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In this paper, we investigate an orthogonal L*-contraction map concept and prove the fixed-point theorem in an orthogonal
complete Branciari metric space (OCBMS). We also provide illustrative examples to support our theorems. We demonstrated
the existence of a uniqueness solution to the fourth-order differential equation using a more orthogonal L* contraction

operator in OCBMS as an application of the main results.

1. Introduction

The Branciari metric (BM) concept was introduced by
Branciari [1] in the year 2000. The generalization is via the
fact that the triangle inequality is replaced by the rectangular
inequality b(A,, 1,) <B(A;, A5) + b(A5, A,) + B(A,, A,) for all
pairwise distinct points A, A,, A5, A, of P. Afterwards, many
authors studied and elaborated the existence of old fixed-
point theorems in the BMS (briefly Branciari metric spaces)
[2-7]. The ®O-contraction concept was introduced by Jleli
and Samet [8] in 2014. Later, some authors provided a vari-
ety of results based on ®-contraction [9, 10]. Saleh et al. [11]
introduced the concept of generalized L and L*-contrac-
tions. And also proved fixed-point theorems in CBMS.
Eshraghisamani et al. [12] initiated new contractive map
and proved fixed-point theorem in BMS.

An orthogonality notion in metric spaces is presented by
Gordji et al. in 2017 [13, 14]. Recently, many authors estab-
lished a variety of fixed-point results in generalized orthogo-

nal metric space (OMS). Nazam et al. [15] demonstrated the
concept of (¥, ®)-orthogonal interpolation contraction
mappings. The notion of B metric-like space via a hybird
pair of operators was introduced by Ali et al. [16] in
2022. In 2021, Hussain [17] presented another family of
fractional symmetric a-#-contractions and builds up some
new results for such contraction in the context of F-met-
ric space. Mukheimer et al. [18] initiated the concept of
orthogonal L-contraction mapping and proved fixed-point
results in OBMS.

From the above motivation, we prove some fixed-point
results in the direction of OBMS. We also give some exam-
ples to argue that our results correctly generalize certain
results in the literature.

In this article, we present basic definitions and examples
in Section 2, prove some fixed-point theorems by orthogonal
L*-contractive mapping in an OCBMS in Section 3, and
finally, obtain a unique solution of differential equation
using orthogonal L* contraction operator in Section 4.


https://orcid.org/0000-0001-6346-605X
https://orcid.org/0000-0002-4191-3338
https://orcid.org/0000-0003-2121-6428
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/4943412

2. Preliminaries

Throughout this article, we denote by &, N, and R, the
nonempty set, the set of positive integers, and the set of pos-
itive real numbers, respectively.

The Branciari metric space was introduced by Branciari
[1] as follows.

Definition 1. Let 5 #+ & and a function b : X x P — R, s.t
(briefly such that) VA;, A, € P and all A; # A, € /{1, A, }:
(BM1) (A}, 4,) =0, iff A, = A,;
(BM2) 6(A;, A,) =b(Ay, A));
(BM3) (A}, A,) <b(A, A5) +B(A5, A) +b(A,, A,).
The pair (%, b) is called a BMS with Branciari metric b.

The following example is on the Branciari metric space
(BMS).

Example 1. Let 22 ={0,2} U {(1/1): 1 € N}, where E={0,2}
and G={(1/1): 1€ N}. Define b : #x P — R, as

0, ifp, =g,

1, ifp #p,and{p,,p,} CBor{p,,p,} cG
b(p,,0,) = .

©,,» ifp, €Eandgp, €G,

@, ifp, €Gandgp, €E.
(1)

Then, (2, b) is a CBMS (briefly complete Branciari met-
ric space). However, we get

(1) lim,_,b((1/1),(1/2)) #6(0, (1/2))althoughlim,_,_,
(1/1) =0, and hence, b is discontinuous

(2) There is nonexistence £>0 st G,(0) N G,(2) =,
and hence, the topology is not a Hausdorft

(3) Gy3={0,2,(1/3)}; however, there does not exist
>0 s.t Gy(0) € Gyy3)(1/3), and thus, an open ball
does not necessitate an open set

(4) {1/1}, is not a Cauchy sequence since it converges
to both 0 and 2

Now, we give the following concepts, which are used in
this paper.

Definition 2. Let (9, b) be a BMS and {«,} be a sequence in
Pand A, € 2.

