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In our paper, we consider the positive solutions of the nonlinear n-order m-point semipositive BVP. In this BVP equation, we
allow that f can change the symbol for 0 < t < 1; by using the fixed point index theory, the existence of positive solutions and
many positive solutions are obtained under the condition that f is superlinear or sublinear.

1. Introduction

In our paper, we study the nonlinear n-order m-point semi-
positive problems:

Lϕð Þ tð Þ = f t, ϕ tð Þð Þ, 0 < t < 1, ð1Þ

with the following boundary value conditions:

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0,

8>><>>: ð2Þ

where ðLϕÞðtÞ = ð−1Þðn−kÞϕðnÞðtÞ, 0 ≤ i ≤ k − 1, 0 ≤ j ≤ n − k
− 1, n ≥ 2, 1 < k < n − 1; ai ∈ ½0,∞Þ, i = 1, 2,⋯,m − 2, 0 < η1
< η2 <⋯ < ηm−2 < 1, are constants, m ≥ 3.

For the differential equations, I offer wonderful tools for
describing various natural phenomena arising from natural
sciences, for example, [1–16]. Very few authors discussed
cases (1) and (2). In this paper, under the condition that f
is superlinear or sublinear, we focus on the existence of
positive solutions for the nonlinear n-orderm-point semipo-
sitive BVP (1) and (2) under the conditions that f ðt, φÞ is
continuous.

2. Preliminaries and Lemmas

Let E = C½I, R� is a Banach space and kxk =maxt∈I jxðtÞj
where I = ½0, 1�. And L1ð0, 1Þ with norm kxk1 =

Ð 1
0jxðtÞjdt.

Throughout this paper, we shall use the following nota-
tion:

G t, sð Þ = 1
ρ

1 − tð Þn−k
ðs
0
ηn−k−1 1 − tð Þη + t − sð Þk−1dη,

0 ≤ s ≤ t ≤ 1,

tk
ð1
s
1 − ηð Þk−1 s − tηð Þn−k−1dη,

0 ≤ t ≤ s ≤ 1,

8>>>>>>>><>>>>>>>>:
ð3Þ

where ρ = ðk − 1Þ!ðn − k − 1Þ!.
It is well known from papers [6, 7] that Gðt, sÞ is a non-

negative continuous function, and Gðt, sÞ is the Green’s
function of the BVP:

Lϕð Þ tð Þ = 0, t ∈ I,

ϕ ið Þ 0ð Þ = 0, 0 ≤ i ≤ k − 1, ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1:
ð4Þ
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Let

Φ2 tð Þ = n − 1ð Þ!
ρ

ðt
0
sk−1 1 − sð Þn−k−1ds: ð5Þ

It is obvious that Φ2ðtÞ ≥ 0 for t ∈ I and by the properties
of Euler integral, we have Φ2ð0Þ = 0,Φ2ð1Þ = 1 and kΦ2k = 1.
Surely, for t ∈ I,

Φ2 tð Þ ≥ tk 1 − tð Þn−k Φ2k k: ð6Þ

and for t ∈ I, we have

Φ2 tð Þ ≤ n − 1ð Þ!
ρ

tk−1 1 − 1 − tð Þn−k
h i

≤
n − 1ð Þ!
ρ

tk: ð7Þ

Suppose the following conditions hold:
(H1): ∑

m−2
i=1 aiΦ2ðηiÞ < 1.

For 0 ≤ t, s ≤ 1, let

K t, sð Þ =G t, sð Þ + 1 − 〠
m−2

i=1
aiΦ2 ηið Þ

 !−1

Φ2 tð Þ 〠
m−2

i=1
aiG ηi, sð Þ:

ð8Þ

Kðt, sÞ is the Green’s function of the BVP:

Lϕð Þ tð Þ = 0, 0 < t < 1,

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ, 0 ≤ i ≤ k − 1,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1:

8>><>>:
ð9Þ

By direct computation, we know that.

