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In this paper, we propose an innovative approach to determine the approximate solution of the coupled time-fractional Keller-
Segel (K-S) model. We use the fractional complex transform (FCT) to switch the model into its differential partner, and then,
the homotopy perturbation method (HPM) is introduced to tackle its nonlinear elements using He’s polynomials. This two-
scale theory helps to define the physical meaning of the FCT for the solution of the K-S model. Some examples are illustrated
to show that the proposed scheme presents the significant results. The considerable findings show that this strategy does not
require any assumptions and also reduces the massive computations without imposing any constraints. This technique is also
suitable in functional studies of fractal calculus due to its powerful and robust support for nonlinear problems.

1. Introduction

Fractional differential equations (FDEs) are the generaliza-
tions of classical differential equations with integer orders.
It is worth reporting that some mathematical models of
integer-order derivatives particularly nonlinear models do
not work adequately for most of the cases [1–3]. This is
because integer order derivatives are limited operators and
are inappropriate for infinite variance whereas fractional
order derivatives are worldwide to take account of the dom-
ination of the neighborhood. In recent years, nonlinear
FDEs in mathematical physics are competing against a prin-
cipal role in miscellaneous domains, such as biological
science, applied science, signal processing, control theory,
finance, and fractal dynamics [4–7].

In 1970, Keller and Segel introduced a hypothesis to
express the combination system of cellular slime mold by
chemical fascination. The K-S model has broadly been prac-
ticed for chemotaxis terms due to its competency to capture

the key facts and its impulsive nature. The significance of
chemotaxis has achieved much attraction due to its crucial
function in a broad variety of biological occurrences [8, 9].
In this article, we examine the coupled time-fractional K-S
model of the form

∂δη
∂℘δ

= a
∂2η
∂I2 −

∂
∂I

η
∂
∂I

χ ςð Þ
� �

,

∂δς
∂℘δ

= b
∂2ς
∂I2 + cu − dv,

ð1Þ

subject to the initial solutions, we get

η I, 0ð Þ = η0 Ið Þ,
ς I, 0ð Þ = ς0 Ið Þ,

ð2Þ
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where ηðI, ℘Þ and ςðI, ℘Þ represent the bacterial density
and the concentration of chemical substance as a function
of I and ℘, respectively, and DIðηðI,℘ÞDIχðςÞÞ denotes
the chemotactic term and shows that the cells are sensitive
to the chemicals and are attracted by them [10]. The sensi-
tivity function χðςÞ is a smooth function which describes
the cell’s perception and response to the chemical stimulus
ς while a, b, c, and d are positive constants. If δ = 1, the
time-fractional K-S model (1) leads to a simple nonlinear
differential equation that has been studied extensively
whereas Dδ

℘ taken as Caputo’s sense [11] and Dδ
℘ = ∂δ/∂℘δ

is He’s fractional derivative defined [12, 13]

∂δη
∂℘δ

= 1
Γ n − δð Þ

dn

dtn

ð
s−℘ð Þn−δ−1 η0 sð Þ − η sð Þ½ �ds: ð3Þ

Many actions in physics and engineering can be pre-
cisely characterized by utilizing differential equations with
various sorts of fractional derivatives. The finding of the
approximate and exact solution of FDEs is a very crucial
challenge. There have been a lot of developments to solve
FDEs in nonlinear dynamics. FDEs are used extensively
because they do not have exact solutions, and thus, approx-
imate and numerical solutions are needed. The homotopy
perturbation method (HPM) [14] is one of the most famous
approaches to achieve the series solutions of linear and
nonlinear differential equations of arbitrary orders. Later,
various methods have been developed to show that HPM a
is very efficient and powerful tool for finding the approxi-
mate solution to FDEs [15–18]. In order to get the solution
of the K-S model, many powerful and efficient techniques
have been suggested to obtain the analytical solutions such
as Laplace homotopy perturbation method [19], iterative
method [20], homotopy perturbation Sumudu transform
[21], and natural homotopy transform method [22] with a
logic sensitivity function and small diffusivity. Some partial
differential equations with fractional order are not easy to
solve, and then, their approximate solution can be evaluated.
The two-scale approach converts the fractional order to a
simple partial differential equation which is now easy to
solve by the homotopy perturbation method.

