ðq,vÞ is minimum, whenever

∑l
z=0

z + r − 1

z

" #
qz

r + l

l

" #
0BBBB@

1CCCCA
∞

l=0

∉ ℓ vlð Þð Þ: ð43Þ

Lemma 26 (see [19]). Suppose W ∈DðG ,V Þ and W ∉A
ðG ,V Þ, one has P ∈DðGÞ and A ∈DðV Þ with AWPej = ej,
for every j ∈N .
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Theorem 27 (see [19]). If ES is an infinite-dimensional
Banach space, then

F ES
� �

⫋A ES
� �

⫋K ES
� �

⫋D ES
� �

: ð44Þ

Theorem 28. If 1 < vð1Þl < vð2Þl and 0 < qð2Þl ≤ qð1Þl , for every l
∈N , then

D fDs
ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ,fDs
ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ
� �
=A fDs

ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ,fDs
ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ
� �

:

ð45Þ

Proof. Let X ∈DðfDs
ðΓS

r ððqð2Þl Þ,ðvð2Þl ÞÞÞ
τ

ðG ,V Þ,fDs
ðΓS

r ððqð1Þl Þ,ðvð1Þl ÞÞÞ
τ

ð
G ,V ÞÞ and X ∉AðfDs

ðΓS
r ððqð2Þl Þ,ðvð2Þl ÞÞÞ

τ

ðG ,V Þ,fDs
ðΓS

r ððqð1Þl Þ,ðvð1Þl ÞÞÞ
τ

ðG ,V ÞÞ. In view of Lemma 26, there are Y ∈DðfDs
ðΓS

r ððqð2Þl Þ,ðvð2Þl ÞÞÞ
τ

ðG ,V ÞÞ and Z ∈DðfDs
ðΓS

r ððqð1Þl Þ,ðvð1Þl ÞÞÞ
τ

ðG ,V Þ
Þ with ZXYIb = Ib. Therefore, for every b ∈N , one has

Ibk keDs

ΓSr q
1ð Þ
l

� �
, v

1ð Þ
l

� �� �� �
τ

G ,Vð Þ

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
q 1ð Þ
z
gsz Ibð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
v 1ð Þ
l

≤ ZXYk k Ibk keDs

ΓSr q
2ð Þ
l

� �
, v

2ð Þ
l

� �� �� �
τ

G ,Vð Þ

≤ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
q 2ð Þ
z
gsz Ibð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
v 2ð Þ
l

:

ð46Þ

This contradicts Theorem 23; hence, X ∈AðfDs
ðΓS

r ððqð2Þl Þ,ðvð2Þl ÞÞÞ
τ

ðG ,V Þ,fDs
ðΓS

r ððqð1Þl Þ,ðvð1Þl ÞÞÞ
τ

ðG ,V ÞÞ.

Corollary 29. Suppose 1 < vð1Þl < vð2Þl , and 0 < qð2Þl ≤ qð1Þl , for
every l ∈N , then

D fDs
ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ,fDs
ΓS
r q 1ð Þ

l

� �
, v 1ð Þ

l

� �� �� �
τ

G ,Vð Þ
� �
=K fDs

ΓS
r q 2ð Þ

l

� �
, v 2ð Þ

l

� �� �� �
τ

G ,Vð Þ,fDs
ΓS
r q 1ð Þ

l

� �
, v 1ð Þ

l

� �� �� �
τ

G ,Vð Þ
� �

:

ð47Þ

Proof. Evidently, as A ⊂K .

Definition 30 (see [19]). A Banach space ES is said to be sim-
ple when DðESÞ has a unique nontrivial closed ideal.

Theorem 31. The class fDs
ðΓS

r ðq,vÞÞτ is simple.

Proof. Let the closed ideal KðfDs
ðΓS

r ðq,vÞÞτðG ,V ÞÞ contain a

mapping H ∉AðfDs
ðΓS

r ðq,vÞÞτðG ,V ÞÞ. By Lemma 26, there

are P, A ∈DðfDs
ðΓS

r ðq,vÞÞτðG ,V ÞÞ so that AHPIj = I j. There-

fore, IeDs
ðΓSr ðq,vÞÞτ

ðG ,V Þ ∈KðfDs
ðΓS

r ðq,vÞÞτðG ,V ÞÞ. Hence, Dð
fDs

ðΓS
r ðq,vÞÞτðG ,V ÞÞ =KðfDs

ðΓS
r ðq,vÞÞτðG ,V ÞÞ. Therefore,fDs

ðΓS
r ðq,vÞÞτ is a simple Banach space.

Theorem 32. Assume

inf l

∑l
z=0

z + r − 1

z

" #
qz

r + l

l

" #
0BBBB@

1CCCCA
vl

> 0, ð48Þ

then ðfDs
ðΓS

r ðq,vÞÞτÞ
γðG ,V Þ =fDs

ðΓS
r ðq,vÞÞτðG ,V Þ:

Proof. Let H ∈ ðfDs
ðΓS

r ðq,vÞÞτÞ
γðG ,V Þ, then ð gγmðHÞÞ∞m=0 ∈

ðΓS
r ðq, vÞÞτ and kH − ~ρð gγmðHÞ, ~0ÞIk = 0, for every m ∈N .

One has H = ~ρð gγmðHÞ, ~0ÞI, for all m ∈N , then

~ρ gsm Hð Þ, ~0
� �

= ~ρ sm ~ρð ggγm Hð Þ,
�

~0
�
IÞ, ~0

� �
= ~ρ gγm Hð Þ, ~0
� �

,

ð49Þ

for all m ∈N . Hence ð gsmðHÞÞ∞m=0 ∈ ðΓS
r ðq, vÞÞτ, so H ∈fDs

ðΓS
r ðq,vÞÞτðG ,V Þ.
Next, assume H ∈fDs

ðΓS
r ðq,vÞÞτðG ,V Þ. Hence, ð gsmðHÞÞ∞m=0

∈ ðΓS
r ðq, vÞÞτ. Therefore, one has

〠
∞

m=0

~ρ ∑m
z=0

z + r − 1

z

" #
qz gsz Hð Þ, ~0

 !
r +m

m

" #
0BBBBB@

1CCCCCA
vm

≥ inf
m

∑m
z=0

z + r − 1

z

" #
qz

r +m

m

" #
0BBBBB@

1CCCCCA
vm

〠
∞

m=0
~ρ gsm Hð Þ, ~0
� �h ivm

:

ð50Þ

Hence, limm⟶∞
gsmðHÞ = ~0: If kH − ~ρð gsmðHÞ, ~0ÞIk−1
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exists, for all m ∈N . Then kH − ~ρð gsmðHÞ, ~0ÞIk−1 exists and

bounded, for all m ∈N . So, limm⟶∞kH − ~ρð gsmðHÞ, ~0ÞIk−1

= kHk−1 exists and bounded. Since ðfDs
ðΓS

r ðq,vÞÞτ , ΞÞ is a pre-
quasi ideal, one obtains

I =HH−1 ∈fDs
ΓS
r q,vð Þð Þ

τ

G ,Vð Þ⇒ gsm Ið Þ
� �∞

m=0
∈ ΓS

r q, vð Þ
⇒ lim

m⟶∞
gsm Ið Þ = ~0:

ð51Þ

One has a contradiction, as limm⟶∞
gsmðIÞ = ~1. Then,

kH − ~ρð gsmðHÞ, ~0ÞIk = 0, for all m ∈N . So, kH − ~ρð gγmðHÞ,
~0ÞIk = 0, for all m ∈N . Therefore, H ∈ ðfDs

ðΓS
r ðq,vÞÞτÞ

γðG ,V Þ.

3. Multiplication Mappings on ðΓS
r ðq, vÞÞτ

Under the conditions of Theorem 14, we have presented in
this section some properties of the multiplication mapping
acting on ðΓS

r ðq, vÞÞτ.
Let ðRangeðVÞÞc indicate the complement of RangeðVÞ.

