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We consider the following two-point boundary value problems u" (x) + u(7 - x) + g(x, u(m - x)) = h(x) in (0, 7), u(0) = 0 = u(x),
and " (x) + u(m — x) — g(x, u(m - x)) = =h(x) in (0,7),u(0) =0 = u(n), by setting h€ L'(0,7) and g : (0,7) x R — R being a
Caratheodory function. When a, b € L'(0, 1), a(x) < 3 for x € (0, ) a.e. with strict inequality on a positive measurable subset of
(0,7), and |g(x, u)| <a(x)|u| +b(x) for x€(0,7) ae. as well as sufficiently large |u|, several existence theorems will be

obtained, with or without a sign condition.

1. Introduction

Let us study the existence of solutions of the two-point
boundary value problems with reflection of the argument:

u" (x) + u(m —x) + g(x, u(m - x)) = h(x) in (0, 7),
u(0) =0=u(m),

(1)

u" (x) + u(m - x) - g(x, u(w - x)) = —h(x) in (0, 77),
u(0)=0=u(m),
(2)

by setting € L' (0,77) and g : (0,7) x R— R being a Car-
atheodory function. That means

(i) g(x,u) is continuous in u € R for x € (0, 77) a.e.,
(i) g(x, u) is measurable in x € (0, 7) for all u € R, and

(iii) for each r > 0, there exists an a, € L' (0, 7r) such that

|9(x u)| < a,(x), 3)

for x € (0, 7) a.e. and for all |u| <r. Concerning the nonlin-
ear growth of g, let us make an assumption (H):

(H) There exists a constant r,>0, for a,b,c,deL’
(0,7),a,b>0 and a(x)<3 for xe (0,7) ae. with strict
inequality on a positive measurable subset of (0, 77), such that

(i) for x € (0,7) a.e. and for all u>r,

c(x) < g(x, u) < a(x)[u] + b(x), (4)
as well as

(ii) for x € (0,7) a.e. and for all u < -r,

—a(x)u| = b(x) < g(x, u) <d(x) (5)

both hold.

On the other hand, either with or without a Landesman-
Lazer condition (see (15) below), solvability of the resonance
problem

u" (x) + u(x) + g(x, u(x)) = h(x) in (0, 77), u(0) = 0 = ()
(6)


https://orcid.org/0000-0001-9969-8821
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/6010530

has been extensively studied under the condition that the
nonlinearity of g(x,u) is assumed to have either the
following:

(i) linear growth in u as |u| — oo (see [1-11])

(ii) superlinear growth in u in one of the directions u
— 00 or u— —00, as well as may be bounded
in the opposite direction (see [12, 13])

Similar study on (1) in addition to a new order term
under a different assumption has been done by [14]. The
research on (2) has been first studied by [15] when g(x, u)
is bounded, while [16] focused on the nonresonance case
by allowing g(x, u) to grow linearly in u as |u| — co. How-
ever, research on the boundary value problems (1) and (2)
has been studied but not thoroughly enough.

The purpose of this paper is to establish solvability theo-
rems for (1) and (2) when (H) is satisfied. Based on the well-
known Leray-Schauder continuation method (see [17, 18])
some new solvability results will be obtained, with or with-
out a sign condition (that is c=0=d in (H) with r,=0,
and [Th(x) sin xdx = 0).

We shall make use of real Banach spaces L? (0, 7), C[0, ],
C'[0, 7], as well as Sobolev spaces W*!(0, r) and H'(0, ) in
the following procedure. The norms of L*(0, ), C[0, 7], C'[
0, 7], and H'(0, r) are denoted by ||ul|», ||t o ||ullci> and
|||l 51> respectively. By saying “a solution of (1),” we mean
that u € W>1(0, ) with u(0) =0 = u(rr) and satisfies the dif-
ferential equation in (1), x € (0, 7r) a.e.

2. Existence Theorems

For each v € W>1(0, r) with v(0) =
(2/7[3v(x) sin tdt) sin x and ¥ =v—7v. To obtain the main
results of this paper with reflection of the argument, we need

to deduce the following two lemmas which are extensions of
[7], Lemma 1.