This study presents the idea of a two-scale method to
obtain the solution of the fractional K-S model in Caputo
sense. The FCT converts the model into its differential
partner, and then, HPM is introduced to bring down the
nonlinear terms in algebraic series. The quality of the cur-
rent method is appropriate to provide the analytical results
to the given examples. This study is summarized as follows:
In Section (2), we recall some basic definitions of fractional
calculus. We present the idea of the homotopy perturbation
method and the two-scale approach in Sections (3) and (4),
respectively. Some numerical examples are provided to
demonstrate the performance of this approach in Section
(5) and the discussion of results in Section (6). The conclu-
sion is given in Section (7).

2. Preliminary Concepts

Definition 1. The Riemann-Liouville fractional integral oper-
ator of order δ > 0 of a function f ðtÞ ∈ Cμ, μ ≥ −1, is defined
as [23]

Jδ f ℘ð Þ = 1
Γ 1+δð Þ

ð℘
0
℘−τð Þf τð Þdτ, J0 f ℘ð Þ = f ℘ð Þ: ð4Þ

Definition 2. The Caputo fractional derivative of f ð℘Þ in the
Caputo sense is given [23]

Dγw I,℘ð Þ =

1
Γ γ−δð Þ

ð℘
0
℘−τð Þγ−δ−1 ∂

γw I,℘ð Þ
∂τγ

dτ, γ − 1 < δ < γ,

∂w I,℘ð Þ
∂℘γ

, δ = γ ∈ℕ:

8>>><
>>>:

ð5Þ

Lemma 3. If γ − 1 < δ ≤ γ, γ ∈ℕ, ℘>0, w ∈ Cγ
−1, then

Dδ Jδw ℘ð Þ =w ℘ð Þ,

Dδ Jδw ℘ð Þ =w ℘ð Þ − 〠
γ−1

k=0
wk 0+ð Þ℘

k

k!
, ℘ > 0:

ð6Þ

The fractional derivatives are considered in Caputo
sense which allows the conditions to deal with the expression
of the problems.

3. Basic Idea of the Homotopy
Perturbation Method

In this segment, we explain the fundamental concept of
HPM. Let the following nonlinear equation [24]

L ηð Þ − f ϱð Þ = 0, ϱ ∈ϒ , ð7Þ

with boundary conditions

B η, ∂η
∂n

� �
= 0, ϱ ∈Θ, ð8Þ

where L is a general function with boundary operator B, f ðϱÞ
is analytic function, and Θ is the boundary of the domain ϒ .
The operator L can normally be separated into two operators
with M as a linear and N being a nonlinear operator. Thus,
Equation (7) can be accompanied as follows:

M ηð Þ +N ηð Þ − f ϱð Þ = 0: ð9Þ

Let us consider ςðr, pÞ:ϒ × ½0, 1�⟶ℝ that confirms or

H ς, qð Þ = 1 − qð Þ L ςð Þ −M η0ð Þ½ � + q L ςð Þ −N ςð Þ − f ϱð Þ½ �,
ð10Þ
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H ς, qð Þ = L ςð Þ −M η0ð Þ + qM η0ð Þ + q N ςð Þ − f ϱð Þ½ � = 0,
ð11Þ

where q ∈ ½0, 1� is said to be a homotopy parameter and η0 is
an initial approximation of Equation (7). According to
HPM, we can take q as a small element, and suppose that
the solution of Equation (11) can be written as a power series
of q:

ς = ς0 + qv1 + q2ς2+⋯: ð12Þ

Considering q = 1, the approximate solution of Equation
(7) is obtained as follows:

