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In this paper, we establish the boundedness of classical p-adic singular integrals on Morrey-Herz spaces, as well as the
boundedness of multilinear commutator generated by p-adic singular integral operators and Lipschitz functions or by p-adic
singular integral operators and λ-central BMO functions.

1. Introduction

During the last several decades, p-adic analysis has cemented
its role in the field of mathematical physics [1–3]. That stim-
ulates researchers to pay attention to harmonic analysis on
the p-adic fields, especially about singular integral theory
(for example, [4–6]). It is well known that singular integral
operators are one of the main topics in the singular integral
theory. Phillips and Taibleson [7] considered the classical
singular integral operator of Calderón-Zygmund type on
the p-adic fields.

Let Ω ∈ L∞ðℚn
pÞ and satisfy

Ω pjx
À Á

=Ω xð Þ for all j ∈ℤ, ð1Þ

ð
xj jp=1

Ω xð Þdx = 0: ð2Þ

The p-adic singular integral operator is defined by

T fð Þ xð Þ = lim
z⟶−∞

ð
x−yj jp>pz

f yð ÞΩ x − yð Þ
x − yj jnp

dy for z ∈ℤ,

ð3Þ

and the truncated singular integral operator is defined as

Tz fð Þ xð Þ =
ð

x−yj jp>pz
f yð ÞΩ x − yð Þ

x − yj jnp
dy for z ∈ℤ: ð4Þ

Here, j·jp is non-Archimedean p-adic norm, ℚn
p consists

of all points x = ðx1,⋯,xnÞ for n ∈ℕ, xj ∈ℚpðj = 1,⋯,nÞ and
ℚp is the field of p-adic numbers.

In 1975, Taibleson [8] proved that T and Tz are of type
ðq, qÞ for 1 < q <∞ and of weak type ð1, 1Þ when Ω satisfies
the smoothness condition

sup
yj jp=1

〠
∞

j=1

ð
xj jp=1

Ω x + pjy
À Á

−Ω xð Þ�� ��dx <∞: ð5Þ

In 2017, Wu et al. [4] introduced p-adic central Morrey
spaces and established the boundedness of T and Tz on
the p-adic central Morrey spaces. Furthermore, they
obtained λ-central BMO estimates for the commutator of
these singular integral operators on the p-adic central Mor-
rey spaces. In 2019, Mo et al. [5] showed the boundedness
of T and Tz on the p-adic generalized Morrey spaces as well
as the boundedness of multilinear commutator defined by
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Tb
z fð Þ xð Þ =

ð
x−yj jp>pz

Ym
i=1

bi xð Þ − bi yð Þð Þf yð ÞΩ x − yð Þ
x − yj jnp

dy for z ∈ℤ, m ∈ℕ:

ð6Þ

In 2023, Ho [9] extended the main results in [5] to Mor-
rey spaces on general local fields. Moreover, he also extended
the boundedness of the singular integral operators on
Lorentz-Morrey spaces and Lorentz-Karamata-Morrey
spaces on the p-adic fields.

Comparing the above studies with the singular integral
theory on Euclidean space ℝn, we find that there does not
exist any results of these singular integral operators on Herz
spaces ([10, 11]) and Morrey-Herz spaces ([12, 13]) on the
p-adic fields. Thus, this paper is aimed at the boundedness
of T and Tz on Herz spaces and Morrey-Herz spaces on
the p-adic fields. Furthermore, we also study the bounded-
ness of the commutator Tb

z when the symbol function bi
belongs to λ-central bounded mean oscillation spaces
and when it belongs to Lipschitz spaces.

This paper is organized as follows. In Section 2, we pro-
vide a brief introduction to the p-adic fields, the definition of
some function spaces on the p-adic fields and some desired
lemmas. In Section 3, we present our main results. In Section
4, we devote to the proof of the main results. Throughout
this paper, the letter C will be used to denote various con-
stants. The various uses of the letter do not denote the same
constant, though.

2. Preliminaries

For a prime number p, let ℚp be the field of p-adic numbers
defined as the completion of the field of rational numbers ℚ
with respect to non-Archimedean p-adic norm j·jp. This
norm j·jp is defined as follows: if x = 0, j0jp = 0; if x ≠ 0 is
an arbitrary rational number with the unique representation
x = pγm/n, where m and n are not divisible by p, γ = γðxÞ ∈
ℤ, then jxjp = p−γ. It is not hard to see that the norm satisfies
the following properties:

xj jp ≥ 0,∀x ∈ℚp, xj jp = 0⇔ x = 0 ;
xyj jp = xj jp yj jp,∀x, y ∈ℚp ;

ð7Þ

jx + yjp ≤max ðjxjp, jyjpÞ, ∀x, y ∈ℚp, and when jxjp ≠ jyjp,
we have jx + yjp =max ðjxjp, jyjpÞ.

The p-adic norm of ℚn
p =ℚ ×ℚ ×⋯ ×ℚ is defined by

xj jp = max
1≤j≤n

xj
�� ��

p
, x ∈ℚn

p : ð8Þ

Denote by

Bγ að Þ = x ∈ℚn
p : x − aj jp ≤ pγ

n o
, ð9Þ

the ball of radius pγ with center at a ∈ℚn
p and by

Sγ að Þ = Bγ að Þ \ Bγ−1 að Þ = x ∈ℚn
p : x − aj jp = pγ

n o
, ð10Þ

the sphere of radius pγ with center at a ∈ℚn
p , where γ ∈ℤ.

For the sake of convenience, we let Bγ = Bγð0Þ, Sγ = Sγð0Þ
and denote by χk the characteristic function of the sphere
Sk, then it is easy to see that the equalities x0 + Bγ = Bγðx0Þ,
x0 + Sγ = Sγðx0Þ, and BγðaÞ =

S
k≤γSkðaÞ hold for any x0 ∈

ℚn
p .
Since the space ℚn

p is a locally compact commutative
group under addition, there exists the Haar measure dx on
the additive group of ℚn

p normalized by
Ð
B0
dx = jB0j = 1,

where jB0j denotes the Haar measure of a measurable set
B0 ⊂ℚn

p . Then through a simple calculation, we can obtain
that

Bγ að Þ�� �� = pnγ, Sγ að Þ�� �� = pnγ 1 − p−nð Þ, ∀a ∈ℚn
p : ð11Þ

On the p-adic fields ℚn
p , for r ∈ ½1,+∞Þ, the Lebesgue

spaces are denoted by Lrðℚn
pÞ with the norm

fk kLr ℚn
pð Þ =

ð
ℚn

p

f xð Þj jrdx
 !1/r

<∞, ð12Þ

and the weak Lebesgue spaces are denoted byWLrðℚn
pÞ with

the quasinorm

fk kWLr ℚn
pð Þ = sup

μ>0
μ x ∈ℚn

p : f xð Þj j > μ
n o��� ���1/r <∞: ð13Þ

We now recall the definitions of Herz spaces and
Morrey-Herz spaces on ℚn

p .

