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The aim of this paper is to derive oscillation criteria of the following fourth-order differential equation with delay term
(r() " ()" + Y1 q,(x)f (z(n,(x))) = 0, under the assumption J2r™"(s)ds = co. The results are based on comparison with
the oscillatory behaviour of second-order delay equations and the generalised Riccati transformation. Not only do the provided
theorems provide an entirely new technique but also they vastly improve on a number of previously published conclusions.

We give three examples to illustrate our findings.

1. Introduction

Higher-order neutral differential equations have recently
been recognized as being sufficient to describe a variety of
real applications [1-4]. As a result, many researchers have
studied the qualitative behaviour of solutions of these equa-
tions (see [5-8]). The research of oscillation and oscillatory
behaviour of these equations, which has been investigated
using multiple approaches and techniques, has received spe-
cial attention (see [9-11]). The attempt to improve the work
and obtain a generalised platform that covers all special
cases inspires the investigation of fourth- and higher-order
equations.

In this work, we are concerned with oscillation of fourth-
order delay differential equations of the form

n

(r(z"'®)") + YafEme) =0 1)

i=1

where x> x,. Throughout this work, we suppose the
following:

(i) r € C'([x,00), R) and y is a quotient of odd positive
integers

(ii) The following condition holds:

JOO L ds = 00, (2)

)
for r(x) >0, r' (x) > 0, and

(lll) qi’ ’71’ € C([XO,OO), R)’ qi(x) 2 0’ ﬂi(x) <X hmx—>oorli
(x)=00 (i=1,2,---), and f € C(R, R) such that

@2{’»0,

por forx #0. (3)

By a solution of (1), we mean a function z € C*[x_,00),

x, > X, that has the property r(x)(z'"'(x))" € C'[x,,00) and

fulfills (1) on [x,, 00). If a solution of (1) has arbitrarily large
zeros on [x,, 00), then it is considered oscillatory; otherwise,
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it is called nonoscillatory. Equation (1) is said to be oscilla-
tory if all its solutions are oscillatory.

Next, we give some previous findings in the literature
that are relevant to the present work. Grace [12] has studied
the equation

)

(re=" )+ af Gl =0, (@)

in addition to Agarwal et al. [13] and Xu and Xia [14]

who have studied the equation

(z(”l) (x)

subject to condition (2). Zhang et al. [15] obtained oscil-
latory criteria of the equation

0| ™) s on =0, 9

(r(z""®)") +a@2 ) =0, (©)

with the condition
© 1
L W du < c0. (7)
0

Baculikova et al. [16] used the comparison theory to
prove that if

" (x)
(n=1)lrr(n(x))

is oscillatory, then

y%w+q@v( )f@ww&w)=o (®)

(re (2770)) ") +a@f ) =0 ()

is oscillatory for even n. Grace et al. [7] presented oscil-
lation criteria for fourth-order delay differential equations of
the form

(s(=(n2")")") @) +a@@)ztni=p =0, (10)

under the assumption

© dt )
— <00, i=1,2,3. (11)
X ri(x)

Using the Riccati transformation, an oscillation criterion
for fourth-order neutral delay differential equation of the
form

b

[r9) (o) + pz((n)) ") ] + Lq(x» E)f (2(g(x.))) dE =0
(12)

was obtained by Chatzarakis et al. [17]. By using the
technique of the Riccati transformation and the theory of
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comparison with first-order delay equations, Bazighifan
and Abdeljawad [18] established some new oscillation cri-
teria for fourth-order advanced differential equations with
p-Laplacian-like operator of the form

x)))=0. (13)

()" (0" () + Zqz

Very recently, Bazighifan et al. [19] established new cri-
teria for the oscillatory behaviour of the following fourth-
order differential equations with middle term

(@l @I 0) + o @I (x) + ) ()P () =0,

(14)

by the comparison technique and employing the Riccati
transformation under the condition