(1) {a,} is convergent to A, < b(a,,a,) — 0 as 1
— 00. We denote this by «, — «;

(2) {a,} is Cauchy &b(«,, ;) — 0 as 1, £ — 00;

(3) (2, b) is complete < every Cauchy sequence in P
which converges to some element in 2.
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Eshraghisamani et al. [12] introduced the concept of
©®-contraction as follows.

Definition 3. Let (9,b) be a BMS. A map @ : P — P is
said to be ®@-contraction if there exist @ € I' , ; and v € (0, 1)
st (VA A, € P)

B(DA,, DA,) >0 = O(B(DA,, DL,)) < [O(B(Ay, 1,))]",
(2)

where I , 5 is the family of all functions ® : (0, co) — (0,00)
which satisfy the following axioms:
(©,)0 is increasing

(®,) For each sequence {a,}  (0,00),lim O(a,) =

1—>00
l = lim a,=0"
1—00

(®,)O is continuous.

Using Definition 3, Eshraghisamani et al. [12] proved the
following theorem.

Theorem 4. Let (2,b) be a CBMS and ©®: P — P a
O-contraction function. Then, O has a ufp (briefly unique
fixed point).

The below example supports Theorem 4.

Example 2. Let Gg, 5 : [1,00) X [1,00) — R be two functions
defined as below:

S(ay)

7)v > 219 3
9(0,)" " e

Sop,5(0,07) =

where @, S : [1,00) — [1,00) are upper semicontinuous
from the right s.t (o) <o <®(0), for all o>1. Then,
Sog €L

In Theorem 4, by replacing the condition (®;), we get
the following remark.

Remark 5. Let {u,},{¢,},{y,} be the sequence of R, s.t

lim u,=u, lim ¥, =¢ and lim y, =Y. Then,
1—>00 1—>00 1—>00

(1) l% max {1, §,9,} =max {1, &y},
(2) lim min {1t,%,9,} =min {u, g y}.
1—>00
In 2017, Gordji et al. [13] introduced the concept of an
orthogonal set as follows.

Definition 6. Let * #+ & and 1< P x P be a binary relation.
If 1 holds

A €P: (VA € P LA ) or (YA, € P A LA, (4)

then (2, 1) is called an orthogonal set.
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The following example and Figure 1 are satisfied by
Definition 6.

Example 3. Let » = Z and define A, 1A, if Ive Z : A, =vA,.
It is clear that 0LA,, VA, € Z. Hence, (2, L) is an orthogonal
set.

Example 4. A wheel graph %", with 1 edge for every 1>4, a
node connect to each node to every edge of (1—1) -cycle.
Let & be the set of all edge of 7, for every 1> 4. Define A,
1, if there is a connection from A, to A,. Then, (£, 1) is
an orthogonal set.

The following orthogonal sequence definition was intro-
duced by Gordji et al. [13] which will be utilized in this
paper to prove main results.

Definition 7. Let (P, L) be an orthogonal set. A sequence
{A,,} is called an orthogonal sequence (shortly, O -sequence)
if

(VieN, Ay, LAy, )or (VieN, Ay, LAy). (5)

11+

Again, the concepts of orthogonal continuous also intro-
duced by Gordji et al. [13].

Definition 8. Let (P,L,6) be a OMS. Then, a mapping
O : P — P is called orthogonal continuous in A, € & if for
every O -sequence {A,,} in & with A;, — A, as 1 —> 00,
we have @(A,,) — O(A,) as 1 —> oo.

Definition 9. Let (%, L1,b) be a OBMS.

(1) {A, }, an orthogonal sequence in %, converges at a
point A, if

lim ®(4,,1,)=0. (6)

1—>00

(2) {A, }, {7} are orthogonal sequences in & and are
said to be orthogonal Cauchy sequence if

lim ®(1,,1, )<oo. (7)

LM—00

Gordji et al. [13] introduced the concept of an orthogo-
nal complete as follows.

Definition 10. Let (2,L,b) be a OMS. Then, & is called an
orthogonal complete, if every orthogonal Cauchy sequence
is convergent.

Finally, the following orthogonal-preserving concepts
introduced by Gordji et al. [13] is of importance in this

paper.

FIGURE 1: A wheel graph.

Definition 11. Let (2, L) be an orthogonal set. A function
O : P — Piscalled a L -preserving if OA, LOA, whenever
ALAy, VAL, A, € P

Lemma 12. Let {A,,} be an orthogonal Cauchy sequence in
BMS (2,b) st lim b(A,,,A;) =0, for some A; € P. Then,
lim b(A,;,A,) =b(A;,A,), for all A, A, € P, with A;LA,.

Eshraghisamani et al. [12] proved fixed-point result on
Branciari metric space as follows.