Lemma 1 (see [6]). Gðt, sÞ defined as above have the follow-
ing properties:

Q sð Þ ≥G t, sð Þ ≥Q sð Þq tð Þ, 0 ≤ t, s ≤ 1, ð10Þ

where

Q sð Þ = 1
ρ
sn−k 1 − sð Þk, q tð Þ = tk 1 − tð Þk

n − 1
: ð11Þ

By Lemma 1 and (7) and (8), it is obvious that

AQ sð Þ ≥ K t, sð Þ ≥Q sð Þq tð Þ, 0 ≤ t, s ≤ 1, ð12Þ

where A = 1 +∑m−2
i=1 aið1 −∑m−2

i=1 aiΦ2ðηiÞÞ
−1
, 0 ≤ t, s ≤ 1:

Lemma 2. Suppose uðtÞ ∈ Cn½0, 1� satisfies the following
problem:

Lϕð Þ tð Þ = h tð Þ, t ∈ I,

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ, 0 ≤ i ≤ k − 1,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1,

8>><>>:
ð13Þ

where h ∈ L1ð0, 1Þ, h ≥ 0. Then,

ϕ tð Þ ≥ ϕk k q tð Þ
A

, 0 ≤ t ≤ 1: ð14Þ

Proof. By qðtÞQðsÞ ≤ Kðt, sÞ ≤ AQðsÞ, 0 ≤ t, s ≤ 1, we know
that

ϕ tð Þ =
ð1
0
K t, sð Þh sð Þds ≤ A

ð1
0
Q sð Þh sð Þds, ð15Þ

so,

ϕk k ≤ A
ð1
0
Q sð Þh sð Þds: ð16Þ

Therefore,

ϕ tð Þ =
ð1
0
K t, sð Þh sð Þds ≥ q tð Þ

ð1
0
Q sð Þh sð Þds ≥ ϕk k q tð Þ

A
: ð17Þ

Lemma 3. Suppose ϕðtÞ ∈ Cn½0, 1� satisfies the following
problem:

Lϕð Þ tð Þ = h tð Þ, 0 < t < 1,

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ, 0 ≤ i ≤ k − 1,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1,

8>><>>:
ð18Þ

where h ∈ L1ð0, 1Þ, h ≥ 0. Then, for any θ ∈ ð0, 1/2Þ, there
exists constant η > 0 such that

ϕ tð Þ ≥ η ϕk k, θ ≤ t ≤ 1 − θ: ð19Þ

Proof. Let η = max
θ≤t≤1−θ

qðtÞ/A, and then by Lemma 2, we can

obtain the results.
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Lemma 4. Suppose �wðtÞ ∈ Cn½0, 1� satisfies the following
problem:

Lϕð Þ tð Þ =M tð Þ, 0 < t < 1,

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ, 0 ≤ i ≤ k − 1,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1,

8>><>>:
ð20Þ

where WðtÞ ∈ L1ð0, 1Þ,WðtÞ > 0. Then, there exists

constant C ≥ 1 such that

�w tð Þ ≤ C Wk k1q tð Þ, 0 ≤ t ≤ 1: ð21Þ

Proof. For t ∈ ½0, 1�, we can have

�w tð Þ =
ð1
0
G t, sð ÞW sð Þds +

ð1
0

1 − 〠
m−2

i=1
aiΦ2 ηið Þ

 !−1

Φ2 tð Þ 〠
m−2

i=1
aiG ηi, sð ÞW sð Þds:

ð22Þ

Obviously, for t ∈ I,

By the same method, we can get that

ð1
0

1 − 〠
m−2

i=1
aiΦ2 ηið Þ

 !−1

Φ2 tð Þ 〠
m−2

i=1
aiG ηi, sð ÞW sð Þds

≤
n − 1
ρ

1 − 〠
m−2

i=1
aiΦ2 ηið Þ

 !−1

〠
m−2

i=1
aiq tð Þ

ð1
0
W sð Þds:

ð24Þ

So, we can choose the constant

C ≥
n − 1
ρ

+ n − 1
ρ

1 − 〠
m−2

i=1
aiΦ2 ηið Þ

 !−1

〠
m−2

i=1
ai, ð25Þ

And we have

�w tð Þ ≤ C Wk k1q tð Þ, 0 ≤ t ≤ 1: ð26Þ

This completes the proof of Lemma 4.

