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In this paper, our focus is to acquaint with the Suzuki-type mappings to establish some fixed point results using the new
w-interpolative approach. We present some results for interpolative contraction operators via the w-admissible maps which satisfy
the Kannan, Ciri¢-Reich-Rus, and Hardy-Rogers contractions in quasi-partial b-metric space. Further, the outcomes so obtained

are affirmed with relevant examples.

1. Introduction

In the early 20" century, Fréchet [1], a French mathema-
tician, initiated the concept of metric space, and due to its
efficiency and practicable implementations, the idea has
been upgraded, improved, and generalized by many authors.
In 1922, Banach [2] discovered a remarkable result, that is,
Banach contraction principle, which holds a significant
position in the field of nonlinear analysis. Later, Karapinar
[3] introduced quasi-partial metric spaces which were fol-
lowed by the discovery of b—metric spaces in 1993, by
Czerwik [4]. Gupta and Gautam [5] generalized quasi-partial
metric to quasi-partial b—metric space and proved some
fixed point results for such spaces. After all these classical
results, Suzuki [6] introduced a new type of mappings which
generalized the well-known Banach contraction principle.

In 2014, the notion of w-orbital admissible maps was
introduced by Popescu [7] which is a refinement of the
concept of a-admissible maps of Samet et al. [8].

Suppose S is a self-map defined on G and
w: Gx G — [0,00] is a mapping where G is nonempty.
The mapping S is said to be w-orbital admissible if for all
n € G, we have

w(n, S 21 — w(Sn, $) 2 1. (1)

If the continuity of the involved contractive mappings is
removed, we necessarily need (G, gp,) to be w-regular, i.e., if
{n,} is a sequence in (G, gp,) such that {,} —t € G as
n — oo and w (#,,%,,;) =1 for each n, then we have
w(n,,t)=1.

We show that the condition of w-regularity holds in
quasi-partial b-metric space by using w-admissibility con-
dition. In our earlier work [9], we have shown that w-ad-
missibility holds in quasi-partial b-metric space, i.e.,
w(1n,,Sn,) > 1; then, as n — oo, we get {,} — ¢, and
hence we get the condition for w-regularity.

Throughout the paper, R, N, and ¢ stand for the set of
positive real numbers, natural numbers, and an empty set,
respectively. Let ¥ be the set of all nondecreasing self-
mappings ¥ on [0,00) such that Y2, ¢ () < co for every
> 0. Notice that for ¥ € y, we have y(0) =0and y () <y
for all >0 (see [10]).

2. Preliminaries

Definition I (see [5]). A function gp;,: Gx G — R* is said
to be a quasi-partial b-metric on a nonempty set G if it
satisfies the properties

1) qpy (1,m) = qpy, (1, ) = qp,, (¢, ¢) implies 1 = {;
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(2) apy (n,n) <qpy, (¢ m);
(3) gp, (1, ) <qp, (11, 0)s
4) qp, (1,¢) <slqpy (1, 0) + qpy, (0, 0)] — qpy (0, 0),

where s is called the coefficient of (G, gp,) such that s >1 for
all n,{,0 €G.

Definition 2 (see [5]). Suppose (G,qp,) is a quasi-partial
b-metric space. Then,

(1) A sequence {#,} is called a Cauchy sequence if and
only if lim,, . gp,(1,,7,) and lim,
qapy, (M,,> 1,,) exist finitely.

(2) Asequence {n,} ¢ G converges ton € G ifand only if
9Py (1) = .
hmn—»ooqpb (’1> 11”) = hmn—»ooqpb (7’],1, ’7)

(3) (G,qp,) is said to be complete if every Cauchy se-
quence {7} € G converges with respect to 7,, to a
point #n € G that holds

apy () = Hm - qpy (1 1,m)
. (2)
= dim apy (s 1)-

w1, O)apy (1,80 <A([gps (1. 01" - [apy (1, 50)]° -

for all #, { € G and real numbers «, f, y >0 that satisfy the
condition a+f+7y<1. Such a mapping is known as
w-interpolative Hardy-Rogers-type contraction.