Theorem 13. Let (P, b) be a complete generalized metric
space and a map @ : P — P. Suppose that there exist
€€ (0,1) and function m : R, — R, satisfying the follow-
ing conditions:

(i) For every {f3,} € (0, 00) and nonconstant

lim 7(B,) =0 lim B, =0. (8)

1—00 1—>00

(ii) For every {f,} C (0,00) that B, — 0%, limsup,__,
Vn(B,) <1= Y°B, < 0o, such that

m(b(PA;, @A) < tr(b(A;, A7), )
then ¢ has a ufp.

3. Main Results

Before presenting our main result of this section, we are
inspired by the concept of L* contraction mapping defined
by Saleh et al. [11]; we introduce a new concept of an
orthogonal L*-contraction mapping. Then, we prove a
fixed-point results in OCBMS.



Definition 14. Let (2,L,b) be a OBMS and @ : # — P.
Then, @ is called an orthogonal L* -contraction w.r.t { € L
if 3@ € Q,,; st

VA, A, € Pwith A, L4, B(DA,, DA,)
> 0= {[O(b(PA,, DL,)), O(L(A, 1,))] = 1,
(10)

where (A, A,) =max {b(1, A,), b(A,, PA,), b(A,, DA,)}.
Motivated by Theorem 13, we prove the below theorem.

Theorem 15. Let (%, 1,b) be a OCBMS and @ is a self-map
on P. Suppose that 3¢ € (0,1) and a function w: R, —
R, hold the axioms:

(i) @ is orthogonal-preserving

(ii) For every {B,} C (0,00) and nonconstant

lim 7(B,)=0 lim f =0. (11)

1—>00 1—>00

(iii) @, with for every {B,} c (0,00) that f, — 0%,lim
Supzﬁoo\‘/;{@ <l= Z?Oﬁl < cosuch that

YA, A, € Pwith A, LA, = m(B(DA,, DA,)) < £ (b(A;, A,)),
(12)

then @ has a ufp.

Proof. Since (2, 1) is orthogonal set,
AN, € P (VA € P A LAy)or (VA € P A, 10,).  (13)
It follows that A, L®A, or ®A,LA,. Let

A = @Ay A =), =QA, - e A
=@, ="', V1e NU{0}.

If Ay, =Ay, . for any 1€ NU {0}, then it is easy to see
that A, is a fixed point of @. Consider that A, #A,, ,, for
all 1€ NU {0}. Since @ is L-preserving, we have

Ay A, 10 Ay, LAy, Vi€ N U {0} (15)

This implies that {b(A,A,;)} >0 is an O-sequence.
First, we show that lim,_ _b(A,A, ;)=0. Since @
satisfies (12), for all 1 € N, we have

w(0(A1 A1) < 1 (B(Ay, 15 Ary))- (16)
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Since ¢ € (0, 1), we have

m(b(Ay, Ayyy)) Se(b(Ay, 15 Ay,)) <7(B(Ay,_15 Ay,)), V1 €N
(17)

Thus, {m(b(A,1,A,))} is a decreasing sequence; hence, it
is convergent and

lim 77(B(Ay,,p Ay,)) = 1t > 0. (18)

1—>00

Now, we show that 1t =0. From (17), we have

since 0<¢<1; therefore, lim,
lim,, b(A,,,;,Ay,) =0 by (ii).

On the other hand from (19), we have

m(b(Ay,,1,A1,)) = 0. So,

(b(AypA,)) <€m(B(Ay,Ay)) VieN.  (20)

Then,

V(b(Ay,15A,)) <€y n(b(/\ll,/\m)),Vz eN. (21)
Thus,

lim {/7(b(Ay, 5, Aq,)) <1 (22)

1—>00

Put 8,=b(A,,,;,A;,); using (22), and condition (iii) of 7,
we get

Z B, <00 and also 3, — 0. (23)
T

Now, we will show that b(A,,A;,,,) — 0 as 1 — co.

0< ﬂ(b(/\11+2’ /\11)) < eﬂ(b(AhH’ A11—1))

<< lr(B(d, Ayy)). (24)

Therefore, b(A,,,,,A,,) — 0, as 1 — co. O

Now, to prove that the sequence {A,,} is Cauchy, we
consider two cases.