0 =v(7m), we write v(x) =

Lemma 1. Let a be a nonnegative L' (0, 7r) -function such that
for x € (0,7) a.e., a(x) < 3 with strict inequality on a positive
measurable subset of (0,7). Then, there exists a constant
K, > 0 such that

Jﬂ(a(x) —i(x)) [u" (x) + u(m = x) + p(x)u(m - x)} dx

0
2 K, ||| 7,

(7)

whenever p € L'(0,) with 0<p(x)
)

<a(x) for xe(0,m) a
e, and ue W»1(0, ) with u(0)=0=

u(m).

Proof. Just as in the proof in [7], Lemma 1, there exists a
constant K, > 0 such that

|| (@) -0 pen@eyarz Kk, 6

0
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whenever p € L'(0, r) with 0 <p( )
and u € W>'(0, ) with u(0)=
u(x) and " (x) = —u(x), we have

a(x) for x € (0,7) a
u(m). Since u(m—x)

TS

us

.[:[ﬁ(x) —u(x)|u(m - x)dx = .L [t(x) = w(x)][u(m = x) + u(m - x)|dx

u(x)u(m—x)dx — J u(x)u(m—x)dx

0

J
- L () 2dx - Jﬂa(x)a(n - x)dx,
J

() = ()] i) + " ()| de

therefore

—
Bl
<
o
=
N~—
|
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)= [ @(x) s and
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Furthermore, since J"" u(m
Jg al dx Io zdx, we have fo

(u(x))2dx = jO (- x))z—(u( — x))2dx, and

r(a(x)—a(x))[ u" () + u(m - x) + p(x)u (n—x)]dx
=Jﬂ ﬁ'(x))z—ﬁ(x)ﬁ(n—x)dx

-5 [ Pl + (g7 s
o5 | e utm ) ) + ) )
2 Ky il
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Just as in the proof of Lemma 1, we can apply the
equality

J:[ﬁ(x) —ii(x)] [u” (x) + u(x)} dx

=Jﬂ @/ ()] e J () Pdx (12)

0 0

- J @ o) ax - %J:{Wxnz + [ - x)

0

to obtain the next lemma when u(m—x) is replaced by
u(x). O

Lemma 2. Let a be a nonnegative L' (0, m)-function such that
for x € (0,7) a.e., a(x) < 3 with strict inequality on a positive

measurable subset of (0,7). Then, there exists a constant
K, >0 such that

j: = u(x) (" () + (= x) = p(x)u(r - x) ) d > K, ]
(13)

whenever p € L'(0,7) with 0<p(x) <a(x) for x€(0,7) a.
e, and ue€ W»1(0, ) with u(0) = 0= u(n).

Proof.

0

1
2,
1" <2 2
+ EJOP(X) [(u(rr —x)+u(x))” + (u(x)) ]dx
=K ||

(14)

for some constant K, >0 independent of p € L'(0,7) with
0<p(x) <a(x) for x€(0,7) ae., and ue W»(0,7) with
u(0) =0=u(m). O

Theorem 3. Let g : (0, 1) x R— R be a Caratheodory func-
tion satisfying (H). Then for each h € L'(0, ), the problem
(1) has a solution u, provided that

7T

Jngf (x) sin xdx < J

h(x) sin xdx < J g, (x) sin xdx
0 0

(15)

and g_(x)=

0

holds, where g, (x)=liminf,__ g(x, u)
limsup,_,_ g(x,u).

