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In this paper, by using the mountain pass theorem and the concentration compactness principle, we prove the existence of a
positive solution for a p-Kirchhoft-type problem with critical Sobolev exponent.

1. Introduction and Main Result

In this article, we study the existence of a positive solution
for the following p-Kirchhoft-type problem:

{‘ﬂa,b(”) Aju= |u|P*‘2u+Mu|"‘2u, inQ, W

u=0, onoQ,

where Q ¢ RN is a bounded domain, 1 <p <N, ,,(u) =
allu" ™V +b, a>0, b20,A>0, p<rp<g<p®, ||| is the
usual norm in W?(Q) given by |[ullf = [ o|Vuldx, and
p* =pN/(N — p) is the critical Sobolev exponent correspond-
ing to the noncompact embedding of W,” () into L,.(Q).
This problem contains an integral over (2, and it is no longer
a pointwise identity; therefore, it is often called nonlocal
problem. It is also called nondegenerate if >0 and a >0,
while it is named degenerate if b=0 and a > 0.

In the past several decades, much attention has been
paid to the Kirchhoft-type problem which is closely related
to the stationary analog of the following equation:

P2 (Po Ll
ot h 2L J,|ox
proposed by Kirchhoff in [1] as an extension of the classical
d’Alembert’s wave equation by considering the effects of the
changes in the length of the strings during the vibrations,
where p, p, h, E, and L are constants. KirchhofF’'s model takes
into account the changes in length of the strings produced by
transverse vibrations. These problems also serve to model
other physical phenomena as biological systems where u
describes a process which depends on the average of itself
(for example, population density). The presence of the non-
local term makes the theoretical study of these problems so
difficult; then, they have attracted the attention of many
researchers in particular after the work of Lions [2], where
a functional analysis approach was proposed to attack them.
In the last few years, great attention has been paid to the
study of Kirchhoff problems involving critical nonlinearities.
These problems create many difficulties in applying varia-
tional methods because of the lack of the compactness of
the Sobolev embedding. It is worth mentioning that the first
work on the Kirchhoff-type problem with critical Sobolev
exponent is Alves et al. in [3]. After that, many researchers

2 o’u
dx) Feia 0, (2)
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dedicated to the study of several kinds of elliptic Kirchhoff
equations with critical exponent of Sobolev in bounded
domain or in the whole space RY; some interesting studies
can be found in [4-9] and the references therein. More
precisely, Naimen in [8] generalized the results of [10] to
the semilinear Kirchhoff problem:

—<b+aJ |Vu|2dx)Au=u5+)Lf(x,u),u>0 inQ,
Q

u=0 on 00,

(3)

where QO ¢ R? is a bounded domain, f € C(Qx R, R), and
A € R. Under several conditions on f and A, he proved the
existence and nonexistence of solutions. For larger dimen-
sional case, Figueiredo in [5] considers the case N >3 if
A >0 is sufficiently large. Matallah et al. in [7] studied the
existence and nonexistence of solutions for the following
p-Kirchhoff problem:

(4)

—ﬂ(u)Apu = |u|P*_2u +f(x,u), inQ,
on 002,

u=0,

where M : R* — R* is a continuous function satisfying
some extra assumptions and f : QX R— R is a continu-
ous function satisfying some conditions. Benaissa and
Matallah in [4] discussed the problem

—<aJ Vu|pdx+b)Apu:|u|p*2u+/\f(x) inRN, (5)
RY

where f satisfies some conditions. Very recently, Benchira
et al. in [11] have generalized the results of [12] to the
nonlocal problem (1) with g=p, A€ (0,bA;), b>0, N>
p* a>0if r<N/(N-p), and 0<a<S™" if r=N/(N-p)
(S is the best Sobolev constant for the imbedding Wy’
(Q)=LF (9)).

Inspired by the above works, especially by [8, 11], we are
devoted to studying the existence of positive solutions for
problem (1) for all A positive. In our problem, a typical
difficulty occurs in proving the existence of solutions because
of the lack of the compactness of the Sobolev embedding
W' (Q) — L,.(Q). Furthermore, in view of the corre-
sponding energy, the interaction between the Kirchhoff-
type perturbation |u|” (1) and the critical nonlinearity |,

ul’" dx is crucial.
|u]
The main result of this paper is the following.