Case 1. If m=2p+1,p > 1, then

B(Alz’ /\11+m) < b(All’ A11+1) + b(Alerl’AlHZ)
o+ DA Lo Ao
( L+2p> Mu+2p 1) (25)
1+2p+1 00

< Y B<) B,
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Case 2. If m =2p, p > 2, then

b(llz’l )SB(AII’/\IHZ)+B(/\11+2’/111+3)+"

1+2p+1 00

+5(A11+2p—1))‘11+2p) < Z B, < Z/jz

(26)

li+m

Thus, combining these two cases and using (23), when
1 — 00, we have

B(Ayp Ay ) € ) B, — 0,251 —> 0. (27)

1

Thus, we deduce that {®'A,} is an orthogonal Cauchy
sequence.

Completeness of (P,L,0) ensures lim
some 3 € P.

Now, we want to show that 3 is a fixed point of . From
(12), we have

Ay, =3 for

m—00

(b(PA,, @) <7(b(Ay 3))- (28)

Hence, b(A,,3) —0, and n(b(A,,3)) — 0, and
therefore, lim,_,  7(b(A,,,,,®3)) =0 as 1 — co. Again,

lim b(2,,,,,P3) =0, (29)

by using (ii).
b(5’ (D5) < b(5’ All) + b</\11’ /\11+1) + b</\11+1’ (D5) (30)

Thus, 3 = @3, and hence, 3 is a fixed point on .

Now, we prove that @ is unique. Conversely, assume that
any two fixed points st b(A,3) =b(®PA,, ®3) >0. From
(12), since @ is preserving, VOA, LD3, we have

(DA, LD'A, and D'A, 1LD'3) or (31)
(P'A LD’ 3and PN, LD'L,), Vi e N.

Now,

(A, 3) = B(D'Ay, D'3) <B(D'A,, D'A,) + B(D'A,, D'3).
(32)

This implies that
7(b(A2, 3)) <7(b(A2, 3))- (33)

This is a contradiction. Then @ has a ufp.
The below example validates the proof of Theorem 15.

Example 5. Let = [-2,-1]U[1,2] and b : P x P — [0,00)
defined as follow b(A,,1,) =0, for all A, € 2

=3,b(1,-1)=b(-1,1)

)
=b(-1,2)=b(2,-1) =1, (34)

we define the relation A, LA, and b(A;, ) =1 — Ay,
otherwise.
We observe that
B(1,2) > b(1,-1) + b(~1,2). (35)
Hence, @, -preserving, b(1,, A,) is not a BMS. It is obvi-

ous that b(1;, A,) is a OCBMS.
Let @ : P» — & be a map defined by

é)tl, A€ [—2,—§> U (EZ]
4 2 2 (36)

0, otherwise.

D), =

Now, we define 7 : [0,00) — [0,00) by 7(B) = /P

Easily, we can show that 7 satisfies conditions (ii) and
(iii) of Theorem 15, @ satisfies (12), and A} =0 is fixed point
of D.

Saleh et al. [11] proved a new contractive maps and their
fixed points on BMS as follows:

Theorem 16. Let (5, b) be a BMS and @ : P —> P be an
L* -contraction w.r.t (briefly with respect to) { € L. Then, ©
has a ufp.

In the following theorem, we are going to prove fixed-
point theorem on an orthogonal L*-contraction mapping
using continuity hypothesis of ®.

Theorem 17. Let (%, L,b) be a OCBMS with an orthogonal
element A, and a function © : P — P, orthogonal L* -con-

traction w.r.t { € L, the following axioms are satisfy:

(i) @ is orthogonal-preserving.
(ii) @ is @, with L*-contraction mapping.

Then, @ has a ufp.

Proof. Since (2, L) is orthogonal set,
AN, € P (VA € P A LA, or (VA € P A, 1A). (37)
It follows that A, LDOA, or ®A,LA,. Let

/\11 :(DAZ,)le :(DA11 :(DZAZ ...... ’A11+1 :(DAU :(DH-IAZ,
(38)

for all 1€ N U {0}.



IfAy, = Ay, foranyz€ NU {0}, then it is easy to see that
Ay is a fixed point of @. Consider A}, # Ay, ,;, V1€ NU{0}.
Since @ is L-preserving, we have

AlzoJ‘Alroﬂ or /\110+1J‘A110’ (39)

for all 1€ N'U {0}. Which implies that {A,,} is a O-sequence.
O

Using equation (10) and ({3 ), we have
(40)

Consequently, we obtain that
OB Ar)) <O(M(Ay s Ayy)) Vi €N, (41)
where

M (A, 15 Ay,)
=max {b(A;,,Ay,), b(A;,_, DAy ), B(A,, DA}
=max {b(A,,_,Ay,), (A, Ay )}
(42)

