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In this paper, we investigate new types of nonlocal implicit problems involving piecewise Caputo fractional operators. The
existence and uniqueness results are proved by using some fixed point theorems. Furthermore, we present analogous results
involving piecewise Caputo-Fabrizio and Atangana–Baleanu fractional operators. The ensuring of the existence of solutions is
shown by Ulam-Hyer’s stability. At last, two examples are given to show and approve our outcomes.

1. Introduction

It merits noticing that fractional calculus (FC) has gotten
significant thought from scientists and researchers. It is a
result of its wide scope of uses in different fields and disci-
plines. The crucial concepts and definitions of FC have been
presented in [1, 2]. In [3, 4], the authors introduced some
fundamental history of fractional calculus and its applica-
tions to engineering and different areas of science.

Many classes of fractional differential equations (FDEs)
have been intensively investigated in the last decades, for
instance, theories involving the existence of unique solutions
have been notarized [5–7]. Numerical and analytical
methods have been evolving with the target to solve such
equations [8–10]. These equations have been tracked as use-
ful in modeling some real-world problems with incredible
achievement.

The qualitative properties of solutions represent a very
important aspect of the theory of FDEs. The formerly afore-
said region has been studied well for classical differential
equations. However, for FDEs, there are many aspects that
require further studying and reconnoitering. The attention
on the existence and uniqueness has been especially focused
by applying Riemann-Liouville (R-L), Caputo, Hilfer, and
other FDs, see [11–15].

In this regard, Agarwal et al. [16] investigated the exis-
tence of solutions of the following Caputo type FDE:

CD
ϑ
0+υ ϰð Þ = f ϰ, υ ϰð Þð Þ, ϰ ∈ 0, T½ �, 0 < ϑ < 1,

υ 0ð Þ + g υð Þ = υ0:
ð1Þ

The basic theory of implicit FDEs with Caputo FD has
been investigated by Kucche et al. [17]. Wahash et al. [18]
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considered the following nonlocal implicit FDEs with ψ-
Caputo FD

D
ϑ;ψ
a+ υ ϰð Þ = f ϰ, υ ϰð Þ,Dϑ;ψ

a+ υ ϰð Þ
� �

, ϰ ∈ a, T½ �, 0 < ϑ < 1

υ að Þ + g υð Þ = υa:

ð2Þ

Problem (2) with ψðϰÞ = ϰ has been studied by Bench-
ohra and Bouriah [19].

Motivated by the above works and inspired by [20], we
consider the piecewise Caputo implicit FDE (PC-IFDE) of
the type:

PCD
ϑ
0+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCDϑ

0+υ ϰð Þ
� �

,

υ 0ð Þ = υ0,
ð3Þ

and the following piecewise Caputo nonlocal implicit FDE
(PC-NIFDE):

PCD
ϑ
0+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCDϑ

0+υ ϰð Þ
� �

,

υ 0ð Þ + g υð Þ = υ0,
ð4Þ

where 0 < ϑ ≤ 1,ϰ ∈ J≔ ½0, b�,υ0 ∈ℝ,Φ ∈CðJ ×ℝ,ℝÞ, g ∈C
ðJ,ℝÞ, and PCD

ϑ
0+ represent the piecewise Caputo FD of

order ϑ defined by

PCD
ϑ
0+ f ϰð Þ =

Df ϰð Þ: if ϰ ∈ 0, ϰ1½ �,
CD

ϑ
ϰ1
f ϰð Þ: if ϰ ∈ ϰ1, b½ �,

8<
: ð5Þ

where D f ðϰÞ≔ ðd/dϰÞf ðϰÞ is a classical derivative on 0 ≤ ϰ

≤ ϰ1 and
CD

ϑ
ϰ1

is standard Caputo FD on ϰ1 ≤ ϰ ≤ b.
It is essential to note that the utilization of nonlinear

condition υð0Þ + gðυÞ = υ0 in physical issues yields better
impact than the initial condition υð0Þ = υ0 (see [21]).

We pay attention to the topic of the novel piecewise
operators. As far as we could possibly know, no outcomes
in the literature are addressing the qualitative aspects of
the aforesaid problems by using the piecewise FC. Conse-
quently, by conquering this gap, we will examine the
existence, uniqueness, and Ulam-Hyers stability results of
piecewise Caputo problems (3) and (4) based on the
standard fixed point theorems due to Banach-type and
Schauder-type. Furthermore, we present similar results con-
taining piecewise Caputo-Fabrizio (PCF) type and piecewise
Atangana-Baleanu (PAB) type. An open problem with
respect to another function is suggested.

Remark 1.

(i) If gðυÞ ≡ 0, then problem (4) reduces to the PC-
IFDE (3).

(ii) If PCD
ϑ
0+υðϰÞ = CD

ϑ
ϰ1
υðϰÞ, then problem (4) has been

studied by Benchohra and Bouriah [19], Haoues
et al. [22], and Abdo et al. [11] for ψðϰÞ = ϰ.

(iii) Our current results for problem (4) stay available on
PC-IFDE (3).