Definition 1 (see [14]). Let σ ∈ℝ and 0 < s, r ≤∞. The
homogeneous Herz space _K

σ,s
r ðℚn

pÞ is defined by

_K
σ,s
r ℚn

p

� �
= f ∈ Lrloc ℚn

p \ 0f g
� �

: fk k _K
σ,s
r ℚn

pð Þ <∞
n o

, ð14Þ

where

fk k _K
σ,s
r ℚn

pð Þ = 〠
∞

k=−∞
pkσs fχkk ksLr ℚn

pð Þ
 !1/s

, ð15Þ

for s <∞, and the usual modifications should be made when
s =∞.

Definition 2 (see [13]). Let σ ∈ℝ, 0 < s, r ≤∞. The weak
homogeneous Herz space W _K

σ,s
r ðℚn

pÞ is defined by

W _K
σ,s
r ℚn

p

� �
= f is ameasurable function onℚn

p and fk kW _K
σ,s
r ℚn

pð Þ <∞
n o

,

ð16Þ
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where

fk kW _K
σ,s
r ℚn

pð Þ = sup
μ>0

μ 〠
k=∞

k=−∞
pkσs x ∈ Sk : f xð Þj j > μf gj js/r

 !1/s

,

ð17Þ

for s <∞, and the usual modifications should be made when
s =∞.

Obviously, _K
0,r
r ðℚn

pÞ = Lrðℚn
pÞ and W _K

0,r
r ðℚn

pÞ =WLrð
ℚn

pÞ.

Definition 3 (see [14]). Let σ ∈ℝ, 0 < s, r ≤∞, and λ be a
nonnegative real number. Then, the homogeneous Morrey-

Herz space M _K
σ,λ
l,q ðℚn

pÞ is defined by

M _K
σ,λ
s,r ℚn

p

� �
= f ∈ Lrloc ℚn

p \ 0f g
� �

: fk kM _K
σ,λ
s,r ℚn

pð Þ <∞
� �

,

ð18Þ

where

fk kM _K
σ,λ
s,r ℚn

pð Þ = sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσs fχkk ksLr ℚn

pð Þ
 !1/s

, ð19Þ

for s <∞, and the usual modifications should be made when
s =∞.

Definition 4 (see [13]). Let σ ∈ℝ, 0 < s, r ≤∞, and λ be a
nonnegative real number. The weak homogeneous Morrey-

Herz space WM _K
σ,λ
s,r ðℚn

pÞ is defined by

WM _K
σ,λ
s,r ℚn

p

� �
= f is ameasurable function onℚn

p and fk kWM _K
σ,λ
s,r ℚn

pð Þ <∞
� �

,

ð20Þ

where

fk kWM _K
σ,λ
s,r ℚn

pð Þ = sup
μ>0

μ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσs x ∈ Sk : f xð Þj j > μf gj js/r

 !1/s

,

ð21Þ

for s <∞, and the usual modifications should be made when
s =∞.

It is apparent that M _K
σ,0
s,r ðℚn

pÞ = _K
σ,s
r ðℚn

pÞ and WM _K
σ,0
s,r

ðℚn
pÞ =W _K

σ,s
r ðℚn

pÞ.
In order to study the boundedness of the commutator of

singular integral operators, we will need Lipschitz functions
and λ-central BMO functions.

Definition 5 (see [14]). Let δ be a positive real number. The
Lipschitz space Λδðℚn

pÞ is defined to be the space of all mea-

surable functions f ∈ℚn
p , which satisfies

fk kΛδ ℚn
pð Þ = sup

x,h∈ℚn
p ,h≠0

f x + hð Þ − f xð Þj j
hj jδp

<∞: ð22Þ

Definition 6 (see [15]). Given λ < 1/n, 1 < q <∞, the λ-cen-
tral BMO space CBMOq,λðℚn

pÞ is defined as the set of all
functions f ∈ Lrlocðℚn

p \ f0gÞ, which satisfies

fk kCBMOq,λ ℚn
pð Þ = sup

k∈ℤ

1
Bkj j1+qλ

ð
Bk

f xð Þ − f Bk

��� ���qdx
 !1/q

<∞,

ð23Þ

where

f Bk
= 1

Bkj j
ð
Bk

f xð Þdx: ð24Þ

We notice that when λ = 0, the important particular case
of λ-central BMO spaces CBMOq,λðℚn

pÞ is CBMOqðℚn
pÞ

defined in [16] and that there is a following result.

Lemma 7 (see [17]). Suppose that 0 ≤ λ < 1/n, 1 < q <∞,
b ∈ CBMOq,λðℚn

pÞ and j, k ∈ℤ. Then,

bBk
− bBj

��� ��� ≤ pn j − kj j bk kCBMOq,λ ℚn
pð Þ max Bkj jλ, Bj

�� ��λn o
:

ð25Þ

At last, we present two desired lemmas which will be used in
the proof of our main results. The first is the boundedness of Tz
on Lebesgue spaces, and the second is the boundedness on
Morrey-Herz spaces of p-adic Riesz potential I α defined by

I α fð Þ xð Þ = 1
Γn αð Þ

ð
ℚn

p

f yð Þ
x − yj jn−αp

dy, Γn αð Þ = 1 − pα−n

1 − p−α
 with α ∈ℂ \ 0f g:

ð26Þ

Lemma 8 (see [8]). Suppose thatΩ ∈ L∞ðℚn
pÞ satisfies the con-

ditions (1), (2), and (5). Then there exists a constantC > 0 inde-
pendent of f , z ∈ℤ, and μ > 0 such that

Tz fð Þk kLq ℚn
pð Þ ≤ C fk kLq ℚn

pð Þ for q > 1,

x ∈ℚn
p : Tz fð Þ xð Þ

��� > μ
n o��� ��� ≤ C fk kL1 ℚn

pð Þ
μ

:

ð27Þ

Moreover, Tð f Þ = lim
z⟶−∞

Tzð f Þ exists, T is bounded on Lq

ðℚn
pÞ for q > 1, and T is of weak type ð1, 1Þ.