Theorem 1. Assume that a>0, b>0, 1<p <N, and max
{rp, (N(p—1))/(N-p)} <q<p*. Then, problem (1) has a
positive solution for all A > 0.

Remark 2. If N > p?, then max {rp, (N(p—1))/(N - p)} = rp.
In the case where g < rp, it is difficult to show that a Palais-
Smale sequence of the corresponding energy is bounded; in
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this case, the authors in [7, 9] used the truncation method
to show the existence of solution under the condition “ suf-
ficiently large.” Our objective in this paper is the existence
of solution for all A > 0.

Let us simply give a sketch of the Proof of Theorem 1.
The main tool is variational methods; more precisely, by
using the mountain pass theorem [13], we obtain a critical
point of the corresponding energy. The main difficulties
appear in the fact that problem (1) contains the critical
Sobolev exponent; then, the functional energy does not satisfy
the Palais-Smale condition in all range; to overcome the lack of
compactness, we need to determine a good level of the Palais-
Smale condition, and we must verify that the critical value is
contained in the range of this level. This is the key point to
obtain the existence of a mountain pass solution.

This paper is composed of two sections in addition to the
introduction. In Section 2, we give some preliminary results
which we will use later. Section 3 is devoted to the proof of
main result.

2. Preliminary Results

In this paper, we use the following notations: — (resp —)
denotes strong (resp., weak) convergence, o,(1) denotes o,
(1) — 0 as n —> +00, By(x,) is the ball centred at x, and
of radius R, u~ = max {-u, 0}, and C, C,, C,, -+, denote var-
ious positive constants. We define the best Sobolev constant
for the imbedding W, ¥ (Q)—LF" (Q) as

p
uewy? (@\(o} ([, |ufP" dx)"”

(6)
Recall that the infimum § is attained in RV by the func-
tions of the form

-1\ (N-p)p?
N -p\*! -N)/
u,(x) = (Ns( p) ) (s+ |x|P/(P’1))(P )P,s>0.

p-1
(7)

Moreover, u, satisfies
J |Vu, |[Pdx = J |u | dx = SP PP, (8)
]RN ]RN

Let R be a positive constant and set ¢ € C;°(£2) such
that 0 < ¢(x) <1 for |x| <R and ¢(x) =1 for |x| <R/2 and

Bp(0) cQ. Set v, (x)=¢(x)u.(x) and take z.(x)=v(x)

(jn|v£(x)|p*dx)_1/p so that jﬂ|zs|p*dx: 1. Then, we have
the well-known estimates as £ — 0:
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z][f =S+ O(e77),
O(£(<<N—p><p—1>>/p2)@*—q>) ifg> NP~1
N-p

Ay = ((N-p)Ip*)q o _Np-1)
Jﬂ\z£| dx O(e [In £|) ifq N=p

((N-p)Ip*)q : N(p-1)
O<£ ) ifg< Nop
©)

(See [14, 15]).
The energy function corresponding to problem (1) is
given by

B(u) = ip||u|“’+§||u||f’— | s
T Q

*

10

A/ l)p ( )

——J |u|ldx,Yu e Wi (Q).
9J)a

Notice that E is well defined in W,”(€2) and belongs to
CHW?(Q), R). We say that ue WyF(€2)\ {0} is a weak
solution of (1), if for any v € W,” () there holds

.%ab(u)J |Vu|P72Vqudx—J |u|P*72uvdx—)tJ |u|T*uvdx = 0.
’ o Q Q
(11)

Hence, a critical point of functional E is a weak solution
of problem (1).

Definition 3. Let ¢ € R; a sequence (u,) ¢ Wy (Q) is called a
(PS), sequence (Palais-Smale sequence at level ¢) if

E(u,) — candE'(u,) — Oasn — +o00.  (12)

Let c € R. We say that E satisfies the Palais-Smale condi-
tion at level ¢, if any (PS), sequence contains a convergent

subsequence in Wy¥(Q).
By [11], we have the following result.

Lemma 4. Let a>0, b>0, r,0> 1, and y= ((a/6)S7) 01,
For y > 0, we consider the function f, : R* — R*, given by

foly)=8"y" —as"y-b. (13)

Then,

(1) when b+#0, the equation f,(y)=0 has a unique
positive solution y, >y and fy(y) >0 for all y >y,

(2) when b = 0, the equation f,(y) = 0 has a unique positive
solution y, = (uS’)I/(e_l) and f,(y) =0 forall y > y,

3. Proof of Main Result

To prove our main result, we use the mountain pass theo-
rem. First, we will verify that the functional E exhibits the
mountain pass geometry.

