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Let 0 >0 and p(-) be a variable exponent, and we introduce a new class of function spaces L, 4 in a probabilistic setting which
. . R . p(-)0

unifies and generalizes the variable Lebesgue spaces with 6 =0 and grand Lebesgue spaces with p(-) = p and 6 = 1. Based on the

new spaces, we introduce a kind of Hardy-type spaces, grand martingale Hardy spaces with variable exponents, via the

martingale operators. The atomic decompositions and John-Nirenberg theorem shall be discussed in these new Hardy spaces.

1. Introduction

The martingale theory is widely studied in the field of math-
ematical physics, stochastic analysis, and probability. Weisz
[1] presented the atomic decomposition theorem for martin-
gale Hardy spaces. Herz [2] established the John-Nirenberg
theorem for martingales. Since then, the study of martingale
Hardy spaces associated with various functional spaces has
attracted a steadily increasing interest. For instance, martin-
gale Orlicz-type Hardy spaces were investigated in [3-6],
martingale Lorentz Hardy spaces were studied in [7-9], and
variable martingale Hardy spaces were developed in [10-14].

Let 1<p<oo, and the grand Lebesgue space L, (E)
introduced by Iwaniec and Sbordone [15] is defined as the
Banach function space of the measurable functions f on
finite E such that

U(p=r)
171, = 500 (g [ Vreornas) oo )

S
0<n<p-1

Such spaces can be used to integrate the Jacobian under
minimal hypotheses [15]. The grand Lebesgue spaces as a
kind of Banach function space were investigated in the
papers of Capone et al. [16, 17], Fiorenza et al. [18-21],

Kokilashvili et al. [22, 23], and so forth. In particular,
grand Lebesgue spaces with variable exponents were studied
in [24, 25].

We find that the framework of grand Lebesgue spaces
with variable exponents has not yet been studied in martin-
gale theory. This paper is aimed at discussing the variable
grand Hardy spaces defined on the probabilistic setting
and showing the atomic decompositions and John-
Nirenberg theorem in these new Hardy spaces. More pre-
cisely, we first present the atomic characterization of grand
Hardy martingale spaces with variable exponents. To do
so, we introduce the following new notations of atom.

Definition 1. Let p(-) be a variable exponent and 6>0. A
measurable function a is called a (1, p(-), ) -atom (resp. (2,
p(+),0) -atom, (3,p(-),0) -atom) if there exists a stopping
time 7 such that

(al)E,a=0,Vn<t

(@)Is(@ (respIS@» [Maly ) = [Xreoy;”

See Section 2 for the notation L., 5. Denote by A(p(-),
00) (resp. Ag(p(+), ), A, (p(+), 00)) the collection of all
sequences of triplet (a*, 7y, u,), where a* are (1,p(-),0)
-atoms (resp. (2,p(-),0)-atoms, (3,p(-),0)-atoms), 7, are
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stopping times satisfying (al) and (a2) in Definition 1, and
;. are nonnegative numbers and also

ZMk

keZ ||X{Tk<oo} "L

X{rk<oo} < oo, (2)

Under these definitions, we show the atomic decomposi-
tions of the grand Hardy martingale spaces with variable
exponents (see Section 3). To be precise, we prove that for
any f = (f,),z0f € H, () (resp. Q9> Dy ) iff there exists
a sequence of triplet (a¥, 7, p,) € A (p(-),00) (resp. Ag(p(-),
00), Ay (p(+), 00)) so that for each n >0,

f.= z yk[Enak a.e.,

kezZ

X{rk<oo}

ZMk

kez "X{Tk<00} ”L 20

Lyye

Hio (resp.||f||QP(_)'9, Hf”Dp(-)ﬂ)'

Moreover, we extend the classical John-Nirenberg theo-
rem to the grand variable Hardy martingale spaces. To be pre-
cise, under suitable conditions, we present the following one:

1f lento,,, = 11f lato, - (4)

See Theorem 11 for the details. This conclusion improves
the recent results [12, 26], respectively.

Throughout this paper, Z, N, and C denote the integer
set, nonnegative integer set, and complex numbers set,
respectively. We denote by C the absolute positive constant,
which can vary from line to line. The symbol A < B stands
for the inequality A < CB. If we write A = B, then it stands
for A<B<A.

