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In this paper, we will introduce and study several types of Kakeya inequalities by the maximal functions in Hardy spaces in ℝn,

ðn ≥ 2Þ, and we could obtain several inequalities associated with the Kakeya inequalities. We will show that kMt
δSα,β

f k
p
≲p,n,φ,ε

ð1/δÞ5ððn/rÞ+2Þεk f kp, when f ðxÞ ∈ LpðℝnÞ and supp f̂ ðξÞ ⊆ Bð0, 1Þ.

1. Introduction

In 1917, Kakeya [1] proposed a problem to determine the
minimal area needed to continuously rotate a unit line seg-
ment in the plane by 180 degrees. In 1928, Besicovithch
[2] proved the measure of such sets could be arbitrary small.
Such sets are called Besicovitch sets or Kakeya sets. The
Kakeya conjectures state that the Hausdorff dimension of
any Besicovitch sets in ℝn is n. The case for n ≥ 3 is still an
open problem. The so-called maximal Kakeya conjecture
(or maximal Nikodym conjecture) is actually a stronger
one that involves the following Kakeya maximal function
(or Nikodym maximal function):

f ∗δ ξð Þ = sup
a∈ℝn

1
Tδ
ξ að Þ�� ��

ð
Tδ
ξ að Þ

f yð Þj jdy, ð1Þ

where Tδ
ξðaÞ is a 1 × δ tube centered at a ∈ℝn with the direc-

tion ξ ∈ Sn−1.

f ∗∗δ xð Þ = sup
x∈T

1
Tj j
ð
T
f yð Þj jdy, ð2Þ

where the supremum is taken over all 1 × δ tubes T that con-
tain x ∈ℝn. Formula (1) is Kakeya maximal function, and
Formula (2) is Nikodym maximal function. When n = 2, in

[3], Cordoba proved that for any ε > 0,

f ∗δk kL2 S1ð Þ≲εδ
−ε fk kL2 ℝ2ð Þ: ð3Þ

The Kakeya maximal function conjecture is formulated
by Bourgain [4] that

f ∗δk kLp Sn−1ð Þ≲εδ
−ε fk kLp ℝnð Þ ð4Þ

holds for p ≥ n and n ∈ℕ, and

f ∗δk kLq Sn−1ð Þ≲εδ
−n/p+1−ε fk kLp ℝnð Þ ð5Þ

holds for 1 < p ≤ n, q = ðn − 1Þp′, and n ∈ℕ. In 1983, Drury
proved Formula (5) for p = ðd + 1Þ/2, q = n + 1, in [5]. In
1991, Bourgain in [4] improved this result for each n ≥ 3 to
some pðdÞ ∈ ððd + 1Þ/2, ðd + 2Þ/2Þ. By the interpolation the-
ory, (see [6–8] and reference therein),

f ∗δk kLp ℝnð Þ≲εδ
− n−1ð Þ/p−ε fk kLp ℝnð Þ ð6Þ

holds for p ≥ n and n ∈ℕ.

1.1. Main Result. Inspired by the Formulas (1), (2), and
(4)–(6), we will consider maximal functions like MδSα,β

f ðxÞ
and Mt

δSα,β
f ðxÞ in this paper. Notice that the classical case

is δ = 1, and then M1Sα,β f ðxÞ and Mt
1Sα,β f ðxÞ are classical
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maximal functions in Hardy spaces. And

M1Sα,β f
��� ���

p
≤ C f ∗ φð Þ∇
�� ��

p
, M1Sα,β f
��� ���

p
≤ C fk kp, ð7Þ

for some constant C > 0.
We will obtain several inequalities in Proposition 6, The-

orem 7, and Theorem 8. In Proposition 6, though the coeffi-
cient in Formula (71) is not better than the factor δ−ðn−1Þ/p−ε

in Formula (6), we use a way different to [3, 4] and [5]. And
we could obtain Formula (70) which is different to the clas-
sical case δ = 1. In Theorem 7, the coefficient is the same as
the factor δ−ε in Formula (4) when supp f̂ ðξÞ ⊆ Bð0, 1Þ. In
Theorem 8, the coefficient is independent on δ when supp
f̂ ðξÞ ⊆ ðBð0, t−1δ−ð1+4εÞÞÞc.
1.2. Notations. As usual, we use n to denote the dimension of
ℝn. supp f ðxÞ is the support set of f ðxÞ. If x ∈ℝn: x = ðx1,
x2,⋯,xnÞ, jxje denotes jxje =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 + x22+⋯+x2n

p
: For α ∈ℕn:

α = ðα1, α2,⋯,αnÞ, jαj denotes jαj = α1 + α2 +⋯ + αn: We
use k:kp to denote k:kLpðℝnÞ and OðℝnÞ to denote the n × n

unit orthogonal matrix in ℝn: OðℝnÞ = fA : ATA = 1:AT is
the transposedmatrix of Ag:SðℝnÞ designates the space of
C∞ functions on ℝn rapidly decreasing together with their
derivatives. Sα,βðℝnÞ denotes Sα,βðℝnÞ = fϕ ∈ SðℝnÞ:
kϕkα′ ,β′ ≤ 1,∀α′, β′ ∈ℕn, jα′j ≤ jαj, jβ′j ≤ jβjg and ε a posi-
tive fixed number (may be very small): ε > 0.