The substance of this paper is coordinated as follows:
Section 2 presents a few required outcomes and fundamen-
tals about piecewise FC. Our key outcomes for problem (4)
are proved in Section 3. Two examples to make sense of
the gained outcomes are built in Section 4. Toward the
end, we encapsulate our study in the end section.

2. Primitive Results

In this section, we present some concepts of a piecewise FC.
Let

C ≔C J,ℝð Þ = η : J⟶ℝ ; ηk k =max
ϰ∈J

η ϰð Þj j
n o

: ð6Þ

Obviously C is a Banach space under kηk.

Definition 2 [20]. Let ϑ > 0, and η : J⟶ℝ be a continuous.
Then, the piecewise version of RL integral is given by

PRLI
ϑ
0+η ϰð Þ =

Iη ϰð Þ, if ϰ ∈ 0, ϰ1½ �,
RLI

ϑ
ϰ1
η ϰð Þ if ϰ ∈ ϰ1, b½ �,

8<
: ð7Þ

where IηðϰÞ =
Ð ϰ1
0 ηðϰÞdϰ and RLI

ϑ
ϰ1
ηðϰÞ = 1/ðΓðϑÞÞÐ ϰ

ϰ1
ðϰ − tÞÞϑ−1ηðtÞdt:

Definition 3 [20]. Let 0 < ϑ ≤ 1, and η : J⟶ℝ be a contin-
uous. Then, the piecewise version of Caputo derivative is
given by

PCD
ϑ
0+η ϰð Þ =

Dη ϰð Þ, if ϰ ∈ 0, ϰ1½ �,
CD

ϑ
ϰ1
η ϰð Þ if ϰ ∈ ϰ1, b½ �,

8<
: ð8Þ

where DηðϰÞ = ðd/dϰÞηðϰÞ and CD
ϑ
ϰ1
ηðϰÞ = 1/ðΓð1 − ϑÞÞÐ ϰ

ϰ1
ðϰ − tÞÞ−ϑη′ðtÞdt:

Lemma 4 [20]. Let 0 < ϑ ≤ 1, and f ð0Þ = 0: Then, the follow-
ing PC-FDE

PCD
ϑ
0+η ϰð Þ = f ϰð Þ,
η 0ð Þ = ϰ0,

ð9Þ
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has the following solution

η ϰð Þ =
η 0ð Þ +

ðϰ1
0
η ϰð Þdϰ, if ϰ ∈ 0, ϰ1½ �,

η ϰ1ð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

η tð Þdt if ϰ ∈ ϰ1, b½ �:

8>>>><
>>>>:

ð10Þ

Lemma 5 [20]. Let ϑ ∈ ð0, 1�, and for a given function, η ∈C .
Then,

PRLI
ϑ
0+

PCD
ϑ
0+η ϰð Þ =

IDη ϰð Þ = η ϰð Þ − η 0ð Þ, if ϰ ∈ 0, ϰ1½ �,
RLI

ϑ
ϰ1
CD

ϑ
ϰ1
η ϰð Þ = η ϰð Þ − η ϰ1ð Þ, if ϰ ∈ ϰ1, b½ �:

8<
:

ð11Þ

For our aim, we need the Banach fixed-point theorem
[23] and the Schauder fixed-point theorem [24].

3. Main Results

In this section, we give some qualitative analyses of the PC-
IFDE and PC-NIFDE.

Lemma 6. Let Φðϰ, υ, ωÞ: J ×ℝ ×ℝ⟶ℝ be continuous.
Then, PC-NIFDE (4) is equivalent to

υ ϰð Þ =
υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �,

8>>>><
>>>>:

ð12Þ

where Φυ ∈C satisfies the functional equation

Φυ ϰð Þ =
Φ ϰ, υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt,Φυ ϰð Þ

� �
if ϰ ∈ 0, ϰ1½ �,

Φ ϰ, υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt,Φυ ϰð Þ
0
@

1
A, if ϰ ∈ ϰ1, b½ �:

8>>>>><
>>>>>:

ð13Þ

Proof. Let PCD
ϑ
0+υðϰÞ =ΦυðϰÞ.

Then, by applying PRLI
ϑ
0+ , we obtain

PRLI
ϑ
0+

PCD
ϑ
0+υ ϰð Þ = PRLI

ϑ
0+Φυ ϰð Þ: ð14Þ

In view of Lemma 5, we have

Case 1. For ϰ ∈ ½0, ϰ1�,

υ ϰð Þ = υ 0ð Þ +
ðϰ1
0
Φυ tð Þdt: ð15Þ

Case 2. For ϰ ∈ ½ϰ1, b�,

υ ϰð Þ = υ ϰ1ð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt: ð16Þ

Using the nonlocal condition in both cases, we obtain

υ ϰð Þ =
υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �:

8>>>><
>>>>:

ð17Þ

So, we get (12). On the other hand, let (13) be satisfied.
Set

υ ϰð Þ =
υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt, ifϰ ∈ ϰ1, b½ �:

8>>>><
>>>>:

ð18Þ

This implies that

PCD
ϑ
0+υ ϰð Þ =

d
dϰ

υ0 − g υð Þ +
ðϰ1
0
Φυ tð Þdt

� �
if ϰ ∈ 0, ϰ1½ �,

CD
ϑ
ϰ1

υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt
0
@

1
A, if ϰ ∈ ϰ1, b½ �:

8>>>>><
>>>>>:

ð19Þ

Since DIΦυðϰÞ = ðd/dϰÞÐ ϰ10 ΦυðtÞdt =ΦυðϰÞ on 0 ≤ ϰ ≤
ϰ1, and CD

ϑ
ϰ1
Iϑϰ1

ΦυðϰÞ =ΦυðϰÞ on ϰ1 ≤ ϰ ≤ b, we obtain
PCD

ϑ
0+υðϰÞ =ΦυðϰÞ, and hence

PCD
ϑ
0+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCDϑ

0+υ ϰð Þ
� �

, for each ϰ ∈ J: ð20Þ

The next assumptions will be applied in the sequel:
(Assu1) The functions Φ : J ×ℝ ×ℝ⟶ℝ,

Ω : ℝ+ ⟶ ð0,∞Þ, and φ, ψ : J⟶ℝ are continuous with
Ω that is a nondecreasing such that

Φ ϰ, υ, ωð Þj j ≤ φ ϰð ÞΩ υj jð Þ + ψ ϰð Þ ωj j, for each ϰ, υ, ωð Þ
∈ J ×ℝ ×ℝ:

ð21Þ

(Assu2) g : C ⟶ℝ is continuous and compact with
jgðυÞj ≤ ajυj + b, for υ ∈C ,a, b > 0:

(Assu3) There exist κ1, κ2 > 0, such that 0 < κ1, κ2 < 1,
and

Φ ϰ, υ, ωð Þ −Φ ϰ, �υ, �ωð Þj j ≤ κ1 υ − �υj j
+ κ2 ω − �ωj j, for each ϰ ∈ J, υ, ω, �υ, �ω ∈ℝ:

ð22Þ
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(Assu4) There exists κ3 > 0, such that 0 < κ3 < 1 and jgðυÞ
− gðωÞj ≤ κ3jυ − ωj, for υ, ω ∈C :

Now, we shall prove the existence theorem for (4) based
on Schauder’s theorem.

Theorem 7. Let (Assu1) and (Assu2) hold.
Then, piecewise Caputo FNIDE (4) has at least one solu-

tion on J:

Proof. Consider the operator Q : C ⟶C , such that ðQυÞ
ðϰÞ = υðϰÞ, i.e.,

Qυð Þ ϰð Þ =
υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �,

8>>>><
>>>>:

:

ð23Þ

where Φυ ∈C , with ΦυðϰÞ ≔ Φðϰ, υðϰÞ,ΦυðϰÞÞ: Define
the ball

Sβ = υ ∈C : υk kC ≤ β
È É

, ð24Þ

where

β ≥max
(

υ0j j + aβ + b + φ⋆Ω βð Þ
1 − ψ⋆ b, υ ϰ1ð Þj j

+ aβ + b + φ⋆Ω βð Þ
1 − ψ⋆

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

)
,

ð25Þ

φ⋆ = sup jφðϰÞj, and ψ⋆ = sup jψðϰÞj, with 0 < ψ⋆ < 1:

For any υ ∈ Sβ, and by (Assu 1), we have

Φυ ϰð Þj j = Φ ϰ, υ ϰð Þ,Φυ ϰð Þð Þj j
≤ φ ϰð ÞΩ υk kC

À Á
+ ψ ϰð Þ Φυ ϰð Þj j

≤ φ⋆Ω βð Þ + ψ⋆ Φυk kC :
ð26Þ

Since ψ⋆ < 1, we obtain

Φυk kC ≤
φ⋆Ω βð Þ
1 − ψ⋆ : ð27Þ

Hence, the proceed is in the following steps:

Step 1. QðSβÞ is bounded.

Case 1. For ϰ ∈ ½0, ϰ1�, we have

Qυð Þ ϰð Þj j ≤ υ0j j + sup
υ∈Sβ

g υð Þj j + sup
ϰ∈0,ϰ1�

ðϰ1
0
Φυ tð Þj jdt

≤ υ0j j + a υk kC + b + φ⋆Ω βð Þ
1 − ψ⋆ ϰ1

≤ υ0j j + aβ + b + φ⋆Ω βð Þ
1 − ψ⋆ ϰ1 ≤ β:

ð28Þ

Case 2. For ϰ ∈ ½ϰ1, b�, we have

Qυð Þ ϰð Þj j ≤ sup
ϰ∈ϰ1,b�

υ ϰ1ð Þj j + sup
υ∈Sβ

g υð Þj j

+ 1
Γ ϑð Þ sup

ϰ∈ϰ1,b�

ðϰ
ϰ1

ϰ − tð Þϑ−1 Φυ tð Þj jdt

≤ υ ϰ1ð Þj j + a υk kC + b + φ⋆Ω βð Þ
1 − ψ⋆

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

≤ υ ϰ1ð Þj j + aβ + b + φ⋆Ω βð Þ
1 − ψ⋆

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ≤ β:

ð29Þ

From (28) and (29), we conclude that kQυkC ≤ β: Thus,
QðSβÞ ⊂ Sβ: Since Sβ is bounded, then QðSβÞ is bounded.