[ 1 com, N
LO l@ exp <—LO 7—71) dl’]>‘| ds = 00. (15)
For convenience, in the present work, we denote
S(x) = JOO r1+(s) ds,

g () (Y, 2y
=71(x) (;:eqi(x)( e ) + Zrl/y(x)5y+1(x)>,

A e
o) = (x) i 2riy (x)8(x)”

@, 2

e ru>+&m’

where 7,7 € C'((x,,00), (0,00)).
transformation is defined as

The generalised Riccati

-~ Z'(x) 1
I(x) =1(x) (W + m) (18)

We remark that in the study of the asymptotic behaviour
of the positive solutions of (1), there are only two cases:

Case 1. zY)(x) > 0forj=1,2,3,

Case 2. 29 (x) > 0forj=1,3andz''(x) < 0.
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In this work, using the Riccati approach and a compari-
son with a second-order equation, we shall obtain oscillation
criteria for (1).

2. Some Significant Auxiliary Lemmas
The following lemmas serve as a basis for our findings.

Lemma 1 (see [20]). Let « be a ratio of two odd numbers;
H > 0 and K are constants. Then,

P(D{+1)/oc _ (P— Q)(a+1)/¢x < BQ]/D{ + QI/aP_ iQ(Hzx)/a’ PQ>0,a>1,
24 %
a Kot+1
(‘XTW > Km— Hm® % H>0.
o+
(19)

Lemma 2 (see [17]). Let f7) >0 and f™* <0 for all j=0
, 1, -+, n. Then,

e . (20)

n!
wrw=

Lemma 3 (see [21]). The equation
(at) (m' @) +a@m =0, (21)

where a € C[x,,00), a(x) > 0, and g(x) > 0, is nonoscillatory if
and only if there exist x > x, and o € C'[x,00) such that

o (x)+ 14

17 (x) o1 (x) +q(x) <0, (22)

for x = x,,.

Lemma 4 (see [22]). Suppose that h € C"(]x,,00), (0,00));
then,

R D ()™ (x) < 0, (23)
for every A€ (0, 1) and x > x;.

3. Oscillation Criteria

In this section, we shall obtain some oscillation criteria for
equation (1).

Lemma 5. Suppose that z is a solution of (1) such that z >0
and zU) > 0 for all j= 1, 2, 3. If we have the function w € C'[
x,00) defined in (17), where 1t € C'([x,,00), (0,00)), then

2

yux w(y+1)/y(x))

w'(x) < —y(x) + p(x)w(x) - 2(r(x)m(x)) "

(24)

for all x > x,, where x, is large enough.

Proof. Let z be a solution of (1) where z>0 and zU)(x) >0
for all j=1,2,3. Thus, from Lemma 4, we get

Z'(x) = gxzz"’(x), (25)

for all y € (0, 1) and for every large x. From (17), we have
that w(x) >0 for x > x|, and

Y

@) (2"@) @
) +6V_<x))+”(’“ )

Y

2 W @) ()"

w'(?f)‘ﬂ'(?f)(

yr(x)

—yn(x)

22 (x) ()87 (x)
(26)
Using (25) and (17), we acquire
" N\
T (9 ("))
w (x) < %) w(x) +n(x)z}/7(x)
P @EW)T
—yr(x)5x () A (0" ()
I N\
- n'(x) (r(x) (Z (x)) )
) w(x) +7m(x) 70
ol B (x wx) 1 ety y7(x)
) (s ) s
(27)

Letting P =w(x)/(7(x)r(x)), Q=1/(r(x)d%(x)), and «
=y and by using Lemma 1, we get

(n(ﬁgfgw ) r<x><1v<x>> o

N w(x) (r+ly (28)
- (n(x):(x))

B w(x) B 1
B ((Y D 0@ r(x)awx)) |

From Lemma 2, we obtain z(x) > (x/3)z’ (x), and hence,

2(m(x) _ i (x
z(x) o«

~—

(29)

From (1), (27), and (28), we obtain

w/(x) <

"0 ate) - ne) 3 o) (1)