Lemma 5. Suppose that a>0, b>0, I<p<N, and rp< q<

p*. Then, there exists e € Wy () \ {0} and positive numbers
0, and p, such that

(a) E(u) =38, >0, with ||u|| = p,
(b) |lell > p; and E(e) <0

Proof.

(1) Letu € Wy*(Q) \ {0}; by Sobolev and Young inequal-
ities, we have

1 ,
E(u) = — ||u]|”” + 1—7||”||P— — |l dx - A |u|?dx
rp p P o qJ)o

) . a p b A
2= — S|P+ —||ul|”” + —[u]” ~ = Cl|u]|.
p p p q

(14)

Let p = ||u||, from (14), one has

a I e o A
E(u)> —p?— —SPPp" — ZCpt. 15
()= P = ST = Cp (15)

As rp<q<p* and a> 0 there exists a sufficiently small
positive numbers p; and &, such that

E(u) =6, >0, with ||u]| = p,. (16)

(2) Let ue W (Q)\ {0}; as p* > rp, it holds that E(tu)
— —00 as t — +00, 50 we can easily find e € WP
(€2) \ {0} with ||e]| > p;, such that E(e) < 0. The proof
is complete

O

We define

I= {5 € C([o, 1], Wé’P(Q)),E(O) =0,E(1) = e},

¢=inf maxER()).

(17)

where e is taken from Lemma 5.
Now, we prove the following lemma which is important
to ensure the local compactness of (PS) sequences for E.



Let y, and y, be defined in Lemma 4 and define

Ct = r’ P s 1) r’ ‘DbSyl/ 1 (18)
rpp* pp*
with
ifb+0,
=0 (19)
y,ifb=0.

Lemma 6. Assume that a>0, b>0, I<p<N, rp<q<p*,
and {u,} cWH(Q) is a (PS), sequence for E with

c<C*. (20)

Then, {u,} contains a subsequence converging strongly
in W*(Q).

Proof. As n — o0 and rp < g < p*, we have

1
c+o,(1)--o0
q

— _ l !
(Ol = ) = (E w)o10,)
a=1p . . 4P
2 a8 7+ b, .
Pq

pq
(21)

Then, {u,} is bounded in Wy*(£2). Hence, by the con-
centration compactness principle due to Lions (see [6, 16]),
there exists a subsequence, still denoted by {u,, }, such that

Vit — dn > [Vul + Y 1,9,
i€l

* o (22)
| — dy = [uf” + Y yd,,

iel

where I is an at most countable index set, #;, y; are nonneg-
ative numbers, and §, is the Dirac mass at x;. Moreover, by
the Sobolev inequality, we infer that

niZSyf/P*foralliEI. (23)

We now claim that I = &. To this end, by contradiction,
suppose that I # &; then, there exists j € I. For £ >0, let ¢, ;

be a smooth cut-off function centered at X; such that 0 <
;< 1’¢€J|B ¢8j|g\3 )= 0, and [V¢, (x)| <2/e.

Clearly, {¢, ; n} is bounded in W, (€). It follows from E'
(u,) — 0 as n — oo that

0=lim lim (ﬂa)b(||un|)J Vi, [PV v(¢51 n)dx

e—0n
A el ()5 ).

= pt (9,
(24)
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On the one hand, by Hélder’s inequality and (6), we have

U |un|q¢e,jdx B3 J |un|q¢s,jdx
Q By.(;)

alp* " -a)p*
< (J |, [P dx) (J dx>
B (%) B ()

< C”un”qu((P*—q)/P*).