In the rest of the paper, we also make the following
assumptions:

(H2) f ∈ Cð½0, 1� × ½0,+∞Þ,½−∞,+∞ÞÞ, and WðtÞ > 0 ∈
L1ð0, 1Þ

f t, ϕð Þ ≥ −W tð Þ,∀t ∈ 0, 1ð Þ, ϕ ≥ 0, ð27Þ

where 0 < Ð 10QðsÞWðsÞds <∞,CkWk1 < 1, C is constant in
Lemma 4, and QðsÞ is the function in Lemma 1.

We denote a cone K :

K = ϕ ∈ E : ϕ tð Þ ≥ ϕk kq tð Þ, θ ≤ t ≤ 1 − θf g, ð28Þ

where θ ∈ ð0, 1/2Þ.
Set

R∗ = 2 Aη2
ð1−θ
θ

Q sð Þds
� �−1

,

R∗ = A
ð1
0
Q sð Þ +M sð Þð Þds

� �−1
:

ð29Þ

By Lemma 4, we set wðtÞ = �wðtÞ, and for t ∈ I,

F t, ϕð Þ = B t, ϕð Þ +W tð Þ,

B t, ϕð Þ =
f t, ϕð Þ, ϕ ≥ 0,
ϕ < 0, f t, 0ð Þ:

( ð30Þ

Then, ϕðtÞ > 0 is solution of BVP (1) if and only if eϕðtÞ
= ϕðtÞ +wðtÞ is the positive solution of the following
BVP(∗)

Lϕð Þ tð Þ = F t, ϕ tð Þ −w tð Þð Þ, 0 < t < 1,

ϕ 1ð Þ = 〠
m−2

i=1
aiϕ ηið Þ, 0 ≤ i ≤ k − 1,

ϕ ið Þ 0ð Þ = ϕ jð Þ 1ð Þ = 0, 0 ≤ j ≤ n − k − 1:

8>><>>:
ð31Þ

ð1
0
G t, sð ÞW sð Þds = 1

ρ

ðt
0
1 − tð Þn−kW sð Þds

ðs
0
ηn−k−1 1 − tð Þη + t − sð Þk−1dη +

ð1
t
tkW sð Þds

ð1
s
1 − ηð Þk−1 s − tηð Þn−k−1dη

� �
≤
1
ρ

ðt
0
W sð Þ 1 − tð Þn−ksn−k−1 1 − sð Þt½ �k−1ds +

ð1
t
W sð Þtk 1 − sð Þk−1 s 1 − tð Þ½ �n−k−1ds

� �
≤
1
ρ

ðt
0
W sð Þ 1 − tð Þn−ktkds +

ð1
t
W sð Þtk 1 − tð Þn−kds

� �
≤
n − 1
ρ

q tð Þ
ð1
0
W sð Þds:

ð23Þ
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Clearly, BVP(∗) is equivalent to the equation

ϕ tð Þ =
ð1
0
K t, sð ÞF s, ϕ sð Þ −w sð Þð Þds, ð32Þ

i.e.,the fixed point problem ϕ = Tϕ with operator T : E
⟶ E given by

Tϕð Þ tð Þ =
ð1
0
K t, sð ÞF s, ϕ sð Þ −w sð Þð Þds: ð33Þ

3. The Existence of Single Positive Solution

In this section, we present our main results by fixed point
index theory.

Theorem 5. If conditions (H1) and (H2) hold. For CkWk1
< r < 2CkWk1 < R, and f also satisfies

(A1) For ηAR/2 ≤ ϕ ≤ R, there has f ðt, ϕÞ ≥NR
(A2) For 0 ≤ ϕ ≤ r, there has f ðt, ϕÞ ≤mr
where N ∈ ½R∗,∞Þ,m ∈ ð0, R∗�,mr ≥ 1
Then, the higher-order nonlinear m-point semipositive

BVP (1) and (2) has at least one solution ϕ ∈ K such that
kϕk lies between r and R.