η = lim
q⟶1

ς = ς0 + ς1 + ς2 + ς3+⋯: ð13Þ

Using Equations (11) and (12), we can identify the sim-
ilar powers of q to obtain the following series solution form:

q0 : ς0 − f Ið Þ = 0,
q1 : ς1 −H ς0ð Þ = 0,

q2 : ς2 −H ς0, ς1ð Þ = 0,
q3 : ς3 −H ς0, ς1, ς2ð Þ = 0,

⋮,

ð14Þ

where Hðς0, ς1, ς2,⋯,ςjÞ depending upon ς0, ς1, ς2,⋯, ςj
called He’s polynomials can be computed by adopting the
following rule:

H ς0, ς1, ς2,⋯,ςj
� �

= 1
j!
∂j

∂qj
N 〠

j

i=0
ςiq

i

 !�����
q=0

: ð15Þ

The system of nonlinear equations in (14) is evidently
simple to calculate, and thus, the components ςi, i ≥ 0 of
HPM can be identified easily which leads to the series solu-
tions very rapidly.

4. Fractional Complex Transform

The dimension and scale are highly important elements due
to its impressive outcomes and properties of the configura-
tion through the modeling of a problem. FCT is a systematic
technique that turns FDEs into its differential parts in a
steady period and is described as [25–27]

ΔS = Δ℘δ

Γ 1 + δð Þ , ð16Þ

where ΔS is the slighter scale and Δ℘ is the greater scale. The
time fractional K-S model reacts discontinuously on a sligh-
ter scale, particularly at the highest point whereas it antici-
pates a plane solitary wave on the greater scale. Thus,
Equation (11) is considered two-scale transform [28–30].
The outcomes of any study problem depend on the scale.

For an observable scale, the fluid is consistent; therefore,
Newton’s laws can be applied; however, they are illegitimate
at the molecular scale. If the motion is free of time, then
Newton’s law is acceptable; otherwise, it can be revoked.

4.1. Convergence Theorem. Let P and Q be the Banach spaces
and ς : P⟶Q be a contraction nonlinear mapping. If the
sequence generated by HPM such as

ηn P,℘ð Þ = ς ηn−1 P,℘ð Þð Þ = 〠
n−1

i=0
ηi P,℘ð Þ, n = 1,2,3,⋯, ð17Þ

then the following conditions must be true:

(1) kηnðP,℘Þ − ηðP,℘Þk ≤ φnkψðP,℘Þ − ηðP,℘Þk
(2) ηnðP, ℘Þ is always in the neighborhood of ηðP, ℘Þ

meaning ηnðP,℘Þ ∈ BðηðP,℘Þ, rÞ = fη∗ðP,℘Þ/kη∗ðP,℘Þ
− ηðP,℘Þkg

(3) limn⟶∞ηnðP,℘Þ = ηðP,℘Þ

Proof.

(1) We prove condition (1) by induction on n, kη1 − ηk
= kGðη0Þ − ηk, and according to the Banach fixed
point theorem, ς has a fixed point η meaning ςðηÞ
= η; therefore,

η1 − ηk k = G η0ð Þ − ηk k = G η0ð Þ − G ηð Þk k ≤ φ η0 − ηk k = φ ψ P,℘ð Þ − ηk k,
ð18Þ

since ς is a contraction mapping. Assume that kηn−1 − ηk ≤
φn−1kψðP, 0Þ − ηðP,℘Þk is an induction hypothesis, then

ηn − ηk k = G ηn−1ð Þ −G ηð Þk k ≤ φ ηn−1 − ηk k ≤ φφn−1 ψ P,℘ð Þ − ηk k
ð19Þ

(2) The first concern is to demonstrate that ψðP,℘Þ ∈ B
ðηðP,℘Þ, rÞ, and this is achieved by induction on m.
So, for m = 1, kψðP,℘Þ − ηðP,℘Þk = kηðP, 0Þ − ηðP,℘Þ
k ≤ r with ηðP, 0Þ the initial condition. Assume that
kψðP,℘Þ − ηðP,℘Þk ≤ r for m − 2 is an induction
hypothesis, then