It ﬂ()‘lz—v)‘lz) =

becomes

O(b(Ar A1) <

b(A,,A,,), then inequality (41)

OB Ay ))VIeN.  (43)
This is a contradiction. Hence, we must have /Z(A,,_,,
Ay,) =b(A,,_,A,,), for all 1€ N. Therefore, inequality (41)
becomes

O(B(A,,111,,1)) OB, Ay))ViEN,  (44)

which implies from (©,) that
b(Alz’Alwl) <B(Alz—1’/\lz)’V1€N' (45)
Thus, {6(A;, ;,A;,)} is decreasing sequence and bound-

ary below by 0, so Elr>Ost11m b(A,,_;,Ay,) = x. Suppose
that v # 0, then from (©,)

1—>00

lim ©(b(A,, 1, A,,)) > 1. (46)

Taking «,=0O(b(A;,1,,,,)) and b,=0O(b(A,,_;,A;,)),

VieN, itis clear from (44), (46), and (®,) that o, < b,, V1€ N,
and lim a, =lim b, > 1. Hence, using (7} ), we get

1—>00 "1 1—>00 1

1 <limsup{(a,, b,) < 1. (47)

1—>00
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This is a contradiction. Therefore, t = 0, we have

lim B(A,, 1, Ay,) =

1—>00

0VieN. (48)

Now, let us assume that A,
we have A

m = A1, for some m > 1. Then,
=A,,,;- Using (44), we get

Im+1

®(5(Alm’ 1m+1))
<O 15 Mm)) KOO 2 Aryy)) (49)
oo <Ob(A1,A1,1)) = OBy s Ay yir)-

This is a contradiction. To summarize A, # A,,, for all
m#u

Next, to prove {A,,} is a orthogonal Cauchy sequence in
(9, 1,b). Now, we consider it as not an orthogonal Cauchy;
then, we can find two subsequences {A,, }, and {A,, } of

{A,,} s.t 1, is the smallest integer for which
1, >m, > ¢,
b(Armp ) 2, (50)

b()&lmz,)\hﬂ) <e.

By using a similar argument, we obtain

eli_r)noob()tlmz,)tlli) =e= lim B(Almrl,khrl). (51)

—>00

Now, using (10) and ({3 ), we have

o ({00 ) ()
= C{@(B(/\lml, /\1,2)>’ @<-/%()‘1m¢—1>)\1%-1))]
O (Mmer i)

@(b(/\lmz,/\hz)) ’

which implies that

(52)

O(B(Mmp Ay ) ) <O( (Ao by ) ) VEEN, (53)

where

/%(Alm(_l,)the_l) = max {b(klme_l,}the_l), b

. (Almfp/\lme)’ b(/\“z’l’Ah“) }

(54)
From (48), (51), and Remark 5, we get

lim /%(Almﬂ, /\hrl) =max {&0,0} =¢. (55)

£—00
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Now, let o, =O(b(Ay,, , A, ), and by =O(M (A, >
Allﬂ)), for all € € N. In view of (51), (53), (55), and (©;),
we have «, <b,, for all £€ N and elim oczzelim b, > 1.

Therefore, using ({3 ), we obtain

1 < limsup{(a,, by) < 1, (56)

£—00

which is contradiction. Hence, {A,,} € (%,1,b) is orthogo-
nal Cauchy sequence. As (%, L,b) is complete, then there
exists £ € P s.t

lim (b(A,,¢))=0. (57)

1—>00

Without loss of generality, we consider A}, #¢ and
DA, #+ DL, for all 1€ N. Suppose that b(e, D) >0, it fol-
lows from (10) and {; that

where  M(A,,0) =
which implies that

max {b(A,,,£), b(A;,, Ay,,,), b(E, DE)},

O(b(Ay,s1> D)) <O(L (A4, 8))- (59)

From Remark 5 and Lemma 12, we have

lim B(A,,,,, P¢) = lim (A, ,2) =b(¢, L) >0.  (60)

Let o, =O(b(A4,,,, D)), and b, =O(A
1€ N; it follows from (10) and {; that

(A, 2)), for all

1 <limsup{(a,, b,) < 1. (61)

1—>00

This is a contradiction. Therefore, summarize £ =@,
that is, € is a fixed point of @. Finally, prove that @ is ufp.

Consider two different fixed points € and 3 in 2.