If X and Y are two quantities, X ≲ Y or Y ≳ X denotes
that X ≤ CY for some absolute constant C > 0. More gener-
ally, given some parameters a1,⋯, ak, we use X≲a1,⋯,akY or
Y ≳ a1,⋯,akXto denote the statement that X ≤ Ca1,⋯,akY for
some constant Ca1,⋯,ak which can depend on the parameter
a1,⋯, ak. We use X ~ Y to denote the statement X ≲ Y ≲ X
, and similarly, X ~ a1,⋯,akY denotes X≲a1,⋯,akY≲a1,⋯,akX.

2. Preliminaries

For t, ξ ∈ℝn, f ∈ SðℝnÞ, the Fourier transform of f is given
by

f̂ ξð Þ =Ff ξð Þ =
ð
ℝn
f tð Þe−2πi<ξ,t>dt, ð8Þ

and thus f ðxÞ = ð f̂ Þ∨ðxÞ, where <ξ, t > =∑n
k=1ξktk and ∨ is

the inversion of Fourier transform. For g ∈ SðℝnÞ, gIðxÞ des-
ignates

gI xð Þ = 1
δ

� �n−1
g

x1
δ
, x2
δ
,⋯, xn−1

δ
, xn

� �
: ð9Þ

Let u = ðu1, u2,⋯,unÞ = xA−1 = ðx1, x2,⋯,xnÞA−1 where A
is a variable (not fixed) matrix with A ∈OðℝnÞ, and then

gAIðxÞ is given by

gAI xð Þ = gI xA−1	 

= gI uð Þ = 1

δ

� �n−1
g

u1
δ
, u2
δ
,⋯, un−1

δ
, un

� �
:

ð10Þ

If A is a variable (not fixed) matrix with A ∈OðℝnÞ, let

ζ =

ζ1

ζ2

⋮

ζn

0BBBBB@

1CCCCCA = Aξ = A

ξ1

ξ2

⋮

ξn

0BBBBB@

1CCCCCA, ð11Þ

and thus

F gIð Þ ξð Þ =F gð Þ δξ1, δξ2,⋯, δξn−1, ξnð Þ,
F gAIð Þ ξð Þ =F gIð Þ Aξð Þ =F gIð Þ ζð Þ

=F gð Þ δζ1, δζ2,⋯, δζn−1, ζnð Þ:
ð12Þ

In this paper, let φ ∈ SðℝnÞ always to be a fixed radial
function satisfying the following:

bφ ξð Þ = 1, for ξj je ≤ 1,bφ ξð Þ = 0, for ξj je ≥ 2,bφ Aξð Þ = bφ ξð Þ forA ∈O ℝnð Þ:

8>><>>: ð13Þ

MY f ðxÞ and MSα,β
f ðxÞ are given by MY f ðxÞ = supt>0jð f

∗ YtÞðxÞj,MSα,β
f ðxÞ = supY∈Sα,βðℝnÞMY f ðxÞ: And nontangen-

tial maximal functions ð f ∗ YÞ∇ðxÞ are defined as usual:
ð f ∗ YÞ∇ðxÞ = supjx−yj≤t jð f ∗ YtÞðyÞj: The even larger tan-
gential variantM∗∗

YN depending on a parameter N is given by

M∗∗
YN f xð Þ = sup

v∈ℝn ,t>0

ð
ℝn
f uð Þ 1

tn
Y

x − u − v
t

� �
1 + vj j

t

� �−N

du

�����
�����:

ð14Þ

Let f to be a distribution, and Hardy spaces HpðℝnÞ are
(c.f. [9]): k f kHpðℝnÞ = kMSα,β

f k
LpðℝnÞ, for 0 < p <∞ with

appropriate α and β depending on p. It is known that Hp

= Lp for p > 1: k f kHpðℝnÞ = k f kLpðℝnÞ:
In this paper, the Kakeya type maximal function MδSα,β

f ðxÞ is given by

MδSα,β
f xð Þ = sup

t>0,A∈O ℝnð Þ,Y∈Sα,β ℝnð Þ

ð
f x − yð ÞYIt

yA−1	 

dy

���� ����,
ð15Þ

where YAIt
ðyÞ = YIt

ðyA−1Þ = ð1/tnÞYIðyA−1/tÞ: For some



fixed t > 0, Mt
δSα,β

f ðxÞ can be defined by

Mt
δSα,β

f xð Þ = sup
A∈O ℝnð Þ,Y∈Sα,β ℝnð Þ

ð
f x − yð ÞYIt

yA−1	 

dy

���� ����: ð16Þ

Lemma 1 (see [9]). For any ψ ∈ SðℝnÞ, 1 < p <∞, f ∈ LpðℝnÞ
, and N > n/p, we could obtain

M∗∗
ψN f

��� ���
p
≲N ,p f ∗ ψð Þ∇

�� ��
p
≲p,ψ fk kp: ð17Þ

Lemma 2 (see[10]). Let 0 < C0 <∞ and 0 < r <∞. Then,
there exist constants C1 and C2 (that depend only on n, C0,
and r) such that for all t > 0 and for all C1ðℝnÞ functions u
on ℝn whose Fourier transform is supported in the ball jξje
≤ C0t and that satisfies juðzÞj ≤ Bð1 + jzjeÞn/r for some B > 0
, we have the estimation

sup
z∈ℝn

1
t

∇u x − zð Þj j
1 + t zj je
	 
n/r ≤ C1 sup

z∈ℝn

u x − zð Þj j
1 + t zj je
	 
n/r ≤ C2 M uj jrð Þ xð Þð Þ1/r ,

ð18Þ

where M denotes the Hardy-Littlewood maximal operator.
(The constants C1 and C2 are independent of B and u.)