Definition 5 (see [10]). A mapping S is said to satisfy
C-condition on (G, gp,), if it satisfies

% [ap, (1. Sm)] <ap, (1. )=aqp, (S, SO <qp, (1.0),  (5)

forall#, { € G.

Throughout the paper, qp, and Cqp, denote the quasi-
partial b-metric space and complete quasi-partial b-metric
space, respectively. One can see for more related point re-
sults in [12-15] and the references therein.

1
2 [apy (1, Sm)] < qpy, (1, )
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(4) A mapping f: G — G is said to be continuous at
1o € G if for every £> 0, there exists § >0 such that
J (B(n9,0)) < B(f (1), €).

Definition 3 (see [9]). Suppose (G, qp,) is a quasi-partial
b-metric space. A self-map S: G — G is known as a
w-interpolative Ciri¢-Reich-Rus contraction if there exist
A € y and a map w: G x G — [0, co] with real numbers
o, 5> 0, satisfying « + < 1, that holds

w (1, Oapy (.80 <Alapy, (1,01 [apy (1. S7)]°

(3)
Lapy (8017,

forall#, { € G.

Definition 4 (see [11]). Suppose (G, gp,) is a quasi-partial

b-metric. Define a self-mapping S: G — G and a map
w: Gx G — [0,00) where A € y that holds
| 1-a-p-y
4P (€.SO]" - |5 (apy (1:SO) + apy (8, Sn) , @)

3. Main Results

We now define the main results for Suzuki-type mappings
using the notion of w-interpolation (see 16, 17) and the fact
that the condition of w-regularity holds in quasi-partial
b—metric space (see 18-20]).

Definition 6. Let (G, gp;,) be a quasi-partial b-metric space
and there exists a self-map w: G x G — [0, 0co0) with a real
number «a €[0, 1). A self-map S: G — G is said to be a
w-y-interpolative Kannan contraction of Suzuki type if
there exist ¢ € ¥ that satisfies

(6)

= w(n, Oqpy (Sn, SO < y( [apy (1, S [qps (. SOT'™),

forall 4, { € G.

Theorem 1. Suppose (G, qp,) isa Cqp, andS: G — Gisa
w-y-interpolative Kannan contraction of Suzuki type. Let S
be a w-orbital admissible map and w(#,Sy,) > 1 for some
o € G. Then, S possesses a fixed point in G if any of the
following conditions hold:

(1) (G, qpy) is w-regular.
(2) S is continuous.
(3) ¥S? is continuous and w (1, S) = 1 when 1 € Fix(S?).

Proof. Let n, € G with the condition w(#,,S#,)> 1 and
{n,} be the sequence such that §" (1,) =17, for each positive
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integer n. For some 77, € N, we have, = n, .Hence, we
get 11, =81, , so 11,, is a fixed point of S. Hence, the proof is
complete.

On the contrary, take 7, # 1,,,, for every positive integer
n. As S is w-orbital admissible, we have the condition w(#,, S
7o) =w(#y> #;) = 1 which implies that w(r,, S #;) =w(,,
#,) = 1. Proceeding in a similar way, we get

w(”ln’ ’7n+1)2 L. (7)

aPs (M M) SW (Me1> 1,)P (S, S1,,)
<y([apy (1S 1)1 (@26 (1, S1)] )

= y([apo (M1 1)1 [0 (o 1)] )
<[apy (=15 1)1 [aP6 (s 1)

Hence, we have

[qpb (’/In’ ’7n+1)]a<[qpb (ﬂn—l’ rln)]a’ (10)

which equivalently can be written as

qpb (rln’ ’7n+1) <qpb (Wn—l’ I/In) (11)