Let I be the space of all sets with a finite number of ele-
ments. Assume ℓS∞ is the space of bounded sequences of soft
functions.

Definition 33. Suppose ES
τ is a prequasi normed psssf and

λ = ðλkÞ ∈RN . The mapping Hλ : E
S
τ ⟶ES

τ is said to be

a multiplication mapping on ES
τ , if Hλ

~f = ðλb ef bÞ ∈ES
τ , for

all f ∈ES
τ . The multiplication mapping is called constructed

by λ, if Hλ ∈DðES
τ Þ.

Definition 34 (see [35]). A mapping V ∈DðEÞ is said to be
Fredholm if dim ðRangeðVÞÞc <∞, RangeðVÞ is closed and
dim ðkerðVÞÞ <∞.

Theorem 35.

(1) λ ∈ ℓ∞ ⇔Hλ ∈DððΓS
r ðq, vÞÞτÞ

(2) jλaj = 1, for every a ∈N , if and only if, Hλ is an
isometry

(3) Hλ ∈AððΓS
r ðq, vÞÞτÞ⇔ ðλaÞ∞a=0 ∈ c0

(4) Hλ ∈KððΓS
r ðq, vÞÞτÞ⇔ ðλbÞ∞b=0 ∈ c0

(5) KððΓS
r ðq, vÞÞτÞ ⫋DððΓS

r ðq, vÞÞτÞ
(6) 0 < α < jλaj < η, for every a ∈ ðkerðλÞÞc, if and only if,

RangeðHλÞ is closed
(7) 0 < α < jλaj < η, for all a ∈N , if and only if, Hλ ∈

DððΓS
r ðq, vÞÞτÞ is invertible

(8) Hλ is Fredholm operator, if and only if (g1) kerðλÞ
⫋N ∩I and (g2) jλaj ≥ ρ, for all a ∈ ðkerðλÞÞc

Proof.

(1) Suppose λ ∈ ℓ∞, one has ν > 0 with jλaj ≤ ν, for all
a ∈N . If ~f ∈ ðΓS

r ðq, vÞÞτ, we have

τ Hλ
~f

� �
= τ λ~f
� �

= 〠
∞

l=0

~ρ ∑l
z=0λz

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ sup
l
νvl 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= sup
l
νvlτ ~f

� �
:

ð52Þ

Therefore, Hλ ∈DððΓS
r ðq, vÞÞτÞ.

Next, ifHλ ∈DððΓS
r ðq, vÞÞτÞ and λ ∉ ℓ∞. One has xb ∈N ,

for every b ∈N with λxb > b. Then,

τ Hλfexb� �
= τ λfexb� �

= 〠
∞

l=0

~ρ ∑l
z=0λz

z + r − 1

z

" #
qz
gexb� �

z
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=xb

λ xbð Þ
xb + r − 1

xb

" #
qxb

r + l

l

" #
0BBBBB@

1CCCCCA
vl

> 〠
∞

l=xb

b
xb + r − 1

xb

" #
qxb

r + l

l

" #
0BBBBB@

1CCCCCA
vl

> bv0τ fexb� �
:

ð53Þ

Hence, Hλ ∉DððΓS
r ðq, vÞÞτÞ. So, λ ∈ ℓ∞.

(2) Let ~f ∈ ðΓS
r ðq, vÞÞτ and jλbj = 1, for every b ∈N . One

obtains

τ Hλ
~f

� �
= τ λ~f
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qzλz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= τ ~f
� �

,

ð54Þ

then Hλ is an isometry.

11Journal of Function Spaces



Next, if for some b = b0 that jλbj < 1, one has

τ Hλfeb0� �
= τ λfeb0� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qzλz

geb0� �
z
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=b0

λb0
�� �� b0 + r − 1

b0

" #
qb0

r + l

l

" #
0BBBBB@

1CCCCCA
vl

< 〠
∞

l=b0

b0 + r − 1

b0

" #
qb0

r + l

l

" #
0BBBBB@

1CCCCCA
vl

= τ feb0� �
:

ð55Þ

When jλb0 j > 1, so τðHλfeb0Þ > τðfeb0Þ. Hence, jλaj = 1, for
every a ∈N .

(3) Assume Hλ ∈AððΓS
r ðq, vÞÞτÞ, so Hλ ∈Kð

ðΓS
r ðq, vÞÞτÞ. If limb⟶∞λb ≠ 0. One has ρ > 0 with

Kϱ = fa ∈N : jλaj ≥ ρg ⫋I. Let fαaga∈N ⊂ Kρ. We

have ffeαa : αa ∈ Kϱg ∈ ℓS∞ be an infinite set in

ðΓS
r ðq, vÞÞτ. For all αa, αb ∈ Kρ, one gets

τ Hλfeαa −Hλfeαb� �
= τ λfeαa − λfeαb� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qzλz

geαa� �
z
− geαb� �

z

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≥ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qzρ

geαa� �
z
− geαb� �

z

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≥ inf
l
ρvlτ feαa −feαb� �

:

ð56Þ

Hence, ffeαb : αb ∈ Kρg ∈ ℓS∞ has not a convergent subse-

quence under Hλ. So, Hλ ∉KððΓS
r ðq, vÞÞτÞ. Therefore, Hλ

∉AððΓS
r ðq, vÞÞτÞ; this is a contradiction. So, limb⟶∞λb =

0. Next, let lima⟶∞λa = 0. Hence, for every ρ > 0, we have
Kρ = fb ∈N : jλbj ≥ ρg ⊂I. Therefore, for all ρ > 0, one

gets dim ðððΓS
r ðq, vÞÞτÞKρ

Þ = dim ðRKρÞ <∞. So, Hλ ∈ Fð
ððΓS

r ðq, vÞÞτÞKρ
Þ. If λa ∈RN , for all a ∈N , where

λað Þb =
λb, b ∈ K1/a+1,
0, otherwise:

8>><>>: ð57Þ

Obviously, Hλa
∈ FðððΓS

r ðq, vÞÞτÞK1/a+1
Þ, since dim ð

ððΓS
r ðq, vÞÞτÞK1/a+1

Þ <∞, for all a ∈N . According to ðvlÞ

∈ ↑∩ ℓ∞ with v0 > 1/r, we have

τ Hλ −Hλa

� �~f� �
= τ λb − λað Þb

� � ef b� �∞
b=0

� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz − λað Þz
� � ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0,l∈K1/a+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz − λað Þz
� � ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=0,l∉K1/a+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz − λað Þz
� � ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0,l∉K1/a+1

~ρ ∑l
z=0

z + r − 1

z

" #
qzλz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤
1

a + 1ð Þv0 〠
∞

l=0,l∉K1/a+1

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

< 1
a + 1ð Þv0 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 1
a + 1ð Þv0 τ

~f
� �

:

ð58Þ

Therefore, kHλ −Hλa
k ≤ 1/ða + 1Þv0 . This implies Hλ is

a limit of finite rank mappings.