ψ P,℘ð Þ − η P,℘ð Þk k = ψm−2 P,℘ð Þ − f m Pð Þ
Γ δ −m + 1ð Þ℘

δ−m
���

≤ ψm−1 P,℘ð Þ − η P,℘ð Þk k + f m Pð Þ
Γ δ −m + 1ð Þ℘

δ−m
����

���� = r:

ð20Þ
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Now, for all n ≥ 1, using condition (1), we have

ηn − ηk k ≤ φn ψ P,℘ð Þ − ηk k ≤ φnr ≤ r: ð21Þ

(3) Using condition (2) and the fact that limn⟶∞ϕn = 0
yields that limn⟶∞kηn − ηk = 0; therefore,

lim
n⟶∞

ηn = η: ð22Þ

Thus, η converges.

5. Numerical Examples

In this segment, we implement a two-scale method to
achieve the approximate solution of the K-S model in one
dimension. Results disclose that this approach is an
extremely efficient and powerful aid for solving FDEs.

5.1. Example 1. Consider the K-S model in one dimension
given as

∂δη
∂℘δ

= a
∂2η
∂I2 −

∂
∂I

η
∂
∂I

χ ςð Þ
� �

,

∂δς
∂℘δ

= b
∂2ς
∂I2 + cη − dς,

ð23Þ

with the initial conditions

η I, 0ð Þ =me−I
2 ,

ς I, 0ð Þ = ne−I
2
:

ð24Þ

Considering that the sensitivity function χðςÞ = 0; thus,
the chemotactic term is zero, i.e., ∂/∂Iðη ∂/∂IχðςÞÞ = 0
and using

S = ℘δ

Γ 1 + δð Þ : ð25Þ

Thus, the coupled K-S model of Equation (23) becomes

∂η
∂S

= ∂η
∂S

,

∂ς
∂S

= b
∂2ς
∂I2 + cη − dς:

ð26Þ

We can use HPM with He’s polynomials on the system
of Equation (26), and we get

∂η1
∂S

= a
∂2η0
∂I2 , η1 I, 0ð Þ, ð27Þ

∂ς1
∂S

= b
∂2ς0
∂I2 + cη0 − dς0, ς1 I, 0ð Þ, ð28Þ

∂η2
∂S

= a
∂2η1
∂I2 , η2 I, 0ð Þ, ð29Þ

∂ς2
∂S

= b
∂2ς1
∂I2 + cη1 − dς1, ς2 I, 0ð Þ, ð30Þ

∂η3
∂S

= a
∂2η2
∂I2 , η3 I, 0ð Þ, ð31Þ

∂ς3
∂S

= b
∂2ς2
∂I2 + cη2 − dς2, ς3 I, 0ð Þ: ð32Þ

With the help of Equation (24), we can get the following
iterations:

η I, 0ð Þ =me−I
2 , ð33Þ

ς I, 0ð Þ = ne−I
2 , ð34Þ

η1 I, Sð Þ = 2am −1 + 2I2� 	
e−I

2
S, ð35Þ

ς1 I, Sð Þ = 2bn 2I2 − 1
� �

+ cm − dnð Þ� 	
e−I

2
S, ð36Þ

η2 I, Sð Þ = 4a2m 3 − 12I2 + 4I4� 	
e−I

2 S2

2 , ð37Þ

ς2 I, Sð Þ = d −cm + dnð Þ + 2acm −1 + 2I2� ��
+ 2b −1 + 2I2� �

cm − 2dnð Þ

+ 4b2 3 − 12I2 + 4I4� �	
e−I

2 S2

2 ,
ð38Þ

η3 I, Sð Þ = 8a3m −15 + 90I2 − 60I4 + 8I6� 	
e−I

2 S3

6 , ð39Þ

ς3 I, Sð Þ = d2 cm − dnð Þ + 2bd −2cm + 3dnð Þ −1 + 2I2� ��
+ 4a2cm 3 − 12I2 + 4I4� �
+ 4b2 cm − 3dnð Þ 3 − 12I2 + 4I4� �
+ 8b3n −15 + 90I2 − 60I4 + 8I6� �
+ 2acm d − 2dx2 + b 6 − 24I2 + 8I4� �
 �	

e−I
2 S3

6 :

ð40Þ
In the same way, other of the elements can be identified.