Thus, we get that {gp,(1,_1,7,)} is a nonincreasing
sequence of positive terms, so there exists /> 0 such that
lim, . qp,(1,-1>4,)=1. On the other hand, from the

3
Hence, choosing y=1,_, and (=S #,_, in (6) gives
1 1

5P6 (1:0) = 5Py (11> St )

| (8)
= 5.9P5 (n1> 1) < APy (15 1)
which implies

9)

1-«

above equations and the nondecreasing nature of function v,
we obtain

9Py (’1n’ ’1n+1) < I//(qpb (rln—l’ rln)) < ‘l’z (qpb (’1n—2’ ’171—1))

<. <y (qu (’70> ’71))~
(12)

By triangular inequality, for all j > 1, we get

APy (Mo s ;) =[5485 (s flar) + S0P (Msrs ) + =+ + 5GP, (M 10 s )|

< [sy"apy (nom) + V" qpy (o my) + -+ + sy

n+j-1

= > Sy (apy(nom))

m=n,r=1

=P p

ntj-1 — L'n-1>

where P = s Zﬁq:o v" (qpy, (M9>-%,)). But, the series
Yo o W (qpy (119> 1y)) is convergent, so there exists a pos-
itive real number p such that lim,_, , P, = p. Letting n and
j — oo in the above inequality, we get

apy(M s j) — 0. (14)

Hence, {#,} is a Cauchy sequence and using the com-
pleteness property of gp;, space, it shows that there exists
t € G such that

Jim g, =+ (15

TH']

“lapy (nom)]
(13)

Also, we claim that S possesses a fixed point as t.
In the case when assumption (1) holds true, we have w
(#,,t) > 1 and we claim that

1 1

5 9P (> St1) < APy (1 1) OF =P (St1,2 S (S11,))

(16)
<qpy (St ),

for every n € N. On the contrary, if the above condition

is not true, then by triangular inequality in gp;, space, we
have
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4P (M M) = 4Py (1> S1,) + apy (8.8) <qpy (M0 t) + qpp (t1,,)

1 1
<59Ps (10 S11) + 5420 (S, S (S1,)

1 1
=54Ps (> 1) + 5P (1> Ms2)

(17)

1 1
<59P (o Mhusr) + 5.4P0 (o M) = AP (t Y )

which is a contradiction, and hence our claim is proved. If
the first condition holds, we obtain

4Py (Mp41> St) Sw (11, t)q Py (S1, St)
<y[ap, (. Sn,)]" [apy (£, )]

= y[apy (> Ste1)]”- [apy (£:S0] o
<[apy (> i) [qPy (£, SD]
If the second condition holds, we get
APy (Mns2> St) W (15 1)qP6 (S, SE)
<y[apy(SnS™n,)]" lapy (1,50] )

= [apy (Mue1> Mu)]" [Py (£:S6)]
<[Py (s> tne)]"- Lapy (8, SO

Therefore, lettingn — oo, we get qp,, (¢, St) = 0, that is,
t =St

In the case when assumption (2) holds, we have that the
mapping S is continuous, so we get

St= lim Sp,= lim Sy, =t (20)

In the case when assumption (3) holds, we have
vS*t=ylim,_, S*y,=ylim,_ 7,,, =yt and we prove
that St = ¢. On the contrary, take St #¢; then,

%qpb(St, yS’t) = %qpb (St, yt) < qp, (St, yt). (21)
By (6), we get
apy (£, St) Sw (St )qp, (S°t, St)
<v[apy($t.5°)]" [apy (.56)]
= y[apy (Mpsrs Maa))"laps (SO (22)

<[ap, (St,0)]".[apy (£, 5]~ *
=qp, (¢, St).

Hence, it is a contradiction. Thus, t = St, that is, t is a
fixed point of the mapping S. O

Example 1. Let G=[0, n/4] and define gp,: Gx G — [0,
00) such that

qpy (1, ¢) = Sinn + Sind. (23)

Define a self-mapping S: G — G as

n/9, n € [0,7/8),
S = (24)
1, n € [n/8, m/4].

