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1. Introduction
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License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Recently, conformable calculus has appeared in many abstract uses in mathematics and several practical applications in
engineering and science. In addition, many methods and numerical algorithms have been adapted to it. In this paper, we will
demonstrate, use, and construct the cubic B-spline algorithm to deal with conformable systems of differential boundary value
problems concerning two points and two fractional parameters in both regular and singular types. Here, several linear and
nonlinear examples will be presented, and a model for the Lane-Emden will be one of the applications presented. Indeed, we
will show the complete construction of the used spline through the conformable derivative along with the convergence theory,
and the error orders together with other results that we will present in detail in the form of tables and graphs using
Mathematica software. Through the results we obtained, it became clear to us that the spline approach is effective and fast, and
it requires little compulsive and mathematical burden in solving the problems presented. At the end of the article, we
presented a summary that contains the most important findings, what we calculated, and some future suggestions.

in solving several fractional models like cholera outbreak
[10] and partial FDPs [11]. From the definition of Riemann,
the fractional differential began, and then different definitions

At present, in addition to the past tens of years, the applica-
tions of FDPs have expanded to include many physical and
engineering applications [1-3]. In one place, we find appli-
cation for them in kinetics energy [4], anomalous diffusion
[5], movement of fluids [6], movement of waves [7], electri-
cal engineering [8], and some of the fields of computer
science [9], whilst in another place, we see some abstract
uses of theories and definitions, which are originally found
to organize the mathematical aspect of fractional derivatives

appeared, such as Caputo, Fabrizio, and Atangana [12, 13].
Many of the definitions of fractional derivatives have
strong features that make them a target in the modeling of
many scientific phenomena, and at the same time, they have
weaknesses in some characteristics that made some
researchers search for a mathematically appropriate defini-
tion that is consistent with many of the laws and theorems
found in the classical derivative. Therefore, in this paper,
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we will use the definition of the CD as a new approach to
solving BVPs in their regular and singular states by adopting
the CBSA to it. Conformable calculus proposed by [14] and
theorized by [15] appears in several fields of applied sciences
and abstract analysis as stellar mathematical agents to char-
acterize hereditary behaviors with the memory of many sub-
stances. The CD has been successfully exercised in diverse
physical and engineering application fields (herein, we try
to list it briefly so that we do not prolong the reader and
do not increase the size of the paper as much as possible)
as in the formulation of fuzzy differential problems [16], in
Newton mechanics [17], in Burgers’ model [18], in popula-
tion growth model [19], and in traveling wave field [20].

Systems of BVPs which are a mixture of several FDPs
subject to given BCs represent very important issues in
solving real-world models. Because of this rise, studying
numerical and analytical solutions to these systems is an
enticing topic for scientists. These kinds of systems are usu-
ally difficult to solve analytically, especially for singular,
nonlinear, and nonhomogenous cases. To this end, exten-
sive research has been carried out to obtain numerical
schemes and various methods as utilized in the literature
as follows: n [21], the authors applied the Adomian decom-
position scheme; in [22], the authors described the sinc
collocation algorithm; and in [23] the authors utilized the
fractional Lagrangian approach.

The spline approach is an ongoing research subject in
various diverse and pervasive science areas such as numeri-
cal analysis, signal processing, and computational physics
[24-26]. Tt is a crucial method for solving-modeling many
FDPs like singular BVPs [27], nonfractional Bratu-type
BVPs [28], nonfractional LEP [29], and fractional physiol-
ogy problem [30] (herein, we try to list it briefly so that we
do not prolong the reader and do not increase the size of
the paper as much as possible). CBS is the most common
BS, which Schoenberg coined the expression BS, and it is
an abbreviation of the word “basis spline”. In computational
mathematics, BS is a spline function with the lowest descrip-
tion interval for a given degree of smoothness and domain
decomposition.

Here, we will show the complete construction of the used
CBSA through the CD along with the convergence theory
and other results that we will present in detail in the form
of tables and graphs using the Mathematica software. Any-
how, we will solve the following:

(i) Conformable system of FDPs of regular type:

TOW + al(c)T‘S]‘P +a,(6)¥ + %@ + a3(c)T52<D
+a4(c,)(D+N1(‘I/, D)
F1(9)
T"Z(D + bl (6)T%® + b, ()@ + T + b, () T
b,(c)¥ + N, (¥, D) (1)
—sz(c),

concerning the BC
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¥(a)=a;, D(a)=a,,

(2)
#(b) = P> 2(b) = B

(ii) Conformable LEP of singular type as

Oy + %Tanp +ay()¥ +a, ()P + N, (¥, D) = F, (),

TO:¢ + %T“zq) T by (¢)® + by () + N, (¥, D) = Fy <),
(3)

concerning the BC
(4)

Herein, ¥ =¥ (), ©=®(5), 0<8,,8,<1,1<0,,0,<2,
ay P, €, €R, 1,1, 20, and 7%, 7%, 7%, T% stands
for CDs of order 8,,6,,0,, 0,, respectively; N, and N, are
nonlinear functions in ¥, ®, #,(¢), and #,(¢); and a,(c)
and b,(¢) with ¢=1.2.3.4 are continuous functions.
Further, the CD of T°%(c) is expressed as
) (c + Ec[w]f‘v) - %((“ﬂ’l) (c)

E b

gp([w]-1
T () = lim

Jim, )
with we (7,7 +1], # :[0,00) — R be 7-differentiable
for all ¢>0, and TO%#(c) =¢l®1-07(%V) (¢).

The motivation of our article can be summarized as
follows: Often, real solutions to FDPs are not available and
cannot be calculated or predicted because most of the prob-
lems are of nonlinear or nonhomogeneous type, or their coef-
ficients are variables and not constants. Therefore, dealing
with these issues, in this case, requires the utilization of
numerical methods and algorithms, and here in our paper,
we proposed the CBSA for ease of dealing with it and the ease
of writing its computer program and because it is also accu-
rate and does not require combining it with other numerical
methods to obtain the required approximation. In addition
to its convergence, its error order is guaranteed by the theo-
ries and results that we presented in our coming sections.