Step 2. Q : Sβ ⟶ Sβ is continuous. Let a sequence ðυnÞ
such that υn ⟶ υ in Sβ as n⟶∞: Then, for ϰ ∈ ½0, ϰ1�,
we have

Qυnð Þ ϰð Þ − Qυð Þ ϰð Þj j ≤ g υnð Þ − g υð Þj j +
ðϰ1
0

Φυn
tð Þ −Φυ tð Þ�� ��dt:

ð30Þ

For ϰ ∈ ½ϰ1, b�, we have

Qυnð Þ ϰð Þ − Qυð Þ ϰð Þj j ≤ υn ϰ1ð Þ − υ ϰ1ð Þj j + g υnð Þ − g υð Þj j

+ 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φυn
tð Þ −Φυ tð Þ�� ��dt,

ð31Þ

where Φυ,Φυn
∈C , with Φυn

ðϰÞ≔Φðϰ, υnðϰÞ,Φυn
ðϰÞÞ and

ΦυðϰÞ≔Φðϰ, υðϰÞ,ΦυðϰÞÞ: Since υn ⟶ υ as n⟶∞ and
Φυ,Φυn

,Φ, and g are continuous, the Lebesgue dominated
convergence theorem gives that

Qυn −Qυk kC ⟶ 0, as n⟶∞: ð32Þ

Step 3. QðSβÞ is equicontinuous. Let ϰ ∈ 0, ϰ1�, then ϰm <
ϰn∈0, ϰ1�, we have

Qυð Þ ϰnð Þ − Qυð Þ ϰmð Þj j ≤ g υ ϰnð Þð Þ − g υ ϰmð Þð Þj j
+ ϰn − ϰmð Þφ

⋆Ω βð Þ
1 − ψ⋆ :

ð33Þ
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Let ϰ ∈ ½ϰ1, b�, then ϰm < ϰn∈½ϰ1, b�, we have

Qυð Þ ϰnð Þ − Qυð Þ ϰmð Þj j

≤ g υ ϰnð Þð Þ − g υ ϰmð Þð Þj j + 1
Γ ϑð Þ

ðϰn
ϰ1

ϰn − tð Þϑ−1Φυ tð Þdt
�����

−
1

Γ ϑð Þ
ðϰm
ϰ1

ϰm − tð Þϑ−1Φυ tð Þdt
�����

≤ g υ ϰnð Þð Þ − g υ ϰmð Þð Þj j + 1
Γ ϑð Þ

ðϰn
ϰ1

ϰn − tð Þϑ−1

− ϰm − tð Þϑ−1 Φυ tð Þj jdt + 1
Γ ϑð Þ

ðϰm
ϰn

ϰm − tð Þϑ−1 Φυ tð Þj jdt

≤ g υ ϰnð Þð Þ − g υ ϰmð Þð Þj j + ϰn − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

φ⋆Ω βð Þ
1 − ψ⋆

+ ϰm − ϰnð Þϑ − ϰm − ϰ1ð Þϑ
Γ ϑ + 1ð Þ + ϰm − ϰnð Þϑ

Γ ϑ + 1ð Þ

 !
φ⋆Ω βð Þ
1 − ψ⋆

≤ g υ ϰnð Þð Þ − g υ ϰmð Þð Þj j + 2 ϰm − ϰnð Þϑ
Γ ϑ + 1ð Þ

φ⋆Ω βð Þ
1 − ψ⋆ :

ð34Þ

Since g is continuous and compact, (33) and (34) give

Qυð Þ ϰnð Þ − Qυð Þ ϰmð Þj j⟶ 0, as ϰm ⟶ ϰn: ð35Þ

That means Q is relatively compact on Sβ. So, Q is
completely continuous due to the Arzela–Ascolli theorem.
Thus, Schauder’s theorem shows that problem (4) has at
least one solution.

Next, we prove the uniqueness theorem for (4) based on
Banach’s theorem.

Theorem 8. Let (Assu3)-(Assu4) hold.
If maxϰ∈Jfζ1, ζ2g = ζ < 1, then PC-NIFDE (4) has a

unique solution on J, where

ζ1 ≔ κ3 +
κ1

1 − κ2
ϰ1,

ζ2 ≔ κ3 +
κ1

1 − κ2

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ :

ð36Þ

Proof. Consider υ and �υ in C , then

Φυ ϰð Þ −Φ�υ ϰð Þj j
= Φ ϰ, υ ϰð Þ,Φυ ϰð Þð Þ −Φ ϰ, �υ ϰð Þ,Φ�υ ϰð Þð Þj j
≤ κ1 υ ϰð Þ − �υ ϰð Þj j + κ2 Φυ ϰð Þ −Φ�υ ϰð Þj j,

ð37Þ

which implies that

Φυ ϰð Þ −Φ�υ ϰð Þj j ≤ κ1
1 − κ2

υ ϰð Þ − �υ ϰð Þj j: ð38Þ

Hence, we have two cases:

Case 1. For ϰ ∈ ½0, ϰ1�,

Qυð Þ ϰð Þ − Q�υð Þ ϰð Þj j
≤ g υð Þ − g �υð Þj j +

ðϰ1
0
Φυ tð Þ −Φ�υ tð Þj jdt

≤ κ3 +
κ1ϰ1
1 − κ2

� �
υ − �υk kC :

ð39Þ

Case 2. For ϰ ∈ ½ϰ1, b�,

Qυð Þ ϰð Þ − Q�υð Þ ϰð Þj j
≤ g υð Þ − g �υð Þj j + 1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð ÞÞϑ−1 Φυ tð Þ −Φ�υ tð Þj jdt

≤ κ3 +
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

κ1
1 − κ2

 !
υ − �υk kC :

ð40Þ

Consequently,

Qυ −Q�υk kC ≤ ζ υ − �υk kC : ð41Þ

Since ζ < 1, Q is a contraction. Thus, Banach’s theorem
shows that PC-NIFDE (4) has a unique solution that exists
on J.

3.1. An Analogous Results. In this part, we show some anal-
ogous results according to our preceding outcomes.

3.1.1. Piecewise Caputo-Fabrizio NIFDE (PCF-NIFDE). Con-
sider the following PCF-NIFDE

PCFD
ϑ
0+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCFDϑ

0+υ ϰð Þ
� �

,

υ 0ð Þ + g υð Þ = υ0,
ð42Þ

where PCFD
ϑ
0+ is the piecewise derivative in the Caputo-

Fabrizio sense (see [20]) defined by

PCFD
ϑ
0+υ ϰð Þ =

Dυ ϰð Þ = dυ
dx

, if ϰ ∈ 0, ϰ1½ �,

CFD
ϑ
ϰ1
υ ϰð Þ = 2 − ϑð Þℵ ϑð Þ

2 1 − ϑð Þ
ðϰ
ϰ1

exp λ ϰ − tð Þð Þυ′ ϰð Þdt if ϰ ∈ ϰ1, b½ �,

8>>><
>>>:

ð43Þ

where ℵðϑÞ = ð2/2 − ϑÞ,λ = ðϑ/ϑ − 1Þ, and CFD
ϑ
ϰ1
are the clas-

sical Caputo-Fabrizio FD (see [25]).
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Let ΦυðϰÞ≔Φðϰ, υðϰÞ,ΦυðϰÞÞ ; based on PCF-NIFDE
(42), the results in Theorems 7 and 8 can be presented by

υ ϰð Þ =
υ0 − g υð Þ + IΦυ ϰð Þ, if ϰ ∈ 0, ϰ1½ �

υ ϰ1ð Þ − g υð Þ + CFI
ϑ
ϰ1
Φυ ϰð Þ, if ϰ ∈ ϰ1, b½ �

8<
:

=
υ0 − g υð Þ +

ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 2 1 − ϑð Þ
ℵ ϑð Þ 2 − ϑð ÞΦυ ϰð Þ + 2ϑ

ℵ ϑð Þ 2 − ϑð Þ
ðϰ
ϰ1

Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �,

8>>>><
>>>>:

ð44Þ

where IΦυðϰÞ =
Ð ϰ1
0 ΦυðtÞdt and CFI

ϑ
0+ are a Caputo-Fabrizio

integral on ϰ1 ≤ ϰ ≤ b (see [25]):

3.1.2. Piecewise Atangana-Baleanu NIFDE (PAB-NIFDE).
Consider the following PAB-NIFDE

PABD
ϑ
0+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PABDϑ

0+υ ϰð Þ
� �

,

υ 0ð Þ + g υð Þ = υ0,
ð45Þ

where PABD
ϑ
0+ is the piecewise derivative in the Atangana-

Baleanu sense defined by (see [20])

PABD
ϑ
0+υ ϰð Þ =

Dυ ϰð Þ =
dυ
dx

, if ϰ ∈ 0, ϰ1½ �,

ABD
ϑ
0+υ ϰð Þ = 2 − ϑð Þℵ ϑð Þ

2 1 − ϑð Þ
ðϰ
ϰ1

exp λ ϰ − tð Þð Þυ′ ϰð Þdt if ϰ ∈ ϰ1, b½ �,

8>>><
>>>:

ð46Þ

where ℵðϑÞ is the normalization function that satisfies ℵð1Þ
=ℵð0Þ = 1; λ = ðϑ/ðϑ − 1ÞÞ, and ABD

ϑ
0+ are the classical

Atangana-Baleanu FD ([26]).
Based on PAB-NIFDE (45), the results in Theorems 7

and 8 can be presented by

where ABI
ϑ
0+ is the Atangana-Baleanu integral on ϰ1 ≤ ϰ ≤ b

(see [26]):

Remark 9. Following the strategy of proof utilized in the pre-
vious part, we can get the existence results for nonlinear
problems (42) and (45).

3.2. UH Stability Analysis. In this portion, we give the UH
Stability of problem (4).

Definition 10. PC-NIFDE (4) is UH stable if there exists a
Kf > 0, such that for all ε > 0 and each solution ω ∈C of
the inequality.