Also, define w: G x G — [0, 00) such that

, = d (¢ =mn/5,
w(q,()={2 n=mn/9and{ = n/5 (25)

0, otherwise.

Choose a=1/3 and define the function yeV¥ as
v (1) = 2#/3. The only case we need to verify is when # = 7/9
and { = 71/5; as for the remaining cases, we have w(#, () = 0,
which clearly implies that inequality (6) holds. So, when
n=mn/9 and {=7/5, we get

1 (ES_”> _l[ (ff)]—o342<0929
qubg’9 —qub9>9 =Y =b

-an(55)

(26)

which implies

o5 5)an(55)=+([an(55)] [anGD)] )
(27)

Hence, all the assumptions of Theorem 1 are satisfied,
which follows that the mapping S owns a fixed point, that is,
n = /9, as shown in Figure 1.

Corollary 1. Let (G,qp,) be a C qp, and S be a self-map on
G, satisfying

1

> lapy (1. 5m] <apy (1,9)

(28)
=qp;, (S, S()SV/( [apy (1, SM]*[apy (¢ SC)]HX)

for all n, { € G, where a €a €[0, 1). Then, S owns a fixed

point in G.

Proof. For the proof, take w(#,{) =1 in Theorem 1. O

Corollary 2. Let (G,qp,) be a C qp, and S be a self-map on
G, satisfying
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Figure 1: The graphical surface represents a 3-D view of the function, gp; (1, () =

1
> lapy (1, 5m] <apy (1,9)
(29)

= ap, ($1,50) < g([apy (1, S)]*[apy (&, SO]'™7),

foralln, { € G, where a € [0, 1). Then, S owns a fixed point in
G.

1
5 [apy (1. 5] <ap, (1,9),

Sin# + Sin. Clearly, the fixed point of the map S is 7/9.

Proof. For the proof, take v (#) = ng, with g €[0, 1) and
7> 0 in Corollary 1. O

Definition 7. Suppose (G,qp,) is a quasi-partial b-metric
space. Define a self-mapping S: G — G such that there
exist ¥ € ¥ satisfying

(30)

wn Oapy (5150 < w(lapy (1.1 [apy (5] 1apy (6. SO]™F),

for all #, { € G and real numbers a, > 0 that satisfy
a+p < 1. Such a mapping is called w-y-interpolative
Ciri¢-Reich-Rus contraction of Suzuki type (see 21-23).

Theorem 2. Suppose (G, qp,)isa Cqp,andS: G — Gisa
w-y-interpolative Cirié-Reich-Rus contraction of Suzuki
type. Let S be a w-orbital admissible map and w(yy, Sy,) > 1
for some 1, € G. Then, S possesses a fixed point in G if any of
the conditions hold:

(1) (G, qp,) is w-regular.
(2) S is continuous.

condition, =17, .Hence, wegetn, =Sn,,whichimplies
1, is the fixed point of S. So, the proof is complete.

On the contrary, take 1, #1,,,; for each positive integer
n. Since S is w-orbital admissible, we have w(#,, S 1,) = w(#,,
#;) = 1, which implies that w(y,, S n)=w(y,, 4,) = 1.
Proceeding similarly,

‘LU(T’]n, ’7n+1)21' (31)

Hence, choosing =1#,_, and {=S #,_, in (30), we get

1 1
5P (1:0) =S apy (M-1>St-1)

(3) wS? is continuous and w (Sn, ) > 1 when 1 € Fix(S?). 1 (32)
= 59Ps (1> M) < 4P (-1 1),
Proof. Let n, € G with the condition w(#,,Sn,)> 1 and S
{n,,} be the sequence such that §" (y,) = 1,, for each positive which implies
integer n. Assume that for some 7, € N, we have the
Pe (ty> Me1) S W (11 1) AP (Sm, 1 S1,)
<y([apy (1 1)1 (26 (1S, [aPy (10 S1,)] 4 7F) (33)

= (2P (1> 1)1 [Py (11,17 [2P6 (s )]

l—a—ﬁ).



