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In this paper, we mainly prove the existence of (weak) solutions of an inclusion problem with the Dirichlet boundary condition of
the following form: L ∈ Aðx, u,DuÞ + Fðx, u,DuÞ, inΩ, and u = 0, on ∂Ω, in Musielak-Orlicz-Sobolev spaces W1

0LΦðΩÞ by using
the surjective theorem, where Ω ⊂ℝN is a bounded Lipschitz domain, L belongs to the dual space ðW1

0LΦðΩÞÞ∗ of W1
0LΦðΩÞ,

A is a multivalued maximal monotone operator, and F is a multivalued convection term. Some examples for A and F are given
in the paper. Then, we give some properties of the solution set of the inclusion problem. We also show the existence of (weak)
solutions of the inclusion problem with an obstacle effect.

1. Introduction

In [1], Liu and Motreanu established in Sobolev spaces the
existence and location of solutions for an elliptic inclusion
problem driven by a ðp, qÞ-Laplacian operator with Dirichlet
boundary and a multivalued term that has gradient depen-
dence (the so-called multivalued convection term). In [2],
Zeng et al. proved the existence of positive solutions for an
elliptic inclusion problem driven by an abstract nonhomoge-
neous operator with Dirichlet boundary and a multivalued
convection term in Sobolev spaces. In [3], we proved the
existence of positive solutions for an elliptic inclusion prob-
lem driven by a nonlinear operator with a Dirichlet bound-
ary and a multivalued convection term in Orlicz-Sobolev
spaces, where the nonlinear operator depends on the gradi-
ent of the solution. In [1–3], the conditions which ensured
the existence of subsolutions and supersolutions were given,
and the proof of the existence of solutions depended on the
subsolutions and supersolutions.

Precup and Rodríguez-López [4] proved the existence of
solutions for an inclusion problem driven by a ϕ-Laplacian
operator depending on the differential of the solution. Chen

and Tang [5] discussed periodic solutions for a differential
inclusion problem involving the pðtÞ-Laplacian. In [6], Zeng
et al. proved the existence and boundedness of the weak
solutions to inclusion problems driven by double-phase par-
tial differential operators, obstacle effects, and multivalued
convection terms in Sobolev spaces. In [7], Zeng et al. intro-
duced a family of the approximating inclusion problems
corresponding to an elliptic obstacle problem with double-
phase phenomena and a multivalued reaction convection
term in Sobolev spaces. Liu and Papageorgiou [8] proved
the existence of a nontrivial bounded solution for a
double-phase Dirichlet problem with unilateral constraints
in Sobolev spaces. Crespo-Blanco et al. [9] showed the exis-
tence and uniqueness of a quasilinear elliptic equation
driven by a double-phase operator with variable exponents.
In the above results, the differential operators are single-
valued functions.

The differential inclusions governed by maximal mono-
tone operators have many applications in heat equations,
obstacle problems, mechanics, electricity, and management,
for example, [10, 11]. Oppezzi and Rossi [12] proved the
existence of solutions of a variational inequality with a

Hindawi
Journal of Function Spaces
Volume 2023, Article ID 8531992, 15 pages
https://doi.org/10.1155/2023/8531992

https://orcid.org/0000-0001-8019-640X
https://orcid.org/0000-0002-5846-1681
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/8531992


maximal monotone operator in Sobolev spaces, where the
maximal monotone operator depends on the solution and
its gradient. Le [13] proved the existence of the solution of
variational inequalities with maximal monotone operators
by using a subsupersolution method in variable exponent
Sobolev spaces, where the maximal monotone operator
depends on the gradient of the solution. The conditions
which ensure the existence of subsolutions or supersolutions
are not given. Le [14] studied the inclusion problems con-
taining maximal monotone and generalized pseudomono-
tone mappings in Sobolev spaces. Papageorgiou et al. [15]
proved the existence of extremal solutions for nonlinear
multivalued systems with maximal monotone terms in
Sobolev spaces. Avci and Pankov [16] proved the existence
of the (weak) solution of a Dirichlet boundary value problem
driven by a maximal monotone differential operator in
Musielak-Orlicz-Sobolev spaces, where the maximal mono-
tone operator depends on the gradient of the solution.

Variational inequalities and differential equations, as is
known to all, correspond to different function spaces. The
variable exponent Sobolev spaces and Orlicz-Sobolev spaces
are two special kinds of Musielak-Orlicz-Sobolev spaces.
They are distinct extensions of the classical Sobolev spaces.
In recent years, there are many results of differential equa-
tions in Musielak-Orlicz-Sobolev spaces. For example, Fan
[17] and we [18] proved the existence of weak solutions of
a class of differential equations of divergence form by using
a subsupersolution method in reflexive Musielak-Orlicz-
Sobolev spaces and nonreflexive Musielak-Orlicz-Sobolev
spaces, respectively; Li et al. [19] proved the existence and
uniqueness of entropy solutions and the uniqueness of
renormalized solutions to the nonlinear elliptic equations
in Musielak-Orlicz-Sobolev spaces; we [20] proved the exis-
tence of barrier solutions of elliptic differential equations in
Musielak-Orlicz-Sobolev spaces; and Baasandorj et al. [21]
established optimal regularity estimates for the gradient of
solutions to nonuniformly elliptic equations of the Orlicz dou-
ble phase with variable exponent types. Musielak-Orlicz func-
tions (described in Section 2) have many applications such as
non-Newtonian fluids (see, e.g., [22]), thermistor problem
(see, e.g., [23]), and image restoration (see, e.g., [24]).

In this paper, we are interested to find a (weak) solution
u of the following inclusion problem with the Dirichlet
boundary condition and a convection multivalued term

L ∈ A x, u,Duð Þ + F x, u,Duð Þ, inΩ
u = 0, on ∂Ω,

(
ð1Þ

in Musielak-Orlicz-Sobolev spaces W1
0LΦðΩÞ, where Ω

⊂ℝN is a bounded Lipschitz domain, L belongs to the dual-
space ðW1

0LΦðΩÞÞ∗ of W1
0LΦðΩÞ, A : Ω ×ℝ ×ℝN ⟶ 2ℝN

is maximal monotone with respect to the last variable,
and F : Ω ×ℝ ×ℝN ⟶ 2ℝ is a multivalued mapping.

When A is maximal monotone with respect to the last
variable, some particular cases of this problem in variable
exponent Sobolev spaces and Musielak-Orlicz-Sobolev
spaces were obtained, for example, by Le in [13] and by Avci

and Pankov in [16], respectively. There are some other par-
ticular cases of problem (1). When A is an Orlicz double
phase with variable exponents, a case of this problem was
established by Baasandorj et al. in [21]. When L = 0, F is a
single-valued function in L1ðΩÞ and A is a multivalued and
maximal monotone; a particular case of this problem in
Sobolev spaces was developed, for example, by Oppezzi
and Rossi in [12]. When L = 0, F is a multivalued convection
term and A is a single-valued elliptic differential operator;
the existence results of this problem in Orlicz-Sobolev spaces
were provided, for example, by us in [3]. When L = 0, A is a
double-phase operator and F is a multivalued convection
term in Sobolev spaces; a particular case of this problem
was developed, for example, by Zeng et al. in [6]. When
L = 0, A is a double-phase operator with variable exponents
and F is a single-valued term in variable exponent Sobolev
spaces; a particular case of this problem was obtained, for
example, by Crespo-Blanco et al. in [9].

The paper is organized as follows: Section 2 contains
some preliminaries and some technical lemmas which will
be needed in Section 3. In Section 3, we first define the mul-
tivalued differential operator A defined on W1

0LΦðΩÞ with
values in ðW1

0LΦðΩÞÞ∗ by using the multivalued function A.
Then, we show that A is a pseudomonotone operator. Some
examples for A are given. Next, we deal with the multivalued
convection term. We also give an example for the multivalued
convection term. Then, we prove the existence of solutions for
problem (1) by using the surjective theorem. Then, some
properties of the solution set of problem (1) are given. Finally,
we show the existence of the solutions for the inclusion prob-
lem with an obstacle effect and give some properties of the
solution set of the problem.

In this paper, we always assume that Ω ⊂ℝN is a
bounded domain with Lipschitz boundary and denote
by L0ðΩÞ the set of all real measurable functions defined
on Ω.

2. Preliminaries

Now, we first list briefly some definitions and facts about
Musielak-Orlicz-Sobolev spaces; for more details, see Musie-
lak [25] or Harjulehto and Hästö [26].

Let ℝ+ = ½0,+∞Þ. A real function Φ : Ω ×ℝ+ ⟶ℝ+
will be called a Musielak-Orlicz function, denoted by Φ ∈
NðΩÞ, if it satisfies the following conditions:

(i) Φðx, uÞ is an N-function of the variable u ≥ 0 for every
x ∈Ω; i.e., it is a convex, nondecreasing, and continu-
ous function of u such that Φðx, 0Þ = 0, Φðx, uÞ > 0
for u > 0, and there hold the conditions

lim
u⟶0+

sup
x∈Ω

Φ x, uð Þ
u

= 0, lim
u⟶∞

inf
x∈Ω

Φ x, uð Þ
u

= +∞, ð2Þ

for every x ∈Ω.
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(ii) Φðx, uÞ is a measurable function of x for all u ≥ 0.

Equivalently, for all x ∈Ω and all u ∈ℝ, Φ admits the

representation Φðx, uÞ = Ð juj0 φðx, τÞdτ, where φðx, tÞ is the
right-hand derivative of Φðx, ·Þ at t, for a fixed x ∈Ω and
all t ≥ 0. Then, for every x ∈Ω, φðx, τÞ is a right-
continuous and nondecreasing function of τ ≥ 0, φðx, 0Þ = 0,
φðx, τÞ > 0 for τ > 0, and limu⟶+∞ inf x∈Ωφðx, τÞ = +∞.

The complementary function �Φ to a Musielak-Orlicz
function Φ is defined by �Φðx, vÞ = supu≥0fuv −Φðx, uÞg for
v ≥ 0, x ∈Ω. Then, �Φ is a Musielak-Orlicz function and Φ
is also the complementary function to �Φ.