2. Preliminaries

2.1. Grand Lebesgue Spaces with Variable Exponents. Let
(Q, F,P) be a probability space. An F-measurable func-
tion p(+): Q — (0,00) which is called a variable exponent.
For convenience, we denote

p_=essinf {p(w): w € Q},p, = esssup {p(w): w € Q},
p_(B) = essinf {p(w): w € B} and
p.(B) =esssup {p(w): w € B}.
(5)
Denote by % =2(Q) the collection of all variable
exponents p(-) satisfying with 1<p_<p, <oo. The vari-

able Lebesgue space L, =L,(£2) consists of all F-mea-
surable functions f such that for some A >0,

L) e

Journal of Function Spaces

This leads to a Banach function space under the
Luxemburg-Nakano norm

i, = {0l )

Based on this, we begin with the definition of the
grand Lebesgue space with variable exponent.

Definition 2. Suppose that p(-) € 2 and 0 > 0. We define the
grand Lebesgue space with variable exponent L, 9=L,0

(Q) as the set of all F -measurable functions f satisfying

I, =, s A, <oo(8)
0<n<p_

The Grand Lebesgue space with variable exponent can
unify and generalize the various function spaces. To be pre-
cise, if =0, Lo degenerates to the variable Lebesgue
space L,.). If 6=1 and p(-) =p, L, ¢ becomes the grand
Lebesgue space L.

2.2. Martingale Grand Hardy Spaces via Variable Exponents.
Let {F,},., bea nondecreasing sequence of sub-o-algebras
of F sets with F=0(lJ,.,%#,).- The expectation operator
and the conditional expectation operator relative to &, are
denoted by E and E,, respectively. A sequence f = (f,),.,
of random variables is said to be a martingale, if f, is
F ,-measurable, E(|f,|) <oo, and E,(f,,,) =f, for every
n>0. Denote ./ to be the set of all martingales f = (f,),.,
with respect to {Z,},., such that f,=0. For f € /, write
its martingale difference by d, f=f,-f,;(n=0,f_, =0).
Define the maximal function, the square function, and the
conditional square function of f, respectively, as follows:

Mmf: sup|fn|,Mf:su%))|fn\,
n<m n|

m 1/2 o 172
=<Zoldfn|2) ’S(f)=<zoldfn|2> )

= (;[Enl|dfn|2> ’s(f): <201En1|dfn|2> .
©)

Let I be the set of all sequences (A,,),, of nondecreasing,

8

nonnegative, and adapted functions, and A, == lim A,. For
n—=a0

fed,p(-) e P, and 0 >0, denote

I[ Q0] ()= {M)yo €T 5 Suf) <A (2 1) Ay €Ly},

I[Dp(-),@} (f) = {(An)nz() el :|f,IA,_((n>1),A, € Lp(-),@}
(10)

Now we introduce the grand martingale Hardy spaces
associated with variable exponents as follows:
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Hy g = {f el :MfelL, 9},||fIIH =IMfll,,, >
Hyp={f €0+ S(f) € Lyyy o) M, =IS(F)i,
Hyyo= {f €t :s(F) € Lo PNy, =15,

Quyo={f €4 : Iflq, <00}l , = N T

EF[QP(-),B] (f)

i) Mool

(11)

n)n=0

Dyo= {1 € :1fl, <00 blfll , = inf

)20 €L | Dy 0

The bounded L, 5-martingale spaces

o= { = U 5001 e, (12

where

"f"Lp(-),e = S,gg ||fn "Lp(.),s’ (13)

Remark 3. If 0 =0, then we obtain the definitions of H;(.),
H}S)O, H;(,), Qp(_), and DP(-)’ respectively (see [10, 12, 27]). If
we consider the special case 8 =1 and p(-) = p with the nota-
tions above, we obtain the definitions of H;), H’f), H;>, Q)
and D,), respectively (see [26]). In addition, if p(-)=p
and 6=0, we obtain the martingale Hardy spaces H,
Hg, H;, Q, and D, respectively (see [28]).

Refer to [29, 30] for more information on martingale
theory.

3. Atomic Characterization

The method of atomic characterization plays an useful tool
in martingale theory (see for instance [1, 4, 6, 31-33]). We
shall construct the atomic characterizations for grand Hardy
martingale spaces with variable exponents in this section.