Proof. Given a fixed a € R, 0 < & < 3. Consider the boundary
value problems

u" () + u(m - x) + (1 - t)au(m - x) + tg(x, u(m - x)) = th(x) in (0, 77),
u(0) =0=u(m),

(16)

for 0 <t < 1, which becomes the original problem when ¢ = 1.
Since 0 < & < 3, (16) has only a trivial solution when ¢ =0 by
Lemma 1. To apply the Leray-Schauder continuation method,
it suffices to show first that solutions to (16) for 0 < t < 1 have
a priori bound in H'(0, 7r). To this end, let 6 : R— R be a
continuous function such that 0<0<1,0(u) =0 for |u| < r,,
and 6(u) =1 for [u[ > 2r,. Define e(x) = max {a, (x), b(x), |c

(), d(x)[},

{ min {g(x, u) + e(x), a(x)u}0(u),
max {g(x, u) - e(x), a(x)u}6(u),

(5 1) ifu>0,
X, u) =
5 ifu<o,
(17)
and g,(x,u)=g(x,u) - g,(x,u). Then, g,,g,:(0,m)xR

—> R are Caratheodory functions, such that for x € (0, 77) a.
eandu€R,u#0,

0< w <a(x), (18)

and for x € (0,77) a.e.and u € R
|9, (x u)| < e(x). (19)

If u is a possible solution to (16) for some 0 < ¢ < 1, then by
using (18), (19), and Lemma 1, we have

0= r(ﬁ(x) —ii(x)) [u” (x) + u(m - x)

+(1=t)au(mr - x) +tg(x, u(m—x)) - th(x)] dx (20)

= (llelly + 1Al (ful + 1] )
~112 _ ~
2 K[|z = Cola] + [l )

2 Ky |1

which implies that
- C,-
2[5 < - ol 117 ) (21)
1

for some constant C, > 0 independent of u. It remains to show
that solutions of (16) for 0 < t < 1 have an a priori bound in
H'(0,7). We will show this by contradiction. Suppose that
there exists a sequence {u,} and a corresponding sequence
{t,} in (0, 1) such that u,, is a solution of (16) with t = ¢, and
|, || = for all n. Let v, = u,/||u,|| 5, then ||v, || =1 for
all neN, and by (21), we have ||7, ;) — 0 as n — oo.
Since ||v, || =1 and ||V, || < |Vl + [|9,]lgp forall m e N,
we may assume without loss of generality that {v, } converges
to vin H' (0, 7r) with v(x) = f3 sin x for some 8 # 0,and {v" }



is pointwise bounded by an L' (0, 7r)-function independent of
neN. In particular, {v|} converges uniformly on [0, 7],
which implies that {v,} converges to v in C'[0, 7z]. Now, let
us consider only the case 3> 0, for the case 3 <0 can be
treated similarly. Using the elementary inequality

w)|_ 7

<5l (22)

sin x

for all x € [0, 7] as well as w € C'[0, 7] with w(0) =0 = w(n),
and the fact that {v,} converges to 0 uniformly on [0, 7],
we have v, (x) > (8/2) sin x on [0, 7] for sufficiently large n.
Multiplying each side of (16) by sin x, and integrating them
over [0, 7] when u=u, and t =t,, we find

th g(x, u,(m —x)) sin xdx
0

<(1- tn)ocJO u, (- x) sin xdx

+ th g(x, u,(m—x)) sin xdx = th h(x) sin xdx,
0 0
(23)

for sufficiently large n. It follows from (3) and (H) that
g(x, u,(m—x)) is bounded below by a function in L'(0, 7r)
independent of n € N. By applying Fatou’s lemma to the
inequality  [Tg(x, u,(7 - x)) sin xdx < [(h(x) sin xdx, we
find [ g, (x) sin xdx < [{h(x) sin xdx, which contradicts the

second inequality in (15). Therefore, the theorem is proven.
O

Theorem 4. Let g : (0, 1) x R— R be a Caratheodory func-
tion satisfying (H) with g(x, u)u > 0 for x € (0, ) a.e. and for
all u € R. Then for each h e L'(0, ), the problem (1) has a
solution u, provided that [[h(x) sin xdx = 0.