Equivalently, �Φ admits the representation �Φðx, vÞ = Ð v0ϕ
ðx, σÞdσ, where ϕ is given by ϕðx, σÞ = sup fτ : φðx, τÞ ≤ σg,
for all x ∈Ω.

For Φ ∈NðΩÞ, the inequality uv ≤Φðx, uÞ + �Φðx, vÞ for
all u, v ≥ 0, x ∈Ω, is called the Young inequality.

Let Φ ∈NðΩÞ. Φ is said to satisfy the Δ2 condition
(Φ ∈ Δ2, for short), if, for ℓ > 0, there exist a constant K > 0
and h ∈ L1ðΩÞ with h ≥ 0 such that

Φ x, ℓuð Þ ≤ KΦ x, uð Þ + h xð Þ, ð3Þ

for all u ≥ 0 and a.e. x ∈Ω.
For each x ∈Ω, the inverse function of Φðx, ·Þ is denoted

by Φ−1ðx, ·Þ; i.e., Φ−1ðx,Φðx, uÞÞ =Φðx,Φ−1ðx, uÞÞ = u, for
u ≥ 0.

Let Φ1,Φ2 ∈NðΩÞ. Φ1≼Φ2 means that Φ1 is weaker than
Φ2; that is, there exist positive constants K1, K2 and a nonnega-
tive function h ∈ L1ðΩÞ such that Φ1ðx, uÞ ≤ K1Φ2ðx, K2uÞ +
hðxÞ for all u ≥ 0 and a.e. x ∈Ω.

Φ is called locally integrable, if
Ð
Ω
Φðx, uÞdx < +∞ for

every u > 0.
The following assumptions will be used.
(Φ1) inf x∈ΩΦðx, 1Þ = c1 > 0.
(Φ2) For every u0 > 0, there exists c = cðu0Þ > 0 such that

inf x∈ΩðΦðx, uÞ/uÞ ≥ c and inf x∈Ωð�Φðx, uÞ/uÞ ≥ c, for u ≥ u0.
Surely, (Φ2) ⇒ (Φ1).
Φ ∈NðΩÞ is said to satisfy the condition (Φ) if Φ, �Φ ∈ Δ2,

and both Φ and �Φ are locally integrable and satisfy ðΦ2Þ.
Let Φ ∈NðΩÞ. The Musielak-Orlicz space (i.e., the gen-

eralized Orlicz space) LΦðΩÞ is defined by

LΦ Ωð Þ = u ∈ L0 Ωð Þ:
ð
Ω

Φ x, u xð Þj j
λ

� �
dx < +∞,for some λ > 0

� �
,

ð4Þ

with the (Luxemburg) norm

uk k Φð Þ = inf λ > 0 :

ð
Ω

Φ x, u xð Þj j
λ

� �
dx ≤ 1

� �
: ð5Þ

Moreover, the set KΦðΩÞ = fu ∈ L0ðΩÞ: Ð
Ω
Φðx, juðxÞjÞdx

< +∞gwill be called theMusielak-Orlicz class (i.e., the gener-
alized Orlicz class). A function u ∈ L0ðΩÞ is called a finite ele-
ment of LΦðΩÞ, if λu ∈ KΦðΩÞ for every λ > 0. The space of all
finite elements of L0ðΩÞ is denoted by EΦðΩÞ. Then, KΦðΩÞ is

a convex subset of LΦðΩÞ, LΦðΩÞ is the smallest vector sub-
space of L0ðΩÞ containing KΦðΩÞ, and EΦðΩÞ is the largest
vector subspace of L0ðΩÞ contained in KΦðΩÞ.

If Φ is locally integrable, then EΦðΩÞ is a separable space,
and EΦðΩÞ=KΦðΩÞ=LΦðΩÞ if and only if Φ ∈ Δ2. Then, LΦ
ðΩÞ is reflexive if Φ ∈NðΩÞ satisfies the condition (Φ).

The Musielak-Orlicz-Sobolev space W1LΦðΩÞ is
defined by

W1LΦ Ωð Þ = u ∈ LΦ Ωð Þ: ∀ αj j ≤ 1,Dαu ∈ LΦ Ωð Þf g, ð6Þ

where α = ðα1, α2,⋯,αNÞ is a multi-index with nonnegative
integers αi, i = 1, 2,⋯,N , which has jαj = jα1j + jα2j +⋯ +
jαN j, and Dαu denotes the distributional derivatives.

Let kukΦ,Ω = inf fλ > 0 : ∑jαj≤1
Ð
Ω
Φðx, ðjDαuðxÞj/λÞÞdx

≤ 1g for u ∈W1LΦðΩÞ. Then, k·kΦ,Ω is a norm onW1LΦðΩÞ,
and the pair ðW1LΦðΩÞ, k·kΦ,ΩÞ is a Banach space if Φ is
locally integrable and satisfies (Φ1). Taking Φðx, uÞ =ΦðuÞ,
W1LΦðΩÞ is an Orlicz-Sobolev space. Taking Φðx, uÞ =
jujpðxÞ, W1LΦðΩÞ is the variable exponent Sobolev space
W1,pð·ÞðΩÞ.

It is easy to see that

W1LΦ Ωð Þ = u ∈ LΦ Ωð Þ: Duj j ∈ LΦ Ωð Þf g: ð7Þ

Denote kDukðΦÞ = kjDujkðΦÞ and kuk1,Φ = kukðΦÞ +
kDukðΦÞ. Then, kuk1,Φ and kukΦ,Ω are two equivalent norms.

The spaceW1LΦðΩÞ will always be identified with a sub-
space of the product

Q
jαj≤1LΦðΩÞ =ΠLΦ; this subspace is

σðΠLΦ,ΠE �ΦÞ closed. Let W1
0LΦðΩÞ be the σðΠLΦ,ΠE �ΦÞ

closure of the Schwartz space DðΩÞ in W1LΦðΩÞ.
Let Φ ∈NðΩÞ be locally integrable and satisfy (Φ1).

Then, the space W1LΦðΩÞ is reflexive if LΦðΩÞ is reflexive.
Next, we recall the following notations and lemmas

which will be used later.
We denote by 2X all subsets of a set X.
Let X be a Banach space and X∗ be its dual. We denote

the dual-pairing ðX∗, XÞ by h·, · i. Given a multivalued
mapping T : X ⟶ 2X∗

, let us fix some notations associated
with it.

(i) The domain of T is the set DðTÞ = fu ∈ X : TðuÞ
≠∅g.

(ii) The graph of T is the set GrðTÞ = fðu, u∗Þ ∈ X ×
X∗ : u∗ ∈ TðuÞg.

(iii) P f ðcÞðXÞ = fE ⊂ X : E is nonempty, closed, ðconvexÞg.

Definition 1 (see [27], Definition 3.2.2). Let X be a Banach
space. Given a multivalued mapping T : X⟶ 2X∗

, we
say that

(i) T is monotone if for any u, v ∈DðTÞ and u∗ ∈ TðuÞ,
v∗ ∈ TðvÞ, we have hu∗ − v∗, u − vi ≥ 0;
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(ii) T is maximal monotone if it is monotone and, for
ðu, u∗Þ ∈ X × X∗, the inequalities hu∗ − v∗, u − vi ≥ 0
for all ðv, v∗Þ ∈ GrðTÞ imply ðu, u∗Þ ∈ GrðTÞ;

(iii) T is bounded if it maps bounded sets in X to
bounded sets in X∗.

Definition 2 (see [28], Definition 3.7). Let X and Y be Haus-
dorff topological spaces and T : X⟶ 2Y be a multivalued
operator. Then, T is called upper semicontinuous at u0 ∈ X,
if for every open subset V ⊂ Y with Tðu0Þ ⊂V , there exists
a neighborhood Uðu0Þ of u0 such that TðUðu0ÞÞ ⊂V . T is
called upper semicontinuous in X, if T is upper semicontin-
uous at every u0 ∈ X.

Definition 3 (see [27], Definition 6.1.29). Let ðX, dÞ be a met-
ric space and A, B ⊂ X. Set

h∗ A, Bð Þ = sup d a, Bð Þ: a ∈ Af g: ð8Þ

h∗ðA, BÞ is called the excess of A over B.

Definition 4 (see [27], Definition 6.1.33, or [29], Definition
2.60). Let X be a Hausdorff topological space and ðY , dÞ a
metric space. A multifunction F : X⟶ 2Y \ f∅g is said to
be h-upper semicontinuous at x0 ∈ X if x⟶ h∗ðFðxÞ, Fðx0ÞÞ
is continuous at x0; i.e., for every ε > 0, there is U ε ∈N ðx0Þ
such that for all x ∈Uε, h

∗ðFðxÞ, Fðx0ÞÞ < ε, where N ðx0Þ is
the filter of neighborhoods of x0. If F is h-upper semicontinu-
ous at every x0 ∈ X, then we say that F is h-upper
semicontinuous.

Lemma 5 (see [27], Proposition 6.1.35). If F : X ⟶ 2Y \
f∅g is upper semicontinuous, then F is h-upper
semicontinuous.

Lemma 6 (see [30], Theorem 1.1.1). Let X be a reflexive
Banach space, X∗ be its dual, and T be a multivalued map
from X into X∗. Suppose that for each u ∈ X, TðuÞ is a non-
empty closed convex subset of X∗, and for each line interval
½u1, u2�≔ fu ∈ X : u = λu1 + ð1 − λÞu2, λ ∈ ½0, 1�g in X, T is
an upper semicontinuous map from the line interval into
X∗ endowed with its weak topology. Then, T is maximal
monotone.