Lemma 3 (Phragmen-Lindelöf Lemma). Let F be analytic in
the open strip S = fz ∈ℂ : 0 < Rez < 1g, continuous, and
bounded on its closure, such that jFðzÞj ≤ C0 when Rez = 0
and jFðzÞj ≤ C1 when Rez = 1. Then, jFðzÞj ≤ C1−θ

0 Cθ
1 when

Rez = θ for any 0 < θ < 1.

3. The Case when 2 ≤ δ−ε

When 1 ≤ δ−ε ≤ 2, the case that δ ~ ε1 is trival for the Kakeya
type inequalities; thus, we only want to discuss the case when
0 < δ≪ 1. In the following of this paper, we will discuss
under the assumption that 2 ≤ δ−ε.

3.1. Decomposition of the Phase Space. In this section, we will
decompose ℝn into a collection of regions:

ξ ∈ℝn : δ− k−1ð Þε ≤ ξj je ≤ δ− k+3ð Þε
n o

k≥1,k∈ℤ
and ξ ∈ℝn : ξj je ≤ 1

� �
: ð19Þ

Then, we will give a decomposition of the region fξ ∈
ℝn : jξje ≤ 1gS fξ ∈ℝn : 1 ≤ jξje ≤ δ−4εg into a collection
of smaller ones:

ξ ∈ℝn : 2k−1 ≤ ξj je ≤ 2k+3
n o

s≥k≥1,k∈ℤ
and ξ ∈ℝn : ξj je ≤ 1

� �
:

ð20Þ

Let the functions fcΦk ðξÞgk for k ∈ℤ, k ≥ 0 to be defined

as

cΦ0 ξð Þ = bφ ξð Þ, Φ0 xð Þ = φ xð Þ,cΦk ξð Þ = bφ 2−kξ
� �

− bφ 21−kξ
� �

, Φk xð Þ = φ2−k xð Þ − φ2− k−1ð Þ xð Þ, for k ≥ 1:

8<:
ð21Þ

Then the functions fcΦk ðξÞgk for k ∈ℤ, k ≥ 0 are given
by

cΦ0 ξð Þ = cΦ0 δξ1, δξ2,⋯, δξn−1, ξnð Þ, Φ0 xð Þ = Φ0ð ÞI xð Þ,cΦk ξð Þ = cΦk δξ1, δξ2,⋯, δξn−1, ξnð Þ, Φk xð Þ = Φkð ÞI xð Þ, for k ≥ 1:

8<:
ð22Þ

Thus, it is clear that supp cΦk ðξÞ ⊆ fξ ∈ℝn : 2k−1 ≤ jξje
≤ 2k+1g, for k ≥ 1 and supp cΦk ðξÞ ⊆ fξ ∈ℝn : 2k−1 ≤
ððδξ1Þ2+⋯+ðδξn−1Þ2 + ðξnÞ2Þ

1/2
≤ 2k+1g for k ≥ 1: Also, we

could deduce that

〠
∞

k=0
cΦk ξð Þ = 1,withΦk xð Þ = Φkð ÞI xð Þ: ð23Þ

In the same way, we could define the functions fΨkðxÞgk
and fΨkðxÞgk for k ∈ℤ, k ≥ 0 as

cΨ0 ξð Þ = bφ ξð Þ, Ψ0 xð Þ = φ xð Þ,cΨk ξð Þ = bφ δkεξ
� �

− bφ δ k−1ð Þεξ
� �

, Ψk xð Þ = φδkε xð Þ − φδ k−1ð Þε xð Þ, for k ≥ 1,

8<:
cΨ0 ξð Þ = cΨ0 δξ1, δξ2,⋯, δξn−1, ξnð Þ, Ψ0 xð Þ = Ψ0ð ÞI xð ÞcΨk ξð Þ = cΨk δξ1, δξ2,⋯, δξn−1, ξnð Þ, Ψk xð Þ = Ψkð ÞI xð Þ, for k ≥ 1:

8<:
ð24Þ

Then, we could deduce that supp cΨk ðξÞ ⊆ fξ ∈ℝn

: δ−ðk−1Þε ≤ jξje ≤ δ−ðk+3Þεg for k ≥ 1 and supp cΨk ðξÞ ⊆ fξ ∈
ℝn : δ−ðk−1Þε ≤ ððδξ1Þ2+⋯+ðδξn−1Þ2 + ðξnÞ2Þ

1/2
≤ δ−ðk+3Þεg

for k ≥ 1 hold. Thus, we could have

〠
∞

k=0
cΨk ξð Þ = 1withΨk xð Þ = Ψkð ÞI xð Þ: ð25Þ

Notice that δ1+ðk+3Þεjξje ≤ 1 for ξ ∈ supp cΨk ðξÞ. Then, we
could obtain

bφ δ1+ k+3ð Þεξ
� �

= 1, for ξ ∈ supp cΨk ξð Þ,

F YIð Þ ξð Þ = 〠
∞

k=0

cΨk ξð Þbφ δ1+ k+3ð Þεξ
� �F YIð Þ ξð Þbφ δ1+ k+3ð Þεξ

� �
:

ð26Þ



We set cηk1 ðξÞ, (for 0 ≤ k, k ∈ℤ) as

cηk1 ξð Þ =
cΨk ξð Þbφ δ1+ k+3ð Þεξ

� �F YIð Þ ξð Þ = cΨk ξð ÞF YIð Þ ξð Þ:for 0 ≤ k, k ∈ℤ: ð27Þ

It is easy to see that cηk1 ðξÞ and ηk1ðxÞ ∈ SðℝnÞ. ∃s ∈ℕ,
such that

δ−4ε ~ 2s, and 〠
s

k=0
cΦk ξð Þ = 1 for ξ ∈ supp cΨ0

[
supp cΨ1 :

ð28Þ

We set cηk0 ðξÞ (k = 0, 1, 2,⋯, s) as

cηk0 ξð Þ =
cΨ0 ξð Þ + cΨ1 ξð Þ
� �cΦk ξð Þbφ 2− k+1ð Þδξ

	 
 F YIð Þ ξð Þ:for k = 0, 1, 2,⋯, s: ð29Þ

Notice that 2−ðk+1Þδjξje ≤ 1 holds, when ξ ∈ suppcηk0 ðξÞ.
Thus, we could obtain

bφ 2− k+1ð Þδξ
� �

= 1when ξ ∈ suppcηk0 ξð Þ: ð30Þ

Thus,

cηk0 ξð Þ = cΨ0 ξð Þ + cΨ1 ξð Þ
� �cΦk ξð ÞF YIð Þ ξð Þ for k = 0, 1, 2,⋯, s:

ð31Þ

Thus, we could write FðYIÞðξÞ and FðYAIÞðξÞðbφ as
radial, and A is a variable (not fixed) matrix with A ∈Oðℝn

Þ) as

F YIð Þ ξð Þ = 〠
s

k=0

cηk0 ξð Þbφ 2− k+1ð Þδξ
� �

+ 〠
∞

k=2

cηk1 ξð Þbφ δ1+ k+3ð Þεξ
� �

,

ð32Þ

F YAIð Þ ξð Þ =F YIð Þ Aξð Þ = 〠
s

k=0

cηk0 Aξð Þbφ 2− k+1ð Þδξ
� �

+ 〠
∞

k=2

cηk1 Aξð Þbφ δ1+ k+3ð Þεξ
� �

,
ð33Þ

where 2s ~ δ−4ε.

3.2. Two Lemmas. In this section, we will estimate the inte-
grals (in Lemmas 4 and 5) associated with ηk0ðxÞ and ηk1ðxÞ
given in Formulas (32) and (33).

Lemma 4. For N ≥ 0,N ∈ℝ, k ∈ℕ, k ≥ 2, and Y ∈ Sα,βðℝnÞ
with appropriate α, β depending on ε, n,N , we haveð

ℝn
1 + δ− k+3ð Þεδ−1 xj je
� �N

ηk1 xð Þ
��� ���dx≲N ,n,φ,εδ

kε: ð34Þ

Proof. First, we will prove that for l ∈ℝ, l ≥ 0, k ∈ℕ, and k
≥ 2, the following inequality holds:

xj jl+2ne ηk1 xð Þ
��� ���≲l,n,φ,εδ

l+kε+ k+3ð Þlε: ð35Þ

Notice that the following inequality holds for 0 < δ < 1,
for any m ∈ℤ,m ≥ 0:

xj j2m+2n
e ηk1 xð Þ

��� ��� ≤ x1
δ

� �2
+ x1

δ

� �2
+⋯+ xn−1

δ

� �2
+ x2n

� �m+n
ηk1 xð Þ
��� ���: ð36Þ

Thus, by the formula of integration by parts, we could
deduce the following for any m ∈ℤ,m ≥ 0:

x1
δ

� �2
+ x1

δ

� �2
+⋯+ xn−1

δ

� �2
+ x2n

� �m+n
ηk1 xð Þ
��� ���

=
ð
ℝn
C

∂ξ1
δ

� �2
+

∂ξ2
δ

� �2
+⋯+

∂ξn−1
δ

� �2
+ ∂2ξn

 !m+ncηk1 ξð Þe2πi<x,ξ>dξ
�����

�����:
ð37Þ

Make a variable substitution:

δξ1, δξ2 ⋯ δξn−1, ξnð Þ⟶ ξ1′ , ξ2′ ⋯ ξn−1′ , ξn′
� �

: ð38Þ

We could write Formula (37) as

x1
δ

� �2
+ x1

δ

� �2
+⋯+ xn−1

δ

� �2
+ x2n

� �m+n
ηk1 xð Þ
��� ���

= 1
δn−1

ð
ℝn
C Δξ′
	 
n+mcηk1 ξ′

� �� �
e2πi<x,ξ>dξ′

���� ����, ð39Þ

where Δξ′ is the Laplace operator: Δξ′ = ∂2
ξ′1

+ ∂2
ξ′2

+⋯ + ∂2
ξ′n
.