So, the series solution of Equation (23) with the help of
Equation (25) is as follows:

η I,℘ð Þ =me−I
2 + 2ame−I

2
−1 + 2I2� 	 ℘δ

Γ 1 + δð Þ
� �

+ 2a2me−I
2 3 − 12I2 + 4I4� 	 ℘δ

Γ 1 + δð Þ
� �2

+ 4
3 a

3me−I
2
−15 + 90I2 − 60I4 + 8I6� 	 ℘δ

Γ 1 + δð Þ
� �3

,

ð41Þ
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ς I,℘ð Þ = ne−I
2 + 2bn 2I2 − 1

� �
+ cm − dnð Þ� 	

e−I
2 ℘δ

Γ 1 + δð Þ
� �

+ 1
2 d −cm + dnð Þ + 2acm −1 + 2I2� ��

+ 2b −1 + 2I2� �
cm − 2dnð Þ

+ 4b2 3 − 12I2 + 4I4� �	
e−I

2 ℘δ

Γ 1 + δð Þ
� �2

+ 1
6 12b2cm + 4bcdm − 120b3n − 36b2dn
�

− 6bd2n − d3n − 48b2cmx2 − 8bcdmx2

+ 72b3nx2144b2dnx2 + 12bd2nx2 + 16b2cmx4

− 48b3nx4 − 48b2dnx4 + 64b3nx6 + 4a2cm 3 − 12I2 + 4I4� �
+ 2amc d − 2dx2 + b 6 − 24I2 + 8I4� �� ��e−I2 ℘δ

Γ 1 + δð Þ
� �3

:

ð42Þ

Only some of terms are evaluated while the other
terms can be obtained using the iterative formula. As a
result, the solution of the system of Equation (23) is as
follows:

η I,℘ð Þ = η I, 0ð Þ + η1 I, 0ð Þ + η2 I, 0ð Þ + η3 I, 0ð Þ+⋯,
ς I,℘ð Þ = ς I, 0ð Þ + ς1 I, 0ð Þ + ς2 I, 0ð Þ + ς3 I, 0ð Þ+⋯:

ð43Þ

5.2. Example 2.

∂δη
∂℘δ

= a
∂2η
∂I2 −

∂
∂I

η
∂
∂I

χ ςð Þ
� �

,

∂δς
∂℘δ

= b
∂2ς
∂I2 + cη − dς,

ð44Þ

with the initial conditions

η I, 0ð Þ =me−I
2 ,

ς I, 0ð Þ = ne−I
2
:

ð45Þ

Considering that the sensitivity function χðςÞ = ς; thus,
the chemotactic term becomes ∂/∂Iðη∂/∂IχðhÞÞ = ∂η/∂I
∂h/∂I + η∂2h/∂I2 and using
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Figure 1: The surface solution of ηðI, ℘Þ for distinct values of δ.
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S = ℘δ

Γ 1 + δð Þ : ð46Þ

Thus, the coupled K-S model of Equation (44)
becomes

∂η
∂S

= a
∂2η
∂I2 −

∂η
∂I

∂h
∂I

− η
∂2h
∂I2 , ð47Þ

∂ς
∂S

= b
∂2ς
∂I2 + cη − dς: ð48Þ

Now, using the two-scale approach, with the help of
Equation (45), we can get the following iterations directly

η I, 0ð Þ =me−I
2 , ð49Þ

ς I, 0ð Þ = ne−I
2 , ð50Þ

η1 I, Sð Þ = 2m a 2I2 − 1
� �

− ne−I
2 4I2 − 1
� �h i

S, ð51Þ

ς1 I, Sð Þ = 2bn 2I2 − 1
� �

+ cm − dnð Þ� 	
e−I

2
S, ð52Þ

η2 I, Sð Þ = 2me−3I
2
−cmeI

2
−1 + 4I2� �h

+ 2a2e2I2 3 − 12I2 + 4I4� �
− 2aneI2 7 − 58I2 + 40I4� �
+ n deI

2
−1 + 4I2� �

− 2beI2 3 − 18I2 + 8I4� �n
+ 2n 1 − 18I2 + 24I4� �oi S2

2 ,

ð53Þ
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Figure 2: The surface solution of ςðI, ℘Þ for distinct values of δ.
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ς2 I, Sð Þ = 2e−2I2 2b2eI2
n 3 − 12I2 + 4I4� �h