(4) As AððΓS
r ðq, vÞÞτÞ ⫋KððΓS

r ðq, vÞÞτÞ, the proof
follows

(5) Since I = Iλ, where λ = ð1, 1,Þ, one has I ∉Kð
ðΓS

r ðq, vÞÞτÞ and I ∈DððΓS
r ðq, vÞÞτÞ

(6) Let the sufficient setups be verified. One has ρ > 0
with jλaj ≥ ρ, for every a ∈ ðkerðλÞÞc. We have to
show that RangeðHλÞ is closed; let ~g be a limit point

of RangeðHλÞ. One has Hλ
ef b ∈ ðΓS

r ðq, vÞÞτ, for all b
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∈N with limb⟶∞Hλ
ef b = ~g. Clearly, Hλ

ef b is a Cau-
chy sequence. Since ðvlÞ ∈ ↑∩ ℓ∞, we have

τ Hλ
ef a −Hλ

ef b� �
= 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz

gf að Þz − λz
gf bð Þz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0,l∈ ker λð Þð Þc

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz

gf að Þz − λz
gf bð Þz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 〠
∞

l=0,l∉ ker λð Þð Þc

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz

gf að Þz − λz
gf bð Þz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≥ 〠
∞

l=0,l∈ ker λð Þð Þc

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz

gf að Þz − λz
gf bð Þz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz λz guað Þz − λz gubð Þz
� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

> 〠
∞

l=0

~ρ ρ∑l
z=0

z + r − 1

z

" #
qz guað Þz − gubð Þz
� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

≥ inf
l
ρvlτ eua − eubð Þ,

ð59Þ

where

guað Þk =
gf að Þk, k ∈ ker λð Þð Þc,
0, k ∉ ker λð Þð Þc:

(
ð60Þ

Therefore, f euag is a Cauchy sequence in ðΓS
r ðq, vÞÞτ.

Since ðΓS
r ðq, vÞÞτ is complete. One has ~f ∈ ðΓS

r ðq, vÞÞτ with
limb⟶∞ eub = ~f . As Hλ ∈DððΓS

r ðq, vÞÞτÞ, we have limb⟶∞

Hλ eub =Hλ
~f . As limb⟶∞Hλ eub = limb⟶∞Hλ

ef b = ~g. So, Hλ
~f = ~g. Then, ~g ∈ RangeðHλÞ, i.e., RangeðHλÞ is closed. Next,
suppose the necessary condition is satisfied. One has ρ > 0
with τðHλ

~f Þ ≥ ρτð~f Þ and ~f ∈ ððΓS
r ðq, vÞÞτÞðkerðλÞÞc . Let K =

fb ∈ ðkerðλÞÞc : jλbj < ρg ≠∅, then for a0 ∈ K , we have

τ Hλfea0� �
= τ λb

gea0� �
b

� �� �∞
b=0

�

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qzλz fea0� �

z
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

< 〠
∞

l=0

~ρ ρ∑l
z=0

z + r − 1

z

" #
qz
gea0� �

z
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ sup
l
ρvlτ fea0� �

,

ð61Þ

which introduces a contradiction. So K = ϕ, we have jλaj
≥ ρ, for all a ∈ ðkerðλÞÞc.

(7) First, assume κ ∈RN so that κa = 1/λa. By Theorem
35 part (1), we have Hλ,Hκ ∈DððΓS

r ðq, vÞÞτÞ. One
has Hλ ·Hκ =Hκ ·Hλ = I. So, Hκ =H−1

λ . Second, if
Hλ is invertible. Then RangeðHλÞ = ððΓS

r ðq, vÞÞτÞN .
Therefore,RangeðHλÞ is closed. FromTheorem 35 part
(5), one has α > 0 with jλaj ≥ α, for all a ∈ ðkerðλÞÞc.
Then, kerðλÞ =∅, when λa0 = 0, where a0 ∈N ; this
implies ea0 ∈ kerðHλÞ, which is a contradiction, since
kerðHλÞ is trivial. Then, jλaj ≥ α, for all a ∈N . As Hλ
∈ ℓ∞. From Theorem 35 part (1), one has η > 0 with
jλaj ≤ η, for all a ∈N . So α ≤ jλaj ≤ η, for all a ∈N

(8) First, if kerðλÞ ⫋N and kerðλÞ ∉I, one has eea ∈ ker
ðHλÞ, for all a ∈ kerðλÞ. As eea’s are linearly indepen-
dent, we have dim ðkerðHλÞÞ =∞; this is a contradic-
tion. Therefore, kerðλÞ ⫋N ∈I. The condition (g2)
comes from Theorem 35 part (6). Next, assume the
setups (g1) and (g2) are satisfied. According to Theo-
rem 35 part (6), the setup (g2) gives that RangeðHλÞ
is closed. The condition (g1) implies that dim ð
ðRangeðHλÞÞcÞ <∞ and dim ðkerðHλÞÞ <∞. There-
fore, Hλ is Fredholm

4. Fixed Points of Kannan Contraction Type

In this section, we offer the existence of a fixed point of Kan-
nan contraction mapping acting on this new space under the
conditions of Theorem 14 and its associated prequasi ideal.
Interestingly, several numerical experiments are presented
to illustrate our results.

Definition 36. A prequasi normed psssfτ on ES confirms

the Fatou property, if for every sequence f ehbg ⊆ES
τ so that

limb⟶∞τð ehb − ~hÞ = ~0 and every ~g ∈ES
τ , one has τð~g − ~hÞ

≤ supp inf b≥pτð~g − ehbÞ:
Throughout the next part of this article, we will use the

two functions τ1 and τ2 as

τ1 ~f
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

,

τ2
~f
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1
z

" #
qz ef z , ~0

 !
r + l

l

" #
0BBBB@

1CCCCA
vl

, ð62Þ

for all ~f ∈ ΓS
r ðq, vÞ.
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Theorem 37. The function τ1 satisfies the Fatou property.

Proof. Assume f egbg ⊆ ðΓS
r ðq, vÞÞτ1 so that limb⟶∞τ1ð egb −

~gÞ = 0: Clearly, ~g ∈ ðΓS
r ðq, vÞÞτ1 . For every ~f ∈ ðΓS

r ðq, vÞÞτ1 ,
one has

τ1 ~f − ~g
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z − egz� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z − egbz� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

+ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz

egbz − egz� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ sup
j

inf
b≥j

τ1 ~f − egb
� �

:

ð63Þ

Theorem 38. Suppose v0 > 1, then τ2 does not verify the
Fatou property.

Proof. If f egbg ⊆ ðΓS
r ðq, vÞÞτ2 so that limb⟶∞τ2ð egb − ~gÞ = 0:

Clearly, ~g ∈ ðΓS
r ðq, vÞÞτ2 . For every ~f ∈ ðΓS

r ðq, vÞÞτ2 , one has

τ2 ~f − ~g
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z − egz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz ef z − egb

z

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

+ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz

egb
z − egz

� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl
3777775

≤ 2ℏ−1 sup
j

inf
b≥ j

τ2 ~f − egb
� �

:

ð64Þ

Hence, τ2 does not satisfy the Fatou property.

Definition 39 (see [30]). A mapping G : ES
τ ⟶ES

τ is called
a Kannan τ-contraction, if one has ζ ∈ ½0, 1/2Þ, with τðG~g
−G~hÞ ≤ ζðτðG~g − ~gÞ + τðG~h − ~hÞÞ, for all ~g, ~h ∈ES

τ . When
Gð~gÞ = ~g, then ~g ∈ES

τ is called a fixed point of G.

Theorem 40. Suppose G : ðΓS
r ðq, vÞÞτ1 ⟶ ðΓS

r ðq, vÞÞτ1 is

Kannan τ1-contraction operator, then G has a unique fixed
point.

Proof. If ~h ∈ ΓS
r ðq, vÞ, one has Gm~h ∈ ΓS

r ðq, vÞ. As G is a
Kannan τ1-contraction, one has

τ1 Gm+1~h −Gm~h
� �

≤ ζ τ1 Gm+1~h −Gm~h
� �

+ τ1 Gm~h −Gm−1~h
� �� �

⇒ τ1 Gm+1~h −Gm~h
� �

≤
ζ

1 − ζ
τ1 Gm~h −Gm−1~h
� �

≤
ζ

1 − ζ

� �2
τ1 Gm−1~h −Gm−2~h
� �

≤ ≤
ζ

1 − ζ

� �m

τ1 G~h − ~h
� �

:

ð65Þ

We get for all m, n ∈N so that n >m that

τ1 Gm~h − Gn~h
� �

≤ ζ τ1 Gm~h −Gm−1~h
� �

+ τ1 Gn~h −Gn−1~h
� �� �

≤ ζ
ζ

1 − ζ

� �m−1
+ ζ

1 − ζ

� �n−1 !
τ1 G~h − ~h
� �

:

ð66Þ

Therefore, fGm~hg is a Cauchy sequence in ðΓS
r ðq, vÞÞτ1 .