Lemma 9 (see [13]). Let α be a complex number with 0 <
Re ðαÞ < n, 1/r = 1/q − Re ðαÞ/n, 1 < q < r <∞, λ ≥ 0, λ − n/
q + Re ðαÞ < σ < nð1 − 1/qÞ, and 0 < l ≤∞. Then there exists
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a constant C > 0 such that

I α fð Þk kM _K
σ,λ
l,r ℚn

pð Þ ≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ: ð28Þ

3. Main Results

In this paper, our first main result is to address the bounded-
ness of T and Tz on Morrey-Herz spaces on the p-adic fields.

Theorem 10. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let 0 < l ≤∞, 1 ≤ q <∞, λ ≥ 0, and λ − n/
q < σ < nð1 − 1/qÞ, then there exists a constant C > 0 indepen-
dent of f , z ∈ℤ, and μ > 0 such that

Tz fð Þk kM _K
σ,λ
l,q ℚn

pð Þ ≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ for q > 1,

Tz fð Þk kWM _K
σ,λ
l,q ℚn

pð Þ ≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ for q = 1:
ð29Þ

Moreover, Tð f Þ = lim
z⟶−∞

Tzð f Þ exists, T is bounded on

M _K
σ,λ
l,q ðℚn

pÞ for q > 1, and T is bounded from M _K
σ,λ
l,q ðℚn

pÞ to
WM _K

σ,λ
l,q ðℚn

pÞ for q = 1.

By letting λ = 0 in Theorem 10, we will get its counter-
parts on p-adic Herz spaces.

Corollary 11. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let 0 < l ≤∞, 1 ≤ q <∞, and −n/q < σ < n
ð1 − 1/qÞ, then there exists a constant C > 0 independent of
f , z ∈ℤ, and μ > 0 such that

Tz fð Þk k _K
σ,l
q ℚn

pð Þ ≤ C fk k _K
σ,l
q ℚn

pð Þ for q > 1,

Tz fð Þk kW _K
σ,l
q ℚn

pð Þ ≤ C fk k _K
σ,l
q ℚn

pð Þ for q = 1:
ð30Þ

Moreover, Tð f Þ = lim
z⟶−∞

Tzð f Þ exists, T is bounded on

_K
σ,l
q ðℚn

pÞ for q > 1, and T is bounded from _K
σ,l
q ðℚn

pÞ to W

_K
σ,l
q ðℚn

pÞ for q = 1.

For Tb
z , when the symbol function bi belongs to

Lipschitz spaces, our results regarding boundedness can
be stated as

Theorem 12. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let δi for i = 1, 2,⋯,m be a positive real
number such that 0 < δ =∑m

i=1δi < n, λ ≥ 0, 0 < l ≤∞, 1/r =
1/q − δ/n, 1 < q < r <∞, and λ − n/q + δ < σ < nð1 − 1/qÞ. If
bi ∈Λδi

ðℚn
pÞ, then there exists a constant C > 0 independent

of f and z ∈ℤ such that

Tb
z fð Þ

 
M _K

σ,λ
l,r ℚn

pð Þ ≤ C
Ym
i=1

bik kΛδi
ℚn

pð Þ fk kM _K
σ,λ
l,q ℚn

pð Þ: ð31Þ

Corollary 13. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let δi for i = 1, 2,⋯,m be a positive real num-
ber such that 0 < δ =∑m

i=1δi < n, 0 < l ≤∞, 1/r = 1/q − δ/n, 1
< q < r <∞, and −n/q + δ < σ < nð1 − 1/qÞ. If bi ∈Λδi

ðℚn
pÞ,

then there exists a constant C > 0 independent of f and z ∈
ℤ such that

Tb
z fð Þ

 
_K
σ,l
r ℚn

pð Þ ≤ C
Ym
i=1

bik kΛδi
ℚn

pð Þ fk k _K
σ,l
q ℚn

pð Þ: ð32Þ

When the symbol function bi belongs to λ-central
bounded mean oscillation spaces, we have the following the-
orem and corollary.

Theorem 14. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let λ ≥ 0, 0 < l ≤∞, 1/r = 1/q1 + 1/q2 +⋯+
1/qm + 1/q with 1 < q, q1,⋯, qm <∞, ν = ν1 + ν2 +⋯+νm
with 0 ≤ ν1, ν2,⋯, νm < 1/n, and σ2 = σ1 − nð1/q1 + 1/q2+⋯
+1/qm + νÞ with nν + λ − n/q < σ1 < nð1 − 1/qÞ + λ. If bi ∈ C
BMOqi ,νiðℚn

pÞ, then there exists a constant C > 0 independent
of f and z ∈ℤ such that

Tb
z fð Þ

 
M _K

σ2 ,λ
l,r ℚn

pð Þ ≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ: ð33Þ

Corollary 15. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let 0 < l ≤∞, 1/r = 1/q1 + 1/q2 +⋯+1/qm
+ 1/q with 1 < q, q1,⋯, qm <∞, ν = ν1 + ν2 +⋯+νm with 0
≤ ν1, ν2,⋯, νm < 1/n, and σ2 = σ1 − nð1/q1 + 1/q2+⋯+1/qm
+ νÞ with nν − n/q < σ1 < nð1 − 1/qÞ. If bi ∈ CBMOqi ,νiðℚn

pÞ,
then there exists a constant C > 0 independent of f and z ∈ℤ
such that

Tb
z fð Þ

 
_K
σ2 ,l
r ℚn

pð Þ ≤ C
Ym
i=1

bik kCBMOqi ,νi
fk k _K

σ1 ,l
q ℚn

pð Þ: ð34Þ

Let ν1 =⋯ = νm = 0 in Theorem 14 and Corollary 15, we
will obtain CBMO estimates of Tb

z .

Corollary 16. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let λ ≥ 0, 0 < l ≤∞, 1/r = 1/q1 + 1/q2 +⋯+
1/qm + 1/q with 1 < q, q1,⋯, qm <∞, and σ2 = σ1 − nð1/q1
+ 1/q2+⋯+1/qmÞ with λ − n/q < σ1 < nð1 − 1/qÞ + λ. If bi ∈
CBMOqi

ðℚn
pÞ, then there exists a constant C > 0 independent

of f and z ∈ℤ such that

Tb
z fð Þ

 
M _K

σ2 ,λ
l,r ℚn

pð Þ ≤ C
Ym
i=1

bik kCBMOqi
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ: ð35Þ

Corollary 17. Suppose that Ω ∈ L∞ðℚn
pÞ satisfies conditions

(1), (2), and (5). Let 0 < l ≤∞, 1/r = 1/q1 + 1/q2 +⋯+1/
qm + 1/q with 1 < q, q1,⋯, qm <∞, and σ2 = σ1 − nð1/q1
+ 1/q2+⋯+1/qmÞ with −n/q < σ1 < nð1 − 1/qÞ. If bi ∈ CBM
Oqi