PCD
ϑ
0+ω ϰð Þ −Φω ϰð Þ

��� ��� ≤ ε, ϰ ∈ J, ð48Þ

there exists a solution υ ∈C of PC-NIFDE (4) that satisfies

ω ϰð Þ − υ ϰð Þj j ≤ Kf ε, ð49Þ

where ΦωðϰÞ≔ PCD
ϑ
0+ωðϰÞ and ΦωðϰÞ =Φðϰ, ωðϰÞ,ΦωðϰÞÞ:

Remark 11. ω ∈C satisfies inequality (48) if there exist func-
tion σ ∈C with

(i) jσðϰÞj ≤ ε,ϰ ∈ J

(ii) For all ϰ ∈ J

PCD
ϑ
0+ω ϰð Þ =Φω ϰð Þ + σ ϰð Þ: ð50Þ

Lemma 12. Let 0 < ϑ ≤ 1, and ω ∈C is a solution of inequal-
ity (48). Then, ω satisfies

ω ϰð Þ −W 0 −
ðϰ1
0
Φω tð Þdt

����
���� ≤ ϰ1ε, if ϰ ∈ 0, ϰ1½ �,:

ω ϰð Þ −W 1 −
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φω tð Þdt
������

������
≤

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε, if ϰ ∈ ϰ1, b½ �,

ð51Þ

where W 0 = ω0 − gðωÞ and W 1 = ωðϰ1Þ − gðωÞ:

Proof. Let ω be a solution of (48).

υ ϰð Þ =
υ0 − g υð Þ + IΦυ ϰð Þ, if ϰ ∈ 0, ϰ1½ �

υ ϰ1ð Þ − g υð Þ + ABI
ϑ
ϰ1
Φυ ϰð Þ, if ϰ ∈ ϰ1, b½ �

8<
: =

υ0 − g υð Þ +
ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

υ ϰ1ð Þ − g υð Þ + 1 − ϑ

ℵ ϑð ÞΦυ ϰð Þ + ϑ

ℵ ϑð Þ
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þϑ−1Φυ tð Þdt, if ϰ ∈ ϰ1, bf �,

8>>><
>>>:

ð47Þ
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By part (ii) of Remark 11, we have

PCD
ϑ
0+ω ϰð Þ =Φω ϰð Þ + σ ϰð Þ,

ω 0ð Þ + g ωð Þ = ω0:
ð52Þ

Then, the solution of problem (52) is

ω ϰð Þ =
W 0 +

ðϰ1
0
Φω tð Þ + σ tð Þ½ �dt, if ϰ ∈ 0, ϰ1½ �,

W 1 +
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þ
!ϑ−1

Φω tð Þ + σ tð Þ½ �dt, if ϰ ∈ ϰ1, b½ �:

8>>>><
>>>>:

:

ð53Þ

Again by (i) of Remark 11, we obtain

ω ϰð Þ −W 0 −
ðϰ1
0
Φω tð Þdt

����
����

≤
ðϰ1
0
σ tð Þj jdt ≤ εϰ1, for ϰ ∈ 0, ϰ1½ �,

ω ϰð Þ −W 1 −
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð ÞÞϑ−1Φω tð Þdt
�����

�����
≤

1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þϑ−1 σ tð Þj jdt

≤
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε, for ϰ ∈ ϰ1, b½ �:

ð54Þ

Theorem 13. Under the assumptions of Theorem 8. Then, the
solution of PC-NIFDE (4) is HU and GHU stable.

Proof. Let ω ∈C be a solution of inequality (48), and υ ∈C
be a unique solution of the following PC-NIFDE.

PCD
ϑ
0+υ ϰð Þ =Φυ ϰð Þ, ð55Þ

From Lemma 12, we obtain

υ ϰð Þ =
V 0 +

ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

V 1 +
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þϑ−1Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �,

8>>><
>>>:

:

ð56Þ

where V 0 = υ0 − gðυÞ and V 1 = υðϰ1Þ − gðυÞ: Clearly, if
υð0Þ + gðυÞ = ωð0Þ + gðωÞ, then V 0 =W 0, and V 1 =W 1:
Hence, (56) becomes

υ ϰð Þ =
W 0 +

ðϰ1
0
Φυ tð Þdt, if ϰ ∈ 0, ϰ1½ �,

W 1 +
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þϑ−1Φυ tð Þdt, if ϰ ∈ ϰ1, b½ �:

8>>><
>>>:

:

ð57Þ

Using Lemma 12 and (Assu 4) for ϰ ∈ 0, ϰ1�, we have

ω ϰð Þ − υ ϰð Þj j = ω ϰð Þ −W 0 −
ðϰ1
0
Φυ tð Þdt

����
����

≤ ω ϰð Þ −W 0 −
ðϰ1
0
Φω tð Þdt

����
����

+
ðϰ1
0
Φω tð Þ −Φυ tð Þj jdt

≤ εϰ1 +
κ1

1 − κ2

ðϰ1
0
ω tð Þ − υ tð Þj jdt:

ð58Þ

Using classical Gronwall’s Lemma [27], we obtain

ω ϰð Þ − υ ϰð Þj j ≤ εϰ1 exp
ðϰ1
0

κ1
1 − κ2

� �
dt

= εϰ1 exp
κ1ϰ1
1 − κ2

� �
≔ εK0:

ð59Þ

For ϰ ∈ ϰ1, b�, we have

ω ϰð Þ − υ ϰð Þj j = ω ϰð Þ −W 1 −
1

Γ ϑð Þ
ðϰ
ϰ1

ϰ − tð Þϑ−1Φυ tð Þdt
�����

�����
≤ ω ϰð Þ −W 1 −

1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þϑ−1Φω tð Þdt
�����

�����
+ 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þϑ−1 Φω tð Þ −Φυ tð Þj jdt

≤
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε +

κ1
1 − κ2

1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þϑ−1 ω tð Þ − υ tð Þj jdt:

ð60Þ

Using fractional Gronwall’s Lemma [27], we obtain

ω ϰð Þ − υ ϰð Þj j ≤ b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε +

ε

Γ ϑ + 1ð Þ
κ1

1 − κ2

× 1
Γ ϑð Þ

ðϰ
ϰ1

ϰ − tð Þϑ−1 b − ϰ1ð Þϑdt

≤
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε +

κ1 b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ 1 − κ2ð Þ

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ ε

= b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

κ1
1 − κ2ð Þ + 1

Γ ϑ + 1ð Þ
� �

ε≔ εK1:

ð61Þ
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It follows from (59) and (61) that

ω ϰð Þ − υ ϰð Þj j ≤
K0ε, for ϰ ∈ 0, ϰ1½ �,
K1ε, for ϰ ∈ ϰ1, b½ �,

(
ð62Þ

where

K0 = ϰ1 exp
κ1ϰ1
1 − κ2

� �
,

K1 =
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

κ1
1 − κ2ð Þ + 1

Γ ϑ + 1ð Þ
� �

:

ð63Þ

Hence, PC-NIFDE (4) is UH stable in C . Moreover,
if there exists a nondecreasing function, φ : ℝ+ ⟶ℝ+,
such that φðεÞ = ε. Then, from (62), we have

ω ϰð Þ − υ ϰð Þj j ≤
K0φ εð Þ, for ϰ ∈ 0, ϰ1½ �,
K1φ εð Þ, for ϰ ∈ ϰ1, b½ �,

(
ð64Þ

with φð0Þ = 0, which proves PC-NIFDE (4) is GUH
stable in C :

4. Examples

In this portion, we present two examples to illustrate the
reported results.

Example 1. Consider the following PC-NIFDE

PCD
1/3
0+ υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCD1/3

0+ υ ϰð Þ
� �

, ϰ ∈0, 1½ �,

υ 0ð Þ + 〠
n

i=1
ciυ ϰið Þ = 1

4 ,

ð65Þ

or

υ′ ϰð Þ =Φ ϰ, υ ϰð Þ, υ′ ϰð Þ
� �

, ϰ ∈ 0, 12

� �
,

CD
1/3
1/2+υ ϰð Þ =Φ ϰ, υ ϰð Þ, CD1/3

1/2+υ ϰð Þ
� �

, if ϰ ∈ 1
2 , 1
� �

,

υ 0ð Þ + 〠
n

i=1
ciυ ϰið Þ = 1

4 ,

ð66Þ

where ϑ = 1/3,υ0 = 1/4,0 < ϰ1 = 1/2 <⋯ < ϰn < 1 = b, and
ci are positive constants with ∑n

i=1ci < 1/5: Set

Φ ϰ, υ, ωð Þ = e−ϰ

8 + eϰð Þ 2 + υj j + ωj jð Þ , ϰ ∈ 0, 1½ �, υ, ω ∈ 0,∞½ Þ,

g υð Þ = 〠
n

i=1
ciυ ϰið Þ, υ ∈ 0,∞½ Þ:

ð67Þ

Let υ, ω, �υ, �ω ∈ ½0,∞Þ, ϰ ∈ ½0, 1�. Then,

f ϰ, υ, ωð Þ − f ϰ, �υ, �ωð Þj j
≤

e−ϰ

8 + eϰð Þ
υ − �υj j + ω − �ωj j

2 + υj j + ωj jð Þ 2 + �υj j + �ωj jð Þ
����

����
≤
1
9 υ − �υj j + 1

9 ω − �ωj j:

ð68Þ

Hence, the condition (Assu3) holds with κ1 = κ2 = 1/9:
Also we have

g υð Þ − g ωð Þj j = 〠
n

i=1
ciυ ϰið Þ − 〠

n

i=1
ciω ϰið Þ

�����
�����

≤ 〠
n

i=1
ci υ − ωj j ≤ 1

5 υ − ωj j:
ð69Þ

Hence, the condition (Assu4) holds with κ3 = 1/5. More-
over, the following condition

max ζ1, ζ2f g =max κ3 +
κ1

1 − κ2
ϰ1, κ3 +

κ1
1 − κ2

b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

( )

=max 21
80 ,

1
5 + 1

8
ffiffiffi
23

p
Γ 4/3ð Þ

( )