As ðΓS
r ðq, vÞÞτ1 is prequasi Banach space. One has ~J ∈

ðΓS
r ðq, vÞÞτ1 with limm⟶∞Gm~h = ~J . To show that Gð~JÞ = ~J .

Since τ1 satisfies the Fatou property, one can see

τ1 G~J − ~J
� �

≤ sup
i

inf
m≥i

τ1 Gm+1~h −Gm~h
� �

≤ sup
i

inf
m≥i

ζ

1 − ζ

� �m

τ1 G~h − ~h
� �

= 0,
ð67Þ

then Gð~JÞ = ~J . Therefore, ~J is a fixed point of G. To indicate
the uniqueness of the fixed point. Let us have two different
fixed points ~f , ~J ∈ ðΓS

r ðq, vÞÞτ1 of G. We have

τ1
~f − ~J
� �

≤ τ1 G~f −G~J
� �

≤ ζ τ1 G~f − ~f
� �

+ τ1 G~J − ~J
� �� �

= 0:

ð68Þ

Therefore, ~f = ~J:
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Corollary 41. If G : ðΓS
r ðq, vÞÞτ1 ⟶ ðΓS

r ðq, vÞÞτ1 is Kannan
τ1-contraction, then G has a unique fixed point ~J so that τ1
ðGm~h − ~JÞ ≤ ζðζ/1 − ζÞm−1τ1ðG~h − ~hÞ:

Proof. By Theorem 40, one has a unique fixed point ~J of G.
Hence,

τ1 Gm~h − ~J
� �

= τ1 Gm~h −G~J
� �

≤ ζ τ1 Gm~h −Gm−1~h
� �

+ τ1 G~J − ~J
� �� �

= ζ
ζ

1 − ζ

� �m−1
τ1 G~h − ~h
� �

:

ð69Þ

Definition 42. If ES
τ is a prequasi normed psssf, G : ES

τ

⟶ES
τ and ~j ∈ES

τ : The mapping G is called τ-sequen-
tially continuous at ~j, if and only if, when limi⟶∞τð egi −~jÞ
= 0, then limi⟶∞τðG egi −G~jÞ = 0.

Theorem 43. If v0 > 1, and G : ðΓS
r ðq, vÞÞτ2 ⟶ ðΓS

r ðq, vÞÞτ2
. The element ~h ∈ ðΓS

r ðq, vÞÞτ2 is the unique fixed point of G,
when the following conditions are confirmed:

(i) G is Kannan τ2-contraction

(ii) G is τ2-sequentially continuous at ~h ∈ ðΓS
r ðq, vÞÞτ2

(iii) One has~j ∈ ðΓS
r ðq, vÞÞτ2 with fG

m~jg has fGmi~jg con-
verges to ~h

Proof. Assume ~h is not a fixed point of G, one has G~h ≠ ~h.
According to conditions (ii) and (iii), we have

lim
mi⟶∞

τ2 Gmi~j − ~h
� �

= 0,

lim
mi⟶∞

τ2 Gmi+1~j −G~h
� �

= 0:
ð70Þ

As G is Kannan τ2-contraction, one has

0 < τ2 G~h − ~h
� �

= τ2 G~h −Gmi+1~j
� �

+ Gmi~j − ~h
� ��

+ Gmi+1~j −Gmi~j
� ��

≤ 22ℏ−2τ2
� Gmi+1~j −G~h
� �

+ 22ℏ−2τ2 Gmi~j − ~h
� �

+ 2ℏ−1ζ ζ

1 − ζ

� �mi−1
τ2 G~j −~j
� �

:

ð71Þ

Take mi ⟶∞, one obtains a contradiction. Therefore,
~h is a fixed point of G. To explain the uniqueness of ~h.
Suppose we have two different fixed points ~h, ~g ∈

ðΓS
r ðq, vÞÞτ2 of G. Then

τ2 ~h − ~g
� �

≤ τ2 G~h −G~g
� �

≤ ζ τ2 G~h − ~h
� �

+ τ2 G~g − ~gð Þ
� �

= 0:

ð72Þ

So ~h = ~g:

Example 44. If T : ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0,

ð2l + 3/l + 2Þ∞l=0ÞÞτ1 ⟶ ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l

+ 2Þ∞l=0ÞÞτ1 and

T ~f
� �

=

~f
4 , τ1

~f
� �

∈ 0, 1½ Þ,
~f
5 , τ1

~f
� �

∈ 1,∞½ Þ:

8>>><>>>: ð73Þ

For all ~f , ~g ∈ ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2Þ∞l=0Þ

Þτ1 . Ifτ1ð~f Þ, τ1ð~gÞ ∈ ½0, 1Þ,wehave

τ1 T~f − T~g
� �

= τ1
~f
4 −

~g
4

 !
≤

1ffiffiffiffiffi
274

p τ1
3~f
4

 !
+ τ1

3~g
4

� � !

= 1ffiffiffiffiffi
274

p τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

:

ð74Þ

Foreveryτ1ð~f Þ, τ1ð~gÞ ∈ ½1,∞Þ,wehave

τ1 T~f − T~g
� �

= τ1
~f
5 −

~g
5

 !
≤

1ffiffiffiffiffi
644

p τ1
4~f
5

 !
+ τ1

4~g
5

� � !

= 1ffiffiffiffiffi
644

p τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

:

ð75Þ

Foreveryτ1ð~f Þ ∈ ½0, 1Þandτ1ð~gÞ ∈ ½1,∞Þ,onehas

τ1 T~f − T~g
� �

= τ1
~f
4 −

~g
5

 !
≤

1ffiffiffiffiffi
274

p τ1
3~f
4

 !
+ 1ffiffiffiffiffi

644
p τ1

� 4~g
5

� �
≤

1ffiffiffiffiffi
274

p τ1
3~f
4

 !
+ τ1

4~g
5

� � !

= 1ffiffiffiffiffi
274

p τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

:

ð76Þ

Hence,T isKannanτ1-contraction, asτ1 satisfies theFatou

property.ByTheorem40,T hasauniquefixedpointeθ:Assume
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fh kð Þ
	 


⊆ ΓS
r

1

l + 5ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

,

ð77Þ

sothat limk⟶∞τ1ðfhðkÞ −ghð0ÞÞ = 0,where

gh 0ð Þ ∈ ΓS
r

1

l + 5ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

,

ð78Þ

suchthatτ1ðghð0ÞÞ = 1.Asτ1 iscontinuous,onehas

lim
k⟶∞

τ1 Tfh kð Þ − Tgh 0ð Þ
� �

= lim
k⟶∞

τ1

fh kð Þ

4 −
gh 0ð Þ

5

0@ 1A
= τ1

gh 0ð Þ

20

0@ 1A > 0:

ð79Þ

SoT isnotτ1-sequentiallycontinuousat
ghð0Þ.ThisimpliesT

isnotcontinuousatghð0Þ.
For every ~f , ~g ∈ ðΓS

r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2
Þ∞l=0ÞÞτ2 . If τ2ð~f Þ, τ2ð~gÞ ∈ ½0, 1Þ, one has

τ2 T~f − T~g
� �

= τ2
~f
4 −

~g
4

 !
≤

2ffiffiffiffiffi
27

p τ2
3~f
4

 !
+ τ2

3~g
4

� � !