Then, using y (1) <7 for every > 0, we get

Py (10 M) < [Py (1)) [y (0 10)] 7
(34)
which equivalently can be written as
(920 (o 10" <[apy (1)1 (39)
So, we get
APy (M Mas1) < AP (Mm15 1)- (36)

Journal of Function Spaces

Hence, it shows that {gp,(#,_,,7,)} is a decreasing
sequence. Eventually, we have

406 (> Mer) S WGPy (M1 1)) (37)
In a similar way, we get
a0y (M Maer) <" (@Pp (110> 11))- (38)

Since {1,} is a fundamental sequence, applying trian-
gular inequality, we get

Py (> Ms1) < [30P6 (os 1) + 0Py (osrs Mora) + ++ + $APy (M5 st

<[sv"apy (no>m) + v apy (o m) + -+ + sy

(e8]

= Y v (ap (om))-

k=n,r=1

Taking n — 00, we deduce that {z,} is a fundamental
sequence in qp;, and by the completeness property of gp,,
there exists t € G satistying

Jim gpy (1) = 0. (40)

If assumption (1) holds, then we have w (7,,t) > 1 and
we claim that

I n+l-1

apy (11:m)] (39)

1 1
Eqpb (nn’ Srln) <qpyp (]/In’ t) or Eqpb (Sﬂn’ S(Snn))
(41)

<qpy (S1, 1),

for every n € N. On the contrary, suppose the above in-
equality does not hold; then, by triangular inequality in gp,,
we have

4Py (M M) = 4Py (1> S1,) + apy (8.8 <qpy (M) + qpp (. S1,,)

1 1
<59P (10 S11) + 5Py (S, S (S11,))

1
2

(42)

1
=59Py (’/In’ ’1n+1) + Eqph (’7n+1’ ’1n+2)

1 1
<3 4Py (s M1 + 5P (> Mns1) = AP (N> M1

Hence, the contradiction occurs. Therefore, for every
n €N, our claim holds. If the first condition holds, we obtain

4Py (M41>St) <w (1, t)q Py (S1,,5 St)

<v(apy ()1 [apy (1, Su,) 1" [apy (8. S8)] 7 F
= y[ap, (1)) [apy (1 Sus) ] [apy (£:50]747F

<[9po (10 )1 [aPy (1 S11)] " [aPp (£:5D)]

If the second condition holds true, clearly ¢ is the fixed
point of S in a similar manner. Furthermore, if the w-regular

(43)

I-a-f

condition is removed and S is a continuous map, we get a
fixed point in G because
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t= lim n,,,= lim Sy, = S< lim 1//”) = St. (44)

n—a~oo

Finally, if the last condition holds, i.e., yS* is continuous,
we easily obtain yS* = yt. Suppose on the contrary that
St #t, since w(Sy,n) < 1 for any # € Fix (S?) and

1 1
We have
apy (£, St) = qp, (St St) <w (St, )qp, (S°t, St)
<yapy (8.0 [apy(st.5°t) ]/ [ap, (1, 5]

<[apy (St 0] [ap, (S, ). [ap, (1. 51)]' " F
= qp, (£, 1),
(46)

which is a contradiction. So, t = St, that is, the mapping S
owns a fixed point t.

Example 2. Suppose G={0,1/4,1/3,1/2,1} and define
qpy: G xG — [0, 0o) such that

apy (1,0 =+ (47)

Let the transformation S: G — G maps as follows:

S(O):SG) = S(1)

)

s<3> -o.
2
Also, define w: G x G — [0, 0o) such that

ot 02 0 ={0.n.(03) a0l -

0, otherwise.