= 1
5 + 1

8
ffiffiffi
23

p
Γ 4/3ð Þ

< 1,

ð70Þ

is satisfied with ϰ1 = ð1/2Þ, and b = 1: Thus, with the
assistance of Theorem 8, problem (65) has a unique solution
½0, 1�. Further, since 1 − ðκ1ϰ1/1 − κ2Þ = ð15/16Þ < 1, and 1
− ððb − ϰ1Þϑ/Γðϑ + 1ÞÞðκ1/1 − κ2Þ = 1 − ð1/8 ffiffiffi

23
p

Γð4/3ÞÞ < 1,
then

K0 = ϰ1 exp
κ1ϰ1
1 − κ2

� �
= 1
2 e

1/16 > 0, ð71Þ

and

K1 =
b − ϰ1ð Þϑ
Γ ϑ + 1ð Þ

κ1
1 − κ2ð Þ + 1

Γ ϑ + 1ð Þ
� �

= 1/8ð Þ + 1/ Γ 4/3ð Þð Þð Þffiffiffi
23

p
Γ 4/3ð Þ

> 0,
ð72Þ

which implies that problem (65) is HU stable.
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Example 2. Consider the following PC-NIFDE

PCD
1/2
1/4+υ ϰð Þ =Φ ϰ, υ ϰð Þ, PCD1/2

1/4+υ ϰð Þ
� �

, ϰ ∈ 1
4 , 1
� �

,

υ
1
4

� �
+ 1
2 sin υ ϰð Þ

3

� �
+ 1
9 = 1,

ð73Þ

or

υ′ ϰð Þ =Φ ϰ, υ ϰð Þ, υ′ ϰð Þ
� �

, ϰ ∈ 1
4 ,

1
2

� �
,

CD
1/2
1/2+υ ϰð Þ =Φ ϰ, υ ϰð Þ, CD1/2

1/2+υ ϰð Þ
� �

, if ϰ ∈ 1
2 , 1
� �

,

υ
1
4

� �
+ 1
2 sin υ ϰð Þ

3

� �
+ 1
9 = 1,

ð74Þ

where ϰ1 = ð1/2Þ,ϑ = ð1/2Þ,υ0 = 1: Set

Φ ϰ, υ ϰð Þ, ω ϰð Þð Þ = 1
10 + ϰ2ð Þ

υ ϰð Þ + ω ϰð Þ
1 + υ ϰð Þj j + ω ϰð Þj jð Þ + 1

90

� �
,

ð75Þ

for ϰ ∈ ½ð1/4Þ, 1�,υ, ω ∈ ½0,∞Þ, and

g υð Þ = 1
2 sin υ

3
� �

+ 1
9 , υ ∈ 0,∞½ Þ: ð76Þ

Let υ, ω ∈ ½0,∞Þ and ϰ ∈ ½ð1/4Þ, 1�. Then,

Φ ϰ, υ, ωð Þj j = 1
10 + ϰ2ð Þ

υ + ω

1 + υj j + ωj jð Þ + 1
90

� �����
����

≤
1

10 + ϰ2ð Þ υj j + ωj j + 1
90

� �
:

ð77Þ

Putting ΩðjυjÞ = jυj + ð1/90Þ, and φðϰÞ = ψðϰÞ = ð1/ð10
+ ϰ2ÞÞ Then, jΦðϰ, υ, ωÞj ≤ φðϰÞΩðjυjÞ + ψðϰÞjωj valid for
any ðϰ, υ, ωÞ ∈ ½ð1/4Þ, 1� × ½0,∞Þ × ½0,∞Þ, and ψ⋆ = ð16/161Þ
< 1. Also, jgðυÞj ≤ ð1/6Þjυj + ð1/9Þ = ajυj + b: Hence, ðAssu1Þ
and ðAssu2Þ hold. Thus, all the assumptions of Theorem 7 are
satisfied. Hence, problem (73) has a solution on ½ð1/4Þ, 1�.

5. Conclusions

Somewhat recently, numerous methodologies have been
proposed to portray behaviors of some complex world prob-
lems emerging in numerous scholarly fields. One of these
problems is the multistep behavior shown by certain prob-
lems. In this regard, Atangana and Araz [20] introduced
the concept of piecewise derivative. As an extra contribution
to this subject, existence, uniqueness, and UH stability
results for PC-NIFDE (4) involving a piecewise Caputo FD
have been obtained. Our approach to this work has been
based on Banach’s and Schaefer’s fixed-point theorem and

Gronwall’s Lemma. In light of our current results, the solu-
tion form for analogous problems containing piecewise
Caputo-Fabrizio and Atangana–Baleanu operators have
been presented. Finally, we have created two examples to
validate the results obtained.

As an open problem, it will be very interesting to study
the present problems on piecewise fractional operators with
another function that is more general; precisely, one has to

consider in problem (2) with PCD
ϑ;ψ
0+ such that

PCD
ϑ;ψ
0+ f ϰð Þ =

Dψ : if ϰ ∈ 0, ϰ1½ �,
CD

ϑ;ψ
ϰ1

f ϰð Þ: if ϰ ∈ ϰ1, b½ �,

8<
: ð78Þ

where Dψ ≔ ðð1/ðψ′ðϰÞÞÞðd/dϰÞÞ and CD
ϑ;ψ
0+ are ψ-Caputo

FD of order ϑ introduced by Almeida [28]:
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