(25)

Since N((p*—¢
Wi?(Q), then

)p*)>0 and {u,} is bounded in

lim lim J |t ], dx = 0. (26)

e—0n—o00

Moreover, by using Holder’s inequality, we find

e—0n—o0

lim lim [ Mn|vun|P_zvunv¢e,jdx
JO

(pfl)/p’
n

- [ ¢
| r
0
]1/17
1p*
JB |ul? dx) < )V(;SE]

("
<Clim (JB up? dx) < )v%
(R

< lim lim J (|Vu, [P

e—0n—o0 Q

V.,  dx

e—0n—o0

< lim lim U |V, |P

} 1p

)i
pp*1(p*-p) )07 pyiee
dx

> 1/N

<C, lim U |u|P‘V¢

<C, lim

£—>

(27)
So, as {u,} is bounded in W (Q), we deduce that

lim lim /%u,b(HunH)J Uy | Ve, [PV, Vg, dx=0. (28)
Q

e—0n—o0

By (22), (26), (28), and Holder’s inequality, we obtain

e—0n—oo0

0=lim lim < (Un)> Gt n>2<b+a11;_1)11j—yj, (29)

that is,
y; 2 bn; +an. (30)

Then, by (23), we obtain

- il — (plp")(r-1)
yj:OOrSl(yj) -a$ 1()/].) -b>0. (31)
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Now, we assume by contradiction that y;# 0. Set y =

(yj)(p(r_l))/p*and 0= (p* —p)/(p(r—1)); then by (31), we get

S —asly—b>0. (32)

It is clear that 8 > 1 thanks to p* > rp. So, from (32) and
the definition of f, in Lemma 4, we get

fG()/) _ S—ly(P*‘P)/(P(r_l)) — aSr_ly -b>0. (33)

According to Lemma 4, there exist y,>

(((ap(r—1))/

(p* _p))sr)(p(rfl))/(p*frp) and y, = (asr)(P('*l)V(P**’P) such
that fy(y,) =0 and f,(y) =0 if y>y, with
itb+0,
= (34)
yifb=0,
which implies that
-
s(y)" =g, (35)
Moreover, using (23), we conclude that
72 Sy 2 Syl (36)

On the other hand, by the fact p <rp < g <p*, one can
get

\P+%j e+ 0P |7
0

q-p P p*_q p*
N (L = I +y,.>

q-p P —q R ek
S AT k| j " + a2
qp qp

21 Pr
rqp i

cpd=P, B

ap qp*yf

(37)

which implies that

5
4=P ¢ (1) P* =4 (o ue-1)\P? -'ip 17 TP TP (o 1(r-1)
expT eyl £ (s ) s - (spren)
PP (i P =Py P TTP (e
>a— v (y* ) +b—pp* Sy, a—rpp* <Sy* )
P =Py, 1 47P ¢ i)
-b——=38y, +b—=8y,
I Y @ )
P a0\ Pepip . AP (o -1\
+ —qp* (Sy* ) N +u—rqp (Sy* )
P TP (i P =P o vy
>a . +b—=9y,
rpp* ( 4 ) pp* 4
P =a (e ue )\ Poprip, P4 (o) P =d e
+—qp* <Sy ) S +aqp (Sy* ) bqp Sy,
> aP* Py 1) bP* _*P SV
rpp* pp
P ~ G o (1) (o1 (T -p)(p(r-1)) _ qr-1,,
pr — 9, (S be: as"’y, b)
e PPy _
=C"+——38y, L)=C
e Y fo(r.)
(38)
This is a contradiction. Hence, I is empty and so
J |u,,|P*dx—>J uf? dx. (39)
O (0]
On the other hand, we have
'
(B (u,)s ) =l (1) |1,
(40)

| -2 =)
(9} Q

<E’ (4,)s v> = ﬂu’b(u)JQWun IP*Vu,Vvdx
- J |, [P 2w, vdx — AJ |u,| T u,vdx = 0,(1),
o 0
(41)

for any ve Wi (Q). Set I=lim|u,| as n— +00; then,
from (40) and (41), we deduce that

(alp(”1)+b)lP—J |u|"*dx—?tj ul'dx =0, (42)
Io) O

(alp(’_l) + b)J |VulP2VuVvdx

o (43)

—J |u\P*"2uvdx—)LJ |u|T*uvdx = 0.
o o

Taking the test function v=u in (43), we get
(a1P<H> + b) ul|? - J |l dx - /\J u[ldx=0.  (44)
Q Q

Therefore, the equalities (42) and (44) imply that |Ju|| = 1.

Consequently, {u, } converges strongly in W,* (€2), which is
the desired result.