Then, b(¢, 3) = b(PL, O3) > 0, since @ is an orthogonal-
preserving, VOL 1 D3,

Using (10) and {5, we deduce that

1<{[O(b(DL, D;)), O((L, 3))

)
_ OBt 3)), O (6, 5))) < 22D (6)

O(b(t3)) ’

where (2, 3) = max {b(¢, 3), b(¢, DL),
which implies that

b(3,@3)} =b(¢, 3),

O(b(¢,5)) <O(A(t3)) =O(b(L,5)). (63)

This is a contradiction. Therefore, @ has a ufp.

Corollary 18. Let (%,1,b) be a OCBMS and © : P — P.
Assume that (forallA;, A, € PwithA,LA,):

(i) D is orthogonal-preserving
(i) B(DA,, DA,) > 0=

O(b(PA;, DA,)) < M (A Ay) — @(M
€ PwithA,LA,,

(A1>42)).YA 1 A,
(64)

where M(A;,N,) =
and ¢ : [0,00) —
continuous s.t ¢~1({0}) =

max {5(1,, L, BOL,, @1,), B(A, DA,))},
[0, 00) is nondecreasing and lower semi-
0. Then, @ has a ufp.

Proof. Let ©(a) = e%, for all a > 0. From (64), we have

p(B(PALDA,)) o pll (M:hy) (M (A1)

@(/%(/\1, 1)) (65)

B e‘P(/%(Al’/\zw ’

O(b(@A,, D)) =

for all A,, A, € & with A,1A,, and b(®A,, PA,) > 0. There-
fore, @ is orthogonal-preserving.

Now, we define ¢(a) = In(®(O(«))), for all a >0, where
@ : [1,00) — [1, 00) is nondecreasing and lower semicon-
tinuous s.t @' ({1}) = 1.

From (65), we have

O(b(PA,, DA,)) <

Taking {(a, b) = ((6/a)@(b)) and using (66), we have

O(M (M 1))
O(b(PA,, PL,))P(O( (A1, 1,))) (67)
=([O(b(PA,, PL,)), O(M (A1 Ay))]-

1

IN

Therefore, all conditions are satisfied in Theorem 17,
and hence, © has a ufp. O

In the following example, validate the proof of Theorem 17.

Example 6. Let & =ITU Y, where IT =[1,2] and ¥ = {(1/1):
1=2,3,4,5}. Definea map b : »x P — [0, 00) as follows:

(1) b(1/2,1/3) = b(1/4, 1/5) = 3/10,
(2) 6(1/2,1/5) = b(1/3, 1/4) = 2/10,
(3) b(1/2,1/4) = 6(1/5,1/3) = 6/10,
(4) B(A;,1,) =0,b(A,A,) =B(Ay A,), VA, A, € ¥, and
(
r

A
(5) b(A,A) =|A, = A, if A,A €Il or A eIl A, eV
orA eV, A, ell



Here, the triangle inequality is not satisfied, so b is not a
metric on 9; we have

6 11 11 11 5
—=b(—-,=|>b(=, =) +b(-, 2] =—. (68)
10 53 5 4 43 10
It is easy to verify that (2,0) is a OCBMS. Let @ : &
— P be defined as an orthogonality relation 1 on & by

Lo e {1, 5},
or =9 2 (69)
R 3
-, ifd el=,2|UY.
1 2

Since @ is not continuous at A, = (3/2), and @ — L is not
continuous, then @ is neither orthogonal ®-contraction nor
an orthogonal L*-contraction.

Declare that @ is an orthogonal L*-contraction w.r.t
{:[1,00) x[1,00) — R, where

C((xb):b—EVocbe[loo)P,e i1 (70)
e o’ 7 8 )

and © : (0,00) — (1, 00), s.t O(a) =e* Va € (0, 00).
Indeed, for A, €[1,(3/2)], and A, €[(3/2),2]UY¥, we
have

B(DA,, DA, =b<i, ;) -2 50,
C[O(b(DA, DA,)), O(AM (A1, 1))
_ [Q%(Al’Az)]e > ﬂ _ (1/5)(48-(3/2)) (71)
B(b(PA,, D1,)) ~ &0

>1,foranyf € E, 1).

Hence, all the hypotheses are satisfied in Theorem 17,
and € =1/4 is the ufp of .

4. An Application

The following BVP of a fourth-order differential equation is
taken from Saleh et al. [11].

In this section, as an application of Theorem 17, we pres-
ent the following result which provides an existence and
uniqueness solution to the BVP of a fourth-order differential
equation through an orthogonal L*-contraction.