Theorem 6. If conditions (H1) and (H2) hold. And f also
satisfies

(A3) f0 = φ ∈ ½0, R∗ − αÞ
(A4) f∞ = ψ ∈ ð4R∗/η,∞Þwhere

f0 = lim
ϕ⟶0

max
0≤t≤1

f t, ϕð Þ
ϕ

,

f∞ = lim
ϕ⟶∞

min
0≤t≤1

f t, ϕð Þ
ϕ

:

ð34Þ

Then, the higher-order nonlinear m-point semipositive
boundary value problem (1) and (2) have a solution ϕ ∈ K
such that kϕk lies between r and R.

Proof of Theorem 5. Firstly, let Ω1 and Ω2 of E:

Ω1 = ϕ ∈ K : ϕk k < Rf g,Ω2 = ϕ ∈ K : ϕk k < rf g: ð35Þ

Then, for ϕ ∈ ∂Ω1,

ϕ tð Þ −w tð Þ ≤ ϕ tð Þ ≤ ϕk k = R, t ∈ I, ð36Þ

ϕ tð Þ −w tð Þ ≥ ϕ tð Þ − C Wk k1q tð Þ ≥ ϕ tð Þ − C Wk k1
R

ϕ tð Þ ≥ 1
2 ϕ tð Þ,
ð37Þ

so, for θ ≤ t ≤ 1 − θ,

ϕ tð Þ −w tð Þ ≥ ηR
2 : ð38Þ

And then by (A1), for ∀ϕ ∈ ∂Ω1,

Tϕk k ≥ Tϕð Þ tð Þ ≥
ð1
0
Q sð Þq tð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≥ Aη
ð1−θ
θ

Q sð Þf s, ϕ sð Þ −w sð Þð Þds ≥ A
2 η

2NR
ð1−θ
θ

Q sð Þds ≥ R = ϕk k:

ð39Þ

Therefore, we know that

i T ,Ω1, Kð Þ = 0: ð40Þ

Another, for ϕ ∈ ∂Ω2, we know that

ϕ tð Þ −w tð Þ ≤ ϕ tð Þ ≤ ϕk k = r,

ϕ tð Þ −w tð Þ ≥ ϕ tð Þ − C Wk k1q tð Þ ≥ ϕ tð Þ − C Wk k1
r

ϕ tð Þ ≥ 0,

ð41Þ

and then by (A2),

Tϕð Þ tð Þ =
ð1
0
K t, sð ÞF s, ϕ sð Þ −w sð Þð Þds

≤ A
ð1
0
Q sð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≤ A
ð1
0
Q sð Þmr +W sð Þð Þds ≤ Amr

ð1
0
Q sð Þ +W sð Þð Þds

≤ r = ϕk k:
ð42Þ

Therefore,

Tϕk k ≤ ϕk k,∀ϕ ∈ ∂Ω2: ð43Þ

Then, we know that

i T ,Ω2, Kð Þ = 1: ð44Þ

Therefore, by (40) and (44), r < R,

i T ,Ω1 \ �Ω2, K
À Á

= −1: ð45Þ

Then, operator T has a fixed point eϕ ∈ ðΩ1 \ �Ω2Þ and r
≤ keϕk ≤ R.

Finally, using Lemmas 3 and 4, we know

eϕ tð Þ ≥ eϕ q tð Þ ≥ rq tð Þ > C Wk k1q tð Þ ≥ �w tð Þ =w tð Þ, t ∈ θ, 1 − θð Þ,
ð46Þ

i.e., ϕðtÞ = eϕðtÞ −wðtÞ > 0 is the solution of BVP (1) and
(2). This completes the proof of Theorem 5.

Proof of Theorem 6. Copying Theorem 5. First, by f0 = φ ∈
½0, R∗ − αÞ, for ϵ = R∗ − α − φ, there exists the number ρ1 >
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CkWk1, ρðR∗ − αÞ ≥ 1, as 0 ≤ u ≤ ρ, u ≠ 0, we know that

f t, ϕð Þ ≤ φ + ϵð Þϕ = R∗ − αð Þρ1: ð47Þ

So, for r = ρ1,m = R∗ − α ∈ ð0, R∗Þ, thus by (47), we
know that

f t, ϕð Þ ≤mr, 0 ≤ ϕ ≤ r: ð48Þ

So, condition (A2) holds.
Next, using (A4), f∞ = ψ ∈ ð4R∗/η,∞Þ, then for ϵ = λ −

ð2R∗/ηÞ, there exists a number R ≠ r, as ϕ ≥ ηR/2, we know
that

f t, ϕð Þ ≥ ψ − ϵð Þϕ ≥
4R∗

η

� �
· ηR2 = 2R∗R, ð49Þ

Let N = 2R∗ > R∗, thus, by (49), (A1) holds. Then, we
have that the results of Theorem 6 holds.