ðℚn
pÞ, then there exists a constant C > 0 independent
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of f and z ∈ℤ such that

Tb
z fð Þ

 
_K
σ2 ,l
r ℚn

pð Þ ≤ C
Ym
i=1

bik kCBMOqi
fk k _K

σ1 ,l
q ℚn

pð Þ: ð36Þ

4. Proof of Main Results

Proof of Theorem 18. Suppose that f ∈M _K
σ,λ
l,q ðℚn

pÞ, we
decompose f in the following way

f xð Þ = 〠
∞

j=−∞
f xð Þχj xð Þ ≡ 〠

∞

j=−∞
f j xð Þ, j ∈ℤ: ð37Þ

(i) For the case of q > 1, by the decomposition of f ,
we get

Tz fð Þk kM _K
σ,λ
l,q ℚn

pð Þ ≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl Tz fð Þχkk klLq ℚn

pð Þ
 !1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k−2

j=−∞
Tz f j
� �

χk

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k+1

j=k−1
Tz f j
� �

χk

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

∞

j=k+2
Tz f j
� �

χk

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≡ C N 1 +N 2 +N 3ð Þ:
ð38Þ

For N 2, by the Lq-boundedness of Tz , we obtain

N 2 ≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k+1

j=k−1
f j
 

Lq ℚn
pð Þ

 !l
8<
:

9=
;

1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0+1

j=−∞
〠
j+1

k=j−1
p k−jð Þσlpjσl f j

 l
Lq ℚn

pð Þ

( )1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0+1

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ 〠

j+1

k=j−1
p k−jð Þσl

 !( )1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0+1

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ

( )1/l

≤ fk kM _K
σ,λ
l,q ℚn

pð Þ:
ð39Þ

For N 1, note that jx − yjp =max fjxjp, jyjpg =max fpk,
pjg = pk, where x ∈ Sk and y ∈ Sj with j ≤ k − 2. Therefore,

for x ∈ Sk, Hölder’s inequality yields that

Tz fχj

� �
xð Þ

��� ��� ≤ C
ð

yj jp>pk
fχj

� �
x − yð ÞΩ yð Þ

yj jnp
dy

�����
�����

≤ C
ð

x−yj jp>pk
fχj

� �
yð ÞΩ x − yð Þ

x − yj jnp
dy

�����
�����

≤ C
ð
Sj

f yð ÞΩ x − yð Þ
x − yj jnp

dy

�����
�����

≤ Cp−kn
ð
Sj

f yð Þj jdy ≤ Cp−knpjn/q′ f j
 

Lq ℚn
pð Þ:

ð40Þ

Then, by Jensen’s inequality, Hölder’s inequality and the
fact σ < nð1 − 1/qÞ, it follows that

N 1 ≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k−2

j=−∞
p−knpjn/q′ f j

 
Lq ℚn

pð Þ χkk kLq ℚn
pð Þ

 !l
8<
:

9=
;

1/l

≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k−2

j=−∞
p j−kð Þn/q′ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k−2

j=−∞
p k−jð Þ σ−n/q′ð Þpjσ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤

sup
k0∈ℤ

p−k0λ 〠
k0−2

j=−∞
〠
k0

k=j+2
p k−jð Þl σ−n/q′ð Þpjσl f j

 l
Lq ℚn

pð Þ

( )1/l

, if 0 < l ≤ 1

sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k−2

j=−∞
p k−jð Þ σ−n/q′ð Þpjσl f j

 l
Lq ℚn

pð Þ

 !(
× 〠

k−2

j=−∞
p k−jð Þ σ−n/q′½ �

 !l−1
9=
;

1/l

, if 1 < l <∞

sup
k0∈ℤ

p−k0λ sup
k≤k0

sup
j≤k−2

pjσ f j
 

Lq ℚn
pð Þ 〠

k−2

j=−∞
p k−jð Þ σ−n/q′ð Þ

 !( )1/l

, if l =∞

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

≤

sup
k0∈ℤ

p−k0λ 〠
k0−2

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ 〠

∞

k=j+2
p k−jð Þl σ−n/q′ð Þ

 !( )1/l

, if 0 < l ≤ 1

sup
k0∈ℤ

p−k0λ 〠
k0−2

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ 〠

∞

k=j+2
p k−jð Þ σ−n/q′ð Þ

 !( )1/l

, if 1 < l <∞

sup
k0∈ℤ

p−k0λ sup
k≤k0

sup
j≤k−2

pjσ f j
 

Lq ℚn
pð Þ 〠

∞

k=j+2
p k−jð Þ σ−n/q′ð Þ

 !( )1/l

, if l =∞

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

≤ fk kM _K
σ,λ
l,q ℚn

pð Þ:

ð41Þ

Now, let us turn to the estimates of N 3. Note that
jx − yjp =max fjxjp, jyjpg =max fpk, pjg = pj, where x ∈ Sk
and y ∈ Sj with j ≥ k + 2. Therefore, for x ∈ Sk, we have

Tz fχj

� �
xð Þ

��� ��� ≤ Cp−jn
ð
Sj

f yð Þj jdy ≤ Cp−jn/q f j
 

Lq ℚn
pð Þ:

ð42Þ

Thus,

N 3 ≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

∞

j=k+2
p k−jð Þn/q f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k0

j=k+2
p k−jð Þ n/q+σð Þpjσ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
∞

j=k0+1
p k−jð Þ n/q+σð Þpjσ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≡ J 1 + J 2:

ð43Þ

5Journal of Function Spaces



For J 1, using similar methods to the estimation of N 1,
by the fact σ > λ − n/q ≥ −n/q, Jensen’s inequality and
Hölder’s inequality, we obtain

J 1 ≤

sup
k0∈ℤ

p−k0λ 〠
k0

j=−∞
〠
j−2

k=−∞
p k−jð Þl n/q+σð Þpjσl f j

 l
Lq ℚn

pð Þ

( )1/l

, if 0 < l ≤ 1

sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k0

j=k+2
p k− jð Þ n/q+σð Þpjσl f j

 l
Lq ℚn

pð Þ

 !(
× 〠

k0

k= j+2
p k−jð Þ n/q+σð Þ

 !l−19=
;