We could also deduce that

Δξ′
� �n+mcηk1 ξ′

� �
= Δξ′
� �n+m cΨk ξ′

� �
F Yð Þ ξ′

� �� �
: ð40Þ

Thus, ððΔξ′Þn+mcηk1 ðξ′ÞÞ ∈ SðℝnÞ, jjξ′jjα′je ðΔξ′Þβ
′cηk1 ðξ′Þj

≲α′,β′1, for appropriate α′, β′, and

supp Δξ′
� �n+mcηk1 ξ′

� �� �
⊆ ξ′ ∈ℝn : δ− k−1ð Þε ≤ ξ′

�� ��
e
≤ δ− k+3ð Þε

n o
for k ≥ 2:

ð41Þ

When δ−ðk−1Þε ≤ jξ′je ≤ δ−ðk+3Þε, k ≥ 2, and δ−ε ≥ 2, we
could deduce that

δ− k/2ð Þε ≤ δ− k−1ð Þε ≤ ξ′
�� ��

e
≤ δ− k+3ð Þε ≤ δ−3kε: ð42Þ

That is,

ξ′
�� ��1/3

e
≤ δ−kε ≤ ξ′

�� ��2
e
, δ−ε ≤ δ−kε ≤ ξ′

�� ��2
e
: ð43Þ



Then, we could deduce that

xj j2m+2n
e ηk1 xð Þ

��� ��� ≲ 1
δn−1

ð
ℝn

Δξ′
	 
n+mcηk1 ξ′

� �� ���� ���dξ′
≲ δ2m+kε+2 k+3ð Þmε

ð
ℝn

ξ′
�� �� 2n+4mð Þ/ε+8m

e
Δξ′
	 
n+mcηk1 ξ′

� �� ���� ���
dξ′≲m,n,φ,εδ

2m+kε+2 k+3ð Þmε:

ð44Þ

Thus, similar to Formula (44), we could obtain

xj j2me ηk1 xð Þ
��� ��� ≲ 1

δn−1

ð
ℝn

Δξ′
	 
n+mcηk1 ξ′

� �� ���� ���dξ′
≲m,n,φ,εδ

2m+kε+2 k+3ð Þmε,
ð45Þ

where k ≥ 2, m ∈ℤ,m ≥ 0. By Lemma 3 and Formula (44),
we could deduce Formula (35). Thus, we could obtain the
following inequality for N ≥ 0,N ∈ℝ

δ− k+3ð Þε

δ
xj je

 !N

ηk1 xð Þ
��� ���≲N ,n,φ,εδ

kε 1
xj j2ne

: ð46Þ

By Lemma 3 and Formula (45), for l ∈ℝ, l ≥ 0, k ∈ℕ,
and k ≥ 2, the following inequality holds:

xj jle ηk1 xð Þ
��� ���≲l,n,φ,εδ

l+kε+ k+3ð Þlε: ð47Þ

Then, we could obtain the following inequality for N ≥
0,N ∈ℝ, k ∈ℕ, and k ≥ 2,

δ− k+3ð Þε

δ
xj je

 !N

ηk1 xð Þ
��� ���≲N ,n,φ,εδ

kε: ð48Þ

By Formulas (46) and (48), we could deduce that for N
≥ 0,N ∈ℝ, k ∈ℕ, and k ≥ 2, the following Formulas (49)
and (50) hold: ð

ℝn
ηk1 xð Þ
��� ���dx≲n,φ,εδ

kε, ð49Þ

ð
ℝn

δ− k+3ð Þεδ−1 xj je
� �N

ηk1 xð Þ
��� ���dx≲N ,n,φ,εδ

kε: ð50Þ

Then, we could obtain the Lemma 4 directly from For-
mulas (49) and (50). This proves the Lemma.

Lemma 5. For N ≥ 0,N ∈ℝ, k ∈ℕ, and 0 ≤ k ≤ s where 2s

~ δ−4ε, Y ∈ Sα,βðℝnÞ, with appropriate α, β depending on ε,
n,N, the following two inequalities hold:ð

ℝn
1 + 2k+1δ−1 xj je
� �N

ηk0 xð Þ
��� ���dx≲N ,n,φ,εδ

−4 N+1ð Þεδ−N2−k,

ð51Þ

ð
ℝn

1 + 2k+1 xj je
� �N

ηk0 xð Þ
��� ���dx≲N ,n,φ,εδ

−4 N+1ð Þε2−k: ð52Þ

Proof. Notice that 2s ~ δ−4ε, thus, for any k ∈ f0, 1,⋯, sg and
N ≥ 0,N ∈ℝ, we have

1 ≲ 1
2k+1δ4ε
� �N

: ð53Þ

Notice that 2−ðk+1Þδjξje ≤ 1 holds, when ξ ∈ suppcηk0 ðξÞ.
Thus, we could obtain

bφ 2− k+1ð Þδξ
� �

= 1when ξ ∈ supp cηk0 ξð Þ: ð54Þ

Then, we could write cηk0 ðξÞ as
cηk0 ξð Þ = cΨ0 ξð Þ + cΨ1 ξð Þ

� �cΦk ξð Þ
� �

F YIð Þ ξð Þ: ð55Þ

It is clear that the following Formulas (56)–(60) hold:

∂α1ξ cΨ0 ξð Þ
� �∨

xð Þ = −2πixð Þα1φI xð Þ, ð56Þ

∂α1ξ cΨ1 ξð Þ
� �∨

xð Þ = −2πixð Þα1 1
δε

� �n

φI
x
δε
� �

− −2πixð Þα1φI xð Þ,

ð57Þ

∂β1
ξ
cΦk ξð Þ

� �∨
xð Þ = −2πixð Þβ12knφI 2kx

� �
− −2πixð Þβ12 k−1ð ÞnφI 2 k−1ð Þx

� �
for k ≥ 1ð Þ,

ð58Þ

∂β1
ξ
cΦ0 ξð Þ

� �∨
xð Þ = −2πixð Þβ1φI xð Þ, ð59Þ

∂γ1ξ F YIð Þ ξð Þ
� �∨

xð Þ = −2πixð Þγ1YI xð Þ: ð60Þ

By Young inequality, we could haveð
ηk0 xð Þ
��� ���dx ≤ Ψ0 +Ψ1ð Þ ∗Φk ∗ YIk k1

≤ Ψ0 +Ψ1k k1 Φkk k1 YIk k1≲φ1:
ð61Þ

By the formula of integration by parts, we could deduce
the following for any m ∈ℕ:

xj j2n+2me ηk0 xð Þ
��� ��� = ð

ℝn
C Δξ

	 
n+mcηk0 ξð Þ
� �

e2πi<x,ξ>dξ
���� ����

= 〠
α1j j+ β1j j+ γ1j j=2m+2n

∂α1ξ cΨ1 ξð Þ + ∂α1ξ cΨ0 ξð Þ
� �∨�����

∗ ∂β1
ξ
cΦk ξð Þ

� �∨
∗ ∂γ1ξ F YIð Þ ξð Þ
� �∨

xð Þ
���:

ð62Þ

By Young Inequality, Formulas (62) and (56)–(60), we



could obtain

ð
xj j2n+2me ηk0 xð Þ
��� ���dx ≤ 〠

α1j j+ β1j j+ γ1j j=2m+2n
∂α1ξ cΨ1 ξð Þ + ∂α1ξ cΨ0 ξð Þ
� �∨��� ���

1

∂β1ξ cΦk ξð Þ
� �∨��� ���

1
∂γ1ξ F YIð Þ ξð Þ
� �∨��� ���

1
≲φ,n,m1 form ∈ℕ:

ð63Þ

By Lemma 3 and Formulas (61) and (63), we could
deduce the following Formula (64).ð

xj jleηk0 xð Þ
��� ���dx≲φ,l1 for l ∈ℝ, l ≥ 0: ð64Þ

By Formulas (61) and (64), the following two inequal-
ities hold for N ≥ 0, k ∈ f0, 1,⋯, sg:ð

ℝn
1 + 2k+1δ−1 xj je
� �N

ηk0 xð Þ
��� ���dx≲N ,n,φ,εδ

−N2 k+1ð ÞN , ð65Þ

ð
ℝn

1 + 2k+1 xj je
� �N

ηk0 xð Þ
��� ���dx≲N ,n,φ,ε2 k+1ð ÞN : ð66Þ

From Formulas (53), (65), and (66), we could obtain the
Formula (51) and (52) together. This proves the Lemma.

From Lemmas 4 and 5, we could obtain the following
inequalities (67)–(69). For N ≥ 0,N ∈ℝ, k ∈ℕ, and k ≥ 2,
we haveð

ℝn
1 + δ− k+3ð Þεδ−1 xj je
� �N

ηk1 xA−1	 
��� ���dx≲N ,n,φ,εδ
kε, ð67Þ

where A is a variable (not fixed) matrix with A ∈OðℝnÞ. For
N ≥ 0,N ∈ℝ, k ∈ℕ, and 0 ≤ k ≤ s where 2s ~ δ−4ε, we have
Formulas (37) and (68)ð

ℝn
1 + 2k+1δ−1 xj je
� �N

ηk0 xA−1	 
��� ���dx≲N ,n,φ,εδ
−4 N+1ð Þεδ−N2−k,

ð68Þ
ð
ℝn

1 + 2k+1 xj je
� �N

ηk0 xA−1	 
��� ���dx≲N ,n,φ,εδ
−4 N+1ð Þε2−k,

ð69Þ
where A is a variable (not fixed) matrix with A ∈OðℝnÞ.
3.3. Main Results. From Formulas (67)–(69), we will obtain
our main results in this section:

Proposition 6. For p > 1 with appropriate α, β depending on
ε, n, p, we have

MδSα,β
f

��� ���
p
≲p,n,φ,ε

1
δ

� �4 n/p+2ð Þε
f ∗ φδð Þ∇

�� ��
p
, ð70Þ

MδSα,β
f

��� ���
p
≲p,n,φ,ε

1
δ

� �n/p+4 n/p+3ð Þε
fk kp, ð71Þ

where ð f ∗ φδÞ∇ðxÞ = supjx−yj≤tjð f ∗ ðφδÞÞtðyÞj:

Proof. Notice that f ∈ LpðℝnÞ is a distribution. By Formula
(33), we could obtain

MδSα,β
f xð Þ

��� ��� = sup
t>0,A∈O ℝnð Þ,Y∈Sα,β ℝnð Þ

ð
f x − yð ÞYIt

yA−1	 

dy

���� ����
≤ 〠

∞

k=2
sup

t>0,A∈O ℝnð Þ

ð
ℝn
f x − yð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
φδ k+3ð Þεδt y − uð Þdudy

�����
�����

+ 〠
s

k=0
sup

t>0,A∈O ℝnð Þ

ð
ℝn
f x − yð Þ

ð
ℝn
t−nηk0

uA−1	 

t

 !
φ2− k+1ð Þδt y − uð Þdudy

�����
�����

≤ 〠
∞

k=2
sup

t>0,A∈O ℝnð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
f ∗ φδ k+3ð Þεδt x − uð Þdu