= 2ffiffiffiffiffi
27

p τ2 T~f − ~f
� �

+ τ2 T~g − ~gð Þ
� �

:

ð80Þ

Let τ2ð~f Þ, τ2ð~gÞ ∈ ½1,∞Þ, one has

τ2 T~f − T~g
� �

= τ2
~f
5 −

~g
5

 !
≤
1
4 τ2

4~f
5

 !
+ τ2

4~g
5

� � !

= 1
4 τ2 T~f − ~f

� �
+ τ2 T~g − ~gð Þ

� �
:

ð81Þ

For every τ2ð~f Þ ∈ ½0, 1Þ and τ2ð~gÞ ∈ ½1,∞Þ, one has

τ2 T~f − T~g
� �

= τ2
~f
4 −

~g
5

 !
≤

2ffiffiffiffiffi
27

p τ2
3~f
4

 !
+ 1
4 τ2

4~g
5

� �

≤
2ffiffiffiffiffi
27

p τ2
3~f
4

 !
+ τ2

4~g
5

� � !

= 2ffiffiffiffiffi
27

p τ2 T~f − ~f
� �

+ τ2 T~g − ~gð Þ
� �

:

ð82Þ

Hence, T is Kannan τ2-contraction and

Tm ~f
� �

=

~f
4m , τ2 ~f

� �
∈ 0, 1½ Þ,

~f
5m , τ2

~f
� �

∈ 1,∞½ Þ:

8>>><>>>: ð83Þ

Evidently, T is τ2-sequentially continuous at eθ and f
Tm~f g has a subsequence fTmj~f g converges to eθ. According
to Theorem 43, the element eθ is the only fixed point of T .

Example 45. Let T : ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2

Þ∞l=0ÞÞτ2 ⟶ ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2Þ∞l=0ÞÞτ2

and

T ~f
� �

=

1
4 ee1 + ~f
� �

, ef0 tð Þ ∈ 0, 13

 �
,

1
3 ee1, ef0 tð Þ = 1

3 ,

1
4 ee1, ef0 tð Þ ∈ 1

3 , 1
� �

:

8>>>>>>>><>>>>>>>>:
ð84Þ

As ef0ðtÞ, eg0ðtÞ ∈ ½0, 1/3Þ, we get

τ2 T~f − T~g
� �

= τ2
1
4
ef0 − eg0, ef1 − eg1, ef2 − eg2,⋯
� �� �

≤
2ffiffiffiffiffi
27

p τ2
3~f
4

 !
+ τ2

3~g
4

� � !

≤
2ffiffiffiffiffi
27

p τ2 T~f − ~f
� �

+ τ2 T~g − ~gð Þ
� �

:

ð85Þ

For all ef0ðtÞ, eg0ðtÞ ∈ ð1/3, 1�, hence for all ε > 0, we have

τ2 T~f − T~g
� �

= 0 ≤ ε τ2 T~f − ~f
� �

+ τ2 T~g − ~gð Þ
� �

: ð86Þ
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For all ef0ðtÞ ∈ ½0, 1/3Þ and eg0ðtÞ ∈ ð1/3, 1�, one has
τ2 T~f − T~g
� �

= τ2
~f
4

 !
≤

1ffiffiffiffiffi
27

p τ2
3~f
4

 !
= 1ffiffiffiffiffi

27
p τ2 T~f − ~f

� �
≤

1ffiffiffiffiffi
27

p τ2 T~f − ~f
� �

+ τ2 T~g − ~gð Þ
� �

:

ð87Þ

Hence, T is Kannan τ2-contraction. Obviously, T is τ2
-sequentially continuous at 1/3ee1, and there is ~f ∈
ðΓS

r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2Þ∞l=0ÞÞτ2 with ef0ðtÞ ∈ ½
0, 1/3Þ such that the sequence of iterates fTm~f g = f∑m

a=11/
4aee1 + 1/4m~f g includes a subsequence fTmj~f g = f∑mj

a=11/4aee1 + 1/4mj~f g converges to 1/3ee1. In view of Theorem 43,
the operator T has one fixed point 1/3ee1. Note that T is
not continuous at 1/3ee1.

For all ~f , ~g ∈ ðΓS
r ðð1/ðl + 5Þl + r − 1lÞ∞l=0, ð2l + 3/l + 2Þ∞l=0

ÞÞτ1 . If ef0ðtÞ, eg0ðtÞ ∈ ½0, 1/3Þ, we have
τ1 T~f − T~g
� �

= τ1
1
4
ef0 − eg0, ef1 − eg1, ef2 − eg2,⋯� �� �

≤
1ffiffiffiffiffi
274

p τ1
3~f
4

 !
+ τ1

3~g
4

� � !

≤
1ffiffiffiffiffi
274

p τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

:

ð88Þ

For all ef0ðtÞ, eg0ðtÞ ∈ ð1/3, 1�, hence for all ε > 0, one has

τ1 T~f − T~g
� �

= 0 ≤ ε τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

: ð89Þ

For all ef0ðtÞ ∈ ½0, 1/3Þ and eg0ðtÞ ∈ ð1/3, 1�, we have
τ1 T~f − T~g
� �

= τ1
~f
4

 !
≤

1ffiffiffiffiffi
274

p τ1
3~f
4

 !
= 1ffiffiffiffiffi

274
p τ1 T~f − ~f

� �
≤

1ffiffiffiffiffi
274

p τ1 T~f − ~f
� �

+ τ1 T~g − ~gð Þ
� �

:

ð90Þ

Therefore, the operator T is Kannan τ1-contraction.
Since τ1 confirms the Fatou property. By Theorem 40, the
operator T has a unique fixed point 1/3ee1.

In this part, we will use

Ξ Vð Þ = τ gsb Vð Þ
� �∞

b=0

� �
= 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1
z

" #
qz gsz Vð Þ, ~0

 !
r + l

l

" #
0BBBB@

1CCCCA
vl266664
377775
1/ℏ

,

ð91Þ

for every V ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ.

Definition 46. A function Ξ onfDs
ES satisfies the Fatou prop-

erty if for all fVbgb∈N ⊆fDs
ESðZ,MÞ so that limb⟶∞ΞðVb

−VÞ = 0 and all T ∈fDs
ESðZ,MÞ, one has ΞðT −VÞ ≤ supb

inf j≥bΞðT −V jÞ:

Theorem 47. The function Ξ does not verify the Fatou
property.

Proof. Assume fWmgm∈N ⊆fDs
ðΓS

r ðq,vÞÞτðG ,V Þ so that

limm⟶∞ΞðWm −WÞ = 0: Clearly, W ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ.
Hence, for every V ∈fDs

ðΓS
r ðq,vÞÞτðG ,V Þ, we have

Ξ V −Wð Þ = 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz V −Wð Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gs z/2½ � V −Wið Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

+ 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gs z/2½ � W −Wið Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ 22ℏ−1 + 2ℏ−1 + 2ℏ
� �1/ℏ

sup
m

inf
i≥m

� 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz V −Wið Þ, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

:

ð92Þ

Therefore, Ξ does not satisfy the Fatou property.

Definition 48 (see [30]). A mapping W :fDs
ESðZ,MÞ⟶fDs

ESðZ,MÞ is said to be a Kannan Ξ-contraction, assume
there is ζ ∈ ½0, 1/2Þ with ΞðWV −WTÞ ≤ ζðΞðWV − VÞ + Ξ

ðWT − TÞÞ, for all V , T ∈fDs
ESðZ,MÞ.

Definition 49. Assume G :fDs
ESðZ,MÞ⟶fDs

ESðZ,MÞ and
B ∈fDs

ESðZ,MÞ: The mapping G is called Ξ-sequentially
continuous at B, if and only if, when limm⟶∞ΞðWm − BÞ
= 0, one has limm⟶∞ΞðGWm −GBÞ = 0.