Definition 7 (see [28], Definition 3.57). Let X be a reflexive
Banach space and T : X ⟶ 2X∗

be a multivalued operator.
T is said to be pseudomonotone, if the following conditions
hold:

(i) The set TðuÞ is nonempty, bounded, closed, and
convex for all u ∈ X;

(ii) T is upper semicontinuous from each finite-
dimensional subspace of X to X∗ endowed with
the weak topology;

(iii) If fung ⊂ X with un ⇀ u weakly in X, and u∗n ∈ Tð
unÞ is such that

lim sup
n⟶∞

u∗n , un − uh i ≤ 0, ð9Þ

then for every v ∈ X, there exists u∗ðvÞ ∈ TðuÞ such
that

lim inf
n⟶∞

u∗n , un − vh i ≥ u∗ vð Þ, u − vh i: ð10Þ

Lemma 8 (see [27], Proposition 3.2.55). Let X be a real
reflexive Banach space and assume that T : X⟶ 2X

∗
sat-

isfies the following conditions:

(i) For each u ∈ X, we have that TðuÞ is a nonempty,
closed, and convex subset of X∗;

(ii) T is bounded;

(iii) If un ⇀ u weakly in X and u∗n ⇀ u∗ weakly in X∗ with
u∗n ∈ TðunÞ and if lim supn⟶∞hu∗n , un − ui ≤ 0, then
u∗ ∈ TðuÞ and hu∗n , uni⟶ hu∗, ui.

Then, T is pseudomonotone.

Lemma 9 (see [28], Proposition 3.59). Let X be a reflexive
Banach space.

(i) If T : X⟶ 2X
∗
is a maximal monotone operator

with DðTÞ = X, then T is pseudomonotone.

(ii) If T1, T2 : X⟶ 2X
∗
are pseudomonotone operators,

then T1 + T2 is pseudomonotone.

Lemma 10 (see [28], Definition 3.61). Let X be a Banach
space and T : X ⟶ 2X

∗
be an operator. We say that T is

coercive if either DðTÞ is bounded or DðTÞ is unbounded and

lim
uk kX⟶+∞,u∈D Tð Þ

inf u∗, uh i: u∗ ∈ T uð Þf g
uk kX

= +∞: ð11Þ

Lemma 11 (see [28], Theorem 3.61). Let X be a reflexive
Banach space and T : X⟶ 2X

∗
be pseudomonotone and

coercive. Then, T is surjective, i.e., RðTÞ = X∗.

Lemma 12 (see [31], Lemma 2.1). Suppose that M is an
N-function. Then,

ð
Ω

M u xð Þj jð Þdx ≤
ð
Ω

M d Du xð Þj jð Þdx, ð12Þ

for any u ∈W1
0LMðΩÞ, where d is twice the diameter of Ω.
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3. Main Results

Let Ω ⊂ℝN be a bounded domain with the Lipschitz bound-
ary and Φ ∈NðΩÞ satisfy the condition (Φ). Then, LΦðΩÞ,
W1

0LΦðΩÞ, and W1LΦðΩÞ are all reflexive. Hence, the weak
topology of W1LΦðΩÞ (resp. W1

0LΦðΩÞ) is equivalent to
the weak-∗ topology of W1LΦðΩÞ (resp. W1

0LΦðΩÞ). We
assume that there exists Ψ ∈NðΩÞ satisfying the condition
(Φ) such that Φ≼Ψ and the embedding W1

0LΦðΩÞ↪LΨðΩÞ
is compact.

3.1. The Maximal Monotone Operator. Let A : Ω ×ℝ ×ℝN

⟶P f cðℝNÞ satisfy the following conditions:

(A1) A is LðΩÞ ×BðℝÞ ×BðℝNÞ-measurable, where
LðΩÞ is the family of Lebesgue measurable subsets of Ω,
BðℝÞ is the σ-algebra of Borel sets in ℝ, and BðℝNÞ is the
σ-algebra of Borel sets in ℝN ; i.e., for every open set U ⊂ℝN ,
A−1ðUÞ ≔ fðx, s, ξÞ ∈Ω × ℝ × ℝN : Aðx, s, ξÞ ∩U ≠ ∅g
∈LðΩÞ ×BðℝÞ ×BðℝNÞ.

(A2) For a.e. x ∈Ω, every s ∈ℝ, Aðx, s, ·Þ: ℝN ⟶ 2ℝN
is

maximal monotone.
(A3) If ξ, u, fung, η are given, being ξ ∈ℝN , u ∈W1

0LΦðΩÞ,
fung inW1

0LΦðΩÞ such that un ⟶ u a.e. inΩ, and η anLðΩÞ
-measurable selection of the map x ∈Ω⟶ Aðx, uðxÞ, ξÞ
⊂ℝN , then there exists a sequence fηng converging a.e.
to η in Ω, such that, for every n ∈ℕ, ηn is an LðΩÞ
-measurable selection of the map x ∈Ω⟶ Aðx, unðxÞ, ξÞ
⊂ℝN .

(A4) There exist a1 ∈ L �ΦðΩÞ, a2 ∈ L1ðΩÞ, and b1 ≥ 0, b2
> 0 such that

ζj j ≤ a1 xð Þ + b1 �Φ
−1 x,Φ x, sj jð Þð Þ + b1 �Φ

−1 x,Φ x, ξj jð Þð Þ, ð13Þ

ζξ ≥ a2 xð Þ + b2Φ x, ξj jð Þ, ð14Þ
for a.e. x ∈Ω, all s ∈ℝ, all ξ ∈ℝN , and all ζ ∈ Aðx, s, ξÞ.

By Definition 6.2.1 (a) and Proposition 6.2.3 in [27], we
can see that the condition (A1) is weaker than the condition
Definition 3.3 (ii) in [16].

If u : Ω⟶ℝ and w : Ω⟶ℝN areLðΩÞ-measurable,
then x ∈Ω⟶ Að·, u,wÞðxÞ = Aðx, uðxÞ,wðxÞÞ ∈ 2ℝN

turns
out to be measurable as well (see [12], Remark 1.2). If
η : Ω⟶ 2ℝN

is a measurable selection of Að·, u,DvÞ, u,
v ∈W1

0LΦðΩÞ, then, by (13), η ∈ ðL �ΦðΩÞÞN .
Let ~A : W1

0LΦðΩÞ⟶ 2ðL �ΦðΩÞÞN
be defined by

~A uð Þ = ζ ∈ L �Φ Ωð ÞÀ ÁN
: ζ xð Þ ∈ A x, u xð Þ,Du xð Þð Þ for a:e:x ∈Ω

n o
,

ð15Þ

and A : W1
0LΦðΩÞ⟶ 2ðW1

0LΦðΩÞÞ∗ by

A uð Þ = −div ζ : ζ ∈ ~A uð Þ
n o

: ð16Þ

It follows from (A1) and (13) that ~AðuÞ ≠∅, for any
u ∈W1

0LΦðΩÞ. It is easy to see that DðAÞ =W1
0LΦðΩÞ.

Example 1. Let Φðx, tÞ = tp, for t ≥ 0, all x ∈ �Ω, where 1 < q
< p < +∞ are given. For all x ∈ �Ω, s ∈ℝ, and ξ ∈ℝN , we
put Aðx, s, ξÞ = ðΦðx, jξjÞ/jξj2Þξ. Then, AðuÞ becomes the
p-Laplace operator −div ðjDujp−2DuÞ, e.g., [1].

Example 2. Let Φðx, tÞ = tp + μtq, for t ≥ 0, all x ∈ �Ω, where
the numbers μ ≥ 0 and 1 < q < p < +∞ are given. For all
x ∈ �Ω, s ∈ℝ, and ξ ∈ℝN , we put Aðx, s, ξÞ = ðΦðx, jξjÞ/jξj2Þξ.
Then, AðuÞ becomes the double-phase operator −div
ðjDujp−2Du + μjDujq−2DuÞ, e.g., [6].

Example 3. Let Φðx, tÞ = tpðxÞ, for x ∈ �Ω and t ≥ 0, where
p ∈ Cð�ΩÞ is given such that 1 < p− ≔ inf

x∈ �ΩpðxÞ ≤ pðxÞ ≤
p+ ≔ sup

x∈ �ΩpðxÞ < +∞, for all x ∈ �Ω. For all x ∈ �Ω, s ∈ℝ,

and ξ ∈ℝN , we put Aðx, s, ξÞ = ðΦðx, jξjÞ/jξj2Þξ. Then, AðuÞ
becomes the pðxÞ-Laplace differential operator −div ðjDujpðxÞ−2
DuÞ, e.g., [21].

Example 4. Let Φðx, tÞ = tpðxÞ + μðxÞtqðxÞ, for x ∈ �Ω and t ≥ 0,
where μ ∈ L1ðΩÞ is a nonnegative function and p, q ∈ Cð�ΩÞ
are given such that 1 < pðxÞ <N , pðxÞ < qðxÞ, for all x ∈ �Ω.
For all x ∈ �Ω, s ∈ℝ, and ξ ∈ℝN , we put Aðx, s, ξÞ = ðΦðx,
jξjÞ/jξj2Þξ. Then, AðuÞ becomes the double-phase operator

with variable exponents −div ðjDujpðxÞ−2Du + μðxÞjDujqðxÞ−2
DuÞ, e.g., [9].

Example 5. Let φðx, tÞ = tpðxÞ−2t log ð1 + trðxÞÞ, for x ∈ �Ω and
t ≥ 0, where p ∈ L∞ðΩÞ with p− > 1, and r ∈ L∞ðΩÞ with
r− ≥ 0, and let Φðx, tÞ = Ð t0φðx, τÞdτ for x ∈ �Ω and t ∈ℝ.
Then, Φ satisfies (Φ) (see [17]). For all x ∈Ω, s ∈ℝ, and
ξ ∈ℝN , we put A1ðx, s, ξÞ = a1ðx, sÞðΦðx, jξjÞ/jξj2Þξ and A2
ðx, s, ξÞ = a2ðx, sÞðΦðx, jξjÞ/jξj2Þξ, where a1 and a2 are Car-
athéodory functions (i.e., for each s ∈ℝ, x⟶ a1ðx, sÞ and
x⟶ a2ðx, sÞ are measurable; for a.e. x ∈Ω, s⟶ a1ðx, sÞ
and s⟶ a2ðx, sÞ are continuous) on Ω ×ℝ satisfying
0 < α ≤ a1ðx, sÞ ≤ a2ðx, sÞ ≤ β for positive constants α and
β, for a.e. x ∈Ω. As in [12], we define Aðx, s, ξÞ = fλA1ðx, s,
ξÞ + ð1 − λÞA2ðx, s, ξÞ: λ ∈ ½0, 1�g, for all x ∈Ω, s ∈ℝ, and
ξ ∈ℝN . Then, A satisfies (A1)–(A4).