7(x) i=1

“, () (y+1)ly
— yﬂ(x) Ex r(x) (W)
o Exz,, _71 w(x) B 1

yr( )2 (x) (Vrlly(x)s(x) ((}/+ 1)71(x)r(x) r(x)BV(x))>

yr(x)
1y (x) 8 (x)

(30)



This implies that

(A
w(x) <7I(x) M Tue )6(x)> ()

YU x y+1)y(x)

2r“Y(x Y (x
V L w2y
2 (x)8" (x) )

(Z 0 (x
i=1

(31)
Thus
w' (%) <—y(x xX)w(x) — v Dy
()90 + ool = 5 el
(32)
The proof is completed. |

Lemma 6. Let z be a solution of (1) such that z> 0 and ZU)
(x) >0 for j=1,3 and z''(x) < 0. If the function 9 € C'[x,c0
) is defined in (18) such that T € C'((x,,00), (0,00)), then

Y'(x) 9" (0)9(x) — v (x) - < ¥(x),  (33)

for all x > x,, where x, is large enough.

Proof. Let z be a solution of (1) where z >0 and z(x) >0
for j=1,3 and z''(x) < 0. From Lemma 2, we have that z(
x) > xz' (x). Integrating this inequality from #(x) to x, we
obtain

2n,0)) 2 T () (34)
Hence, from (3) we have
Y X
flene) 2 e o (v (33)

By integrating (1) from x to u and since z' (x) > 0, we get
r(u) (z'”(u))y - r(x) (z"’(x))y =
J > a(s)f

i=1

))ds < —€z¥(x J q;(s U’E))ds.
X i=1

(36)

Now letting 4 — oo yields

00

r(x)(z"'(x) > 02" (x J il: (37)

X
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and so

SR CT I

17y
) . (38)
Integrating this from x to co gives

1y
z'(x) < —z(x) L( Jx ;ql s) dx. (39)

From (18), we have that 9(x) > 0 for x > x,; and by differ-
entiating, we get

Now, using Lemma 1 with P=9(x)/r(x), Q=1/8(x),
and a =1 yields

(3 -a) = () a9 (v ~a)

(%) « \F0) ) 5
9x)\* 1 [29(x) 1
) () ~ 0 (o 6(x>)>
(%)
v (x)8% (x)

e (9, 2 Yom- L g

- ([m (r(x J, 2l

Thus,

M:

The proof is completed. O
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Lemma 7. Let z be a solution of (1) with z > 0. If T € C(x,,00)
such that

[} (v o) 52 oo 0

%o MSZ (y + I)YH
for some p € (0, 1), then z does not fulfill Case 1.

Proof. Let z be a solution of (1) such that z > 0. From Lemma
5, we obtain that (24) holds. Using Lemma 1 with

2
K=g(x),H= — % (46)

(2(r()m(x)"")

and m = w, we get

w' (%) < —y(x) + (%) ' r(x)7(‘r)§9i) g(;)y(fl))y . (47)

Now, integrating from x, to x yields

(g - (2) OO
Ll <W() (#sz> (y+ 1) )d— (%), (48)

which contradicts (45). So, the proof is complete. O

Lemma 8. Let z be a solution of (1) with z> 0 and zU) (x) > 0
for j=1,3 and z''(x) < 0. If T € C([x,,00)) such that

jm (V') 00 ) =0, ()

then z does not fulfill Case 2.

Proof. Let z be a solution of (1) such that z > 0. From Lemma
6, we get that (33) holds. Using Lemma 1 with

H:go*(x),K:T(lx),y:I,m:S, (50)
we obtain
O @)<Y @+ TR@ @R (6]

Integrating from x, to x gives

[ (vo-geom @)oo, 6

which contradicts (49). This completes the proof. O

Theorem 9. Let 7, T € Clx,,00) such that (45) and (49) hold
for some p € (0, 1). Then, equation (1) is oscillatory.

Proof. The proof is very similar to the proofs of Lemmas 7
and 8.