�����
�����

+ 〠
s

k=0
sup

t>0,A∈O ℝnð Þ

ð
ℝn
t−nηk0

uA−1	 

t

 !
f ∗ φ2− k+1ð Þδt x − uð Þdu

�����
�����

≤ 〠
∞

k=2
sup

t>0,A∈O ℝnð Þ
M∗∗

φδN
f xð Þ

ð
ℝn
t−n ηk1

uA−1	 

t

 !�����
����� 1 + uj je

δ k+3ð Þεt

� �N

du

�����
�����

+ 〠
s

k=0
sup

t>0,A∈O ℝnð Þ
M∗∗

φδN
f xð Þ

ð
ℝn
t−n ηk0

uA−1	 

t

 !�����
����� 1 + uj je

2− k+1ð Þt

� �N

du

�����
�����,

ð72Þ

where 2s ~ δ−4ε. Lemma 1 and Formulas (67), (69), and (72)
yield to

MδSα,β
f

��� ���
p
≲p,N ,n,φ,ε

1
δ

� �4 N+2ð Þε
f ∗ φδð Þ∇

�� ��
p
for p > 1,N > n

p
:

ð73Þ

Similar to Formula (72), we could also obtain

sup
t>0,A∈O ℝnð Þ

ð
f x − yð ÞYIt

yA−1	 

dy

���� ����
≤ 〠

∞

k=2
sup

t>0,A∈O ℝnð Þ
M∗∗

φN f xð Þ
ð
ℝn
t−n ηk1

uA−1	 

t

 !�����
����� 1 + uj je

δ k+3ð Þεδt

� �N

du

�����
�����

+ 〠
s

k=0
sup

t>0,A∈O ℝnð Þ
M∗∗

φN f xð Þ
ð
ℝn
t−n ηk0

uA−1	 

t

 !�����
����� 1 + uj je

2− k+1ð Þδt

� �N

du

�����
�����:

ð74Þ

Notice that 2s ~ δ−4ε; thus, Lemma 1 and Formulas (67),
(68), and (74) yield to

MδSα,β
f

��� ���
p
≲p,N ,n,φ,ε

1
δ

� �N 1
δ

� �4 N+2ð Þε
fk kp for p > 1,N > n

p
,N ∈ℝ: ð75Þ

Let N be N = ðn/pÞ + ε. From Formulas (73) and (75), we
could prove the Proposition 6.

Theorem 7. For ∞>p > r > 1, 0 < t ≤ δ−ε, f ðxÞ ∈ LpðℝnÞ, and
supp f̂ ðξÞ ⊆ Bð0, 1Þ. Then, with appropriate α, β depending
on ε, n, r, we could obtain

Mt
δSα,β

f
��� ���

p
≲p,n,φ,ε

1
δ

� �5 n
r+2ð Þε

fk kp: ð76Þ



Proof. By Formula (33), we could write Mt
δSα,β

f as

Mt
δSα,β

f xð Þ
��� ��� ≤ 〠

∞

k=2
sup
u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þ
1 + uj je/δ k+3ð Þεt
� �� �n/r

�������
������� sup
A∈O ℝnð Þ

ð
ℝn
t−n ηk1

uA−1	 

t

 !�����
�����

�����
1 + uj je

δ k+3ð Þεt

� �n/r
du

����� + 〠
s

k=0
sup
u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þ
1 + uj je/2− k+1ð Þt
	 
	 
n/r

�����
����� sup
A∈O ℝnð Þ

ð
ℝn
t−n ηk0

uA−1	 

t

 !�����
�����

�����
1 + uj je

2− k+1ð Þt

� �n/r
du

�����,
ð77Þ

where 2s ~ δ−4ε.
By Holder inequality, j f ∗ φδðk+3ÞεδtðxÞj and j f ∗ φ2−ðk+1Þδtð

xÞj are both bounded functions for any x ∈ℝ, δ > 0, k ∈ℕ,
and t > 0. Thus, for some B > 0, we could have

f ∗ φδ k+3ð Þεδt xð Þj j ≤ B 1 + xj je
	 
n/r and, f ∗ φ2− k+1ð Þδt xð Þj j ≤ B 1 + xj je

	 
n/r
:

ð78Þ

It is also clear that supp Fð f ∗ φδðk+3ÞεδtÞðξÞ ⊆ Bð0, 1Þ, and
supp Fð f ∗ φ2−ðk+1ÞδtÞðξÞ ⊆ Bð0, 1Þ. We could also deduce that
f ∗ φδðk+3ÞεδtðxÞ ∈ C1ðℝnÞ, f ∗ φ2−ðk+1ÞδtðxÞ ∈ C1ðℝnÞ. Thus, by
Lemma 2, we could obtain

sup
u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þ
1 + uj je/δ k+3ð Þεt
� �� �n/r

�������
������� ≤ sup

u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þj j
1 + uj je
	 
n/r

≤ C2 M f ∗ φδ k+3ð Þεδtj jrð Þ xð Þð Þ1/r ,
ð79Þ

sup
u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þ
1 + uj je/2− k+1ð Þt
	 
	 
n/r

�����
����� ≤ sup

u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þj j
1 + uj je
	 
n/r

≤ C2 M f ∗ φ2− k+1ð Þδtj jrð Þ xð Þð Þ1/r:
ð80Þ

Notice that 2s ~ δ−4ε, by Formulas (67), (69), (77), (79),
and (80), we could deduce that for ∞>p > r > 1, 0 < t ≤ 1