Theorem 4. Let p(-) € P and 0> 0. If the martingale f €
H, ¢ then there exists a sequence of triplet (a%, 1 uy) €A,
(p(+),00) so that for each n> 0,

Zyk[Enak=fn,a.e., (14)

kez

X{Tk<00}

Zﬂk

kez ”X{qu,o} "L

Sl (15)

Lyye

Conversely, if the martingale f has a decomposition of
(14), then

X T <00
Il , < inf b

Z/"k

, (16)
kez. ”X{Tk<oo} "L

Loy

where the infimum is taken over all the admissible representa-
tions of (14).

Proof. Let f €H ),
each k € Z:

. Now consider the stopping time for

7 = inf {ne]N:an(f)>2k}. (17)

It is easy to see that the sequence of these stopping times
is nondecreasing. For each stopping time 7, denote f} = f
It is easy to write that

nAT®

o= Y (0 17, (18)

keZ

For each ke Z, let y, =3 - ZkHX{Tk@O}”LP()g' If p, #0, we
set
Tkel — £k
aﬁzu,neﬂ\]. (19)
Yy

If yk =0, we set ak =0 for each n € N. For each fixed k
€7, (a\),., is a martingale. Since s(f™)=s, (f) <2k, we
get

(at) < SU™) + s

n i HX{Tk<OO}H (20)

()0

We can easily check that (af),_, is a bounded L,-mar-
tingale. Hence, there exists an element a* € L, such that E,,
ak=ak. If n<z,, then af =0, and s(a*) < HX{Tk<oo}||Zl)g'
Consequently, it implies that a* is really a (1, p(-), 6)-atom.

Denote A = {1,<00}. Knowing that {r.<co} = {s(f)
>2k} and 7, is nondecreasing for each k € Z, we obtain
Ap,q € Ay Now, we point out that

23 szA 223 szAk\A“( )- (21)

keZ keZ

Indeed, for a fixed x, € €, there is k, € Z so that x;, € Ay
and x,€4; ,;, then we have

Z 3. 2k 2k0+1)

k=-00

23 ZXA Xy) Z 3. 2kXA (%)

keZ k=-00

K
2.3 2% a0, (%0) Z 3- 2% a0, (0) =325,
keZ. k=—00

(22)



This means

M 6 Y 2

keZ

k
23 2 X{TA<°°}
kez

kezZ ||X{Tk<00} ”Lp( L

()0 L

P().0

2 P()-n
=6 sup Minf { A>0: J = Xy ) ) dP<1
0<n<p_-1 Q \kez /\
2k px)-n
=6 sup |7/P-inf {A>0 <—> dP<1
0<n<p_— 1 keZ Ak\Ak | /1
p)-1
=6 sup |7/P-inf {A>0 (@> dIP <1
O<n<p_-1 keZ A\ A
P(x
<6 sup |#7P-inf {1>0: d]Psl
0<n<p_-1

=6 sup r;e/(P ”)Ils( ||L
0<n<p_—1

—6||f||H

(23)

For the converse part, according to the definition of
(1,p(-), 0)-atom, we easily conclude

L O T o
(24)

where af is the (1,p(-),6)-atom and 7, is the stopping
time associated with a@* which, when combined with the
subadditivity of the operator s, yields

X{Tk<00}

keZ keZ X{Tk<oo} Ly
This implies
X{r <co}
Ifllgs: = s ‘ 26
f By L( ke%.“k "X{Tk<00} "L 10 (26)

Lyye

Taking over all the admissible representations of (14)
for f, we obtain the desired result.

Next, we will characterize Q,)4 and D4 by atoms,
respectively. The proof is similar to the proof of Theorem

4. For the completeness of this paper, we provide some
details. O

Theorem 5. Suppose p(-) € P and 0> 0. If the martingale
f=(f)uso € Qo (resp. Dy ), then there exists a sequence

of triplet (a¥, 7y, u,) € Ag(p(-),00) (resp. Ay (p(-), 00)) so that
foreach neNN,

fo= D mE,d" (27)

keZ
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X{Tk<00}

Zﬂk

kez. ”X{Tk<00} "L

< "f”onﬂ (resp.||f||Dp(_),6).