Choose o = f=1/3 and define the function v € ¥ as
v (n) = n/2. We need to check when w(n,{) = 1. So, the
following cases occur.

Case 1. When (1,{)=(0, 1),

lapy0.50)] =5 [ap(0.3)] =31 =ap 1), (50

which implies

w (0, l)qpr, %) < w( [ap, (0, 1)]'" [qpb<0>§>] :

(1))

Case 2. When (1,{)=(0, 1/3),

(51)

% [ap, (0,50)] = % [qpb<0é>] = i% = qpb<0,§>, (52)

which implies
oo ar(3) =¥{[an.(03)] " (ar(0))
(an(33))

Case 3. When (7,{)=(1, 0),

(1)

(53)

<1=qp,(1,0), (54)

N | =
AW

1
> lapy (1,8D)] =

which implies

w(t,0ap,(33) < w( (a2 (L0 [apy(1.5)] "

2]}

Hence, all the assumptions of Theorem 2 are satisfied,
and it follows that the mapping S owns a fixed point, that is,
n = 1/3, as shown in Figure 2.

(55)

Definition 8. Let (G, qp,) be a quasi-partial b-metric space.
Define a self-mapping S: G — G with y € V¥ satistying

1
5 [apy (1.5m] < ap, (1,0),
apy, (S8 <v([ap, (1, O))Pmiddot; [gp, (1, Sp)]* (56)

[apy (@501 "),

for all #, ¢ € G and a, B > 0 with the condition a+f < 1.
Such a mapping is called a y-interpolative Ciri¢-Reich-Rus
contraction of Suzuki type.

Corollary 3. Suppose (G, qp,) is a C qp, and S is a y-in-
terpolative Ciri¢-Reich-Rus contraction of Suzuki type. Then,
S owns a fixed point in G.

Proof. For the proof, take w(#,{)=1 in Theorem 2. O

Corollary 4. Suppose (G, qp,) is a C qp,, and S is an in-
terpolative Cirié-Reich-Rus contraction of Suzuki type if
there exist g € [0, 1) and positive reals o, f > 0, witha + 3 < 1
such that

1
5 [apy (S < apy (1, )=qp, (S, 80)

< g( [qpb (1 ()]ﬁ [qpb (%, Sr])]“ [qpb (@, S()]l_“_ﬁ),
(57)

for all 4, { €G. Then, S possesses a fixed point in G.
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Figure 2: The 3-D plane in yellow represents the quasi-partial b-metric space defined by the function, gp;, (1, {) = # + {. Clearly, the fixed

point of S is 1/3.

Proof. In Theorem 2, it is sufficient to put y () = gy, for all
n> 0 and g € [0, 1), for the proof. O

Definition 9. Let (G, gqp,) be a qp,, space and define a map
w:GxG— [0, ©0). A mapping S:G—G is

1
5 [apy (1, 5] <ap, (1,9),

1-a-py
w(n, O)gpy, (S1,8¢) < w( [ap, (1, )] “middot; [gp, (1. S’ [ap, (5. SO)]". ziv [ap, (¢, Sn) +ap, (11,80]] >

forall 4, { € Gand v>1 (see [24]).

Theorem 3. Suppose (G, qp,) isa Cqp, andS: G — Gisa
w — y-interpolative Hardy-Rogers contraction of Suzuki type.
Let S be a w-orbital admissible mapping and w(#,, S 1,) = 1
for some 1, € G. Then, S possesses a fixed point in G if any of
the conditions hold:

(1) (G, qpy) is w-regular.
(2) S is continuous.
(3) ¥S* is continuous and w(S 1, 1) = 1 when 1 € Fix (S?).