A" ) = g<a’ Al(a),A{(a)J{’(Oﬂ%M”(a))ﬁ efo,1],
A (0)=21(0) = A7 (1) =A]"(1) =0.
(72)

Let ¢:[0,1]x R* — R is a continuous function. Let
P = B0, 1] represent the space of all continuous functions
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defined on the interval [0,1]. Define a metric @ : & x &
— R by

D(Ay,A,) = max |A () — Ay ()|, forall A, A, € 2. (73)

a€l0,1]

It is known that (2, @) is a complete BMS. Define the
green function associated with (72)

1oc2(3b—oc), 0<as<bs<l,
G(b, ) = f (74)
g52(3oc—b), 0<b<ac<l.

Now, we provide the following result regarding the BVP
(72) solution.

Theorem 19. Assume that the following axioms are satisfied:
(P1) ¢:[0,1]xR*— R is orthogonal continuous
function
(P2) there exist T>0 and s.t, for all A;,A, € P, A;1A,,
and b €0, 1]

la(0:2,47) — (5.1, )
< 8¢ *max {|A,(6) - A,(B), A, (0) (7
— @, (B)], [A,(B) ~ DAL(B) [},

where @ : P — P is defined by

1

DA, (a) =J G(at, b)g(b, AI(B),A;(b))ds. (76)

0

Then, (72) has a unique solution in P.

Proof. Define the binary relation 1L on & by

AL, & A,(0)4,(0) 2 A (o) or A, ()4, (0)

>\, (0),Yo €]0,1]. 77

Observe that A, € & is a solution of (72) iff }; € P is a
solution of the differential equation

Ay () = JIG((x, b)g(b, A, (6), A;(b))ds,\ml ep.  (78)

0

Then, @ is an orthogonal-continuous.

Now, we show that @ is orthogonal-preserving, in (P2),
for all A,, A, € & with b(®A,, ®A,) >0 and for all « € [0, 1].
Then, @ is an orthogonal-preserving.
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Next, we claim that @ is orthogonal &*-contraction.
We have

[P, (06) A (o)

J G(a b A, (6), A (5))ds

J (a, ) ’g(b A, (6), A (b)) —g(b,AZ(B),)\;(b))‘ds

<8¢ JO (o, 5)

<8e [ MM Ny)] ( sup JlG(a, b)ds),

ae(0,1]

(79)

where .%(Al, Ay) =max {b(A;, 1,),b(A,, @A,), b(A,, ®PA,)}.
As fo ds—( a*/24) — (a?16) + (a?/4), for all a € [0,1],
SUP 4e[o,1] fo b)ds = 1/8, we obtain

B(DA,, DA,) <8¢ [ L (A, Ay)),

& (80)
D@L, gt ( e/%(Al,Az)>

Observe that e € (0,1) as 7> 0. It follows that @ is an
orthogonal Z*-contraction. Therefore, for all 1,1, € P, we
obtain

C[O(b(PA, @A), O(M (A, 1))

M) 81
V0% S Gt BN L
O(b(DA, DAy)) ~  P@LRL) T

where O(a) =e%, {(a,b) = (6°/a), and €=¢". Thus, all the
axioms of Theorem 17 are fulfilled. Therefore, @ has a ufp
in & which is a solution of (72). O

5. Conclusion

In this paper, we proved the fixed-point results for orthogo-
nal &*-contraction map on OCBMS. Furthermore, we pre-
sented some examples to strengthen our main results. Also,
we provided an application to the BVP of a fourth-order dif-
ferential equation.

Khalehoghli et al. [19, 20] presented a real generaliza-
tion of the mentioned Banach’s contraction principle by
introducing R-metric spaces, where R is an arbitrary relation
on L. We note that in a special case, R can be considered as
R = < [partially ordered relation], R = L [orthogonal relation],
etc. If one can find a suitable replacement for a Banach theo-
rem that may determine the values of fixed points, then many
problems can be solved in this R-relation. This will provide a
structural method for finding a value of a fixed point. It is an
interesting open problem to study the fixed-point results on
R-complete R-metric spaces.

Data Availability

This clause is not applicable to this paper.

Additional Points

Rights and Permissions. Open access: this article is distrib-
uted under the terms of the Creative Commons Attribution.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

All authors contributed equally and significantly in writing this
article. All authors read and approved the final manuscript.

References

[1] A. Branciari, “A fixed point theorem of Banach-Caccioppoli
type on a class of generalized metric spaces,” Publicationes
Mathematicae, vol. 57, no. 1-2, pp. 31-37, 2000.

[2] LR.Sarma,]. M. Rao, and S. S. Rao, “Contractions over gener-

alized metric spaces,” The Journal of Nonlinear Sciences and its

Applications, vol. 2, no. 3, pp. 180-182, 2009.