(28)

Conversely, if the martingale f = (f,),., has admissible
representation (27), then f € Q)0 (resp. Dp(-),e) and

z w X{Tk<00}

kez. ”X{Tk<00} I Ly

F1q, (resp-fllp, ) = inf

(29)

where the infimum is taken over all the admissible representa-
tions of (27).

Proof. The proof follows the ideas in Theorem 4, so we omit
some details. Suppose f = (f,) .o € Q0 (resp. Dy(yp). We
define stopping times as follows:

7, = inf {ne]N:An>2k},inf®=oo, (30)

where (A,),., is an adapted, nondecreasing sequence such
that almost everywhere |S,(f) | <A,_; (resp.|f,|<A,_;) and
Aoo € Ly 6-

Let ("), and (y;),., be defined as in the proof of
Theorem 4. And replace A, = {1,<0c0} = {s(f) > 2¥} by the
Ay ={13<00} = {A,, >25}. Then, we obtain that f, =Y.,
w4 E,a* and (28) still hold.

For the converse part, write

A= Y lS(a )l oy (respxn = Y wlm(a) ||me{fksn}> :

kezZ keZ
(31)

Clearly, (A,),s, is a nonnegative, nondecreasing, and
adapted sequence with S,,;(f) <A, (resp.|f, | <A,). Thus,
we get

I, (resp-f11n, ) = Ml , <

p()0
(32)

kez "X{r<oo} o6

O

Taking over all the admissible representations of (27) for
f> we obtain the desired result.

Remark 6. Suppose p(-) € 2 and 6 > 0. We conclude that the
sum ZQLMMkak in Theorem 4 converges to f in H ), as M

—> —00, N —> co. Indeed, it follows by the subadditive
of the operator s, we get, for any M, N € Z with M <N,



Journal of Function Spaces

S<f— D Mkak> <s(f = ™) +s(f™). (33)
k=M

Moreover, s(f — f™+) is decreasing and convergent to 0
(ae.) as N — 00, and s(f™) is decreasing and convergent
to 0 (a.e.) as M —> —co. From this and the dominated con-
vergence theorem in Ly)-e for 0<e<p_ —1 (see [34], The-

orem 2.62), it follows that

N
- k:ZM el < UsCF =) +s(F),

%) —
< sup q"PTs(f — fr)l, 4+ sup
O<n<p_-1 O<n<p_-1

. ,]9/(177—11) "5<fTM)||LP(

) —s>0asM — —00,N — 00.
)1

(34)

Furthermore, we can also show the norm convergence of
. N .
the summation Zk:Mykak in Theorems 5 as M — —00,
N — oco.

4. The Generalized John-Nirenberg Theorem

In the sequel of this section, we will often suppose that every
&, is generated by countably many atoms. Recall that B e
%, is called an atom, and if for any A € B with A € &, satis-
fying IP(A) < IP(B), we have P(A) = 0. We denote by A(%,,)
the set of all atoms in &,. We shall present the generalized
John-Nirenberg theorem on grand Lebesgue spaces with
variable exponents. For each 1< p < 0o, the Banach space
BMO, (bounded mean oscillation [35]) is defined as

BMO, = {feLp : Hf”BMO/, :Sn‘ill’ |E.(If - En_1f|P)Hiz<oo}.

(35)

It can be easily shown that the norm of BMO, is equiv-
alent to

If =",
”fHBMOP =sup L (36)

bl
€T ”X{r<oo} ”LP

where I consists of all stopping times relative to {F,}, .
It follows immediately from the John-Nirenberg theorem
[2, 30] that
BMO, =BMO,, 1 <p < co. (37)
What is more, in [2], there has

C-pllfllpmo, = ”fHBMOp 2 || fllpwmo, (38)

Definition 7. For p(-) € & and 0 >0, the generalized BMO
martingale space is defined by

BMO, ;= { feLyo: | f||BMOW<oo}, (39)
where

If =
oo, = Sup — 22 (40)
’ €T ”X{Koo} "Lp(.),e

Remark 8. 1f 6=0, BMO,,, degenerates to the variable
exponent BMO martingale space BMO,, introduced and
studied in [12]. If 6=1 and p(-)=p, BMO,,y becomes
the grand BMO martingale space BMO,, studied in [26].