Proof. Let 1, € G with the condition w(y, S 7,) = 1 and
{n,,} be the sequence such that §" (y,) =1, for each positive
integer n. Assume that for some 7, € N, we have the

qPy (r/n’ ’1n+1)sw(’7n—l”1n)qpb (Sr/n—l’srln)

w-y-interpolative Hardy-Rogers contraction of Suzuki type
if there exists y € ¥ with real numbers «, 3, y > 0, holding
a+p+y <1 such that

(58)

condition 77, = 1, . Hence, we get#, =S 7, whichimplies
1,,, is a unique fixed point of S. Hence, the proof is complete.

Now, consider #,, # 1,,,, for each positive integer n. As S
is w-orbital admissible, we have the condition w(y,, S
o) =w(ny> 1) = 1 which implies that w(n,, S #;) =w(n,,
#,) = 1. Proceeding in a similar way, we get

LU(f’[n, ’7n+1)2 L (59)

Choosing = 7,_; and {=S 5,_, in (58), we get

1 1
24Py (1:0) = 2Py (11> Stty-1)
(60)

1
=5 4Ps (1> 1) APy (Me15 1)

which implies

1-a-fy
<o( 1422 1 11" a2 150001 Lap SV [ s S, v apCrosnl] )

—a-p-y
= w( (42 (n-151)1°- [Py (- 151) - [P0 (s )1 [% (484 (11,) + Py (1100 | )



Journal of Function Spaces 9

Then, using y (1) <7 for every > 0, we get

aalO1 1)) < a3 ) gl ) (6
which is equivalent to In a similar way, we get
APy (N> Mnar) < AP (M-151n)- (63) apy (s M) <Y (a6 (110> 11))- (65)
Hence, {qp, (11,_1>1,)} is a decreasing sequence. Even- Since {1,} is a fundamental sequence, applying trian-
tually, we have gular inequality,
Py (> Ms1) <Y(4Po (15 1)) (64)

Py (> Ms1) < [50P6 (o Mr) + S0Py (1> Moia) +++ + 840y (M1 Mt

2. n+l I n+l-1

<[sv"apy (no>m) + v apy (ngsm) + -+ + v 'apy, (o, m)] (66)

(e8]

= Z srlﬁk (apy (0> m1))-

k=n,r=1

1 1
Taking n — 00, we deduce that {z,} is a fundamental 5Py (1> St1) < apy (10 ) 0 5Py CACM)

sequence in gp;, space and by the completeness property of (68)
qp,, there exists t € G satisfying <qpy (S1,, 1),
nhl)noo apy (1,»t) = 0. (67)  foreveryn € N.Suppose the above condition does not hold;
then, by triangular inequality in gp,, we have
Now we show that ¢ is the fixed point of S. If assumption
(1) holds true, then we have w(#,,t) > 1 and we claim that
Py (M 1) = 4P (M S11a) + 4Py (66) < qpy (M 1) + 4Py (8 S11,)
1 1
<59P (10 S11) + 5420 (S, S (S1,))

(69)

1 1
= Eqpb (’771’ '1;1+1) + Eqpb ('771+1’ ”n+2)

1 1
<396 (1 thnir) + 5.8P0 (s Ms1) = P (s M)

which is a contradiction. Therefore, for every n €N, either

1 1
5P (1 S11,,) <Py, (1,5 t) OF 5P (81, S(S1,)) < apy, (S, 1) (70)



10

holds. If the first condition holds, we obtain

4Py (M41>St) Sw (1, £)q Py (S1,,» St)

Journal of Function Spaces

. 1 1oy
<y(apy (1,0 1" [apy (1,0 51,1 [apy (5, SD]". [27 [Py (1 1) + 4Py (5 St)]] )

. 1 1-a-f-y
= wlapy (1)1 102y (o 51,1 [apy (65015 [apy (1) + apy (850 )

(71)

1 1-a-p-y
<[Py 1 1 [4P4 (1 1)1 45 (6 SOT". [ [0y (6 1100) + @y (1,0S0)] | )