Lemma 13. Under assumptions (A1)–(A4), we have that

(i) A is bounded;

(ii) AðuÞ ∈P f cððW1
0LΦðΩÞÞ∗Þ, ∀u ∈ X;

(iii) GrðAÞ is (sequentially) closed in W1
0LΦðΩÞ ×

ðW1
0LΦðΩÞÞ∗ with respect to the strong-weak topol-

ogy (i.e., with respect to the product of the norm
topology of W1

0LΦðΩÞ and the weak topology of
ðW1

0LΦðΩÞÞ∗);
(iv) A is upper semicontinuous from W1

0LΦðΩÞ with the

strong topology to 2ðW
1
0LΦðΩÞÞ∗ with the weak topology

on ðW1
0LΦðΩÞÞ∗.
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Proof.

(i) For any u ∈W1
0LΦðΩÞ, by (13), we can obtain that

�Φ x, 1
β

ζ xð Þj j
� �

≤ �Φ x, a1 xð Þj jð Þ +Φ x, u xð Þj jð ÞÞ +Φ x, Du xð Þj jð Þ,

ð17Þ

for a.e. x ∈Ω, all ζ ∈ ~AðuÞ, where β =max f3, 3b1g.
Therefore, A is bounded.

(ii) A is closed and convex valued, so that the same is
true for A .

(iii) Assume that fung and fu∗ng are sequences in
W1

0LΦðΩÞ and ðW1
0LΦðΩÞÞ∗, respectively, such

that u∗n ∈AðunÞ, ∀n ∈ℕ,

un ⟶ u strongly inW1
0LΦ Ωð Þ, ð18Þ

u∗n ⇀ u∗ weakly in W1
0LΦ Ωð ÞÀ Á∗

 forσ
Y

LΦ,
Y

E �Φ

� �
:

ð19Þ
We will show that u∗ ∈AðuÞ. From (16), for every n ∈ℕ,

there exists some ζn ∈ ~AðunÞ such that u∗n = −div ζn. Hence,

ζn xð Þ ∈ A x, un xð Þ,Dun xð Þð Þ for a:e:x ∈Ω: ð20Þ

In view of (18), we see that fung is bounded inW1
0LΦðΩÞ

andð
Ω

Φ x, 2 un xð Þ − u xð Þj jð Þdx⟶ 0,
ð
Ω

Φ x, Dun xð Þjð
−Du xð ÞjÞdx⟶ 0,  asn⟶∞:

ð21Þ

Based on [32], taking to a subsequence if necessary, we
have

un xð Þ⟶ u xð Þ,Dun xð Þ⟶Du xð Þ for a:e:x ∈Ω, ð22Þ

and there exist nonnegative functions h1, h2 ∈ L1ðΩÞ such
that Φðx, 2junðxÞ − uðxÞjÞ ≤ h1ðxÞ for a.e. x ∈Ω. Since Φ is
convex with respect to the second variable,

Φ x, un xð Þj jð Þ ≤ 1
2Φ x, 2 un xð Þ − u xð Þj jð Þ + 1

2Φ x, 2 u xð Þj jð Þ

≤
1
2 h1 xð Þ + 1

2Φ x, 2 u xð Þj jð Þ:
ð23Þ

It follows from (13) that fζng is a bounded sequence in
ðL �ΦðΩÞÞN , and also, by passing to a subsequence if necessary,
there exists ζ ∈ ðL �ΦðΩÞÞN such that

ζn ⇀ ζweakly in L �Φ Ωð ÞÀ ÁN forσ L �Φ Ωð ÞÀ ÁN , EΦ Ωð Þð ÞN
� �

:

ð24Þ

Letting n⟶∞, from (24), we have

u∗n , vh i = −div ζn, vh i =
ð
Ω

ζnDvdx⟶
ð
Ω

ζDvdx

= −div ζ, vh i, ∀v ∈W1
0LΦ Ωð Þ:

ð25Þ

Thanks to (19), we get −divζ = u∗.
By Definition 6.2.1 (a) and (b) and Proposition 6.2.10 in

[27], A is graph measurable. Hence, based on Theorem 2.1.4
of [30], for every ξ ∈ℝN , there exists a measurable selection
η of Að·, u, ξÞ. Based on (A3), there exists a sequence fηng
such that, for every n ∈ℕ, fηng is an LðΩÞ-measurable
selection of the map x ∈Ω⟶ Aðx, unðxÞ, ξÞ and

ηn xð Þ⟶ η xð Þ,  for a:e:x ∈Ω: ð26Þ

Now, we show that

ηn ⟶ η strongly in L �Φ Ωð ÞÀ ÁN ,  as n⟶∞: ð27Þ

Indeed, suppose that there exists ε0 > 0 such that
kηn − ηkð �ΦÞ ≥ ε0, for any n ∈ℕ, where k·kð �ΦÞ = kj·jkð �ΦÞ is

the Luxemburg norm in ðL �ΦðΩÞÞN . Then,
ð
Ω

�Φ x, ηn xð Þ − η xð Þj j
ε0

� �
dx ≥ 1,  for any n ∈ℕ: ð28Þ

On the one hand, based on (26), for a.e. x ∈Ω, we have

�Φ x, ηn xð Þ − η xð Þj j
ε0

� �
⟶ 0, as n⟶∞: ð29Þ

On the other hand, via (13), �Φ ∈ Δ2, and the convexity of
�Φ, we can deduce that

�Φ x, ηn xð Þ − η xð Þj j
ε0

� �
≤ ~K �Φ x, a1 xð Þj jð Þ +Φ x, un xð Þj jð ÞÂ

+Φ x, u xð Þj jð Þ +Φ x, ξ xð Þj jð Þ�
+ h xð Þ,

ð30Þ

for any n ∈ℕ and a.e. x ∈Ω, where ~K is a positive con-
stant and h ∈ L1ðΩÞ. Since Φ≼Ψ and Ψ ∈ Δ2, combing (26),
(30), and (23), we obtain, by Lebesgue’s theorem, thatð

Ω

�Φ x, ηn xð Þ − η xð Þj j
ε0

� �
dx⟶ 0, as n⟶∞: ð31Þ

It is a contradiction.
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For every nonnegative function ν ∈DðΩÞ, in view of
(A2), we haveð

Ω

ζn xð Þ − ηn xð Þð Þ Dun xð Þ − ξð Þν xð Þdx ≥ 0: ð32Þ

Letting n⟶∞, and combining (18), (24), and (27), we
have ð

Ω

ζn xð Þ − ηn xð Þð Þ Dun xð Þ − ξð Þν xð Þdx

⟶

ð
Ω

ζ xð Þ − η xð Þð Þ Du xð Þ − ξð Þν xð Þdx:
ð33Þ

Thanks to (32), we getð
Ω

ζ xð Þ − η xð Þð Þ Du xð Þ − ξð Þν xð Þdx ≥ 0: ð34Þ

Since ν is arbitrary, we get ðζðxÞ − ηðxÞÞðDuðxÞ − ξÞ ≥ 0
for a.e. x ∈Ω. Based on (A1) and Theorem III.9 of [33], there
exists a sequence of measurable selections fσng of Að·, u, ξÞ,
such that fσnðxÞ: n ∈ℕg is dense in Aðx, uðxÞ, ξÞ. It implies
that ðζðxÞ − ϑÞðDuðxÞ − ξÞ ≥ 0 for a.e. x ∈Ω and for every
ϑ ∈ Aðx, uðxÞ, ξÞ. Thanks to (A2), ζðxÞ ∈ Aðx, uðxÞ,DuðxÞÞ
for a.e. x ∈Ω. Consequently, u∗ ∈AðuÞ.

(iv) To prove (iv), we need to show that if u ∈W1
0LΦðΩÞ,

fung ⊂W1
0LΦðΩÞ with

un ⟶ u strongly inW1
0LΦ Ωð Þ, as n⟶∞, ð35Þ

and V ⊂ ðW1
0LΦðΩÞÞ∗ is a weakly open set such that AðuÞ

⊂V ; then, we can find n0 ∈ℕ such that AðunÞ ⊂V for all
n ≥ n0. If we suppose not, then there exists a subsequence
fukg of fung such that AðukÞ ∩ VC ≠∅. Let wk ∈AðukÞ
∩VC . Based on (35), fung is bounded in W1

0LΦðΩÞ. In
view of (13), fAðunÞg is bounded in ðW1

0LΦðΩÞÞ∗. It fol-
lows that fwkg is bounded in ðW1

0LΦðΩÞÞ∗. Conse-
quently, by passing to a subsequence if necessary, there
exists w ∈ ðW1

0LΦðΩÞÞ∗ such that wk ⇀w weakly in
ðW1

0LΦðΩÞÞ∗ for σðΠL �Φ,ΠEΦÞ, as k⟶ +∞. Based on

(iii), w ∈AðuÞ. Since W1
0LΦðΩÞ is reflexive, w ∈ VC. It is a

contradiction to the choice of V .

Theorem 14. Under assumptions (A1)–(A4), the mapping A
is pseudomonotone.