4. The Existence of Many Positive Solutions

Next, we will discuss the existence of many positive solutions.

Theorem 7. If (H1), (H2), and ðA2Þ hold. And f also satisfies
the following conditions:

(A5) f0 = +∞
(A6) f∞ = +∞where

f0 = lim
ϕ⟶0

max
0≤t≤1

f t, ϕð Þ
ϕ

, f∞ = lim
ϕ⟶∞

min
0≤t≤1

f t, ϕð Þ
ϕ

: ð50Þ

Then, the semipositive boundary value problems (1) and
(2) have at least two solutions ϕ1, ϕ2 ∈ K such that 0 < kϕ1k
< r < kϕ2k:

Theorem 8. If (H1), (H2), and ðA1Þ hold. And f also satisfies
the following conditions:

(A7 ) f0 = 0
(A8) f∞ = 0where

f0 = lim
ϕ⟶0

max
0≤t≤1

f t, ϕð Þ
ϕ

, f∞ = lim
ϕ⟶∞

min
0≤t≤1

f t, ϕð Þ
ϕ

: ð51Þ

Then, the semipositive boundary value problems (1) and
(2) have at least two solutions ϕ1, ϕ2 ∈ K such that 0 < kϕ1k
< R < kϕ2k.

Proof of Theorem 7. Copying Theorem 5. First, for N > R∗,
From (A7), there exists a constant ρ∗ ∈ ð2CkWk1, rÞ which
satisfy

f t, ϕð Þ ≥Mϕ, 0 < ϕ ≤ ρ∗, ϕ ≠ 0, 0 < t < 1: ð52Þ

Let Ωρ∗
= fϕ ∈ K : kϕk < ρ∗g. Then, for t ∈ I and ϕ ∈ ∂

Ωρ∗
, we know that

ϕ tð Þ −w tð Þ ≤ ϕ tð Þ ≤ ϕk k = ρ∗, ð53Þ

ϕ tð Þ −w tð Þ ≥ ϕ tð Þ − C Wk k1q tð Þ ≥ ϕ tð Þ − C Wk k1
ρ∗

ϕ tð Þ ≥ 1
2 ϕ tð Þ,

ð54Þ
so, for θ ≤ t ≤ 1 − θ, ∀ϕ ∈ ∂Ωρ∗

, we know that

ϕ tð Þ −w tð Þ ≥ 1
2 ϕ tð Þ ≥ ϕk k

2 q tð Þ ≥ δρ∗
2 : ð55Þ

Therefore, from (52), we could obtain the following:

Tϕk k ≥ Tϕð Þ tð Þ =
ð1
0
K t, sð ÞF s, ϕ sð Þ −w sð Þð Þds

≥
ð1
0
Q sð Þq tð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≥
A
2 η

2Nρ∗

ð1−θ
θ

Q sð Þds ≥ ρ∗ = uk k:

Then,

i T ,Ωρ∗
, K

� �
= 0: ð57Þ

Next, using condition (A8), for any �M > θ∗, there exists a
constant ρ0 > 0 which satisfies

f t, uð Þ ≥ �Mu, u ≥ ρ0, 0 < t < 1: ð58Þ

We can choose a constant ρ∗ >max fR, 2ρ0/ηg which
satisfies ρ∗ < R < ρ∗.