1/l

, if 1 < l <∞

sup
k0∈ℤ

p−k0λ sup
k≤k0

sup
j≤k0

pjσ f j
 

Lq ℚn
pð Þ 〠

k0

j=k+2
p k− jð Þ n/q+σð Þ

 !( )1/l

, if l =∞

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

≤

sup
k0∈ℤ

p−k0λ 〠
k0

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ 〠

j−2

k=−∞
p k−jð Þl n/q+σð Þ

 !( )1/l

, if 0 < l ≤ 1

sup
k0∈ℤ

p−k0λ 〠
k0

j=−∞
pjσl f j
 l

Lq ℚn
pð Þ 〠

j−2

k=−∞
p k−jð Þ n/q+σð Þ

 !( )1/l

, if 1 < l <∞

sup
k0∈ℤ

p−k0λ sup
k≤k0

sup
j≤k0

pjσ f j
 

Lq ℚn
pð Þ 〠

j−2

k=−∞
p k− jð Þ n/q+σð Þ

 !( )1/l

, if l =∞

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

≤ fk kM _K
σ,λ
l,q ℚn

pð Þ:

ð44Þ

For J 2, one can see from the definition of Morrey-Herz
spaces that

pjσ f j
 

Lq
≤ C 〠

j

ℓ=−∞
pℓσl f ℓk klLq ℚn

pð Þ
 !1/l

≤ Cpjλ fk kM _K
σ,λ
l,q ℚn

pð Þ for q ≥ 1:

ð45Þ

Here, by the estimates (45) and the fact σ > λ − n/q ≥
−n/q, we obtain

J 2 ≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
〠
∞

j=k0+1
p k−jð Þ n/q+σð Þpjλ

 !l
8<
:

9=
;

1/l

≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
〠
∞

j=k0+1
p k−jð Þ n/q+σð Þpjλ

 !l
8<
:

9=
;

1/l

≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ supk0∈ℤ
〠
k0

k=−∞
p k0−kð Þ −n/q−σð Þl 〠

∞

j=k0+1
p j−k0ð Þ λ−n/q−σð Þ

 !l
8<
:

9=
;

1/l

≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ:

ð46Þ

Therefore, we obtain

N 3 ≤ J 1 + J 2 ≤ C fk kM _K
σ,λ
l,q ℚn

pð Þ: ð47Þ

At last, by the combination of the estimates of N 1, N 2,
and N 3, we can conclude that kTzð f ÞkM _K

σ,λ
l,q ðℚn

pÞ
≤ C

k f k
M _K

σ,λ
l,q ðℚn

pÞ
.

(ii) For the case of q = 1, we will consider the weak type
boundedness of Tzð f Þ. For any μ > 0, the decompo-
sition of f shows that

μ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl x ∈ Sk : Tz fð Þ xð Þj j > 2μf gj jl

( )1/l

= μ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl x ∈ Sk : 〠

k+1

j=−∞
Tz f j
� �

xð Þ
�����

����� > μ

( )�����
�����
l

8<
:

9=
;

1/l

+ μ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl x ∈ Sk : 〠

∞

j=k+2
Tz f j
� �

xð Þ
�����

����� > μ

( )�����
�����
l

8<
:

9=
;

1/l

≡ C M1 +M2ð Þ:
ð48Þ

For M1, applying the weak type property ð1, 1Þ of Tzð f Þ
and the estimates (45), we can conclude that

M1 ≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

k+1

j=−∞
f j
 l

L1 ℚn
pð Þ

( )1/l

≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k+1

j=−∞
p k−jð Þσlpjσl f j

 l
L1 ℚn

pð Þ

( )1/l

≤ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k+1

j=−∞
p k−jð Þσlpjλl fk kl

M _K
σ,λ
l,1 ℚn

pð Þ

( )1/l

≤ fk kM _K
σ,λ
l,1 ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλl 〠

k+1

j=−∞
p k−jð Þ σ−λð Þl

( )1/l

≤ fk kM _K
σ,λ
l,1 ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλl

( )1/l

≤ fk kM _K
σ,λ
l,1 ℚn

pð Þ,

ð49Þ

where the facts λ − n < σ < 0 and λ ≥ 0 are used.
For M2, by the Chebyshev inequality, the estimates (42)

and (45) and the fact λ − n < σ < 0, we have

M2 = μ sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl x ∈ Sk : 〠

∞

j=k+2
Tz f j
� �

xð Þ
�����

����� > μ

( )�����
�����
l

8<
:

9=
;

1/l

= sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

∞

j=k+2

ð
Sk

Tz f j
� �

xð Þ
��� ���dx

 !l
8<
:

9=
;

1/l

= sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσl 〠

∞

j=k+2
p k−jð Þn f j

 
L1 ℚn

pð Þ

 !l
8<
:

9=
;

1/l

= sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
∞

j=k+2
p k−jð Þ n+σð Þpjσ f j

 
L1 ℚn

pð Þ

 !l
8<
:

9=
;

1/l

= sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
∞

j=k+2
p k−jð Þ n+σð Þpjλ fk kM _K

σ,λ
l,1 ℚn

pð Þ

 !l
8<
:

9=
;

1/l

= fk kM _K
σ,λ
l,1 ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλ 〠

∞

j=k+2
p k−jð Þ n+σ−λð Þ

 !l
8<
:

9=
;

1/l

≤ fk kM _K
σ,λ
l,1 ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλl

( )1/l

≤ fk kM _K
σ,λ
l,1 ℚn

pð Þ:

ð50Þ
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Hence, by the combination of the estimates of M1 and
M2, we can get the desired inequality kTzkWM _K

σ,λ
l,1 ðℚn

pÞ
≤ C

k f k
M _K

σ,λ
l,1 ðℚn

pÞ
.

Therefore, we complete the proof of Theorem 18.

Proof of Theorem 19. For any x ∈ℚn
p , since Ω ∈ L∞ðℚn

pÞ and
bi ∈Λδi

ðℚn
pÞ for i = 1, 2,⋯,m, it is not difficult to see that

Tb
z fð Þ xð Þ

��� ��� ≤ ð
x−yj jp>pz

Ym
i=1

bi xð Þ − bi yð Þj j f yð Þj j Ω x − yð Þj j
x − yj jnp

dy

≤ C
Ym
i=1

bik kΛδi

ð
ℚn

p

f yð Þj j
x − yj jn−δp

dy ≤ C
Ym
i=1

bik kΛδi
I δ

α fj jð Þ xð Þ:

ð51Þ

By Lemma 9, it is obvious that the commutator Tb
z ð f Þ is

bounded from M _K
σ1,λ
l,q ðℚn

pÞ to M _K
σ2,λ
l,r ðℚn

pÞ for all z ∈ℤ.