Proof. Let sequences fung ⊂W1
0LΦðΩÞ and fu∗ng ⊂

ðW1
0LΦðΩÞÞ∗ satisfy

un ⇀ u0 weakly inW1
0LΦ Ωð Þ for σ

Y
LΦ,
Y

E �Φ

� �
,

ð36Þ

u∗n ⇀ u∗0 weakly in W1
0LΦ Ωð ÞÀ Á∗

 forσ
Y

L �Φ,
Y

EΦ

� �
,

ð37Þ
lim sup
n⟶∞

u∗n , un − u0h i ≤ 0: ð38Þ

We will show that u∗0 ∈Aðu0Þ and

lim
n⟶∞

u∗n , unh i = u∗0 , u0h i: ð39Þ

For each u ∈W1
0LΦðΩÞ, we define the multivalued oper-

ator Bu : W
1
0LΦðΩÞ⟶ 2ðW1

0LΦðΩÞÞ∗ , by

Bu vð Þ≔ −div η : η xð Þ ∈ A x, u xð Þ,Dv xð Þð Þ, for a:e:x ∈Ωf g, ∀v ∈W1
0LΦ Ωð Þ:
ð40Þ

Using the similar and more simple proof ((A3) is not
needed in this case), we can deduce that Lemma 13 holds
if A is replaced by Bu. Moreover, based on (A2), Bu is
monotone. Therefore, it is maximal monotone. Clearly, Bu
ðuÞ =AðuÞ, for any u ∈W1

0LΦðΩÞ.
For each n ∈ℕ, there exists ζn ∈ ~Aðu0Þ such that u∗n =

− divζn. From (36), fung is bounded inW1
0LΦðΩÞ. Then, by

(13), fζng is bounded in ðL �ΦðΩÞÞN . Therefore, there exists

ζ ∈ ðL �ΦðΩÞÞN such that, by extracting a subsequence if nec-

essary, ζn ⇀ ζ in ðL �ΦðΩÞÞN weakly for σððL �ΦðΩÞÞN ,
ðEΦðΩÞÞNÞ, as n⟶∞. Analogous with the proof in
Lemma 13, we have −divζ = u∗0 .

Let v ∈W1
0LΦðΩÞ and η ∈ ðL �ΦðΩÞÞN be such that ηðxÞ

∈ Aðx, u0ðxÞ,DvðxÞÞ for a.e. x ∈Ω. Since W1
0LΦðΩÞ↪LΨðΩÞ

is compact, in view of (36), there exists a subsequence of fung
still denoted by fung such that

un ⟶ u0 strongly in LΨ Ωð Þ, as n⟶∞: ð41Þ

By passing to a further subsequence if necessary, we can
suppose

un ⟶ u0 a:e:inΩ, as n⟶∞, ð42Þ

Ψ x, 2 un xð Þ − u0 xð Þj jð Þ ≤ h0 xð Þ, for a:e:x ∈Ω, ð43Þ
for some h0 ∈ L1ðΩÞ (see [32]). SinceΨ ∈ Δ2 andΨ is con-

vex with respect to the second variable,

Ψ x, un xð Þj jð Þ ≤ 1
2Ψ x, 2 un xð Þ − u0 xð Þj jð Þ + 1

2Ψ x, 2 u0 xð Þj jð Þ

≤
1
2 h0 xð Þ + 1

2Ψ x, 2 u0 xð Þj jð Þ,
ð44Þ

for a.e. x ∈Ω. According to (A3), there exists a sequence
fηng such that

ηn ⟶ η a:e:inΩ, as n⟶∞, ð45Þ
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and ηn is an LðΩÞ-measurable selection of x ∈Ω⟶

Aðx, unðxÞ,DvðxÞÞ ⊂ℝN , for every n ∈ℕ. Since Φ≼Ψ and
Ψ ∈ Δ2, similar to the proof of (27), we have

ηn ⟶ η strongly in L �Φ Ωð ÞÀ ÁN , as n⟶∞: ð46Þ

For each n ∈ℕ, from the monotonicity of Aðx, unðxÞ, ·Þ
for a.e. x ∈Ω, we obtain

0 ≤ lim sup
n⟶∞

ð
Ω

ζn xð Þ − ηn xð Þð Þ Dun xð Þ −Dv xð Þð Þdx

= lim sup
n⟶∞

u∗n , un − u0h i +
ð
Ω

ζn xð Þ Du0 xð Þ −Dv xð Þð Þdx
�

−
ð
Ω

ηn xð Þ Dun xð Þ −Dv xð Þð Þdx
�

= lim sup
n⟶∞

u∗n , un − u0h i +
ð
Ω

ζ xð Þ − η xð Þð Þ Du0 xð Þ −Dv xð Þð Þdx

≤ −div ζ − −div ηð Þ, u0 − vh i:
ð47Þ

Since Bu0
is maximal monotone, we get that u∗0 = −div

ζ ∈Bu0
ðu0Þ =Aðu0Þ.

Thanks to (A3), there exists fνng such that νn ⟶ ζ a.e.
in Ω, as n⟶∞, and νn is an LðΩÞ-measurable selection
of x ∈Ω⟶ Aðx, unðxÞ,DuðxÞÞ ⊂ℝN , for each n ∈ℕ. Then,
by using the monotonicity of Aðx, unðxÞ, ·Þ for a.e. x ∈Ω, we
have

u∗n , unh i ≥
ð
Ω

ηn xð Þ Dun xð Þ −Du0 xð Þð Þdx

+
ð
Ω

ζn xð ÞDu0 xð Þdx:
ð48Þ

It yields that lim infn⟶∞hu∗n , uni ≥ hu∗0 , u0i. Conse-
quently, based on (38), we can deduce that (39) holds. Based
on Lemma 8, A is pseudomonotone.

3.2. The Multivalued Convection Term. We define Φ−ðtÞ≔
ess inf x∈ΩΦðx, tÞ, for any t ≥ 0 (see [26]). By the condition
(Φ1), we obtain that Φ−jð0,+∞Þ ≢ 0 and Φ−jð0,+∞Þ ≢ +∞.
According to Lemma 2.5.16 of [26], Φ− is an N-function.
Hence, Φ−ðtÞ > 0 for t > 0. Moreover, analogous to the proof
of Lemma 2.5.24 of [26], we can obtain that Φ− ∈ Δ2 when-
ever Φ ∈ Δ2. Then, there exists a constant Kd > 0 such that

Φ− dsð Þ ≤ KdΦ
− sð Þ, ∀s ≥ s0, ð49Þ

for some s0 ≥ 0, where d is twice the diameter of Ω.
Let F : Ω ×ℝ ×ℝN ⟶P f cðℝÞ satisfy the following

conditions:
(F1) F is graph measurable.
(F2) For a.e. x ∈Ω, the multivalued mapping Fðx, ·, · Þ:

ℝ ×ℝN ⟶ 2ℝ is upper semicontinuous.

(F3) There exist a function a3 ∈ L �ΨðΩÞ and a constant
b3 > 0 such that

sup fj j: f ∈ F x, s, ξð Þf g ≤ a3 xð Þ + b3 �Ψ
−1 x,Ψ x, sj jð Þð Þ

+ b3 �Ψ
−1 x,Φ x, ξj jð Þð Þ,

ð50Þ

for a.e. x ∈Ω, all s ∈ℝ and all ξ ∈ℝN .
(F4) There exist a function ω ∈ L1ðΩÞ and two constants

b4, b5 ≥ 0 such that

f s ≤ ω xð Þ + b4Φ
− sj jð Þ + b5Φ x, ξj jð Þ, ð51Þ

for a.e. x ∈Ω, all s ∈ℝ and all ξ ∈ℝN , and for all f ∈ Fðx, s, ξÞ.
Moreover,

b2 − ~λ
−1
b4 − b5 > 0, ð52Þ

where

~λ = inf
u∈Dℏ

Ð
Ω
Φ− Du xð Þj jð ÞdxÐ
Ω
Φ− u xð Þj jð Þdx , ð53Þ

with Dℏ = fu ∈W1
0LΦ−ðΩÞ \ f0g: Ð

Ω
Φ−ðjDuðxÞjÞdx ≥ ℏg for

some ℏ > 0.

Remark 15. When DuðxÞ ≢ 0 for a.e x ∈Ω, we have
Ð
Ω
Φ−

ðjDuðxÞjÞdx > 0.

Remark 16. From Lemma 12 and (49),ð
Ω

Φ− u xð Þj jð Þdx ≤ Kd

ð
Ω

Φ− Du xð Þj jð Þdx +meas Ωð Þ ·Φ− ds0ð Þ,

ð54Þ

which yields thatÐ
Ω
Φ− Du xð Þj jð ÞdxÐ
Ω
Φ− u xð Þj jð Þdx ≥

Ð
Ω
Φ− Du xð Þj jð Þdx

Kd

Ð
Ω
Φ− Du xð Þj jð Þdx +meas Ωð Þ ·Φ− ds0ð Þ :

ð55Þ

Hence, ~λ ≥ ℏ/ðKdℏ +measðΩÞ ·Φ−ðds0ÞÞ > 0.

Example 17. Assume that a, b, c, d ∈ L∞ðΩÞ, e, k ∈ L �ΨðΩÞ, a
ðxÞ ≤ bðxÞ, cðxÞ ≤ dðxÞ, and eðxÞ ≤ kðxÞ, for a.e. x ∈Ω, and

b2 − ~λ
−1 max ak kL∞ Ωð Þ, bk kL∞ Ωð Þ

n o
−max ck kL∞ Ωð Þ, dk kL∞ Ωð Þ

n o
> 0:

ð56Þ

Put Fðx, s, ξÞ = f−d1ðΦ−ðjsjÞ/jsj2Þs + d2ς + υ : d1 ∈ ½aðxÞ,
bðxÞ�, d2 ∈ ½cðxÞ, dðxÞ�, ς ∈ ½�Φ−1ðx,Φðx, jξjÞÞ, �Ψ

−1ðx,Φðx,
jξjÞÞ�, υ ∈ ½eðxÞ, kðxÞ�g, for x ∈Ω, s ∈ℝ, and ξ ∈ℝN . Then,
F satisfies (F1)–(F4).
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For each u ∈W1
0LΦðΩÞ, let

~F uð Þ = f ∈ L0 Ωð Þ: f xð Þ ∈ F x, u xð Þ,Du xð Þð Þ, for a:e:x ∈ΩÈ É
:

ð57Þ

It follows from (F1) that ~FðuÞ ≠∅ whenever u ∈W1
0LΦ

ðΩÞ. Moreover, from (F3), we can see that ~FðuÞ ⊂ L �ΨðΩÞ
whenever u ∈W1

0LΦðΩÞ.
Let F : W1

0LΦðΩÞ⟶ 2ðW1
0LΦðΩÞÞ∗ be defined by FðuÞ

= f f̂ ∈ ðW1
0LΦðΩÞÞ∗ : f ∈ ~FðuÞg, where f̂ is defined for each

f ∈ L �ΨðΩÞ by

f̂ , v
D E

=
ð
Ω

f xð Þv xð Þdx, ∀v ∈W1
0LΦ Ωð Þ: ð58Þ

Analogous to the proof of Theorem 6.4.16 of [27], we
have the following lemma, whose proof is omitted.