The energy functional E satisfies the Palais-Smale condi-
tion at level ¢ for any ¢ < C*. So, the existence of the solution
follows immediately from the following lemma. O

Lemma 7. Let a>0, b>0, I<p<N, and
N(pp-1
max {rp, Islpi—p)} <q<p*. (45)

Then,

supE(tz,) < C". (46)

t>0

Proof. We define the functions g and h such that

a b 1 . A
1) =E(tz,) = —tP||z||? + - ||z, ||P — — ——th z,|1dx,
g(t) =E(tze) = 10|27+ S8llz| = S8 =2 e

Bty = Lo 7+ e - LS e
rp p
(47)
Then,
t° . . t
o0 =h(t) = (1= TPz ) - AL | [zl (a9
p qJao

Note that t lim g(t) =-0co0 and g(t) >0 when ¢ is close
—>+00

to 0, so supg(t) is attained for some T, > 0. Furthermore,
20

from g'(T,) =0, it follows that

o +aT£p_1HZe||"’+bTé’_lllst”:lTﬁ_IJ 2, |1d,
0

(49)

ATEY[ eyt aT 2| BT e P =T
0]
(50)

By multiplying the equation in (49) by T!, we obtain

STE +aT V2|7 + |z |)” > 0. (51)
Easy computations show that

_ 1(p*=rp)
s (B ) (52)

By applying (9), we have for ¢ small enough

_ V(p*=1p)
T, < (“Zﬂri_pl)sr) =1, (53)
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On the other hand, we multiply the equation in (50) by
T!? and by recalling (53), we obtain

TP a7 - ATE e ids
0

(54)
2 a7 = M(x) 7| [
Q
By applying (9), we have for & small enough
T, > (aS)0P) = . (55)

Now, we estimate g(T,).
It follows from h'(t) =0 that

_s?

T a2 || + b 2, [P =0, (56)
that is,
_ [S—P*/P||Z£||P**Ptp*—z7 — at? V|2 [P0 - b} =0. (57)
Set
y =PI 20, (58)

and 0= (p* —p)/(p(r—1)). As 6> 1, then by (57), we get

-[$Y ey -k =—fo =0, (59)
which implies from Lemma 4 that f,(y,) = 0 with y, defined
in (34). Therefore, h'(t,) = 0, where

t =S| (r,) 00D, (60)

As f(y) is concave, then h'(t) is convex and so

1 . . o.oa . b
maxh(t) =h(t.) = - — ST ||z | £] + p 17l Ptip+1—)|\zsllpﬂi.
(61)
Since h'(t,) =0, one has
STz ||P" 6 = allz | PP +b||z||°£. (62)

So, we deduce that

a b
mah(t) == al}| 77+ Bz e) + 2 717+ e P

P
( ) 7| s||“’+b(; ﬂ)tznzsn"
p
< >Sr r/(r—1) + b(p i*> Syi/(rfl) =C*.
p p* P



Journal of Function Spaces

Consequently, by (9) and as g> (N(p—-1))/(N -p),
we have

120

1/ .. . . A
SUpE(t2,) = g(T,) =h(T,) + oo (SPeglf” ~1)T7 = 172 e s
1 . . .
<C'+ —*(S’P Pz, P —1) T - &TZJ |2.|9dx
p 19 Jao

*

ccry L o(e(pr)/p)(Tl)P” _ 3(TO)qO(8(((N*P)(P*1))/P2)(P**q))

(64)

Taking & small enough, we obtain sup,,E(tz,) < C".
Thus, the proof of this lemma is completed. O

Now, we can proof the existence of a mountain pass-type
solution.

Proof of Theorem 1. Applying Lemma 5, we get that E pos-
sesses a mountain pass geometry. Then, from the mountain

pass theorem [13], there exists a (PS), sequences {u,} C

W,?(Q) of E. According to Lemmas 6 and 7, {u,} has a
subsequence (still denoted by {u,}) such that u, — u in

W,?(Q). Hence, u is a critical point of E and therefore a
solution of (1). O

Now, we show that u>0. To obtain a contradiction
assume that u = u~. We have

0=(E (u),u ) = (al|ulP"V +b J VulP2VuVu dx
(') = (allp®™ + )] (vl
—J \u|1’*’2uu_dx—)tj |u|"uu” dx
(0] Q
> (a||u||P(H)+b)||u_||P+J |u|P"dx+AJ |uldx > bl|u”|]°.
0 0

(65)

Then, u~ = 0. By the strong maximum principle [17], one
has © > 0. Theorem 1 can be concluded.
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