Proof of Theorem 20. Similar to the proof of Theorem 18, let

f ∈M _K
σ1,λ
l,q ðℚn

pÞ and decompose f into

f xð Þ = 〠
∞

j=−∞
f xð Þχj xð Þ ≡ 〠

∞

j=−∞
f j xð Þ, j ∈ℤ: ð52Þ

(i) When m = 1, denote Tb
z ð f Þ by Tb1

z ð f Þ, we consider

Tb1
α fð Þ

 
M _K

σ2,λ
l,r ℚn

pð Þ ≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2 l Tb1

z fð Þχk

 l
Lr ℚn

pð Þ

 !1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2 l 〠

k−2

j=−∞
Tb1
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2l 〠

k+1

j=k−1
Tb1
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2l 〠

∞

j=k+2
Tb1
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≡ C E1 +E2 +E3ð Þ:
ð53Þ

Let us first estimate E2, note that

Tb1
z f j
� �

χk = b1 − b1Bk

� �
Tz f j
� �

χk − Tz b1 − b1Bk

� �
f j

� �
χk:

ð54Þ

It is easy to see 1/r = 1/q + 1/q1 with q, q1 > 1 implies
r > 1. Applying the fact σ2 = σ1 − nð1/q1 + ν1Þ, Hölder’s
inequality, Minkowski’s inequality, the Lq-boundedness of

Tz , and the Lr-boundedness of Tz , we have

Tb1
z f j
� �

χk

 
Lr ℚn

pð Þ ≤ b1 − b1Bk

� �
Tz f j
� �

χk

 
Lr ℚn

pð Þ
+ Tz b1 − b1Bk

� �
f j

� �
χk

 
Lr ℚn

pð Þ

≤
ð
Bk

b1 xð Þ − b1Bk

��� ���r Tz f j
� �

xð Þ
��� ���rdx

 !1/r

+
ð
Bk

Tz b1 − b1Bk

� �
f j

� �
xð Þ

��� ���rdx
 !1/r

≤ C
ð
Bk

b1 xð Þ − b1Bk

��� ���q1dx
 !1/q1 ð

Bk

Tz f j
� �

xð Þ
��� ���qdx

 !1/q

+ C
ð
Bk

b1 xð Þ − b1Bk

� �
f j xð Þ

��� ���rdx
 !1/r

≤ C Bkj j1/q1+ν1 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

+ C
ð
Bk

b1 xð Þ − b1Bk

��� ���q1dx
 !1/q1 ð

Bk

f j xð Þ
��� ���qdx

 !1/q

≤ C Bkj j1/q1+ν1 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

≤ Cpkn 1/q1+ν1ð Þ b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

≤ Cpk σ1−σ2ð Þ b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ:

ð55Þ

Therefore, we get

E2 ≤ C b1k kCBMOq1,ν1
sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2l 〠

k+1

j=k−1
pk σ1−σ2ð Þ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1,ν1
sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k+1

j=k−1
pkσ1 l f j

 l
Lq ℚn

pð Þ

( )1/l

≤ C b1k kCBMOq1,ν1
sup
k0∈ℤ

p−k0λ 〠
k0+1

j=−∞
pjσ1l f j

 l
Lq ℚn

pð Þ 〠
j+1

k=j−1
p k−jð Þσ1l

 !( )1/l

≤ C b1k kCBMOq1,ν1
sup
k0∈ℤ

p−k0λ 〠
k0+1

j=−∞
pjσ1l f j

 l
Lq ℚn

pð Þ

( )1/l

≤ C b1k kCBMOq1,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ:

ð56Þ

Now, let us turn to the estimation of E1 and E3. If
x ∈ Sk, we can easily deduce that

Tb1
z fχj

� �
xð Þ

��� ��� ≤ C
ð

yj jp>pz

b1 xð Þ − b1 yð Þð ÞΩ x − yð Þf j yð Þ
x − yj jnp

dy

�����
�����

≤ C
ð
Sj

b1 xð Þ − b1 yð Þð ÞΩ x − yð Þf yð Þ
x − yj jnp

dy

�����
�����

≤ Cp−max k, jf gn
ð
Sj

b1 xð Þ − b1Bj

��� ��� f yð Þj jdy +
ð
Sj

b1 yð Þ − b1Bj

��� ��� f yð Þj jdy
#
:

"

ð57Þ

Then, using the facts 1/r = 1/q1 + 1/q, σ2 = σ1 − nð1/q1
+ ν1Þ, and jj − kj ≥ 2, Lemma 7 and Hölder’s inequality,
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we can get

Tb1
z f j
� �

χk

 
Lr ℚn

pð Þ ≤ Cp−max k,jf gn
ð
Sk

ð
Sj

b1 xð Þ − b1 yð Þj j f yð Þj jdy
 !r

dx

( )1/r

≤ Cp−max k,jf gn
ð
Sk

b1 xð Þ − b1Bj

��� ���r ð
Sj

f yð Þj jdy
 !r

dx

( )1/r

+ Cp−max k,jf gn
ð
Sk

ð
Sj

b1 yð Þ − b1Bj

��� ��� f yð Þj jdy
 !r

dx

( )1/r

≤ Cp−max k,jf gn f j
 

L1 ℚn
pð Þ
ð
Sk

b1 xð Þ − b1Bj

��� ���rdx
 !1/r

+ Cp−max k,jf gn Skj j1/r
ð
Sj

b1 yð Þ − b1Bj

��� ��� f yð Þj jdy

≤ Cp−max k,jf gn Sj
�� ��1−1/q f j

 
Lq ℚn

pð Þ Skj j1/r−1/q1
ð
Sk

b1 xð Þ − b1Bj

��� ���q1dx
 !1/q1

+ Cp−max k,jf gn Skj j1/r Sj
�� ��1−1/q−1/q1 f j

 
Lq ℚn

pð Þ
ð
Sj

b1 yð Þ − b1Bj

��� ���q1dy
 !1/q1

≤ Cp−max k,jf gn Sj
�� ��1−1/q f j

 
Lq ℚn

pð Þ Skj j1/r−1/q1

×
ð
Sk

b1 xð Þ − b1Bk

��� ���q1dx
 !1/q1

+ Bkj j1/q1 b1Bk
− b1Bj

��� ���
" #

+ Cp−max k,jf gn Skj j1/r Sj
�� ��1−1/q−1/q1 Bj

�� ��1/q1+ν1 f j
 

Lq ℚn
pð Þ b1k kCBMOq1,ν1

≤ Cp−max k,jf gn Sj
�� ��1−1/q Skj j1/r−1/q1 f j

 
Lq ℚn

pð Þ b1k kCBMOq1,ν1

× Bkj j1/q1+ν1 + Bkj j1/q1pn j − kj j max Bkj jv1 , Bj

�� ��v1È ÉÂ Ã
+ Cp−max k,jf gn Skj j1/r Sj

�� ��1−1/q−1/q1 Bj

�� ��1/q1+ν1 f j
 

Lq ℚn
pð Þ b1k kCBMOq1,ν1

≤ Cp−max k,jf gnpjn 1−1/qð Þpkn 1/r−1/q1ð Þ b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