B. Samet, “Discussion on: a fixed point theorem of Banach-

Caccioppoli type on a class of generalized metric spaces by a

Branciari,” Universitatis Debreceniensis, vol. 76, no. 4,

pp. 493-494, 2010.

Z. Kadelburg and S. Radenovic, “Fixed point results in gener-

alized metric spaces without Hausdorff property,” Mathemat-

ical Sciences, vol. 8, no. 2, p. 125, 2014.

[5] Z.Kadelburgand S. Radenovic, “On generalized metric spaces:
a survey,” TWMS Journal of Pure and Applied Mathematics,
vol. 5, no. 1, pp. 3-13, 2014.

[6] T. Abdeljawad, E. Karapinar, S. K. Panda, and N. Mlaiki,
“Solutions of boundary value problems on extended-
Branciari b-distance,” Journal of Inequalities and Applications,
vol. 2020, no. 1, 2020.

[7] J. R. Roshana, V. Parvanehb, Z. Kadelburgc, and N. Hussain,
“New fixed point results in b-rectangular metric spaces,” Non-
linear Analysis, vol. 21, no. 5, pp. 614-634, 2016.

[8] M. Jleli and B. Samet, “A new generalization of the Banach
contraction principle,” Journal of Inequalities and Applica-
tions, vol. 2014, no. 1, 2014.

[9] M. Imdad, W. M. Alfaqih, and I. A. Khan, “Weak ®-contrac-
tions and some fixed point results with applications to fractal
theory,” Advances in Difference Equations, vol. 2018, no. 1,
2018.

[10] J. Ahmad, A. E. Al-Mazrooei, Y. J. Cho, and Y. O. Yang, “Fixed
point results for generalized theta-contractions,” Journal of
Nonlinear Sciences and Applications, vol. 10, no. 5, pp. 2350-
2358, 2017.

[11] H.N. Saleh, M. Imdad, T. Abdeljawad, and M. Arif, “New con-
tractive mappings and their fixed points in Branciari metric
spaces,” Journal of Function Spaces, vol. 2020, Article ID
9491786, 11 pages, 2020.

[12] M. Eshraghisamani, S. M. Vaezpour, and M. Asadi, “New fixed
point result on Branciari metric space,” Journal of Mathemat-
ical Analysis, vol. 8, no. 6, pp. 132-141, 2017.

(3

—_

(4

[laaw}



10

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

M. E. Gordji, M. Ramezani, M. De La Sen, and Y. J. Cho, “On
orthogonal sets and Banach fixed point theorem,” Fixed Point
Theory (FPT), vol. 18, no. 2, pp. 569-578, 2017.

M. Eshaghi Gordji and H. Habibi, “Fixed point theory in
generalized orthogonal metric space,” Journal of Linear and
Topological Algebra (JLTA), vol. 6, no. 3, pp. 251-260, 2017.

M. Nazam, H. Aydi, and A. Hussain, “Existence theorems for
(¥, D)-orthogonal interpolative contractions and an applica-
tion to fractional differential equations,” Optimization, A Jour-
nal of Mathematical Programming and Operations Research,
vol. 71, no. 2, 2022.

A. Ali, A. Hussain, M. Arshad, H. Al Sulami, and M. Tarig,
“Certain new development to the orthogonal binary relations,”
Symmetry, vol. 14, no. 10, p. 1954, 2022.

A. Hussain, “Solution of fractional differential equation utiliz-
ing symmetric contraction,” Journal of Mathematics, vol. 2021,
Article ID 5510971, 17 pages, 2021.

A. Mukheimer, A. J. Gnanaprakasam, A. U. Hag, S. K. Prakasam,
G. Mani, and I. A. Baloch, “Solving an integral equation via
orthogonal Branciari metric spaces,” Journal of Function Spaces,
vol. 2022, Article ID 7251823, 7 pages, 2022.

S. Khalehoghli, H. Rahimi, and M. Eshaghi Gordji, “Fixed
point theorems in R-metric spaces with applications,” AIMS
Mathematics, vol. 5, no. 4, pp. 3125-3137, 2020.

S. Khalehoghli, H. Rahimi, and M. Eshaghi Gordji, “R-topological
spaces and SR-topological spaces with their applications,”
Mathematical Sciences, vol. 14, no. 3, pp. 249-255, 2020.

Journal of Function Spaces



	Solving Differential Equation via Orthogonal Branciari Metric Spaces
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. An Application
	5. Conclusion
	Data Availability
	Additional Points
	Conflicts of Interest
	Authors’ Contributions