The basic structure herein was built as next. Section 2
proposes and formulates the CBSA for handling systems of
BVPs concerning the CD. Section 3 deals with solving a
singular system of conformable LEP by using the CBSA.
Section 4 explores and discusses the convergence analysis
together with the error order of the utilized CBSA. In Section
5, by using tables and graphs, some treatment examples are
examined to offer the accuracy and fineness of the CBSA
using Mathematica 11 software. At the end of the article,
we presented a summary that contains the most important
findings, what we calculated, and some future suggestions.
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2. Formulation of the CBSA for Handling
Systems of BVPs

In this section, the CBSA is used to construct and obtain
approximations of the mentioned systems of conformable
FDPs for both regular and singular types. Herein, we will
consider two computational cases according to the nature
of the shapes functions N, (¥, @) and N, (¥, ®).

Assume that IT: {a=¢,<¢ <+ <¢,_;<¢.=b} be a
partition of [a, b] with mesh points ¢, =a+ £%, £=0,1,

.-+, 7 wherein ¢, =4, ¢,. = b, and /% = (b - a)/#». By introduc-
ing knots ¢_, <¢_, < ¢y and ,. <G,.,; <G,.,,> I1 becomes

IT:{¢ ;<6 <G=a<g <+ <G, =b<q,, <G} (6)

Define {;(IT) = {n(g) € C*[a, b]} such that n(c) is piece-
wise, 3rd-degree polynomials around I1. Anyhow, the 3rd-
degree BSs is

(6=64-2)" Cr2S6<GCs1>
“3(6=641) +34(6 = 64m) #3476 Gpm) H A% G4 SC<Gy,
Bjs(¢) = # =361 =6)" #3761 = 6)* + 34 (G 1 —6) + A%, G5 S6<Ghps (7)
(6r42 =) CA+1 S 6 < G2
0, otherwise.

To solve (1) and (2) together with (3) and (4) numer-
ically, T°B,s(c) and T°B,;(c) evaluation is needed,
where 0<d<1 and 1<6<2. Using the propositions of
CD, one has

(6=64-2)% Cr2S6<GCs1>
Lo | 3 2 e gp) + AL G <6<y
T'B13(6) = 25 3(6m =6) =24 (Gp1 =€) =A% G4 <6<Ghms
~(642 =) G416 <Gpunr
0, otherwise.
(8)
6= GCs-2 Cr2S6<Gp 1>
o | #7367 5) Gpase<ay
T%B () = ;7, %=3(Sh =) S5 <C<Cpum )
(Sg+2=6)s Che1 SG<GCha0s
0, otherwise.

To formulate the required approximation using the
CBSA, let

7+1

P(c)= Y wpBys(c),
A= (10)

7+1

D(¢)= Y viBss(c),
A=-1

be a cubic BS interpolating function of ¥(¢) and ®(c),
respectively, with knots IT, where pu,,v, are unknown,

and By ;(c) are the 3rd-degree BS functions which are
defined in (7).

Therefore, from (7), (8), and (9) the value of ‘f’(c), T
¥ (c), TOW¥ () and D(c), T>D(c), T%D(c) at knot ¢,
can be simplified as

7+1

Z HeB3(Ss)
fim1

Br1Bro13(Ss) + beBrs(Ss) + Mg Brii3(Ss)s

~

¥ (5x)

7+1

Z My ™ B 3(ss)

A1
5 )
=t T By 15(64) + s T By 3(54)
)
g T By 15(G4)s

T2 ()

7+1

™Y (6x) = Z Uy T B 5(Ss)

A1
0 0 (11)
=ty T By 15(Ss) + 1T By 3(Ss)

9
+ V)%HT lB}’é+l,3 (CI%)’
where B’s, T®'B’s, and T% B’s are given, respectively, as
1
6 >

2
Bjs(cs) = 3 (12)

By 13(55) =

1
B)%+1,3 (Ciﬁ) = g .



4
) 1-8
T'By_15(64) = 27 5% b
T By 5(c4) =0, (13)
1 i
B 1-5
T%' By 15(54) = =57 5% h
0, _ 1 2-0,
T By 15(54) = FEA
2 59
T B () = Rl g (14)

1 5
9 2.6
T"'By15(54) = ;C;@ g

Anyhow, one can write

1 2 1
F(Gr)= ghart 3He ¥ gl

& I 1, I
TOW(Se) =576k Ba+ 575 M (15)

~ 1 5 2 5 1 5
0 2-0 2-0 2-0
T W (cs) = 25 Wy - i "yt 72 ne

{ T (c5) +ay(65) T ¥ () +a3(6) ¥ (65) + T D (64) + as(6,) T* D) + au(55) D) = F1 (64
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Similarly, one can get the following regarding o:

~ 1 1
D(cy) = gvéq T Vet g"/m’
- 1 . -
S 1-6 1-0.
T ®(c,) = 27 5% Wyt 57 5% Vil
~ 1 5 2 4 1 5
0 3 2-6 2-6 2-6
T D () = %% Vg~ ?Cﬁ Vst ?Cé Vi

(16)

Firstly, we will theorize the linear conformable BVP
systems. In this case, N,(¥,®)=N,(¥,®)=0 in (1).
Thus, the approximation solutions (10) and their CDs
should satisfy the given differential equation at points ¢
=G, when £=1,2, -, 7. This can be done by substituting
(10) with (1). Anyhow, the resulting formulas for £ =1,
2, -+, 7 should be

T D (G4) + by (64) T2 D () +by(G4) D 4) + THW (64) + by(c4) T W () +bu(G4) ¥ (S4) = Fa(Gs)s

with the BCs

‘?’(c,é)zocl,forﬁ=a,
‘?’g =B, for 2 =0,
(6= fy )
D(Gy) =y, for 2 =a,
D(cy) =B, fork=b

To proceed more, (15) and (16) are substituted into (17)
and (18) and will be resulting in [G],,.,3)4(,..3)B = Q system
of unknowns p_y, fg, =**s 4h,.,1> V_1> and vg, -+, v,.,., with

_ T
B= [y, gy sty s Vois Voo V1]

Q=6]ay, 2 F1(60)s B2 F 1 (61) 2 F 1 (6,0), P e 7 F
*(Go)s fézgz(cl)""ﬁzgz(cr)’ ﬁz]
(19)

Herein, [G]z(
are provided by

s+3)x2(r+3) and its corresponding elements

(17)
Gl GZ
G= (20)
G3 G4
! 4 1 0 0 0o 7
91(S0)  P1(So) 41(So) O 0 0
0 91(61) Pi(61) a1(s1) 0 0
Gl: . . .
0 0 gi(s,) pis) als,)
L 0 0 1 4 1]
(21)
[0 0 0 0 0 0 ]
9:(S0)  P2(S0)  492(S0) 0 0 0
c-| ° 9:(61) Pa(61) d(q) 0 0
2 . . . . . . 4
0 0 92(9;) pZ(Cr‘) ‘12(9)
L 0 0 0 0 0 |
(22)
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o 0 0 0 0 0
95(S0)  P3(S0) 43(S0) O 0 0
G, = 0 93 (‘Cl) pS(ACI) q; (.Cl) 0 0
0 0 g5(5.) pi(s,) ass,)