Lemma 18. Let w : Ω ×ℝ⟶ �ℝ =ℝ ∪ f±∞g be a LðΩÞ
×BðℝÞ-measurable function, T : Ω⟶ 2ℝ \ f∅g be
graph-measurable, and the integral functional

Iw vð Þ =
ð
Ω

w x, v xð Þð Þdx, v ∈ LΦ Ωð Þ ð59Þ

be defined for all v ∈ SΦðT Þ = fv ∈ LΦðΩÞ: vðxÞ ∈T ðxÞ for a:
e:x ∈Ωg, whereΦ ∈NðΩÞ. If there exists v0 ∈ LΦðΩÞ such that
Iwðv0Þ > −∞, then

sup
v∈SΦ Tð Þ

Iw vð Þ =
ð
Ω

sup
η∈T xð Þ

w x, ηð Þdx: ð60Þ

If there exists v0 ∈ LΦðΩÞ such that Iwðv0Þ < +∞, then
x⟶ inf η∈T ðxÞwðx, ηÞ is (Lebesgue) measurable and

inf
v∈SΦ Tð Þ

Iw vð Þ =
ð
Ω

inf
η∈T xð Þ

w x, ηð Þdx: ð61Þ

Now, we give the following lemma about h-upper semi-
continuous of multivalued mappings.

Lemma 19. Assume that (F1)–(F3) hold. Then,

(i) ~FðuÞ ∈P f cðL �ΨðΩÞÞ for all u ∈W1
0LΦðΩÞ;

(ii) ~F is bounded;

(iii) ~F : W1
0LΦðΩÞ⟶P f cðL �ΨðΩÞÞ is h-upper semicon-

tinuous; that is, if un ⟶ u0 strongly in W1
0LΦðΩÞ,

then

h∗ ~F unð Þ, ~F u0ð ÞÀ Á
= sup

v′∈~F unð Þ
inf

v∈~F u0ð Þ
v′ − v
  �Ψ

À Á⟶ 0, ð62Þ

as n⟶∞.

Proof.

(i) The proof of the convexity and closedness of ~FðuÞ is
a direct consequence of the fact that Fðx, s, ξÞ is
convex, closed, and bounded in ℝ for a.e. x ∈Ω,
all s ∈ℝ, and all ξ ∈ℝN .

(ii) The boundedness of ~F follows directly from (F3).

(iii) The following proof is referred to Theorem 2.7 of
[13]. Assume that fung ⊂W1

0LΦðΩÞ is a sequence
such that

un ⟶ u0 strongly inW1
0LΦ Ωð Þ, as n⟶∞, ð63Þ

for some u0 ∈W1
0LΦðΩÞ. We will show that

sup
v′∈~F unð Þ

inf
v∈~F u0ð Þ

v′ − v
  �Ψ

À Á⟶ 0, as n⟶∞: ð64Þ

Since W1
0LΦðΩÞ↪LΨðΩÞ is compact,

un ⟶ u0 strongly in LΨ Ωð Þ,  as n⟶∞: ð65Þ

It follows from (65) and (63) that there exists a subse-
quence of fung still denoted by fung and h1, h2 ∈ L1ðΩÞ such
that

un xð Þ⟶ u0 xð Þ,Dun xð Þ⟶Du0 xð Þ,  for a:e:x ∈Ω, as n⟶∞,
ð66Þ

and Ψðx, 2junðxÞ − u0ðxÞjÞ ≤ h1ðxÞ, Φðx, 2jDunðxÞ −
Du0ðxÞjÞ ≤ h2ðxÞ, for a.e. x ∈Ω. Hence,

Ψ x, un xð Þj jð Þ ≤ 1
2 h1 xð Þ + 1

2Ψ x, 2 u0 xð Þj jð Þ,Φ x, Dun xð Þj jð Þ

≤
1
2 h2 xð Þ + 1

2Φ x, 2 Du0 xð Þj jð Þ,
ð67Þ

for a.e. x ∈Ω. Based on (F2) and Lemma 5, the multivalued
mapping Fðx, ·, · Þ: ℝ ×ℝN ⟶ 2ℝ is h-upper semicontinu-
ous, for a.e. x ∈Ω. It follows that supξ∈Fðx,unðxÞ,DunðxÞÞ
inf η∈Fðx,u0ðxÞ,Du0ðxÞÞjξ − ηj⟶ 0 as n⟶∞, for a.e. x ∈Ω,
and thus,

sup
ξ∈F x,un xð Þ,Dun xð Þð Þ

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, ξ − ηj jð Þ⟶ 0 as n⟶∞,

ð68Þ

for a.e. x ∈Ω.
On the other hand, since Ψ, �Ψ ∈ Δ2, based on (F3) and

(67), there exist some constants K1, K2 > 0 and a function
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h ∈ L1ðΩÞ such that

�Ψ x, ξ − ηj jð Þ ≤ K1
2

�Ψ x, ξj jð Þ + �Ψ x, ηj jð ÞÂ Ã
+ h xð Þ

≤
K1K2
6 2�Ψ x, a3 xð Þj jð Þ +Ψ x, un xð Þj jð ÞÂ

+Φ x, Dun xð Þj jð Þ +Ψ x, u0 xð Þj jð Þ
+Φ x, Du0 xð Þj jð Þ� + K1 + 1ð Þh xð Þ

≤
K1K2
6 2�Ψ x, a3 xð Þj jð Þ + 1

2 h1 xð Þ
�

+ 1
2Ψ x, 2 u0 xð Þj jð Þ + 1

2 h2 xð Þ

+ 1
2Φ x, 2 Du0 xð Þj jð Þ +Ψ x, u0 xð Þj jð Þ

+Φ x, Du0 xð Þj jð Þ
�
+ K1 + 1ð Þh xð Þ≔H xð Þ,

ð69Þ

for all n ∈ℕ, a.e. x ∈Ω, and all ξ ∈ Fðx, unðxÞ,DunðxÞÞ,
η ∈ Fðx, u0ðxÞ,Du0ðxÞÞ. Thus,

sup
ξ∈F x,un xð Þ,Dun xð Þð Þ

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, ξ − ηj jð Þ ≤H xð Þ, ð70Þ

for all n ∈ℕ, a.e. x ∈Ω. Evidently, the function H
belongs to L1ðΩÞ. Using Lebesgue’s dominated conver-
gence theorem, we deduce that

ð
Ω

sup
ξ∈F x,un xð Þ,Dun xð Þð Þ

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, ξ − ηj jð Þdx⟶ 0 as n⟶∞:

ð71Þ

Let n ∈ℕ. Based on (F1), F is graph measurable. For
v′ ∈ ~FðunÞ, using Lemma 18, we can obtain that

inf
v∈~F u0ð Þ

ð
Ω

�Ψ x, v′ xð Þ − v xð Þ�� ��� �
dx

=
ð
Ω

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, v′ xð Þ − η
�� ��� �

dx:
ð72Þ

Using Lemma 18 again, we get

sup
v ′∈~F unð Þ

ð
Ω

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, v′ xð Þ − η
�� ��� �

dx

=
ð
Ω

sup
ξ∈F x,un xð Þ,Dun xð Þð Þ

inf
η∈F x,u0 xð Þ,Du0 xð Þð Þ

�Ψ x, ξ − ηj jð Þdx:

ð73Þ

Letting n⟶∞, and combining (72), (73), and (71),
we have

sup
v′∈~F unð Þ

inf
v∈~F u0ð Þ

ð
Ω

�Ψ x, v′ xð Þ − v xð Þ�� ��� �
dx⟶ 0: ð74Þ

Since �Ψ ∈ Δ2, we can deduce (64), which completes
our proof.

Then, we have the following theorem.

Theorem 20. If F satisfies (F1)–(F3), then

(i) F is bounded;

(ii) GrðFÞ is (sequentially) closed in W1
0LΦðΩÞ ×

ðW1
0LΦðΩÞÞ∗ with respect to the strong-weak

topology.

Proof.

(i) It is easy from (F3) to see that F is bounded.

(ii) We show that GrðFÞ is (sequentially) closed in W1
0

LΦðΩÞ × ðW1
0LΦðΩÞÞ∗ with respect to the strong-

weak topology. Assume that fung and f f̂ ng are
sequences in W1

0LΦðΩÞ and ðW1
0LΦðΩÞÞ∗, respec-

tively, such that

un ⟶ u strongly inW1
0LΦ Ωð Þ, ð75Þ

f̂ n ⇀ f̂ weakly in W1
0LΦ Ωð ÞÀ Á∗

 forσ ΠL �Φ Ωð Þ,ΠEΦ Ωð ÞÀ Á
,
ð76Þ

f̂ n ∈F unð Þ, ∀n ∈ℕ: ð77Þ
Let us prove that

f̂ ∈F uð Þ: ð78Þ

Thanks to (77), there exists f n ∈ ~FðunÞ such that, for
every n ∈ℕ,

f̂ n, v
D E

=
ð
Ω

f n xð Þv xð Þdx, ∀v ∈W1
0LΦ Ωð Þ: ð79Þ

From (75) and Lemma 19 (iii), we obtain that h∗ð~FðunÞ,
~FðuÞÞ⟶ 0, and thus,

inf
w∈~F uð Þ

f n −wk k �Ψ
À Á⟶ 0,  as n⟶∞: ð80Þ

Consequently, there is a sequence fwng ⊂ ~FðuÞ such that

f n −wnk k �Ψ
À Á⟶ 0,  as n⟶∞: ð81Þ

Since ~FðuÞ is bounded in L �ΨðΩÞ, by passing to a subse-
quence if necessary, there exists w ∈ L �ΨðΩÞ such that

wn ⇀wweakly in L �Ψ Ωð Þ for σ L �Ψ Ωð Þ, EΨ Ωð ÞÀ Á
,  as n⟶∞:

ð82Þ
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According to Lemma 19 (i), w ∈ ~FðuÞ. Letting n⟶∞,
and combing (81) and (82), we get that

f n ⇀wweakly inL �Ψ Ωð Þ for σ L �Ψ Ωð Þ, EΨ Ωð ÞÀ Á
: ð83Þ

It implies that h f̂ , vi = Ð
Ω
wðxÞvðxÞdx, ∀v ∈W1

0LΦðΩÞ.
Therefore, f̂ ∈FðuÞ.
3.3. Existence Theorem for Inclusion Problems. A function
u ∈W1

0LΦðΩÞ is called a (weak) solution of problem (1), if
there exist ζ ∈ ðL �ΦðΩÞÞN and f ∈ L �ΨðΩÞ such that

ζ xð Þ ∈ A x, u xð Þ,Du xð Þð Þ, f xð Þ ∈ F x, u xð Þ,Du xð Þð Þ,  for a:e:x ∈Ω,ð
Ω

ζ xð ÞDv xð Þdx +
ð
Ω

f xð Þv xð Þdx =
ð
Ω

L xð Þv xð Þdx, ∀v ∈W1
0LΦ Ωð Þ:

ð84Þ

In this section, we are going to prove an existence result
for our problem (1).