Theorem 50. If G :fDs
ðΓS

r ðq,vÞÞτðG ,V Þ⟶fDs
ðΓS

r ðq,vÞÞτðG ,V Þ.
The operator A ∈fDs

ðΓS
r ðq,vÞÞτðG ,V Þ is the only fixed point of

G, when the following conditions are confirmed:
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(i) G is Kannan Ξ-contraction

(ii) G is Ξ-sequentially continuous at A ∈fDs
ðΓS

r ðq,vÞÞτðG ,
V Þ

(iii) One has B ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ with fGmBg has f
GmiBg converges to A

Proof. Suppose A is not a fixed point of G, then GA ≠ A. By
conditions (ii) and (iii), one has

lim
mi⟶∞

Ξ GmiB − Að Þ = 0,

lim
mi⟶∞

Ξ Gmi+1B −GA
� �

= 0:
ð93Þ

As G is Kannan Ξ-contraction operator, we get

0 < Ξ GA − Að Þ = Ξ GA −Gmi+1B
� �

+ GmiB − Að Þ + Gmi+1B −GmiB
� �� �

≤ 22ℏ−1 + 2ℏ−1 + 2ℏ
� �1/ℏ

Ξ Gmi+1B −GA
� �

+ 22ℏ−1 + 2ℏ−1 + 2ℏ
� �2/ℏ

Ξ GmiB − Að Þ

+ 22ℏ−1 + 2ℏ−1 + 2ℏ
� �2/ℏ

ζ
ζ

1 − ζ

� �mi−1
Ξ GB − Bð Þ:

ð94Þ

By mi ⟶∞, we have a contradiction. Then, A is a fixed
point of G. To show the uniqueness of the fixed point A. If

one has two different fixed points A,D ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ
of G. So

Ξ A −Dð Þ ≤ Ξ GA − GDð Þ ≤ ζ Ξ GA − Að Þ + Ξ GD −Dð Þð Þ = 0:
ð95Þ

Therefore, A =D:

Example 51. Assume

M : S

ΓS
r 1/ l+4ð Þ

l+r−1

l

" # !∞

l=0

, 2l+3/l+2ð Þ∞l=0

 ! !
τ

G ,Vð Þ⟶ S

ΓS
r 1/ l+4ð Þ

l+r−1

l

" # !∞

l=0

, 2l+3/l+2ð Þ∞l=0

 ! !
τ

G ,Vð Þ,

ð96Þ

M Hð Þ =
H
6 , Ξ Hð Þ ∈ 0, 1½ Þ,
H
7 , Ξ Hð Þ ∈ 1,∞½ Þ:

8>><>>: ð97Þ

For all

H1,H2 ∈ S
ΓS
r 1/ l+4ð Þ

l+r−1
l

" # !∞

l=0

, 2l+3/l+2ð Þ∞l=0

 ! !
τ

:

ð98Þ

If ΞðH1Þ, ΞðH2Þ ∈ ½0, 1Þ, we have

Ξ MH1 −MH2ð Þ = Ξ
H1
6 −

H2
6

� �
≤

ffiffiffi
2

pffiffiffiffiffiffiffi
1254

p Ξ
5H1
6

� �
+ Ξ

5H2
6

� �� �
=

ffiffiffi
2

pffiffiffiffiffiffiffi
1254

p Ξ MH1 −H1ð Þ + Ξ MH2 −H2ð Þð Þ:

ð99Þ

Suppose ΞðH1Þ, ΞðH2Þ ∈ ½1,∞Þ, one has

Ξ MH1 −MH2ð Þ = Ξ
H1
7 −

H2
7

� �
≤

ffiffiffi
2

pffiffiffiffiffiffiffi
2164

p Ξ
6H1
7

� �
+ Ξ

6H2
7

� �� �
=

ffiffiffi
2

pffiffiffiffiffiffiffi
2164

p Ξ MH1 −H1ð Þ + Ξ MH2 −H2ð Þð Þ:

ð100Þ

Assume ΞðH1Þ ∈ ½0, 1Þ and ΞðH2Þ ∈ ½1,∞Þ, one gets

Ξ MH1 −MH2ð Þ = Ξ
H1
6 −

H2
7

� �
≤

ffiffiffi
2

pffiffiffiffiffiffiffi
1254

p Ξ
5H1
6

� �
+

ffiffiffi
2

pffiffiffiffiffiffiffi
2164

p Ξ
6H2
7

� �
≤

ffiffiffi
2

pffiffiffiffiffiffiffi
1254

p

� Ξ MH1 −H1ð Þ + Ξ MH2 −H2ð Þð Þ:
ð101Þ

Hence, M is Kannan Ξ-contraction and

Mm Hð Þ =
H
6m , Ξ Hð Þ ∈ 0, 1½ Þ,
H
7m , Ξ Hð Þ ∈ 1,∞½ Þ:

8>><>>: ð102Þ

Evidently, M is Ξ-sequentially continuous at the zero
operator Θ and fMmHg has a subsequence fMmjHg con-
verges to Θ. According to Theorem 50, the zero operator is
the only fixed point of M.

If

H að Þ
n o

⊆ S
ΓS
r 1/ l+4ð Þ

l+r−1
l

" # !∞

l=0

, 2l+3/l+2ð Þ∞l=0

 ! !
τ

,

ð103Þ
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with lima⟶∞ΞðHðaÞ −Hð0ÞÞ = 0, where

H 0ð Þ ∈ S
ΓS
r 1/ l+4ð Þ

l+r−1
l

" # !∞

l=0

, 2l+3/l+2ð Þ∞l=0

 ! !
τ

,

ð104Þ

so that ΞðHð0ÞÞ = 1. As Ξ is continuous, one has

lim
a⟶∞

Ξ MH að Þ −MH 0ð Þ
� �

= lim
a⟶∞

Ξ
H 0ð Þ

6 −
H 0ð Þ

7

� �
= Ξ

H 0ð Þ

42

� �
> 0:

ð105Þ

Therefore, M is not Ξ-sequentially continuous at Hð0Þ.
This implies M is not continuous at Hð0Þ.

5. Applications on Stochastic Nonlinear
Dynamical System

We investigate in this section a solution in ðΓS
r ðq, vÞÞτ1 to

stochastic nonlinear dynamical system (106) under the con-
ditions of Theorem 14. For every ~f ∈ ΓS

r ðq, vÞ.
Consider the stochastic nonlinear dynamical system

[36]:

ef z = eyz + 〠
∞

m=0
Π z,mð Þg m,ff m� �

, ð106Þ

and assume W : ðΓS
r ðq, vÞÞτ1 ⟶ ðΓS

r ðq, vÞÞτ1 is con-

structed by

W ef z� �
z∈N

= eyz + 〠
∞

m=0
Π z,mð Þg m,ff m� � !

z∈N

: ð107Þ

Theorem 52. The stochastic nonlinear dynamical system
(106) has one and only one solution in ðΓS

r ðq, vÞÞτ1 , if Π
: N 2 ⟶R,g : N ×RðAÞ⟶RðAÞ,~f : N ⟶RðAÞ,
~y : N ⟶RðAÞ,~η : N ⟶RðAÞ, one has λ ∈R with supl
jλjvl/ℏ ∈ ½0, 1/2Þ and for every l ∈N , one obtains

〠
l

z=0
〠
m∈N

Π z,mð Þ g m,ff m� �
− g m,fηmð Þ

h i !
z + r−1

z

" #
qz

�����
�����

≤~ λj j 〠
l

z=0
eyz − ef z + 〠

∞

m=0
Π z,mð Þg m,ff m� � !

z + r − 1

z

" #
qz

�����
�����

+ λj j 〠
l

z=0
eyz − eηz + 〠

∞

m=0
Π z,mð Þg m,fηmð Þ

 !
z + r − 1

z

" #
qz

�����
�����:

ð108Þ

Proof. Let the conditions be established. Assume the map-
ping W : ðΓS

r ðq, vÞÞτ1 ⟶ ðΓS
r ðq, vÞÞτ1 is defined by equa-

tion (11). Hence,

τ1 W~f −W~η
� �

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz W ef z −W eηz� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