L 0 0 0 0 0

(23)

[ 1 4 1 0 0 0o
94(S0)  Pa(S0) da(so) O 0 0
G,= 0 94(51) P4(.<1) ‘14(51) 0 0
0 0 94(s,) Pa(s,) duls,)

L 0 e e 0 1 4 1 ]

(24)

Also, the coefficients in the submatrices G,, G,, G5, and
G, have the form

91(54) =665 " = a(c4)345, " + A2a5(c4),
Pi(6e) =—1265 " + 4%, () (25)

01(64) =665 " +ay(54)3%6y " + Alay(cs).

95(64) =665 +a5(c4)3%6,  + £2ay(cy),
Py(64) = 1265 " + 4%%a, (), (26)

05(64) =665 + as(c4)376y 2 + Alay(cy).

95(55) =665 + by (c)3%6, 7 + by (),
+ 477y (), (27)

P3(65) =126
05(64) =665 " + by (64)3%,  + 57by(c4).

2-6,

94(55) =665 4 by ()35, + A2y (),
P4(s )__12% +4ﬁ2b4(%>’ (28)

L b3(%)3qu;é—61 + ﬁ2b4(c>€)~

94(Sx) = 6%_

Secondly, we will theorize the nonlinear conformable
BVP systems in this case of N,(¥,®) and N,(¥,®) are
nonlinear functions of ¥ and @ differ from zero. Anyhow,
the substituting of (10) and its CDs in (1) and (2) at ¢ =g,
when £2=0,1, ---, » will gives

7+1

Fi(sx) = Z Uz [TelB/é,S(‘:fa) + al(qﬁ)TalB/é,S(q)%) + az(c)%)B/é,S(cé)]
A1

7+1

+ Z st{ B3 (cs) +a3(c4) TBy s (%)*”4(%)3,&3(%)}

7+1 7+1
(Z tBrs(S)s Z VréB/H(Cé))

(29)

7+1

F(6x) = Z

v [ T%By5(64) + by (6) TBa(4) + bal6s)Ba(6)|
f=-1

7+1

* Z I {TQIBM(%) +b3(64) T By (54) + b4(cé)B/é,3(Cﬁ)}
i

#+1 7+1
+N2< Z tsBr3(6r)s Z V/EBﬁJ(C)%))'
A1

A1

(30)

subject to the same BCs (18).
Recalling, the BS functions at {¢, },_, are determined by
substitution (12), (13), and (14) in (29), (30), and (18).

3. The CBSA for Handling Singular
Systems of CDs

Now, we will spend the CBSA to build a numerical solution
for the singular conformable LEP. We start by overcoming
the singularity at ¢=0 and then employing our proposed
procedure scheme.

To solve the singular LEP in its CD case, we first write
(3) in the standard form as

T (6) + T T(6) + Q6 ¥(6) 9(6)) =0,
(31)
120(0) + 2T 0(6) + Quls, ¥(6), ©(c)) =0,
concerning the BC
¥(0) = p, @(0) =&y, (32)

Q16 ¥(6), P(6)) = a,(6)¥(6) + a4 (6)P(c) + N1 (¥(5), P(6)) — F1(6)s
Q(6:¥(5), D(c)) = by(6)D(s) + by(6) ¥ (5) + Nr(¥(s), D(s)) - F.

More focused, to take off the singularity ¢ = 0, one can be
employing the following next steps:



Multiplying (31) with ¢ gives

TP (<) +1, T ¥(5) +6Qi (6 (<), D(s))
ST%®(6) + 1, TP (c) +¢Qy(6, ¥ (c), (c))

>

0
(34)
0.

(i) Taking the CD of order §, and §,, respectively, from
both sides of (34), one has

I
N

D (cTW(Q)) + 1, T T (6) + T (6Qu (6 ¥ (6), @(6))

% (cT92®(C)) + 1, T T2 D(g) + T% (6Q, (6, ¥ (s), D(c))) =0.

(ii) Using the properties of the CD, one obtains

ST (6) + ¢ TO T W (6) + 1, TO T ()
+6"721Q, (6 (), D(6)) + 6T Qy (6, ¥ (6), D(5)) =0,

% Tez@(g) +¢T% TGZ(D(C) + ’72T82 T62(D(C)
+¢l0 Q (6 (), @(q)) + cT? Q,(6: ¥ (), P(s)) =0.
(36)

(iii) Substituting 0, =60, =2 and §, =3, =1 in (36) at g
=0, one gets

(¥ O+ QOO0
=0

(1, + D" (0) + Qy(0, ¥(5), @(c)) = 0.

Putting (10) in (31), (32), and (37) at ¢ =g, it follows
that

ThW (gq) + Z—IT‘W(%) +Qu (60 P (er) Blcy)) =0forf =1, 7,
#
(1 + 1)P"'(0) + Qi (0, 7 (64), B(s)) =0, for £ =0,

T B (g,) + Z—ZT‘SZ@(%) +Q (gf P (c,), 6(%)) =0,for =1, 7,
%
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This drives a system of 2(#+ 3) equations with the
same number of unknowns which can be treated to obtain
the vectors y, and v,; consequently an approximation of
¥(¢) and O(g).

4. Error and Convergence Analysis

Herein, to guarantee the behavior of the approximate CBSA
solutions, we utilized two main analyses: the first one
concerning error analysis and the second one concerning
convergence analysis.

Using the CBSA approximations (15) and (16), the
following relations can be established:

% [(é)‘f//(c}%—l) + @)@’(%) * <é>¢l(c’€”)} (39)

1 1761 A~ ~
= 5%k {‘P(c/ﬂl) + 'P(c/é—l)}’

2

AT (64) =65 " [6( P (6em) + P (<)) o)
=2 (29" (60) + ' (6e) ) |-

In notation for the operator E¥(¥ (¢,)) = ¥ (¢4,.) with
€ € Z, we can write (39) and (40) as

$[e G- (el teerm

(41)

ATOW (¢,) =0 [6(5 +1)¥(cy) - 24 (20 + E)¥’ (gﬁ)} .