Now, by using the comparison method, we develop addi-
tional oscillation results for (1) in the following theorem: [J

Theorem 10. Let (2) hold and assume that

@) ] o

~ 1y
2" (x) + z(x) J <€)J =11 s) dx =0,

are both oscillatory; then, (1) is oscillatory.

M:

Proof. Assume the contrary that (1) has a positive solution z,
and by virtue of Lemma 3 and if we set 7z(x) = 1 in (24), then
we get

2
w' (%) yex

(r+1)ly
2177 (x) w +(x) <0. (55)

Hence, we have that (53) is nonoscillatory, which is a
contradiction. If we set 7(x) =1 in (33), then we obtain

9" (x) + " (x) + P (x) <0. (56)

Thus, equation (54) is nonoscillatory, which is a contra-
diction. The proof is now complete. O

It is well known (see Rehak [23])) that if

(57)
then equation (21) with y =1 is oscillatory.
Theorem 11. Let (2) hold. Assume that
00 X2
——dx =00, (58)
Lo r(x)

and



for some constant A, € (0, 1) and

N (e

Y
1 (5) ds) dx) ds > l,
sY 4
(60)
then every solution of (1) is oscillatory.

The proof is obvious.

4. Examples

In this section, we provide some examples to prove that the
results of Section 3 are valid.

Example 1. Consider

W (x) + <q0—x2 + 1)z(x)=0, x>1,  (61)

P
where g, > 0.
Let y=1, r(x) =1, q(x) = ((q, — x*)/x* + (1/x?)) = qy/x,
and 7(x) = x.

Hence, we have

8(xg) = co(x) = L0, g(x) =
(62)

If we set 77(x) = x>, 7(x) =x, and €= 1, then condition
(45) becomes

Therefore, from Lemma 7, if g, > 9/2u, then (61) has no
positive solution z satisfying z'’(x) > 0. Also, condition (49)
becomes

Jm (u/* (s) - %T(S)(tp*(s)f)ds: JOO (% - 4%) ds=co, ifqy> ;
| | (64)

From Lemma 8, if g, > 3/2, then (61) has no positive

solution z satisfying z'’(x) < 0. Thus, from Theorem 9 every
solution of (61) is oscillatory if g, > max {9/2u, 3/2}.
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Example 2. Consider the following differential equation rep-
resenting equation (1),

<x3 (z"'(x))3) g <C;—7X4 + x%)f(sx) =0, xx1,

where ¢ >0 and 0 <& < 1 are constants.
Here, y =3, r(x) =x°, q(x) = ((c —x*)/x”) + (1/x®) = c/x”
, and #(x) = ex. Hence,

X

; e\ 1
sor=eomi = L= So= o= ()

(66)

If we set 7m(x) =x°, 7(x)=x, and €= 1, then condition
(45) yields

[ e (- )

Therefore, from Lemma 7, if ¢ > 3/4€3, then (65) has a

solution z>0 satisfying z'’(x) >0. Also, from condition
(49) we have

(67)

0 3\ 13 3\ 113 .
- <<_) Li)ds:((z) _1>J L
x \ \48 s 4s 48 4)), s

(68)

Thus, from Theorem 9, every solution of (65) is oscilla-
tory if

¢ > max {i %} (69)

463’ 26%u

Example 3. Consider

2 (x) + (qox—x2 + 1>z(f) =0, x>1, (70)

x> x3

where g, > 0.

Let y=1, r(x) =1, q(x) = (((qox - x*)/x°) + (1/x*)) = q,
/x*, and #(x)=x/2. When £=1 is used, condition (59)
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becomes
(71)

and condition (60) gives

([ (oo

= lim inf @ds dx ds=@>l.
X—00 x x x 254 6 4

(72)

Therefore, from Theorem 11, all solutions of (70) are
oscillatory if g, > 2.25.

5. Conclusion

In this paper, we have established some new sufficient cri-
teria which ensure that every solution of the fourth-order
differential equations (1) is oscillatory. The approach we
used was based on comparisons with the oscillatory behav-
iour of second-order delay equations and the Riccati trans-
formation. Several illustrative examples have also been
presented.
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