Set Ωρ∗ = fϕ ∈ K : kϕk < ρ∗g. Then,

ϕ tð Þ −w tð Þ ≤ ϕ tð Þ ≤ ϕk k = ρ∗, ð59Þ

ϕ tð Þ −w tð Þ ≥ ϕ tð Þ − C Wk k1q tð Þ ≥ ϕ tð Þ − C Wk k1
ρ∗

ϕ tð Þ ≥ 1
2 u tð Þ,

ð60Þ
where t ∈ I and ϕ ∈ ∂Ωρ∗ . So, for θ ≤ t ≤ 1 − θ, we have

ϕ tð Þ −w tð Þ ≥ 1
2 ϕ tð Þ ≥ ϕk k

2 q tð Þ ≥ ηρ∗

2 ≥ ρ0: ð61Þ

And then for ϕ ∈ ∂Ωρ∗ , we can easily obtain that

Tϕk k ≥ Tϕð Þ tð Þ ≥
ð1
0
Q sð Þq tð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≥ ηA
ð1−θ
θ

Q sð Þf s, ϕ sð Þ −w sð Þð Þds ≥ A
2 η

2 �MR
ð1−θ
θ

Q sð Þds ≥ R = ϕk k:

ð62Þ

Therefore,

i T ,Ωρ∗ , K
À Á

= 0: ð63Þ

Finally, letting Ωr = fϕ ∈ K : kϕk < rg, for any ϕ ∈ ∂Ωr ,
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by ðA2Þ, Lemma 2, we can also easy to obtain that

Tϕk k ≤ ϕk k,∀ϕ ∈ ∂Ωr: ð64Þ

Then,

i T ,Ωr , Kð Þ = 1: ð65Þ

Therefore, by (57)–(65) and ρ∗ < r < ρ∗, we could obtain
the following results:

i T ,Ωr \ �Ωρ∗
, K

� �
= 1,

i T ,Ωρ∗ \ �Ωr , K
À Á

= −1:
ð66Þ

Then, T have fixed point eϕ1 ∈Ωr \ �Ωρ∗
, and fixed pointeϕ2 ∈Ωρ∗ \ �Ωr and ρ∗ < keϕ1k < r < keϕ2k ≤ ρ∗.

Finally, using Lemmas 3 and 4, for t ∈ ðθ, 1 − θÞ, we have

eϕ1 tð Þ ≥ eϕ q tð Þ ≥ ρ∗q tð Þ > C Wk k1q tð Þ ≥ �w tð Þ =w tð Þ,

eϕ2 tð Þ ≥ eϕ q tð Þ ≥ ρ∗q tð Þ > C Wk k1q tð Þ ≥ �w tð Þ =w tð Þ,
ð67Þ

i.e., ϕ1ðtÞ = eϕ1ðtÞ −wðtÞ, sϕ2ðtÞ = eϕ2ðtÞ −wðtÞ are the
positive solutions of (1) and (2).

Proof of Theorem 8. Using the proof of Theorem 5. We only
need to discuss the operator T which is given as (33).

First, by f0 = 0, for ϵ1 ∈ ð0, R∗Þ, there exists a constant
ρ∗ ∈ ðCkWk1, RÞ, ϵ1ρ∗ ≥ 1 which satisfy

f t, ϕð Þ ≤ ϵ1ϕ, 0 < ϕ ≤ ρ∗: ð68Þ

Set Ωρ∗
= fϕ ∈ K : kϕk < ρ∗g, then for ϕ ∈ ∂Ωρ∗

, ϕðtÞ −
wðtÞ ≤ ϕðtÞ ≤ kϕk = ρ∗, and

ϕ tð Þ −w tð Þ ≥ ϕ tð Þ − C Wk k1q tð Þ ≥ ϕ tð Þ − C Wk k1
ρ∗

ϕ tð Þ ≥ 0,

ð69Þ

and then by (A2), we have

Tϕð Þ tð Þ =
ð1
0
K t, sð ÞF s, ϕ sð Þ −w sð Þð Þds

≤ A
ð1
0
Q sð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≤ Aϵ1ρ∗

ð1
0
Q sð Þ +W sð Þð Þds ≤ ρ∗ = ϕk k:

ð70Þ

So, we have

Tϕk k ≤ ϕk k,∀ϕ ∈ ∂Ωρ∗
: ð71Þ

Then, by ((1)), we have

i T ,Ωρ∗
, K

� �
= 1: ð72Þ

Next, letting

f ∗ xð Þ = max
0≤t≤1,0≤ϕ≤x

f t, ϕð Þ: ð73Þ

It is easy to know that f ∗ðxÞ is monotone increasing for
x ≥ 0.