(42)
Moreover, if A =d/dg, we have got
& (%)
~ . S AP (g
E(#(n) = Flep o= Y 20
#=0 :
) (43)
< (A" N
= Y B (o) =0 ()
A= v
It implies that E = ¢#4. Similarly, we have E™! = ¢## and
we can get
AAY (AN (AA)°
E+E‘1:2<1+( ) +( ) +( ) +>
2! 4! 6!
AN (BRA)Y (AA)
E—E1=2<ﬁA+( ) +( ) +( ) +>
3! 5! 7!
(44)
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Thus, (39) can be represented serially as

[1 + % (Vi;}) + (ﬁﬁ) + (ﬁ6/'1) +>] @’(Cﬁ)

2 A3 4 A5 6 A7
e [ APAP ACAS ASA
=% (A+ 5T T )
(45)
5 1-3, AN AN ASAT
Vier) =6 (A+ TR I TR
2 4 6 -
.[1+<<M) L) (A4 +> ey,
6 72 2160
(46)

ﬁ2A3 ﬁ4A5 ﬁ6A7
+ + + +)
3! 5! 7!
2 4 6
[, (rar | ¢y @ar,
6 72 2160
2
A)? A)?
(e, vy Y
6 72

15, ( AN AN AOAT )
=G, '|A+ + + +-
3! 5! 7!

. (1 _(A) (A} (A4

W(Sk)

+
6 72 2160
445 6 47
_ 1, A_fZAJrﬁA__“,P
o ( 180 1512 (%)
(47)
Hence, after ranking, one can write
= 1-6 s/ ¢
TV (64) =6z W' (c4) - 180‘;’% oo J(gp)+-
(48)
)%4

= TOW(¢,) - 1= 5‘1’()(%)+'“-

180

By applying the same technique as (40), we may extract

. 2 ﬁ,4 20
TO (¢) =5 ¥ (60) = T36n P (ea) + g5 O (ep)
7 20,y A
=T¥(g4) - E% @ (gs) + 360 5% PO (g) 4
(49)
Let us now describe the expression ¢,(¢) =¥(s) — 7 (q)

for error. Using (48) and (49) in e(g,) expansion of the
Taylor series, one gets

2!
= (¥(e) = P (s0)) + Ay (T ¥ (0) - T (<))
% -
+ S 2 (TP (60) - T (cy) )
(50)
Hence,
7t %’ %8
e (Gp + /)= —ﬁlpw (Sr) + @q’(s (Se) + %‘P@(%)
(51)
Similarly, we have
7t }%5 %8
e (Gp + /)= —icb( Y(c4) + @ ®(6s) + o5z 720 D) (g4) -
(52)

As a score, it is obvious that our CBSA approximation is
O(%*) accurate.

In the convergence approach, we will prove the conver-
gence of the CBSA for Dirichlet BC. Let ¥(¢) and @(s) be
the exact solutions of (1) and (2). Also, let ¥ (¢) and @ (c)
in (10) be the cubic BS approximations to ¥(¢) and @(c),
respectively. Due to round-off errors in computations, we
will assume that &(¢)=Y4"" 1,B,5(c) and S,(c)=
1 4By5(c) be the computed BS approximations to 1

(¢) and @(c), respectively, where 7, = (G_, fgof ;)

and 3, = (.1, Vg7, )

To estimate the errors [|(¥(¢), @(¢)) = (¥ (<), D(<))]lo,
we must estimate ||( (), (©)) = (81(5), 81(6))|lo and
1(81(6)> $1(5)) = (¥ (c), D(c))l| oy Wherein |[.[| represents

the co-norm.
Firstly, we will consider the linear cases as follows:

(54)

with the BCs (2) will lead to the linear system GB* = Q™.



Then it follows that G(B— B*) = (Q - Q*), where

B-B"= [(ﬁfl - A"l—l)"”’(ﬁrﬂ _Auwrl)’ ( - 1) ( 7+1 vr+l)]T’
(55)
Q- 652[0’ (F1(60) = F1(50))>(F1(s,)
= F1(6,)), 0,0, (F5(5o) (56)
= F5(0)(F2(s,) = F3(5,)), 0]

Theorem 1. Suppose that ¥ (), @(c) € C°[a, b] and IT : {a
=Gy <Gy < <G, ; <G, =b} be the equally spaced partition
of a, b] with step size %. If § is the cubic BS function that
interpolates the values of the function u at the knots ¢, -+,
G, €I1, then there exist constants 'y, which do not depend

on /% such that for ¢ € [a, b] with b>a >0, we have

1(7()s () = ($1(6)> 1Nl oo < 7187

|7 (@), () - T (8,0 ()| _ =y, 0<051,

|7°(#(0), @) - T(S1(0), $1(6))|_ < ys2% 1 <0=2
(57)
Proof. Using the prior results, one can find
L, (a?f @)
= ‘Tell?(%) - Tel&l(cﬁ)‘
+ay(64) || TP () = T 81 (¢)|
G ACARENCH]
+ ‘TQZ@(%) - Tel&z(%)’
+[as(64) || T B(es) =~ T 5a(c)|

@ }%)_SZ(C)%)"

|F1(55) = F1(54)| = -L(S$,$,)

+1ay(ce)|| P (s

(58)
Again, one can write
[F1(64) = F1 (6l < 347 + [lar(64) oo v27*

+{|ay (G4 ) lloo ¥1 72" +y3%

+lla3 (60 lloo a7 + la4(6e) oo ¥1 2™
(59)

Since 7% < 1, one has

1F1(64) = F7 (s4) || < MAZ, (60)

1F2(64) = F5 (54) || < M, 4%, (61)
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From (60) and (61), we can find
Q- Q|| <6/4*M. (62)

The matrix G is monotone and thus nonsingular [31].
Hence, we can write

(B-B*)=G(Q-Q"). (63)

Now, we determine row sums &_;, &, -
matrix G as follows:

* 8y(s42) Of the

§_, =6,
-
Z aﬁ¢—6ﬁ a,(G4) +64%a,(cy), 2 =0, 7+ 1,
¢=0
CS)1‘4—1 :6’
§r+2 =6,
2743
= Y a,,=6/,(c;) +6/7by(cs), =743, 20+ 3,
g=r+3
Sprq = 6.
(64)