By modifying the proof of Theorem 3 slightly, we obtain
the next solvability theorem, where the nonlinearity of g sat-
isfies the following condition:

(F) There exist constants ry~ 20,0<y,6<1and ¢, d”
€ L'(0, ) such that for x € (0, 7) a.e. and for all u> r,”

gl wyu> c(x)|ul". (24)

Also for x € (0, 7) a.e. and for allu<—r,~

gl wyu> d(x)[u"? (25)

At the same time, condition (15) may be replaced by the
inequality:

J g° (x) sin' P xdx < J h(x) sin xdx=0< J g (x) sin Vxdx,
0 0 0
(26)
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where  g°(x) =limsup, ___ g(x, wlul®  and gh(x) =

liminf,_ g(x, u)|ul’.

Theorem 5. Let g : (0, 71) X R— R be a Caratheodory func-
tion satisfying (F) and (H). Then for each h € L' (0, rr), prob-
lem (1) has a solution u, provided that (26) holds.

Proof. In the process of showing Theorem 3, (15) is used
only to see the contradiction in the end. Thus, we may follow
exactly the same process as in the proof of Theorem 3, to the
point where 8> 0 on (0, 7r) is considered and (23) holds. By
(F) and (22), we find that

g('x’ un(n - x))”un”}’-ﬂ = g('x’ un(n - x))lun(n _x)|y|vn(ﬂ - 'x)ry

> = [e()| v, (= )] 7

-y

> —‘E(x)‘ E sin (77— x)]

- —‘E(x)‘ <§ sin x> )

(27)

for x € (0, ) a.e. with |u,(m — x)| = r,” and for all n > n,. By
(3) and (22), we also have

906ty (70 = ) ) |14, |17 = G (% 14, (77 = 2)) |t (77 = 2) v, (70 = )| ¥

>—la~ (x)|ry v (=)

Ty

>—la- (x)|r, V; sin (n—x)} N

o

. -y
~(x roy <E sin x) ,
7o 2

for x € (0,7) a.e. with |u,(m—x)|< ry” and for all n>n,.
Combining (27) and (28), we find that g(x,u,(m —x))
||, ||?,: sin x is bounded below by a function in L'(0,7)
independent of n > n,,. By applying Fatou’s lemma to the left
hand side of the following inequality

=—|a

~

(28)

||un||LIJOg(x, u,, (71 - x)) sin xdx < ||u, ||V, Joh(x) sin xdx =0,

(29)
we find
B YJﬂgX(x) sin' Vxdx <0, (30)
0
or equivalently
Jngx (x) sin' Vxdx <0, (31)
0
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which contradicts the second inequality in (26). Thus, we
have proven the theorem. O

Again, by modifying the proofs of Theorem 3, Theorem
4, and Theorem 5 slightly, we may use Lemma 2 to obtain
the following solvability results for (2).

Theorem 6. Let g : (0, 1) x R— R be a Caratheodory func-
tion satisfying (H). Then for each h e L'(0, ), the problem
(2) has a solution u, provided that (15) holds.

Theorem 7. Let g : (0, 1) x R— R be a Caratheodory func-
tion satisfying (H) with g(x, u)u > 0 for x € (0, ) a.e. and for
all u€R. Then for each h e L'(0,7), the problem (2) has a
solution u, provided that [7h(x) sin xdx = 0.

Theorem 8. Let g : (0, 1) x R— R be a Caratheodory func-
tion satisfying (F) and (H). Then for each h € L'(0,7), the
problem (2) has a solution u, provided that (26) holds.

Remark 9. The conclusions of Theorem 5 and Theorem 8
both remain true if a,, ¢*, d~ € L°(0,7), but to use the
condition 0 <y, 8 <2 instead of 0<y,8 <1 in (F).

Also by applying Lemma 2, the next result may be
obtained when u(7 — x) is replaced by u(x).

Remark 10. Our results remain valid when problems (1) and
(2) are replaced by

u" (x) + u(x) + g(x, u(m — x)) = h(x) in (0, 77), u(0) = 0 = u(n),
u" (x) + u(x) = g(x, u(m - x)) = —h(x) in (0, 7), u(0) = 0 = u(r),
(32)

respectively.