Theorem 21. Let A and f satisfy (A1)–(A4) and (F1)–(F4);
then, there exists a solution for problem (1).

Proof. We define the multivalued mapping T : W1
0LΦðΩÞ

⟶ 2ðW1LΦðΩÞÞ∗ by

T uð Þ =A uð Þ +F uð Þ: ð85Þ

Then, T is well-defined.
Step 1. We are going to show that T is pseudomono-

tone. Let sequences fung ⊂W1
0LΦðΩÞ and fωng ⊂

ðW1
0LΦðΩÞÞ∗ have the properties

un ⇀ uweakly inW1
0LΦ Ωð Þ forσ

Y
LΦ,
Y

E �Φ

� �
,  as n⟶∞,

ð86Þ

bωn ⇀ bω weakly in W1
0LΦ Ωð ÞÀ Á∗ forσ Y

L �Φ,
Y

EΦ

� �
,  as n⟶∞,

ð87Þ
with bωn ∈T ðunÞ and lim supn⟶∞hbωn, un − ui ≤ 0. From
(85), there exist bζn ∈AðunÞ, f̂ n ∈FðunÞ such that bωn = bζn
+ f̂ n, for every n ∈ℕ, where bζn = −divζn with ζn ∈ ~AðunÞ
and f̂ n satisfies h f̂ n, vi =

Ð
Ω
f nðxÞvðxÞdx, ∀v ∈W1

0LΦðΩÞ,
for some f n ∈ ~FðunÞ.

Now, we prove that

un ⟶ u strongly inW1
0LΦ Ωð Þ, as n⟶∞: ð88Þ

To show (88), based on Proposition 1.9 of [17], it needs
to be proven that

Dun ⟶Du strongly in LΦ Ωð Þð ÞN ,  as n⟶∞: ð89Þ

We suppose that there exits ε0 > 0 such that

Dun −Duk k Φð Þ ≥ ε0,  for any n ∈ℕ: ð90Þ

Then,ð
Ω

Φ x, Dun xð Þ −Du xð Þj j
ε0

� �
dx ≥ 1,  for any n ∈ℕ: ð91Þ

From (86), the sequence fung is bounded in W1
0LΦðΩÞ,

and by passing to a subsequence if necessary,

un ⟶ u strongly in LΨ Ωð Þ, ð92Þ

un ⟶ u a:e:inΩ, ð93Þ

as n⟶∞. By passing to a further subsequence if nec-
essary, there exists h0 ∈ L1ðΩÞ such that

Ψ x, un xð Þj jð Þ ≤ 1
2 h0 xð Þ + 1

2Ψ x, 2 u xð Þj jð Þ, ð94Þ

for a.e. x ∈Ω. Thanks to (F3), f f ng is bounded in L �ΨðΩÞ.
It follows that

f̂ n, un − u
D E

=
ð
Ω

f n xð Þ un xð Þ − u xð Þð Þdx ≤ 2 f nk k �Ψ
À Á un − uk k Ψð Þ ⟶ 0,

ð95Þ

as n⟶∞. Consequently, lim supn⟶∞hbζn, un − ui ≤ 0.
By (13), bζn is bounded in ðW1

0LΦðΩÞÞ∗. Hence, by extracting

a subsequence if necessary, there exists bζ ∈ ðW1
0LΦðΩÞÞ∗ such

that

bζn ⇀ bζ weakly in W1
0LΦ Ωð ÞÀ Á∗ forσ Y

L �Φ,
Y

EΦ

� �
,  as n⟶∞:

ð96Þ

From Theorem 14, A is pseudomonotone; then, we getbζ ∈AðuÞ and

lim
n⟶∞

bζn, unD E
= bζ , uD E

: ð97Þ

Let η be a measurable selection of Að·, u,DuÞ. Based on
(93) and (A3), there exists a sequence fηng converging a.e.
to η in Ω, as n⟶∞, such that ηn is an LðΩÞ-measurable

selection of the map x ∈Ω⟶ Aðx, unðxÞ,DuðxÞÞ∈2ℝ
N
, for

every n ∈ℕ. Same as the proof of (46), we can obtain that

ηn ⟶ η strongly in L �Φ Ωð ÞÀ ÁN ,  asn⟶∞: ð98Þ

Denote bηn = −divηn and bη = −divη.
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On the one hand, combing (86), (96), (97), and (98), we
can obtain that

bζn − bηn, un − u
D E

= bζn, unD E
− bζn, uD E

− bηn − bη , unh i
+ bηn, uh i − bη , unh i⟶ 0,

ð99Þ

as n⟶∞. On the other hand, for a.e. x ∈Ω, dnðxÞ
≔ ðζnðxÞ − ηnðxÞÞðDunðxÞ −DuðxÞÞ ≥ 0. Hence, dn ⟶ 0
in L1ðΩÞ. By passing to a subsequence if necessary,

dn xð Þ⟶ 0 for a:e:x ∈Ω,  as n⟶∞: ð100Þ

Since Φ ∈ Δ2 and Φ≼Ψ, by using (13), (14), (94), (100),
and the Young inequality, one has Φðx, jDunðxÞjÞ ≤ ℓðxÞ,
for some function ℓ ∈ L1ðΩÞ, for all n ∈ℕ, for a.e. x ∈Ω.
It implies that fDunðxÞg is bounded in ℝN , for a.e.
x ∈Ω. Taking a subsequence if necessary, there exists
ϑ ∈ℝN such that DunðxÞ⟶ ϑ as n⟶∞, for a.e. x ∈Ω.
Similar to Lemma 1.4 of [34], we can show that ϑ ∈ ðLΦðΩÞÞN
and Dun ⟶ ϑ for σððLΦðΩÞÞN , ðL �ΦðΩÞÞNÞ, as n⟶∞.
Therefore, ϑ =Du, and thus, DunðxÞ⟶DuðxÞ as n⟶∞,
for a.e. x ∈Ω. Based on Lebesgue’s Theorem, we can show that

ð
Ω

Φ x, Dun xð Þ −Du xð Þj j
ε0

� �
dx⟶ 0,  as n⟶∞:

ð101Þ

It is a contradiction with (89).

Denote f̂ = bω − bζ . Combing (87) and (96),

f̂ n ⇀ f̂ weakly in W1
0LΦ Ωð ÞÀ Á∗, for σ Y

L �Φ,
Y

EΦ

� �
,  as n⟶∞:

ð102Þ

Invoking Theorem 20, we obtain that f̂ ∈FðuÞ. Thus,bω ∈T ðuÞ. In view of (88), and (87), we get

bωn, unh i = bωn, un − uh i + bωn, uh i⟶ bω , uh i,  as n⟶∞:

ð103Þ

Step 2. We will see that T is coercive. Let u ∈W1
0LΦðΩÞ

and bω ∈T ðuÞ. Then, there exist bζ ∈AðuÞ and f̂ ∈FðuÞ
such that bω = bζ + f̂ . From (A4), for any bζ ∈AðuÞ, we have
that

bζ , uD E
≥ b2

ð
Ω

Φ x, Du xð Þj jð Þdx − a2k kL1 Ωð Þ: ð104Þ

For any f̂ ∈FðuÞ, by (51) and (53), we deduce that

f̂ , u
D E

≤ ωk kL1 Ωð Þ + b4

ð
Ω

Φ− u xð Þj jð Þdx + b5

ð
Ω

Φ x, Du xð Þj jð Þdx

≤ ωk kL1 Ωð Þ +
b4
~λ

ð
Ω

Φ− Du xð Þj jð Þdx + b5

ð
Ω

Φ x, Du xð Þj jð Þdx,

ð105Þ

for all u ∈Dℏ.
Hence, we obtain that

bω , uh i ≥ b2 −
b4
~λ

− b5

� �ð
Ω

Φ x, Du xð Þj jð Þdx − a2k kL1 Ωð Þ − ωk kL1 Ωð Þ,

ð106Þ

for all u ∈Dℏ. Based on Proposition 1.9 of [17], there
exists a constant C∗ > 0 such that

uk k1,Ω ≤ 1 + C∗ð Þ Duk k Φð Þ: ð107Þ

Then, we get that

bω , uh i
uk k1,Ω

≥ b2 −
b4
~λ

− b5

� � Ð
Ω
Φ x, Du xð Þj jð Þdx
1 + C∗ð Þ Duk k Φð Þ

− a2k kL1 Ωð Þ + ωk kL1 Ωð Þ
� � 1

uk k1,Ω
,

ð108Þ

for all u ∈Dℏ.
Based on Proposition 3.1 of [18], there are functions

h ∈ L1ðΩÞ with h ≥ 0 and G : ½k,+∞Þ⟶ℝ for some k > 2
such that GðsÞ⟶ +∞ as s⟶ +∞ and

Φ x, suð Þ ≥ sG sð ÞΦ x, uð Þ − sh xð Þ, for all s ≥ k, u ≥ 0, a:e:x ∈Ω:

ð109Þ

It follows thatð
Ω

Φ x, Du xð Þj jð Þdx ≥ Duk k Φð Þ − ε
� �

G Duk k Φð Þ − ε
� �ð

Ω

Φ

�
Á x, Du xð Þj j

Duk k Φð Þ − ε

 !
dx − hk kL1 Ωð Þ

#
≥ Duk k Φð Þ − ε
� �

G Duk k Φð Þ − ε
� �

− hk kL1 Ωð Þ
h i

,

ð110Þ

if kDukðΦÞ is large enough, for any ε ∈ ð0, 1Þ.
Combining (108) and (110), we can deduce that

lim
uk k1,Ω⟶+∞,u∈W1

0LΦ Ωð Þ
inf bω , uh i: bω ∈T uð Þf g

uk k1,Ω
= +∞: ð111Þ

Step 3. According to Lemma 11, there exists u ∈W1
0LΦðΩÞ

such that

bω , uh i = L, uh i, ð112Þ
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for some bω ∈T ðuÞ, where hL, ui = Ð
Ω
LðxÞuðxÞdx. There-

fore, there exist bζ ∈AðuÞ and f̂ ∈FðuÞ such that bω = bζ + f̂ .
This completes the proof.