Thus, ifa, s indicates the (%2, q)th element of the matrix
G, then we can write

27+4
Sp= Y g, k==l 2r+4. (65)
g=-1
Let a ), indicates the (%, 7)™ element of G™'. Then, the

matrix norms are defined as

27+4
1| _ -1
167!} = _ max ﬁ;l\w : (66)
So, we have
27+4
I1=G'G= ) ayay,p=-12r+4g=-1,2r+4,
f=—1
(67)
and ||G™'G|| = 1 which gives also
27+4 27+4
Applg, =Ll p==1,-27+4,
g=-1%=-1
27+4 2744
Z a;}(Z a,M)—l,p: 27+ 4,
7=-1 9=—1
27+4
Y akSy=ln= S 27+ 4 (68)
Ai=—1
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Let 8% =min &,. Then we get

2#2:{4 1

-1

Auh S x> (69)
#=-1 a Sk

where &7 = 67" min (a,(G,) +a,4(64), by(c4) +by(c4)) =6
/2M. Thus

1B=B"|=[|G[I(Q-Q"|| < A°M. (70)

Using the definition of cubic BS basis functions in (7),
one can obtain that

7+1

Z ’Bm(c)’ <
A1

,a<¢<b, (71)

[SSEIRE) |

H (Sl(c) - @(C)’ Sz(c) - @(c))

Hoo

7+1 #+1 #+1 #+1
< !7/3315,3@)_ Z HsBs(s) Z VBya(s) - z V)%B)ﬁ,S(C)>
fi=1 A1 fi=1

7+1

N N 5 .
=1(Hg =t Vi =)l Z |Bs(6)| < g’izM-
/%—,

(72)
Hence,
[CACEASE ORI N
=[[(s1@-F©)r020-00)| 03
SEﬁZM
3
Thus,  [|(¥(6), ©(¢)) - (1(6) $1(6))loo <7,4*  and
1(#(6), ©(6)) - (P (5), B(e)) |, < w2, 0

5. Application and Numerical Simulation

To highlight the importance and strength of what we pre-
sented in terms of analysis and mathematical construction
concerning the CBSA, we need to discuss several practical
examples, and this is what we will present in this special part.

Hither, &?’(c}%), ®(c,) will approximate ¥(c,), D(cz),
respectively. Indeed, oy (c4) = |¥ — ¥|(c,) and g (cy) = |
@ - ®|(g,) denote the absolute errors, whilst %y (¢,) = |¥
— P || (cy) and By(cy) = |@ - D||@| ' (c,) denote the
relative errors.

Example 2. We test the following conformable linear system:

T4/3\I1(c) _ 3C3T1/2l1V(C) + T5/4®(C)
+ TPO() + (1+6)@(c) = F1(c),

T5/4(D h T1/3(D
(&) +cosh (T + G577

+ TP (c) + (2q2 = 36)¥(5) = F,(<)s

(74)
F () = —2B3 M _9cSP y 6cTI
— 243 3T f 46,
F(6) = (1-26)/6 = ¢ +26" (-1 + 3¢)
; 2 (F1+0)¢
I (3-56+26") - 5 (75)
+¢3 (=2 + 36) cosh (5),
concerning the BCs
¥(0.5) = 0.25, d(0.5) = —0.125,
(76)
Y(1)=d(1)=0.
Herein, the exact solutions are
¥(5)=¢(1-¢),
(6)=¢(1-¢) (77)

D(c) =¢*(c-1).

Concerning Example 2 and using CBSA, the related
numerical solutions for » =10 are displayed in Table 1.
Additionally, the graphics of &/ (;) and &/ 4(c,) for » =
10 are given in Figure 1. Hither, it can be observed from
the figure and table that the result data is sufficient accuracy
and are firmly connected.

Example 3. We test the following conformable nonlinear sys-
tem:

TSIZlP(C) T TM‘I’(C) T T3/2‘I’(q ‘P(C)
+exp (P(6)) + cos (§)D(6) = F4(q),

T3/2(D(C) + T1/4(D(C) + T1/21I/(C)T1/4(D(C)

+In (¥(0)) +26(c) = F5() 78)
F(q) = [ezcz ((1+¢*+cos (¢) In (1+¢%)))
+24/5(=1+26%) +2y/Ge" (-1 - ¢ + 267,
Z (o L 2\/6(1 _Cz) 714 ¢* 13/4
JZ(C>_1+CZ<_ 1+¢2 +267 et ) (79)

+e 2 +2¢In (1+¢%),
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TaBLE 1: Solutions result with 7= 10 in Example 2.
Sk ¥ (6x) ¥ () Ay (4) D(6) D(cs) A (6x)
0.50 0.2500 0.2500 0 -0.125000 -0.125000 0
0.55 0.2475 0.2475 0 -0.136125 -0.136125 1.1102 x 10716
0.60 0.2400 0.2400 1.9429 x 1071° -0.144000 -0.144000 2.4980 x 10716
0.65 0.2275 0.2275 2.7756 x 1077 -0.147875 -0.147875 1.3045x 1071°
0.70 0.2100 0.2100 9.4369 x 10716 -0.147000 -0.147000 3.0531x 1071
0.75 0.1875 0.1875 1.1102x 107'° -0.140625 -0.140625 1.1657 x 107%
0.80 0.1600 0.1600 9.4369 x 10716 -0.128000 -0.128000 8.3267x 1077
0.85 0.1275 0.1275 2.7756 x 1077 -0.108375 -0.108375 1.3739x 10713
0.90 0.0900 0.0900 1.1935x107% -0.081000 -0.081000 2.3592 x 10716
0.95 0.0475 0.0475 1.2490 x 10716 -0.045125 -0.045125 1.2212x 10718
1.00 0 0 0 0 0 0
1.2x1071
1.x 1071
~ 8.x107167
g j
q:& 6. x 10—16E
4.%10710
2.x107167 | l
0:5 0?6 0.I7 0:8 1I.0
Sk
(a)
1.4x10715]
1.2x 1071
1.x 1071°]
& 8.x10716]
S
< 6.x10716]
4.x 10716
2.x 10716 ] /\
015' '016' o '0:7' '018' o 1I.0
Sk

concerning the BCs

(b

F1Gure 1: Graphical results with » =10 in Example 2: (a) oy (c;) and (b) ().

(80)

Herein, the exact solutions are
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TaBLE 2: Solutions result of &y, (¢,) with »={10,20,40,80,160} in Example 3.