= 〠
∞

l=0

~ρ ∑l
z=0 ∑m∈NΠ z,mð Þ g m,ff m� �

− g m,fηmð Þ
h i� � z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ sup
l

λj jvl/ℏ 〠
∞

l=0

~ρ ∑l
z=0 eyz − ef z +∑∞

m=0Π z,mð Þg m,ff m� �� � z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

+ sup
l

λj jvl/ℏ 〠
∞

l=0

~ρ ∑l
z=0 eyz − eηz +∑∞

m=0Π z,mð Þg m,fηmð Þð Þ
z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

= sup
l

λj jvl/ℏ τ1 W~f − ~f
� �

+ τ1 W~η − ~ηð Þ
� �

:

ð109Þ

From Theorem 40, one has one and only one solution of
(106) in ðΓS

r ðq, vÞÞτ1 :

Example 53. Consider

ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

:

ð110Þ

Suppose the stochastic nonlinear dynamical system:

ef z = ge− 3z+6ð Þ + 〠
∞

m=0
−1ð Þz+m

gf bz−2gf dz−1 + gm2 + 1
, ð111Þ

with b, d, ff −2ðtÞ, ff −1ðtÞ > 0, for all t ∈ A and suppose

W : ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ1

⟶ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ1

ð112Þ
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is defined by

W ef z� �∞
z=0

= ge− 3z+6ð Þ + 〠
∞

m=0
−1ð Þz+m

gf bz−2gf dz−1 + gm2 + 1

0@ 1A∞

z=0

:

ð113Þ

Evidently, one has λ ∈R with supljλj2l+3/2l+4 ∈ ½0, 1/2Þ
and for every l ∈N , we have

〠
l

z=0
〠
∞

m=0
−1ð Þz

gf bz−2gf dz−1 + gm2 + 1
−1ð Þm − −1ð Þmð Þ

0@ 1A z + r−1

z

" #
qz

������
������

≤~ λj j 〠
l

z=0

ge− 3z+6ð Þ − f z + 〠
∞

m=0
−1ð Þz+m

gf bz−2gf dz−1 + gm2 + 1

0@ 1A z + r − 1

z

" #
qz

������
������

+ λj j 〠
l

z=0

ge− 3z+6ð Þ − eηz + 〠
∞

m=0
−1ð Þz+m

gηbz−2gηdz−1 + gm2 + 1

 !
z + r − 1

z

" #
qz

�����
�����:

ð114Þ

From Theorem 52, system (111) has one and only one
solution in

ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

: ð115Þ

Example 54. Suppose the sequence space

ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

: ð116Þ

Assume the stochastic nonlinear dynamical system:

ef z = eyz + 〠
∞

m=0
ez+m

gf bz−2gf dz−1 +gf bz−1 + ~2
, ð117Þ

with b, d, ff −2ðtÞ, ff −1ðtÞ > 0, for all t ∈ A and suppose

W : ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ1

⟶ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ1

ð118Þ

is defined by

W ef z� �∞
z=0

= eyz + 〠
∞

m=0
ez+m

gf bz−2gf dz−1 +gf bz−1 + ~2

0@ 1A∞

z=0

: ð119Þ

Evidently, there is λ ∈R such that supljλj2l+3/2l+4 ∈ ½0,
1/2Þ and for every l ∈N , we have

〠
l

z=0
〠
∞

m=0
ez

gf bz−2gf dz−1 +gf bz−1 + ~2
em − emð Þ

0@ 1A z + r−1

z

" #
qz

������
������

≤~ λj j 〠
l

z=0
eyz − f z + 〠

∞

m=0
ez+m

gf bz−2gf dz−1 +gf bz−1 + ~2

0@ 1A z + r − 1

z

" #
qz

������
������

+ λj j 〠
l

z=0
eyz − eηz + 〠

∞

m=0
ez+m

gηbz−2gηdz−1 +gηbz−1 + ~2

 !
z + r − 1

z

" #
qz

�����
�����:

ð120Þ

According to Theorem 52, the stochastic nonlinear
dynamical system (14) contains a unique solution in

ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ1

:

ð121Þ

Theorem 55. If W : ðΓS
r ðq, vÞÞτ2 ⟶ ðΓS

r ðq, vÞÞτ2 is

defined by (11) and v0 > 1. The stochastic nonlinear
dynamical system (106) has a unique solution ~Z ∈
ðΓS

r ðq, vÞÞτ2 , when the following conditions are satisfied:

(1) If Π : N 2 ⟶R,g : N ×RðAÞ⟶RðAÞ,
~f : N ⟶RðAÞ,~y : N ⟶RðAÞ,~η : N ⟶RðAÞ,
assume there is λ ∈R so that 2ℏ−1 supljλjvl ∈ ½0, 1/2Þ
and for every l ∈N , one has

〠
l

z=0
〠
m∈N

Π z,mð Þ g m,ff m� �
− g m,fηmð Þ

h i !
z + r−1

z

" #
qz

�����
�����

≤~ λj j 〠
l

z=0
eyz − ef z + 〠

∞

m=0
Π z,mð Þg m,ff m� � !

z + r − 1

z

" #
qz

�����
�����

+ λj j 〠
l

z=0
eyz − eηz + 〠

∞

m=0
Π z,mð Þg m,fηmð Þ

 !
z + r − 1

z

" #
qz

�����
�����

ð122Þ

(2) W is τ2-sequentially continuous at ~Z ∈ ðΓS
r ðq, vÞÞτ2
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(3) There is ~Y ∈ ðΓS
r ðq, vÞÞτ2 with fWm~Yg has fWmj ~Yg

converging to ~Z

Proof. One has

τ2 W~f −W~η
� �

= 〠
∞

l=0

~ρ ∑l
z=0

r + z − 1

z

" #
qz W ef z −W eηz� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 〠
∞

l=0

~ρ ∑l
z=0 ∑m∈NΠ z,mð Þ g m,ff m� �

− g m,fηmð Þ
h i� � z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

≤ 2ℏ−1 sup
l

λj jvl 〠
∞

l=0

~ρ ∑l
z=0 eyz − ef z +∑∞

m=0Π z,mð Þg m,ff m� �� � z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

+ 2ℏ−1 sup
l

λj jvl 〠
∞

l=0

~ρ ∑l
z=0 eyz − eηz +∑∞

m=0Π z,mð Þg m,fηmð Þð Þ
z + r − 1

z

" #
qz , ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

= 2ℏ−1 sup
l

λj jvl τ2 W~f − ~f
� �

+ τ2 W~η − ~ηð Þ
� �

:

ð123Þ

By Theorem 43, one gets a unique solution ~Z ∈
ðΓS

r ðq, vÞÞτ2 of equation (106).