Mt
δSα,β

f
��� ���

p
≲p,n,φ,ε 〠

∞

k=2
δkε
ð
ℝn

f ∗ φδ k+3ð Þεδtj jp xð Þdx
���� ����1/p

+ 〠
s

k=0
δ−4 n/r+1ð Þε2−k

ð
ℝn

f ∗ φ2− k+1ð Þδtj jp xð Þdx
���� ����1/p

≲p,n,φ,ε
1
δ

� �4 n/r+2ð Þε
fk kp:

ð81Þ

When 1 < t ≤ δ−ε, notice that

sup
u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þ
1 + uj je/2− k+1ð Þt
	 
	 
n/r

�����
�����

≤ tn/r sup
u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þ
1 + uj je/2− k+1ð Þ	 
	 
1/r

�����
�����

≤ tn/r sup
u∈ℝn

f ∗ φ2− k+1ð Þδt x − uð Þj j
1 + uj je
	 
n/r

≤ C2δ
− n/rð Þε M f ∗ φ2− k+1ð Þδtj jrð Þ xð Þð Þ1/r ,

ð82Þ

sup
u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þ
1 + uj je/δ k+3ð Þεt
� �� �n/r

�������
�������

≤ tn/r sup
u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þ
1 + uj je/δ k+3ð Þε
� �� �n/r

�������
�������

≤ tn/r sup
u∈ℝn

f ∗ φδ k+3ð Þεδt x − uð Þj j
1 + uj je
	 
n/r

≤ C2δ
− n/rð Þε M f ∗ φδ k+3ð Þεδtj jrð Þ xð Þð Þ1/r

ð83Þ

hold. From Formulas (67), (69), (77), (79), (80), (82),
and (83), we could deduce that for ∞>p > r > 1, 1 < t ≤ δ−ε

Mt
δSα,β

f
��� ���

p
≲p,n,φ,ε 〠

∞

k=2
δ− n/rð Þεδkε

ð
ℝn

f ∗ φδ k+3ð Þεδtj jp xð Þdx
���� ����1/p

+ 〠
s

k=0
δ− n/rð Þεδ−4

n
r+1ð Þε2−k

ð
ℝn

f ∗ φ2− k+1ð Þδtj jp xð Þdx
���� ����1/p

≲p,n,φ,ε
1
δ

� �5 n
r+2ð Þε

fk kp:

ð84Þ

This proves the Theorem.

Theorem 8. For ∞>p > 1, 0 < t ≤ δ−ε, f ðxÞ ∈ LpðℝnÞ, and
supp f̂ ðξÞ ⊆ ðBð0, t−1δ−ð1+4εÞÞÞc, then with appropriate α, β
depending on ε, n, p, we could obtain

Mt
δSα,β

f
��� ���

p
≲p,n,φ,ε fk kp: ð85Þ

Proof. By Formula (33), we could writeMt
δSα,β

f as the follow-

ing:

Mt
δSα,β

f xð Þ
��� ��� ≤ 〠

∞

k=2
sup

A∈O ℝnð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
f ∗ φδ k+3ð Þεδt x − uð Þdu

�����
�����

+ 〠
s

k=0
sup

A∈O ℝnð Þ

ð
ℝn
t−nηk0

uA−1	 

t

 !
f ∗ φ2− k+1ð Þδt x − uð Þdu

�����
�����:

ð86Þ

Notice that supp f̂ ðξÞ ⊆ ðBð0, t−1δ−ð1+4εÞÞÞc and supp Fð
φ2−ðk+1ÞδtÞðξÞ ⊆ Bð0, t−1δ−ð1+4εÞÞ for 0 ≤ k ≤ s, k ∈ℤ; thus, we
could deduce that f ∗ φ2−ðk+1Þδt = 0. From Formula (86), we
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could obtain

Mt
δSα,β

f xð Þ
��� ��� ≤ 〠

∞

k=2
sup

A∈O ℝnð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
f ∗ φδ k+3ð Þεδt x − uð Þdu

�����
�����:

ð87Þ

By Formula (67) and Lemma 1, we could have

ð
ℝn

〠
∞

k=2
sup

A∈O ℝnð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
f ∗ φδ k+3ð Þεδt x − uð Þdu

�����
�����

 !p

dx

" #1/p

≤
ð
ℝn

〠
∞

k=2
sup

t>0,A∈O ℝnð Þ

ð
ℝn
t−nηk1

uA−1	 

t

 !
f ∗ φδ k+3ð Þεδt x − uð Þdu

�����
�����

 !p

dx

" #1/p

≤
ð
ℝn

〠
∞

k=2
sup

t>0,A∈O ℝnð Þ
M∗∗

φN f xð Þ
ð
ℝn
t−n ηk1

uA−1	 

t

 !�����
����� 1 + uj je

δ k+3ð Þεδt

� �N

du

�����
�����

 !p

dx

" #1/p
≲p,N ,n,φ,ε fk kp for p > 1,N > n

p
,N ∈ℝ:

ð88Þ

Let N be N = ðn/pÞ + ε, from Formulas (86)–(88), and we
could prove the Theorem 8.
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