11

Sp 7»=10 7»=20 7 =40 7 =280 7 =160

1 0 0 0 0 0

1.1 1.41417 x 107 3.53949 x 107° 8.85131 x 107° 2.21299 x 107° 5.53257 x 1077
1.2 2.17765x 107 5.44737 x 107° 1.36205 x 107> 3.40526 x 107° 8.51323 x 1077
1.3 2.41486 x 1074 6.03663 x 107° 1.50913 x 10~° 3.77281 x 107° 9.43202 x 1077
1.4 2.27054 x 107 5.67117 x 107° 1.41747 x 107> 3.54349 x 107° 8.85859 x 1077
1.5 1.88993 x 107 471574 x 107° 1.17837 x 107° 2.94558 x 107° 7.36374 % 1077
1.6 1.40251 x 107 3.49512x107° 8.73088 x 107° 2.18229x107° 5.45546 x 1077
1.7 9.11547 x 107° 2.26784 x 107 5.66277 x 107° 1.41527 x 107° 3.53789x 1077
1.8 4.89733 x 107° 1.21551 x 107> 3.03330x 107° 7.57986 x 1077 1.89475x 1077
1.9 1.80044 x 107° 4.45136 x 107° 1.10975 x 107° 2.77246 x 1077 6.92995 x 1078
2 0 0 0 0 0

Concerning Example 3 and to show the compatibility
between (¥(c;), D(c)) and (D (cy), ¥ (cy)), the values of
Hy(,) and o p(g,) are summarized in Tables 2 and 3,
respectively, for #={10,20,40,80,160}. Additionally, the
graphics of &y (g,) and 4 (g,) for =160 are given in
Figure 2. Whilst, the graphics of (¥(cy), ¥(c,)) and (d(
¢s)> D(cy)) for » € {20,40} are given in Figure 3. Again, it
can be observed from the figure and table that the result data
is sufficient accuracy and firmly connected.

Example 4. We test the following linear conformable LEP
system:

TI(S) + ST (E) +60(6) + () = 5 6),

T4/3(D(c) + lT”2(D(q) +2 sin (6)D(q) + 26¥ () = F, (),

C
(82)
FiQ)=€e+¢-¢*+¢ + 2n(1 + 2(,‘1/6) cos (7¢)
+ (46 + 2¢¥3 + 2es — n2c8/3) sin (71¢),
Fr(6)=2¢" —¢ (1 +26) + 2(1-6+ cz) sin ()
5 (83)
+26(1+¢%) sin (),
concerning the BCs
Y(0)=d(0)=1,
(0)=2(0) »
P(1)=9(1)=1
Herein, the exact solutions are
Y(¢ =c2 sin (7t¢) + 1,
(€)= sin (<) )

(D(c)zcz—c+l.

Concerning Example 4 and to show the compatibility
between (¥(,), D(c4)) and (D (cz), P (cy)) the values of
((5)s Fog () and (L (), o (c)) are summarized
together in Table 4 for »=60. Whilst the graphics of
(A (6p) Ru(cy)) and (o (64), Ro(ss)) for =60 are

~

given in Figure 4. Indeed, the graphics of (¥(s,), ¥ (5x))
and (@(cy), D(cy)) for » € {60,80} are given in Figure 5.
Hither, it can be observed from the figure and table that the
result data is sufficient accuracy and are firmly connected.

Example 5. We test the following nonlinear singular LEP
system:

T5’4‘P(c) + %T”S‘P(q) + sinh (c)(Dz(c) + % =F.(9)s
T0(0) - T50(S) + 2 cos (V(c)) = Fo(6).
(56)

F1(6)=¢"* (-3 + 6¢) +q_1/5(1 —6¢+ 6q2)
24¢-3¢%+2¢°
2+0.5(2 +6 - 362 +26%)°

+ cos? (c) sinh (g),

F(6) =—¢"* — cos (0.5(2+¢- 3¢t + 2q3)) +¢ " sin (g),

(87)
concerning the BCs
Y(0)=d(0)=1,
(0)=0(0) )
¥(1)=1,P(1) =cos (1).
Herein, the exact solutions are
Y(¢ =c3 - 1.5c2 +0.5¢+ 1,

D(g) = cos (g).
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TaBLE 3: Solutions result of &4 (g,) with 7 ={10,20,40,80,160} in Example 3.

Sp »=10 #»=20 7=40 7»=380 7 =160
1 0 0 0 0 0
1.1 3.76804 x 1077 1.68330%x 1078 6.23761 x 10710 4.57952 x 10710 1.33368 x 1071°
1.2 3.49244 x 107° 1.00246 x 107° 2.58702 % 1077 6.51818 x 107% 1.63269 x 1078
1.3 9.15243 x 107° 2.44919 x 107° 6.22382x 1077 1.56226 x 107/ 3.90960 x 1078
1.4 1.47071x 107> 3.85284 x 107° 9.74249 x 1077 2.44253 x 1077 6.11065 x 1078
1.5 1.86288 x 10~ 4.83271x107° 1.21920 x 107° 3.05490 x 1077 7.64158 x 1078
1.6 1.97846 x 107> 5.10561 x 107° 1.28643 x 107° 3.22237x 1077 8.05984 x 1078
1.7 1.76475x 107° 4.54048 x 107° 1.14322x107° 2.86312x 1077 7.16099 x 1078
1.8 1.25707 x 107° 3.22885x 107° 8.12645 x 1077 2.03502 x 1077 5.08967 x 1078
1.9 5.94475 x 107° 1.52547 x 107° 3.83849 x 1077 9.61176 x 1078 2.40391 x 1078
2 0 0 0 0 0
x 1077 x 1078
1 8.1
8. 1
] 6.-
6.
o <
< 4] <+
2.] 2.1
1j2 1.I4 1.I6 1.I8 2i0 112 lj4 1.I6 lj8 2I.0
S ok
(b)
F1GURE 2: Graphical results with 7 =160 in Example 3: (a) oy (G,) and (b) o4 (G,)-
151 151
=] ]
& ] ) ]
< 101 <10
3 ] & ]
@ N
& & ]
/:;z O'Sj gl 0.5j
S: -‘\’\‘\\\M ’ .b\\’\’\‘\;‘;
112 l.l4 lj6 1I.8 2.I0 I 1.I2 1I.4 1I.6 1I.8 2I.0
Sk Sk
(a) (b)

FiGURE 3: Graphical results of (¥(c,), P (c4)) and (@(c4), D(c,)) in Example 3 as red: ¥, blue: @, black stars: (¥, @): (a) »= 10 and (b)
7 =40.
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TaBLE 4: Solutions result with 7 =60 in Example 4.