+ beI
2
cm −1 + 2I2� �

+ dn 1 − 6I − 2I2 + 4I3� �� �
+I −d2eI

2
n − 2aceI2

m −3 + 2I2� ��
+ cm deI

2 + 4n −3 + 4I2� �� 

i S2
2 :

ð54Þ
In the same way, other of the elements can be identi-

fied. So, the series solution of Equation (44) with the help
of Equation (46) is as follows:

η I, Sð Þ =me−I
2 + 2m a 2I2 − 1

� �
− ne−I

2 4I2 − 1
� �h i ℘δ

Γ 1 + δð Þ
� �

+me−3I
2
−cmeI

2
−1 + 4I2� �

+ 2a2e2I2 3 − 12I2 + 4I4� �h
− 2aneI2 7 − 58I2 + 40I4� �

+ n deI
2
−1 + 4I2� �n

− 2beI2 3 − 18I2 + 8I4� �
+ 2n 1 − 18I2 + 24I4� �oi ℘δ

Γ 1 + δð Þ
� �2

,

ð55Þ

ς I, Sð Þ = ne−I
2 + e−I

2 2bn 2I2 − 1
� �

+ cm − dnð Þ� 	 ℘δ

Γ 1 + δð Þ
� �

+ e−2I
2 2b2eI2

n 3 − 12I2 + 4I4� �
+ beI

2
cm −1 + 2I2� ��h

+ dn 1 − 6I − 2I2 + 4I3� �Þ +I −d2eI
2
n − 2aceI2

m −3 + 2I2� ��

+ cm deI
2 + 4n −3 + 4I2� �� 

i ℘δ

Γ 1 + δð Þ
� �2

:

ð56Þ

6. Results and Discussion

In this segment, we demonstrate the validity and the accu-
racy of the two-scale approach through the 3D graphical
representations. We also present the graphical models and
physical behaviors of the time-fractional K-S model. Mathe-
matica program 11.0.1. is used to calculate the iterations and
the graphical representations. Figures 1–4 show the surface
graphs of the K-S model for ηðI, ℘Þ and ςðI, ℘Þ, respec-
tively, at different values of δ with 0 ≤I ≤ 2 and 0 ≤ ℘≤2.
On behalf of graphical illustrations, we adopt m = 0:000012,
n = 0:000016, a = 0:5, b = 3, c = 1, d = 2. The graphical illus-
trations have validated the convergence of fractional-order
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Figure 3: The surface solution of ηðI, ℘Þ for distinct values of δ.
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solutions in the direction of integer-order solutions. We cal-
culate the iteration only up to 3 terms, and the series of the
solution converges to the exact solution very rapidly. Some
more iterations can be evaluated for more accuracy of the
approximate solutions. It is noted that the obtained
solutions are similar which legitimize the reliability of the
proposed strategies:

7. Conclusion

In this study, we have successfully applied a hybrid strategy
where FCT has coupled with HPM to investigate the approx-
imate solution of the nonlinear time fractional K-S model.
The current association is not just helpful for fractional-
order differential equations but also other differential equa-
tions with some variants. The main advantage of FCT is that
it deals with the nonlinear problems straightforward to cus-
tomize FDEs into their differential parts. We performed two
numerical illustrations of the fractional K-S model to exam-
ine the reliability of the suggested approach. The results
indicate that the two-scale approach is a more effective and
powerful strategy in determining the analytical solutions of
nonlinear differential equations. Thus, we conclude that

our proposed scheme is suitable and can be considered for
the other nonlinear fractional partial differential equations
with fractal derivatives in future study.
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