Thus, by f∞ = 0, and lim
x⟶∞

f ∗ðxÞ/x = 0: Therefore, for
any ϵ2 ∈ ð0, θ∗Þ, there exists ρ∗ > r such

f ∗ xð Þ ≤ ϵ2x, x ≤ ρ∗: ð74Þ

Set Ωρ∗ = fϕ ∈ K : kϕk < ρ∗g, then for any u ∈ ∂Ωρ∗ ,

Tϕ tð Þ ≤A
ð1
0
Q sð Þ f s, ϕ sð Þ −w sð Þð Þ +W sð Þð Þds

≤A
ð1
0
Q sð Þ f ρ∗ð Þ +W sð Þð Þds ≤ ϵ2Aρ

∗
ð1
0
Q sð Þ +W sð Þð Þ ≤ ρ∗ = ϕk k:

ð75Þ

i.e., kTϕk ≤ kϕk, ∀ϕ ∈ ∂Ωρ∗ . Then, by ((1)), we have

i T ,Ωρ∗ , K
À Á

= 1: ð76Þ

Next, similar to Theorem 5, we set ΩR = fϕ ∈ K : kϕk
< Rg, and for any ϕ ∈ ∂ΩR, by Lemma 2, condition ðA1Þ,
we can also know that

Tϕk k ≥ ϕk k,∀ϕ ∈ ∂ΩR: ð77Þ

Then,

i T ,ΩR, Kð Þ = 0: ð78Þ

Therefore,

si T ,ΩR \ �Ωρ∗
, K

� �
= −1, i T ,Ωρ∗ \ �ΩR, K

À Á
= 1: ð79Þ

Then, T have fixed point eϕ1 ∈ΩR \ �Ωρ∗
, and fixed pointeϕ2 ∈Ωρ∗ \ �ΩR and ρ∗ < keϕ1k < R < keϕ2k ≤ ρ∗.

Finally, using Lemmas 3 and 4,

eϕ1 tð Þ ≥ eϕ q tð Þ ≥ ρ∗q tð Þ > C Wk k1q tð Þ ≥ �w tð Þ =w tð Þ,

eϕ2 tð Þ ≥ eϕ q tð Þ ≥ ρ∗q tð Þ > C Wk k1q tð Þ ≥ �w tð Þ =w tð Þ,
ð80Þ

here t ∈ ðθ, 1 − θÞ. Then, ϕ1ðtÞ = eϕ1ðtÞ −wðtÞ > 0, ϕ2ðtÞ = eϕ2
ðtÞ −wðtÞ > 0 are the solutions of BVP (1) and (2). The
proof of Theorem 8 is complete.
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5. Application

Example 1. Let I = ½0, 1�, we consider the following semiposi-
tive BVP for t ∈ I:

−1ð Þ3ϕ 5ð Þ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ tð Þ ln 1 + ϕ tð Þð Þ

q
− t5

� �
= 0, ð81Þ

with the following boundary value conditions:

ϕ ið Þ 0ð Þ = 0, i = 1, 2 ; ϕ jð Þ 1ð Þ = 0, j = 0, 1, 2: ð82Þ

Clearly,

f t, ϕð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ tð Þ ln 1 + u tð Þð Þ

q
− t5 ≥ −t5 = −W tð Þ: ð83Þ

By direct calculating, we have

ð1
0
t5ds =

ð1
0

1
6 t

2dt = 1
6 < 1: ð84Þ

Therefore, using Lemma 4, let C = 3 such that CkWk1
= 1/2 < 1. Then, ðH2Þ holds.

By directly calculating, we can be easy to know that f0
= 0, f∞ =∞. So, conditions ðA3Þ and ðA4Þ hold. Then, let
r, R such that CkWk1 = 1/2 < r ≤ 2CkWk1 = 1 < R. Then by
Theorem 6, we have Example 1 has at least one positive solu-
tion ϕðtÞ and r ≤ kϕk ≤ R.
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