13

~

Sk ¥ (6x) Ay (Sy) Ry (Ss) D (54) A(S5) Ro(Ss)
0 0 0 0 0 0 0
0.1 1.00322 1.257708 x 107* 1.253833 x 107* 0.910011 1.123178 x 107° 1.234262 % 107°
0.2 1.02363 1.163980 x 1074 1.137241 x 107 0.840011 1.091802 x 107 1.299764 x 107
0.3 1.07291 9.657157 x 10~° 9.001727 x 107° 0.790009 9.231926 x 10°° 1.168598 x 10~°
0.4 1.15223 6.463408 x 10~° 5.609774 x 10~° 0.760007 6.638852 x 107° 8.735332 % 107°
0.5 1.25002 2.332187 x 107° 1.865750 x 107 0.750004 3.618730 x 107°° 4.824973 x 10°°
0.6 1.34238 2.035114x 107° 1.516049 x 107 0.760001 7.687164 x 1077 1.011469 x 107
0.7 1.39636 5.596469 x 107 4.007731 x107° 0.789999 1.289339 x 107° 1.632074 x 107
0.8 1.37611 7.143946 x 107° 5.191132 x 107° 0.839998 2.083354 x 10°° 2.480184 x 107°
0.9 1.25025 5.543125 x 107 4.433423 x107° 1.25025 1.502923 x 107° 1.651564 x 107
1 1 0 0 1 0 0
0.00015: 0.000012;
] R o.oooowé
;”:0.000105 :’: 8.x 10-65
& & 6 1074
< 0.00005 1 < 4 10*65
2.%x 107
02 0.4 06 0.8 1.0 02 0.4 06 0.8 1.0
Sk Sk

1.4 147
1.3 1.3
= >
& 1.2 & 121
1] EERE
A S
= 1.0 o 107
(S: <§: ]
:/:« 0.9 :% 093
> 081 B 0.8
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
S Sk
() (b)

FIGURE 5: Graphical results of (¥(¢,), ¥ (c4)) and ((c,), D(c4)) in Example 4 as blue: ¥, red: @, and black stars: (¥, @): (a) » = 60, and
(b) »=80.
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TaBLE 5: Solutions result with 7 =60 in Example 5.

Sk ¥ (cy) Dy (Sy) R (61) D (c4) Ao (Sx) Ro(S)
0 1 0 0 1 0 0
0.1 1.036 4.687946 x 1077 4.525045 % 1077 0.995004 4.007344 x 1077 4.027465 x 1077
0.2 1.048 4.781665 x 1077 4.562657 x 1077 0.980066 1.038737 x 107° 1.059864 x 1077
0.3 1.042 4.717943 x 1077 4.527776 x 1077 0.955335 1.677880 x 107° 1.756324 x 107°
0.4 1.024 4.499979 x 1077 4394512 x 1077 0.921059 2.198900 x 107° 2.387355x107°
0.5 1.000 4.099687 x 1077 4.099687 x 1077 0.877580 2.526306 x 107 2.878711x107°
0.6 0.976 3.505588 x 1077 3.591791 x 1077 0.825333 2.609380 x 10~° 3.161598 x 107°
0.7 0.958 2.734979 x 1077 2.854884 x 107/ 0.764840 2.414309%x107°° 3.156611 x 107°
0.8 0.952 1.837305 x 1077 1.929942 x 1077 0.696705 1.920084 x 107° 2.755944 x 107°
0.9 0.964 8.918082x 1078 9.251122x 1078 0.621609 1.116007 x 107° 1.795349 x 1077
1 1 0 0 0.540302 0 0
1 1.0 4
1.04-
] 0.9 ]
1024 ]
& ] &
<§{ Loo] g 0.8
AN G
B 0.98 1 S 0.7 7
0.961 067
'szl ' '0.I4' ' '0i6' ' OIS ' 'll.O '0:2' ' '0t4' ' '016' ' OIS ' '1I.0
S Sk

()

FIGURE 6: Graphical results with 7= 60 in Example 5 as red: ¥, blue: @, and black stars: (¥, @ ): (a) (¥(c,), P (c4)) and (b) (@(c4), D(c4)).

Concerning Example 5 and to show the compatibility

between (¥(c;), @(cy)) and (D (cy), ¥ (cy)), the values of
(o (650 R (6,)) and (p(6), Ro(c)) are summarized
together in Table 5 for »=60. Indeed, the graphics of

~ o~

(P(cs), P(sz)) and (D(gs), D(g,)) for »=60 are given
in Figure 6. Hither, it can be observed from the figure
and table that the result data is sufficient accuracy and
are firmly connected.

6. Summary and Future Suggestions

Throughout this study, the CBSA is used to get soft and fine-
ness approximations of BVPs for conformable systems
concerning two points and two fractional parameters in both
regular and singular types. Several linear and nonlinear
examples will be examined, and a model for the Lane-
Emden will be one of the applications presented. The
complete construction of the used spline through the CD
along with the convergence theory, and the error orders
together with other results are utilized in detail in the form
of tables and graphs using Mathematica 11 software. From
the reported results, it can be concluded that CBSA is a very

effective scheme that obtains numerical approximations to
conformable systems of BVPs. The main characteristics
noted here are that the spline approach is effective and fast,
and it requires little compulsive and mathematical burden
in solving the problems presented. In the coming work, we
will apply the CBSA to solve the Lotka-Volterra model
despite CD.

Abbreviations

CD:  Conformable derivative

BVP: Boundary value problem
CBSA: Cubic B-spline algorithm
FDP: Fractional differential problem
BS: B-spline

LEP: Lane-Emden problem

BC:  Boundary condition.

Data Availability

No datasets are associated with this manuscript. The
datasets used for generating the plots and results during
the current study can be directly obtained from the



Journal of Function Spaces

numerical simulation of the related mathematical equations
in the manuscript.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors gratefully acknowledge that the work in this
paper was partly supported by the Faculty Research grant
FRG22-E-S89 from the American University of Sharjah.

References

(1]
(2]
(3]

(7]

(10]

(11]

(12]

(13]

(14]

R. Hilfer, Applications of Fractional Calculus in Physics, World
Scientific, Singapore, 2000.

K. S. Miller and B. Ross, An Introduction to the Fractional Cal-
culus and Fractional Differential Equations, Wiley, USA, 1993.
K. Diethelm, D. Baleanu, and E. Scalas, Fractional Calculus:
Models and Numerical Methods, World Scientific, Singapore,
2012.