Example 56. Suppose the sequence space

ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ2

:

ð124Þ

Consider the summable equation (111):
Let

W : ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ2

⟶ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBBB@

1CCCCCA

0BBBBB@

1CCCCCA
τ2

ð125Þ

defined by (13). Assume W is τ2-sequentially continuous at

~Z ∈ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ2

,

ð126Þ

and there is

~Y ∈ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ2

ð127Þ

with fWm~Yg has fWmj ~Yg converging to ~Z. Evidently, there
is λ ∈R such that 2ℏ−1 supljλj2l+3/l+2 ∈ ½0, 1/2Þ and for all l
∈N , one has

〠
l

z=0
〠
∞

m=0
−1ð Þz

gf bz−2gf dz−1 + gm2 + 1
−1ð Þm − −1ð Þmð Þ

0@ 1A z + r−1

z

" #
qz

������
������

≤~ λj j 〠
l

z=0

ge− 3z+6ð Þ − f z + 〠
∞

m=0
−1ð Þz+m

gf bz−2gf dz−1 + gm2 + 1

0@ 1A z + r − 1

z

" #
qz

������
������

+ λj j 〠
l

z=0

ge− 3z+6ð Þ − eηz + 〠
∞

m=0
−1ð Þz+m

gηbz−2gηdz−1 + gm2 + 1

 !
z + r − 1

z

" #
qz

�����
�����:

ð128Þ

By Theorem 57, the stochastic nonlinear dynamical
system (111) has one and only one solution

~Z ∈ ΓS
r

1

l + 1ð Þ
l + r − 1

l

" #
0BBBB@

1CCCCA
∞

l=0

, 2l + 3
l + 2

� �∞

l=0

0BBBB@
1CCCCA

0BBBB@
1CCCCA

τ2

:

ð129Þ

In this part, we search for a solution to nonlinear matrix

equation (131) at D ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ, the conditions of
Theorem 14 are satisfied, and

Ξ Gð Þ = 〠
∞

l=0

~ρ ∑l
z=0

r + z − 1
z

" #
qz gsz Gð Þ, ~0

 !
r + l

l

" #
0BBBB@

1CCCCA
vl266664
377775
1/ℏ

,

ð130Þ

for every G ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ. Consider the stochastic
nonlinear dynamical system:
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gsz Gð Þ = gsz Pð Þ + 〠
∞

m=0
Π z,mð Þf m, gsm Gð Þ

� �
, ð131Þ

and suppose W :fDs
ðΓS

r ðq,vÞÞτðG ,V Þ⟶fDs
ðΓS

r ðq,vÞÞτðG ,V Þ is
defined by

W Gð Þ = gsz Pð Þ + 〠
∞

m=0
Π z,mð Þf m, gsm Gð Þ

� � !
I: ð132Þ

Theorem 57. The stochastic nonlinear dynamical system

(131) has one and only one solution D ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ,
if the following conditions are satisfied:

(1) Π : N 2 ⟶R,f : N ×RðAÞ⟶RðAÞ, P ∈DðG ,
V Þ,T ∈DðG ,V Þ, and for every z ∈N , there is a pos-
itive real number κ so that supzκtz /ℏ ∈ ½0; 0:5Þ, with

〠
m∈N

Π z,mð Þ f m, gsm Gð Þ
� �

− f m, sm Tð Þ~ÞÞ
�����

  �����
≤~κ gsz Pð Þ − gsz Gð Þ + 〠

m∈N
A a,mð Þf m, gsm Gð Þ

� ������
�����

"

+ gsz Pð Þ − gsz Tð Þ + 〠
m∈N

Π z,mð Þf m, gsm Tð Þ
� ������

�����
# ð133Þ

(2) W is Ξ-sequentially continuous at a point D ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ

(3) There is B ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ so that the sequence of
iterates fWaBg has a subsequence fWaiBg converg-
ing to D

Proof. Suppose the settings are verified. Consider the map-

ping W :fDs
ðΓS

r ðq,vÞÞτðG ,V Þ⟶fDs
ðΓS

r ðq,vÞÞτðG ,V Þ defined
by (132). We have

Ξ WG −WTð Þ = 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Gð Þ − gsz Tð Þ
� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

= 〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz∑m∈NA a,mð Þ f m, gsm Gð Þ

� �
− f m, gsm Tð Þ
� �� �

, ~0
 !

r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

≤ sup
z
κtz/ℏ 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Pð Þ − gsz Gð Þ +∑m∈NΠ z,mð Þf m, gsm Gð Þ

� �� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

+ sup
z
κtz/ℏ 〠

∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Tð Þ − gsz Gð Þ +∑m∈NΠ z,mð Þf m, gsm Tð Þ

� �� �
, ~0

 !
r + l

l

" #
0BBBBB@

1CCCCCA
vl

2666664

3777775
1/ℏ

= sup
z
κtz/ℏ Ξ WG −Gð Þ + Ξ WT − Tð Þð Þ:

ð134Þ

In view of Theorem 50, one obtains a unique solution of

equation (131) at D ∈fDs
ðΓS

r ðq,vÞÞτðG ,V Þ.

Example 58. Assume the class fDs
ðΓS

r ðð1/l!Þ,ð2l+3/l+2ÞÞÞτðG ,V Þ,
where

Ξ Gð Þ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
∞

l=0

~ρ ∑l
z=0

z + r − 1

z

" #
qz gsz Gð Þ, ~0

 !

l!∑l
z=0

z + r − 1

z

" #
qz

0BBBBB@

1CCCCCA
2l+3/l+2

vuuuuuuuut ,

for allG ∈fDs
ΓS
r 1/l!ð Þ, 2l+3/l+2ð Þð Þð Þ

τ

G ,Vð Þ::
ð135Þ

Consider the stochastic nonlinear dynamical system:

gsz Gð Þ = ge− 2z+3ð Þ + 〠
∞

m=0

tan 2m + 1ð Þ cosh 3m − zð Þ cosb gsz−2 Gð Þ
��� ���

sinhd gsz−1 Gð Þ
��� ��� + gsin mz + ~1

,

ð136Þ

where z ≥ 2 and b, d > 0 and let W :fDs
ðΓS

r ðð1/l!Þ,ð2l+3/l+2ÞÞÞτ
ðG ,V Þ⟶fDs

ðΓS
r ðð1/l!Þ,ð2l+3/l+2ÞÞÞτðG ,V Þ be defined as

W Gð Þ = ge− 2z+3ð Þ + 〠
∞

m=0

tan 2m + 1ð Þ cosh 3m − zð Þ cosb gsz−2 Gð Þ
��� ���

sinhd gsz−1 Gð Þ
��� ��� + gsin mz + ~1

0B@
1CAI:

ð137Þ

Suppose W is Ξ-sequentially continuous at a point

D ∈fDs
ðΓS

r ðð1/l!Þ,ð2l+3/l+2ÞÞÞτðG ,V Þ, and there is B ∈fDs
ðΓS

r ðð1/l!Þ,ð2l+3/l+2ÞÞÞτðG ,V Þ so that the sequence of iter-
ates fWaBg has a subsequence fWaiBg converging to
D. It is easy to see that

〠
∞

m=0

cosh 3m − zð Þ cosb gsz−2 Gð Þ
��� ���

sinhd gsz−1 Gð Þ
��� ��� + gsin mz + ~1

tan 2m + 1ð Þ − tan 2m+1ð Þð Þ
������

������
≤~ 1

25
ge− 2z+3ð Þ − gsz Gð Þ + 〠

∞

m=0

tan 2m + 1ð Þ cosh 3m − zð Þ cosb gsz−2 Gð Þ
��� ���

sinhd gsz−1 Gð Þ
��� ��� + gsin mz + ~1

������
������

+ 1
25

ge− 2z+3ð Þ − gsz Tð Þ + 〠
∞

m=0

tan 2m + 1ð Þ cosh 3m − zð Þ cosb gsz−2 Tð Þ
��� ���

sinhd gsz−1 Tð Þ
��� ��� + gsin mz + ~1

������
������:

ð138Þ

By Theorem 57, the stochastic nonlinear dynamical
system (18) has one solution D.
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6. Conclusion

In this article, we introduced a new general space called
ðΓS

r ðq, vÞÞτ and the mappings’ ideal space of solutions for
many stochastic nonlinear and matrix systems of Kannan
contraction type. We have presented some topological and
geometric properties of it, of the multiplication operators
acting on it, of the mappings’ ideal, and of the spectrum of
its mappings’ ideal. The existence of a fixed point in the
Kannan contraction mapping on these spaces is explored.
To put our findings to the test, we introduced several
numerical experiments. In addition, various effective imple-
mentations of the stochastic nonlinear dynamical and
matrix system are discussed. The ideal spectrum of map-
pings, multiplication operators, and the fixed points of any
contraction mappings in this new soft functions space are
investigated.
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