The set of solutions of problem (1) is denoted by S .
Then, we have the following results for set S .

Theorem 22. Assume (A1)–(A4) and (F1)–(F4) hold. Then,
S is nonempty, bounded, and closed.

Proof.

(1) According to Theorem 21, S is nonempty.

(2) We are going to prove that S is bounded. Assume
that S is unbounded. Then, there exists a sequence
fung in S such that kunk1,Ω ⟶ +∞, as n⟶∞.
Since there exists a constant C > 0 such that hL, uni
≤ CkLkðW1

0LΦðΩÞÞ∗kunk1,Ω, combining (108) and

(110), we have that

lim
unk k1,Ω⟶+∞,un∈W1

0LΦ Ωð Þ
inf bωn − L, unh i: bωn ∈T unð Þf g

unk k1,Ω
= +∞:

ð113Þ

However, it follows from (112) that hbωn − L, uni = 0,
where bωn ∈T ðunÞ, for any n ∈ℕ. It is a contradiction.

(3) We will show that S is closed. Let fung be a
sequence in S such that

un ⟶ u0 inW1
0LΦ Ωð Þ,  as n⟶∞, ð114Þ

for some u0 ∈W1
0LΦðΩÞ. Then, there exist bζn ∈AðunÞ

and f̂ n ∈FðunÞ such that bωn = bζn + f̂ n ∈T ðunÞ and

bωn, unh i = L, unh i, for any n ∈ℕ: ð115Þ

Based on (114), fung is bounded inW1
0LΦðΩÞ. In view of

(13), and (F3), fbζng and f f̂ ng are bounded in ðL �ΦðΩÞÞN
and L �ΨðΩÞ, respectively. Extracting a subsequence if neces-
sary, there exist bζ0, f̂ 0 ∈ ðW1

0LΦðΩÞÞ∗ such that

bζn ⇀ bζ0 weakly in W1
0LΦ Ωð ÞÀ Á∗

  for σ
Y

L �Φ,
Y

EΦ

� �
,

ð116Þ

f̂ n ⇀ f̂ 0 weakly in W1
0LΦ Ωð ÞÀ Á∗

  for σ
Y

L �Φ,
Y

EΦ

� �
,

ð117Þ

as n⟶∞. Using Lemma 13 (iii), we have bζ0 ∈Aðu0Þ.
Based on Theorem 20 (ii), we get f̂ 0 ∈Fðu0Þ.

Based on (114),

bζn, un − u0
D E

⟶ 0,

f̂ n, un − u0
D E

⟶ 0,
ð118Þ

L, un − u0h i⟶ 0, ð119Þ
as n⟶∞.

Based on (115)–(119),

bωn − L, unh i⟶ bζ0 + f̂ 0 − L, u0
D E

,  as n⟶∞: ð120Þ

Denote bω0 = bζ0 + f̂ 0. Then, bω0 ∈T ðu0Þ. Consequently,
hbω0, u0i = hL, u0i. It implies that u0 ∈ S .

3.4. Obstacle Problems. Now, we consider the following
inclusion problem with an obstacle effect

L ∈ A x, u,Duð Þ + F x, u,Duð Þ, inΩ,
u xð Þ ≤ υ xð Þ, inΩ,
u = 0, on ∂Ω,

8>><>>: ð121Þ

where υ : Ω⟶ℝ+ ∪ f+∞g is a given function. Let
K = fu ∈W1

0LΦðΩÞ: u ≤ υ a:e:inΩg. It is easy to see that
K is a nonempty, closed, and convex subset of W1

0LΦðΩÞ
and contains 0. The indicator function IK : W1

0LΦðΩÞ
⟶ℝ ∪ f+∞g of K is defined by

IK uð Þ≔
0, if u ∈ K ,
+∞, otherwise:

(
ð122Þ

Let ∂IK be the subdifferential of IK in the sense of
convex analysis (see Definition 32.11 of [35]).

A function u ∈K is called a (weak) solution of problem
(121), if there exist ζ ∈ ðL �ΦðΩÞÞN and f ∈ L �ΨðΩÞ such that

ζ xð Þ ∈ A x, u xð Þ,Du xð Þð Þ, f xð Þ ∈ F x, u xð Þ,Du xð Þð Þ,  for a:e:x ∈Ω,
ð123Þ

ð
Ω

ζ xð ÞDv xð Þdx +
ð
Ω

f xð Þv xð Þdx =
ð
Ω

L xð Þv xð Þdx, ∀v ∈K :

ð124Þ
From the definition above, it is not difficult to show that

problem (121) is equivalent to the following variational
inequality:
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Find u ∈W1
0LΦðΩÞ such that

A uð Þ, v − uh i + F uð Þ, v − uh i + IK vð Þ − IK uð Þ ≥ L, v − uh i, ∀v ∈W1
0LΦ Ωð Þ,
ð125Þ

which is formulated as the following inclusion:
Find u ∈W1

0LΦðΩÞ such that

L ∈A uð Þ +F uð Þ + ∂IK uð Þ: ð126Þ

We have the following theorem.

Theorem 23. Assume that (A1)–(A4) and (F1)–(F4) hold.
Then, there exists a solution u of problem (121) such that
kuk1,Ω < R for some R > 0.

Proof. Let T be defined by (85). Then, based on the proof of
Theorem 21, T is pseudomonotone.

According to Example 32.15 of [35], ∂IK is maximal
monotone.

We are going to check that there exists a positive con-
stant R such that

bω + bη − L, uh i > 0, ð127Þ

for all u ∈W1
0LΦðΩÞ with kuk1,Ω = R, for all bω ∈T ðuÞ and

all bη ∈ ∂IKðuÞ.
Let u ∈W1

0LΦðΩÞ with kDukðΦÞ > k, where k is the con-
stant in (109). Based on Remark 15, there exists ℏ > 0 such
that u ∈Dℏ. From (106) and (110), we obtain that

bω , uh i ≥ b2 −
b4
~λ

− b5

� �
Duk k Φð Þ − ε

� �
G Duk k Φð Þ − ε
� �h

− hk kL1 Ωð Þ
i
− a2k kL1 Ωð Þ − ωk kL1 Ωð Þ,

ð128Þ

for any ε ∈ ð0, 1Þ and for all bω ∈T ðuÞ.
Similar to the proof of (2.50) in [36], there exists

w ∈ ðW1
0LΦðΩÞÞ∗ and αK ∈ℝ such that

IK uð Þ ≥ −~C wk k W1
0LΦ Ωð Þð Þ∗ uk k1,Ω − αK , ∀u ∈W1

0LΦ Ωð Þ,
ð129Þ

for some constant ~C > 0.

Combining (107), (128), and (129), and based on the
arbitrariness of ε, we have

bω + bη − L, uh i ≥ b2 −
b4
~λ

− b5

� �
Duk k Φð ÞG Duk k Φð Þ

� �
− b2 −

b4
~λ

− b5

� �
hk kL1 Ωð Þ − a2k kL1 Ωð Þ

− ωk kL1 Ωð Þ − ~C wk k W1
0LΦ Ωð Þð Þ∗ uk k1,Ω − αK

− C Lk k W1
0LΦ Ωð Þð Þ∗ uk k1,Ω ≥ Duk k Φð Þ

Á b2 −
b4
~λ

− b5

� �
G Duk k Φð Þ
� ��

− 1 + C∗ð Þ ~C wk k W1
0LΦ Ωð Þð Þ∗ + C Lk k W1

0LΦ Ωð Þð Þ∗
� ��

− b2 −
b4
~λ

− b5

� �
hk kL1 Ωð Þ − a2k kL1 Ωð Þ

− ωk kL1 Ωð Þ − αK ,

ð130Þ

for all bω ∈T ðuÞ and all bη ∈ ∂IKðuÞ, where C is a positive
constant. It is easy to see that we can take R0 > k to be large
enough such that

R0 b2 −
b4
~λ

− b5

� �
G R0ð Þ − 1 + C∗ð Þ

�
Á ~C wk k W1

0LΦ Ωð Þð Þ∗ + C Lk k W1
0LΦ Ωð Þð Þ∗

� �i
− b2 −

b4
~λ

− b5

� �
hk kL1 Ωð Þ − a2k kL1 Ωð Þ

− ωk kL1 Ωð Þ − αK > 0:

ð131Þ

Let R ≥ ð1 + C∗ÞR0. Then, (127) holds for all u ∈W1
0LΦð

ΩÞ with kuk1,Ω = R, for all bω ∈T ðuÞ and all bη ∈ ∂IKðuÞ.
Using Theorem 2.2 of [14], inclusion (126) has a solution
u such that kuk1,Ω < R.

We denote the set of solutions of inclusion (126) based
on SK . With the analogous proof of Theorem 22, we can
deduce the following theorem.

Theorem 24. Assume that (A1)–(A4) and (F1)–(F4) hold.
Then, SK is nonempty, bounded, and closed.
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