G. M. Zaslavsky, “Chaos, fractional kinetics, and anomalous
transport,” Physics Reports, vol. 371, no. 6, pp. 461-580, 2002.
Z. Chen, P. Qiu, X.-J. Yang, Y. Feng, and J. Liu, “A new frac-
tional derivative model for the anomalous diffusion problem,”
Thermal Science, vol. 23, Supplement 3, pp. 1005-1011, 2019.
A. Atangana and J. F. Gomez-Aguilar, “Decolonisation of frac-
tional calculus rules: breaking commutativity and associativity
to capture more natural phenomena,” The European Physical
Journal Plus, vol. 133, no. 4, p. 166, 2018.

A. Atangana, S. T. Demiray, and H. Bulut, “Modelling the non-
linear wave motion within the scope of the fractional calculus,”
Abstract and Applied Analysis, vol. 2014, Article ID 481657, 7
pages, 2014.

G. A. J. Francisco, R. G. Juan, G. C. Manuel, and R. H. J.
Roberto, “Fractional RC and LC electrical circuits,” Ingenieria,
Investigacion y Tecnologia, vol. 15, no. 2, pp. 311-319, 2014.
S. Arora, T. Mathur, S. Agarwal, K. Tiwari, and P. Gupta,
“Applications of fractional calculus in computer vision: a sur-
vey,” Neurocomputing, vol. 489, pp. 407-428, 2022.

D. Baleanu, F. A. Ghassabzade, J. J. Nieto, and A. Jajarmi, “On
a new and generalized fractional model for a real cholera out-
break,” Alexandria Engineering Journal, vol. 61, no. 11,
pp. 9175-9186, 2022.

M. Sultana, U. Arshad, A. H. Abdel-Aty, A. Akgil,
M. Mahmoud, and H. Eleuch, “New numerical approach of
solving highly nonlinear fractional partial differential equa-
tions via fractional novel analytical method,” Fractal and Frac-
tional, vol. 6, no. 9, p. 512, 2022.

E. C. de Oliveira and J. A. T. Machado, “A review of definitions
for fractional derivatives and integrals,” Mathematical Prob-
lems in Engineering, vol. 2014, Article ID 238459, 6 pages,
2014.

A. Atangana and D. Baleanu, “New fractional derivatives with
non-local and non-singular kernel: theory and application to
heat transfer model,” Thermal Science, vol. 20, no. 2,
Pp. 763-769, 2016.

R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65-70, 2014.

(15]

(16]

(17]

(18]

(19]

(20]

(21]

[22]

(23]

[24]
(25]

[26]

(27]

(28]

[29]

(30]

(31]

15

T. Abdeljawad, “On conformable fractional calculus,” Journal
of Computational and Applied Mathematics, vol. 279, pp. 57—
66, 2015.

O. Abu Arqub and M. Al-Smadi, “Fuzzy conformable frac-
tional differential equations: novel extended approach and
new numerical solutions,” Soft Computing, vol. 24, no. 16,
pp. 12501-12522, 2020.

W. S. Chung, “Fractional Newton mechanics with conform-
able fractional derivative,” Journal of Computational and
Applied Mathematics, vol. 290, pp. 150-158, 2015.

A. Kurt, Y. Cenesiz, and O. Tasbozan, “On the solution of bur-
gers’ equation with the new fractional derivative,” Open Phys-
ics, vol. 13, p. 45, 2015.

A. Jajarmi, D. Baleanu, S. S. Sajjadi, and J. J. Nieto, “Analysis
and some applications of a regularized ¥-Hilfer fractional
derivative,” Journal of Computational and Applied Mathemat-
ics, vol. 415, article 114476, 2022.

M. Eslami, “Exact traveling wave solutions to the fractional
coupled nonlinear Schrodinger equations,” Applied Mathe-
matics and Computation, vol. 285, pp. 141-148, 2016.

H. Jafari and V. D. Gejji, “Solving a system of nonlinear frac-
tional differential equations using Adomian decomposition,”
Journal of Computational and Applied Mathematics, vol. 196,
no. 2, pp. 644-651, 2006.

V. F. Hatipoglu, S. Alkan, and A. Secer, “An efficient scheme
for solving a system of fractional differential equations with
boundary conditions,” Advances in Difference Equations,
vol. 2017, no. 1, 2017.

A. Jajarmi, D. Baleanu, K. Z. Vahid, H. M. Pirouz, and J. H.
Asad, “A new and general fractional Lagrangian approach: a
capacitor microphone case study,” Results in Physics, vol. 31,
article 104950, 2021.

C. de Boor, A Practical Guide to Splines, Springer, USA, 1978.

D. Salomon, Curves and Surfaces for Computer Graphics,
Springer, USA, 2006.

B. Heinemann and P. M. Prenter, Splines and Variational
Methods, Wiley, USA, 1975.

M. Abukhaled, S. A. Khuri, and A. Sayfy, “A numerical
approach for solving a class of singular boundary value prob-
lems arising in physiology,” International Journal of Numerical
Analysis and Modeling, vol. 8, pp. 353-363, 2011.

M. Abukhaled, S. A. Khuri, and A. Sayfy, “Spline-based
numerical treatments of Bratu-type equations,” Palestine Jour-
nal of Mathematics, vol. 1, pp. 63-70, 2012.

M. Lakestani and M. Dehghan, “Four techniques based on the
B-spline expansion and the collocation approach for the
numerical solution of the Lane-Emden equation,” Mathemat-
ical Methods in the Applied Sciences, vol. 36, no. 16, pp. 2243—
2253, 2013.

H. Caglar, N. Caglar, and M. Ozer, “B-spline solution of
non-linear singular boundary value problems arising in
physiology,” Chaos, Solitons & Fractals, vol. 39, no. 3,
pp. 1232-1237, 2009.

P. Henrici, Discrete Variable Methods in Ordinary Differential
Equations, Wiley, USA, 1962.



	Adaptation of the Novel Cubic B-Spline Algorithm for Dealing with Conformable Systems of Differential Boundary Value Problems concerning Two Points and Two Fractional Parameters
	1. Introduction
	2. Formulation of the CBSA for Handling Systems of BVPs
	3. The CBSA for Handling Singular Systems of CDs
	4. Error and Convergence Analysis
	5. Application and Numerical Simulation
	6. Summary and Future Suggestions
	Abbreviations
	Data Availability
	Conflicts of Interest
	Acknowledgments