Data Availability

Data will be made available upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] S. Ahmad, “A resonance problem in which the nonlinearity
may grow linearly,” Proceedings of the American Mathematical
Society, vol. 92, no. 3, pp. 381-384, 1984.

[2] P. Drabek, “Landesman-Lazer condition for nonlinear prob-
lems with jumping nonlinearities,” Journal of Differential
Equations, vol. 85, no. 1, pp. 186-199, 1990.

[3] P.Drabek, “A two-point boundary value problem of dirichelet
type with resonance at infinitely many eigenvalues,” Journal of
Mathematical Analysis and Applications, vol. 146, no. 2,
pp. 501-511, 1990.

[4] C.P.Gupta, “Solvability of a boundary value problem with the
nonlinearity satisfying a sign condition,” Journal of Mathemat-

9]

(10]

(11]

(12]

(13]

(14]

[15]

(16]

(17]

(18]

ical Analysis and Applications, vol. 129, no. 2, pp. 482-492,
1988.

C. W. Ha and C. C. Kuo, “On the solvability of a two point
boundary value problem at resonance,” Topological Methods
in Nonlinear Analysis, vol. 1, no. 2, pp. 295-302, 1993.

R. Tannacci and M. N. Nkashama, “Unbounded perturbations
of forced second order ordinary differential equations at reso-
nance,” Journal of Differential Equations, vol. 96, pp. 289-309,
1987.

R. Tannacci and M. N. Nkashama, “Nonlinear two point
boundary value problems at resonance without Landesman-
Lazer condition,” Proceedings of the American Mathematical
Society, vol. 106, pp. 934-952, 1989.

R. Kannan and R. Ortega, “Existence of solutions of X" +x+g
(x) =p(1),x(0) =0=x(7),” Proceedings of the American Mathe-
matical Society, vol. 96, pp. 67-70, 1986.

C. C. Kuo, “Solvability of a nonlinear two point boundary
value problem at resonance,” Journal of Differential Equations,
vol. 140, no. 1, pp. 1-9, 1997.

E. M. Landesman and A. C. Lazer, “Nonlinear perturbations of
linear elliptic boundary value problems at resonance,” Journal
of Mathematics and Mechanics, vol. 19, pp. 609-623, 1970.

J. Mawhin, J. R. Ward Jr., and M. Willem, “Necessary and suf-
ficient conditions for the solvability of a nonlinear two-point
boundary value problem,” Proceedings of the American Math-
ematical Society, vol. 93, no. 4, pp. 667-674, 1985.

C. W.Haand W. B. Song, “On a resonance problem with non-
linearities of arbitrary polynomial growth,” Bulletin of the Aus-
tralian Mathematical Society, vol. 48, no. 3, pp. 435-440, 1993.

T.-F. Ma and L. Sanchez, “A note on resonance problems with
nonlinearity bounded in one direction,” Bulletin of the Austra-
lian Mathematical Society, vol. 52, no. 2, pp. 183-188, 1995.

C. C. Kuo, “Periodic solutions of a two-point boundary value
problem at resonance,” Osaka Journal of Mathematics,
vol. 37, pp. 345-353, 2000.

J. Wiener and A. R. Aftabizadeh, “Boundary value problems
for differential equations with reflection of the argument,”
International Journal of Mathematics and Mathematical Sci-
ences, vol. 8, no. 1, Article ID 307232, p. 163, 1985.

C. P. Gupta, “Two-point boundary value problems involving
reflection of the argument,” International Journal of Mathe-
matics and Mathematical Sciences, vol. 10, no. 2, Article ID
168349, p. 371, 1987.

K. Deimling, Nonlinear Functional Analysis, Springer-Verlag,
New York, 1985.

J. Mawhin, Topological Degree Methods in Nonlinear Bound-

ary Value Problems, CBMS Regional Conf. Series in Math.,
40, American Math, Socity, Providence, RI, 1979.



	A Two-Point Boundary Value Problem with Reflection of the Argument
	1. Introduction
	2. Existence Theorems
	Data Availability
	Conflicts of Interest