In order to establish the generalized John-Nirenberg the-
orem in the framework of BMO,, 4, we need the following

lemmas and notations.

Lemma 9 (Holder’s inequality, see [34]). Let p(-), q(-), r()
€ P satisfy

1
,a.e.w €. (41)
)

Then, there exists a constant C such that for all f € L,
and g € L), we have fg € L, and

Ifgl,, < CIfIL,, Il - (42)

()

We mention that if the variable exponent p(x) meets the
log-Holder continuity condition in Euclidean spaces, the
inverse Holder’s inequality holds for characteristic functions
in L, (R") (see [36]). Compared with Euclidean space R",

the probability space (Q, P) has no natural metric structure.
Fortunately, Jiao et al. [11, 27] put forward the following
condition: there exists an absolute constant x > 1 depending
only on p(-) such that

P(B)" P17 <k yB €| JA(F,). (43)

n>0
Lemma 10 (see [27]). Suppose p(-) € P satisfying (43).

(1) For each Be |, ,A(F,), we get

P(B) = sl Ixsl o (44)

(2) Let q(-) € P satisfy (43). If r(-) satisfies

1
, d.e.w €, (45)
)

then r(-) also satisfies condition (43). Moreover, for each B
€ ,0A(F,), we deduce



sl = Dl Il - (46)

Theorem 11. Suppose that p(-) € P satisfies (43) and 6 > 0.
Then, for every f € BMO,, there has

1fllsso, < I/ laaro,

P()0

< fllsmo,- (47)

Proof. If p(-) € P satisfies (43), then we clearly get that p(-)
—# also satisfies (43) for 0 < <p_—1. It follows from
Lemmas 9 and 10 that

T—1
-,
HX{T<OO} L

||f_fT_1"L1 < v"X{K‘X’}”L(p(-J

HX{Koo}HL

7-1
' If =,
HX{«W}HLP(),W
(48)

for any 0 < #7 < p_ — 1. Here, the variable exponent (p(-) —#)’
is defined by

+ ! =1, aewe (49)
pajq s

This is equivalent to the following inequality:

If =1,
HX{«oo}HLI

<If=f My, (50)

’ HX{T<OO} L

()1

Hence, we have

sup ,19/(17 =) <||f il 1||L1/’ X{T<OO}H ) .HX{K‘X’}HLM

I =, oamep 1
HX{««»}HA o o M ooy Iy,
b S R T
o3P T e I, HX{K“’}HLP(_)‘,

(51)

Taking the supremum over all stopping times, we deduce

Ifllsnto, < Iflsno (52)

b0

Conversely, from the definition of L, , we get

0/(p_-n) -1
-1 Su ” "
T N S A

sup o/ "||X{T<oo}||L

HX{‘IKOO}HLP(W 0<nep ~1 P01
R A A )
< sup
0<n<p_-1 B(P 1) ”X{T<00}||L

T-1
= p .
on<p -1 | IXrccop .,
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It follows from Lemma 9 that

7-1 -1 -1
L AR ' ST i
||X{T<OO} "I‘P(~)-Y7 "X{T<OO} “LP(')-*I ”X{‘Koo} "L2P+
(54)
where q(-) satisfies
1 1 1
——=—+ ——,aewe. (55)
p(@)=n 2p, 4()
Hence, by (38), we deduce that
IF £ My, T
If ”BMO SUP— sup sup W
€T HX{r<oo} €7 0<n<p_~1 IX{7<o0} Ly,
Ly
||f_fT71||L2
=sup ———— =||fllgmo, < C-2p,Iflpmo, -
€T "X{‘r<oo} ||L2P+ P+
(56)

From what has been discussed above, we draw the con-
clusion that

Iflsnmo, < 1flemo, ., < Ifleno, - (57)

Theorem 11 improves the recent results [12, 26], respec-
tively. More precisely, if we consider the case 0 =0, then the
following result holds: O

Corollary 12. If p(-) satisfies (43) with 1 <p_<p, < oo, then
for f € BMO,,

HfHBMOP(,) = ||f||BMO,' (58)

And especially for 8 =1 and p(-) = p, we get the conclu-
sion as follows.

Corollary 13 (see [26]). Suppose 1<p <co, then for f €
BMO,,

1fllsas0,, = £ llas0, (59)
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