If assumption (2) holds, we get that ¢ is the fixed point of
S in a similar manner. Furthermore, if the w-regular con-
dition is removed and S is continuous, then we get that S
owns a unique fixed point in G because

t= lim #,,,= lim Sy, = S( lim ;7”) = St. (72)

apy (1, St) = qp, (St St) <w (St, )gp, (S°t, St)

Finally, if the last condition holds, i.e., ¥S? is continuous,
we easily obtain yS? = yt. Suppose on the contrary that
St +t, since w(Sn, 1) < 1 for any n €Fix (S?) and

1 1
Eqpb(St, yS’t) = 5Py (St Y1) <qpy (St ). (73)

We have

. ! ooy
<y[ap, (St,)]". [ap,(St; Szt)]ﬁ. [ap, (£, 5D)]". [ﬁ [ap, (£, St) + qp, (¢, St)]] )

(74)

1-a-p-y
<[apy (S, 0] [qpy (St. ). [qpy (£, S1)]". B [ap, (£, St) + qp, (t, St)]] )

=4qDyp (t, St))

which is a contradiction. So, t = St, which implies that ¢ is a
fixed point of the map S. O

1
5 [apy (.S <apy (1,0),

Definition 10. Let (G, gp,) be a quasi-partial b-metric space.
A mapping S: G —> G is said to be a y-interpolative
Hardy-Rogers contraction of Suzuki type if there exist y and
a, B,y > 0, with the condition a++y < 1 such that

(75)

. 1 1-a- By
qpb(SmSC)Sv/( [apy, (101 [apy (1. S0 - [ap, (. SO 5[qpb(<’,811)+qpb(n,so]] )

forall#, { € G.

Corollary 5. Let (G, qp,) be a C qp, and S be a y-inter-
polative Hardy-Rogers contraction of Suzuki type. Then, the
mapping S possesses a fixed point in G.

Proof. For the proof, take w(#,{)=1 in Theorem 3. [

Example 3. LetG =0, 3] and define gp,: G x G — [0, 00)
such that
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Figure 3: The graphical surface clearly shows that 2 is the fixed

point of the map S.

ap, (1. ¢) =+ {1+ 1. (76)
Let the mapping S: G — G be defined as

11
(2, nel01)
2
817 =9 53 11 € [1> 2)) (77)
1, ne€[2,3]
Also, define w: G x G — [0, 00) such that
0.1, y=0and{=3,
w(#,() ={ , (78)
0, otherwise.

Choose a = § = y = 1/4 and define the function y € ¥ as
v (n) =n/3. For u, { €0, 2), we have w(n,{) =0, which
clearly implies that inequality (58) holds. As per the defi-
nition of function w, the only case left is when we have =0
and (=3 asw(y, () =1, so

T lape0.50)] = 1 [4p,(0.2] = 153 = g, 0,3), (79

which implies

1 1/4
w(0,3)qp, (2,3) < w( (a2 (0.3)]" [ap, 0,21 [apy (3,31 35 [aps 3.2+ 4p, (0.3)| ) (80)

where we assume v = 1. Hence, the assumptions of Theorem

3 are satisfied, so the mapping S owns a fixed point, that is,
n =2, as shown in Figure 3.

4. Conclusion and Future Aspects

The paper propounds the idea of using interpolation in

noteworthy Suzuki-type mappings in the quasi-partial
b-metric space. The incentive behind the paper was to in-
troduce new concepts on completeness of w-y-interpolative
Kannan, Cirié-Reich-Rus, and Hardy-Rogers contractions
of Suzuki-type mappings in quasi-partial b-metric space.
Further, some fixed point results are obtained and are
validated by illustrative examples. Interpolation is a noble
concept which can be utilized to obtain different interpo-
lative contraction of Suzuki-type mappings in other well-
known spaces in the future. We are certain that the paper is a

significant improvement of the known results in the existing

fixed point literature.
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