× pkn 1/q1+ν1ð Þ + pkn/q1pn j − kj jpmax k,jf gnv1
h i

+ Cp−max k,jf gnpjn 1−1/qð Þpkn/rpjnν1 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

≤ Cp−max k,jf gnpjn 1−1/qð Þpkn/r b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

× pknν1 + pn j − kj jpmax k,jf gnv1
h i

+ Cp−max k,jf gnpjn 1−1/qð Þpkn/rpjnν1 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

≤ Cp−max k,jf gnpjn 1−1/qð Þpkn/rpmax k,jf gnv1 j − kj j b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ

≤

C k − jð Þpkn v1−1+1/rð Þpjn 1−1/qð Þ b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ, if j ≤ k − 2

C j − kð Þpjn v1−1ð pjn 1−1/qð Þpkn/r b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ, if j ≥ k + 2

8>>><
>>>:

≤

C k − jð Þpkn v1−1+1/q1+1/qð Þpjn 1−1/qð Þ b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ, if j ≤ k − 2

C j − kð Þpjn v1+1/q1−1/rð Þpkn/r b1k kCBMOq1 ,ν1
f j
 

Lq ℚn
pð Þ, if j ≥ k + 2

8>>><
>>>:

≤

C k − jð Þp k− jð Þ σ1−n 1−1/qð Þ½ �pjσ1p−kσ2 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ, if j ≤ k − 2

C j − kð Þp k− jð Þ σ1+n/q−nν1ð Þpjσ1p−kσ2 b1k kCBMOq1,ν1
f j
 

Lq ℚn
pð Þ, if j ≥ k + 2:

8>>><
>>>:

ð58Þ

Thus, the fact nν1 + λ − n/q < σ1 < nð1 − 1/qÞ + λ and
(45) imply

E1 ≤ C b1k kCBMOq1,ν1

× sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2 l 〠

k−2

j=−∞
k − jð Þp k−jð Þ σ1−n 1−1

qð Þ½ �pjσ1p−kσ2 f j
 

Lq ℚn
pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1,ν1
× sup

k0∈ℤ
p−k0λ 〠

k0

k=−∞
〠
k−2

j=−∞
k − jð Þp k−jð Þ σ1−n 1−1

qð Þ½ �pjσ1 f j
 

Lq ℚn
pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1,ν1
× sup

k0∈ℤ
p−k0λ 〠

k0

k=−∞
〠
k−2

j=−∞
k − jð Þp k−jð Þ σ1−n 1−1

qð Þ½ �pjλ fk kM _K
σ1 ,λ
l,q ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ × sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkλl 〠

k−2

j=−∞
k − jð Þp k−jð Þ σ1−n 1−1

qð Þ−λ½ �
 !l

8<
:

9=
;

1/l

≤ C b1k kCBMOq1,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλl

( )1/l

≤ C b1k kCBMOq1,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ,

ð59Þ

E3 ≤ C b1k kCBMOq1 ,ν1

× sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
∞

j=k+2
j − kð Þp k−jð Þk σ1+n/q−nν1ð Þpjσ1 f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1 ,ν1
× sup

k0∈ℤ
p−k0λ 〠

k0

k=−∞
〠
∞

j=k+2
j − kð Þp k− jð Þk σ1+n/q−nν1ð Þpjλ fk kM _K

σ1,λ
l,q ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1 ,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ × sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkλl 〠

∞

j=k+2
j − kð Þp k−jð Þk σ1+n/q−nν1−λð Þ

 !l
8<
:

9=
;

1/l

≤ C b1k kCBMOq1 ,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ supk0∈ℤ
p−k0λ 〠

k0

k=−∞
pkλl

( )1/l

≤ C b1k kCBMOq1 ,ν1
fk kM _K

σ1 ,λ
l,q ℚn

pð Þ:

ð60Þ

Combining the estimates of E1, E2, and E3, we com-
plete the proof for Theorem 12 in the case of m = 1.

(ii) Now, we consider the case of m ≥ 2. In order to sim-
plify the proving process, for positive integer m and
1 ≤ i ≤m, we denote by Cm

i the family of all finite
subsets θ = fθ1, θ2,⋯,θmg of f1, 2,⋯,mg of i differ-
ent elements, let θc = f1, 2,⋯,mg \ θ for any θ ∈ Cm

i .
For b = ðb1, b2,⋯,bmÞ, let bθ = ðbθ1 , bθ2 ,⋯,bθiÞ, bθ =
bθ1bθ2 ⋯ bθi , and biBk

denote the integral average of
the function bi over the set Bk, then

b xð Þ − bBk

À Á
θ
= bθ1 xð Þ − bθ1Bk

� �
⋯ bθi xð Þ − bθi Bk

� �
,

bBj
− bBk

� �
θ
= bθ1Bj

− bθ1Bk

� �
⋯ bθi Bj

− bθi Bk

� �
,

bθk kCBMO�q,�ν
= bθ1
 

CBMO�q1,�ν1
⋯ bθi
 

CBMO�qm ,�νm
,

ð61Þ

where 1/�q = 1/�q1 +⋯+1/�qm and �ν = �ν1 +⋯+�νm.
We write

Tb
z fð Þ

 
M _K

σ2,λ
l,r ℚn

pð Þ ≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2l Tb

z fð Þχk

 l
Lr ℚn

pð Þ

 !1/l

≤ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2l 〠

k−2

j=−∞
Tb
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2 l 〠

k+1

j=k−1
Tb
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

+ C sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
pkσ2 l 〠

∞

j=k+2
Tb
z f j
� �

χk

 
Lr ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≡ C G1 +G2 +G3ð Þ:
ð62Þ

Let us first estimate G2, and notice that

Tb
z f j
� �

xð Þ =
ð

yj jp>pz

Ω x − yð Þf j yð Þ
x − yj jnp

Á
Ym
i=1

bi xð Þ − biBk

� �
+ bi yð Þ − biBk

� �h i
dy

8 Journal of Function Spaces



=
Ym
i=1

bi xð Þ − biBk

� �
Tz f j
� �

xð Þ + −1ð ÞmTz

Á
Ym
i=1

bi − biBk

� �
f j

 !
xð Þ + 〠

m−1

i=1
〠
θ∈Cm

i

−1ð Þm−i b xð Þð

− bBk

Á
θ

ð
yj jp>pz

Ω x − yð Þf j yð Þ
x − yj jn−αp

Ym
i=1

b yð Þ − bBk
À Á

θc
dy

=
Ym
i=1

bi xð Þ − biBk

� �
Tz f j
� �

xð Þ + −1ð ÞmTz

Á
Ym
i=1

bi − biBk

� �
f j

 !
xð Þ

+ 〠
m−1

i=1
〠
θ∈Cm

i

−1ð Þm−i b xð Þ − bBk

À Á
θ
Tz b − bBk

À Á
θc
f j

� �
xð Þ

≡H 1 +H 2 +H 3:

ð63Þ

For H 1, applying Hölder’s inequality, the boundedness
of Tz on Lqðℚn

pÞ, 1/r = 1/q1 + 1/q2 +⋯+1/qm + 1/q, and
σ2 = σ1 − nð1/q1+⋯+1/qm + ν1+⋯+νmÞ, we obtain

Ym
i=1

bi − biBk

� �
Tz f j
� �

χk



Lr ℚn

pð Þ

≤ C
ð
Bk

Ym
i=1

bi xð Þ − biBk

� �
Tz f j
� �

xð Þ
�����

�����
r

dx

 !1/r

≤ C
Ym
i=1

ð
Bk

bi xð Þ − biBk

��� ���qidx
 !1/qi ð

Bk

Tz f j
� �

xð Þ
��� ���qdx

 !1/q

≤ C
Ym
i=1

Bkj j1/qi+νi bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ C
Ym
i=1

pkn 1/qi+νið Þ bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ Cpk σ1−σ2ð ÞYm
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ:

ð64Þ

For H 2, by Hölder’s inequality, the boundedness of Tz
on Lrðℚn

pÞ for r > 1 and the fact σ2 = σ1 − nð1/q1+⋯+1/
qm + ν1+⋯+νmÞ, we get

−1ð ÞmTz

Ym
i=1

bi − biBk

� �
f j

 !
χk



Lr ℚn

pð Þ

≤ C
ð
Bk

Ym
i=1

bi xð Þ − biBk

� �
f j xð Þ

�����
�����
r

dx

 !1/r

≤ C
Ym
i=1

ð
Bk

bi xð Þ − biBk

��� ���qidx
 !1/qi ð

Bk

f j xð Þ
��� ���qdx

 !1/q

≤ C
Ym
i=1

Bkj j1/qi+νi bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ C
Ym
i=1

pkn 1/qi+νið Þ bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ Cpk σ1−σ2ð ÞYm
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ:

ð65Þ

For H 3, let

1/h = 〠
θi∈θ

1/qi, 1/z = 〠
θi∈θ

c

1/qi,

1/ν′ = 〠
θi∈θ

1/νi, 1/ν′′ = 〠
θi∈θ

1/νi, 1/ω = 1/z + 1/q,
ð66Þ

then 1/r = 1/h + 1/ω. Using Hölder’s inequality and the
Lω-boundedness of Tz , we have

〠
m−1

i=1
〠
θ∈Cm

i

−1ð Þm−i b − bBk

À Á
θ
Tz b − bBk

À Á
θc
f j

� �
χk



Lr ℚn

pð Þ

≤ C 〠
m−1

i=1
〠
θ∈Cm

i

ð
Bk

b xð Þ − bBk

À Á
θ

��� ���hdx
 !1/h

Â
ð
Bk

Tz b − bBk
À Á

θc
f j

� �
xð Þ

��� ���ωdx
 !1/ω

≤ C 〠
m−1

i=1
〠
θ∈Cm

i

ð
Bk

b xð Þ − bBk

À Á
θ

��� ���hdx
 !1/h

Â
ð
Bk

b xð Þ − bBk

À Á
θc

��� ���zdx
 !1/z

×
ð
Bk

f j xð Þ
��� ���qdx

 !1/q

≤ C Bkj j1/h+ν′ bθk kCBMOh,ν′
Bkj j1/z+ν′′ bθck kCBMOz,ν′′

f j
 

Lq ℚn
pð Þ

≤ C
Ym
i=1

Bkj j1/qi+νi bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ C
Ym
i=1

pkn 1/qi+νið Þ bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤ Cpk σ1−σ2ð ÞYm
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ:

ð67Þ

Then, similar to the estimation of E2, it is not
difficult for us to get

G2 ≤ C
Ym
i=1

bik kCBMOqi ,νi
sup
k0∈ℤ

p−k0λ

Á 〠
k0

k=−∞
pkσ2l 〠

k+1

j=k−1
pk σ1−σ2ð Þ f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1,λ
l,q ℚn

pð Þ:

ð68Þ

Next, we will estimate G1 and G3. Let

1/τ = 〠
θi∈θ

1/qi, 1/τ′ = 〠
θi∈θ

c

1/qi, 1/ϑ = 〠
θi∈θ

1/νi, 1/ϑ′ = 〠
θi∈θ

1/νi:

ð69Þ
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Therefore, by Minkowski’s inequality, Hölder’s inequality,
and Lemma 7, it follows that

Tb
z f j
� �

χk

 
Lr ℚn

pð Þ

≤ Cp−max k, jf gn
ð
Sk

ð
Sj

Ym
i=1

bi xð Þ − bi yð Þj j f yð Þj jdy
 !r

dx

( )1/r

≤ Cp−max k, jf gn
ð
Sj

ð
Sk

Ym
i=1

bi xð Þ − bi yð Þj jrdx
 !1/r

f yð Þj jdy

≤ Cp−max k, jf gn 〠
m

i=0
〠
θ∈Cm

i

ð
Sk

b xð Þ − bBk
À Á

θ

��� ���rdx
 !1/r

×
ð
Sj

b yð Þ − bBk

À Á
θc

��� ��� f yð Þj jdy

≤ Cp−max k, jf gn 〠
m

i=0
〠
θ∈Cm

i

ð
Sk

b xð Þ − bBk
À Á

θ

��� ���τdx
 !1/τ

Bkj j1/r−1/τ

×
ð
Sj

b yð Þ − bBk
À Á

θc

��� ���τ′dy
 !1/τ′ ð

Sj

f yð Þj jq
 !1/q

Bj

�� ��1−1/τ′−1/q

≤ Cp−max k, jf gn f j
 

Lq ℚn
pð Þ〠

m

i=0
〠
θ∈Cm

i

ð
Sk

b xð Þ − bBk
À Á

θ

��� ���τdx
 !1/τ

Bkj j1/r−1/τ

×
ð
Sj

b yð Þ − bBj

� �
θc

��� ���τ′dy
 !1/τ′

+ Bj

�� ��1/τ′ bBk
− bBj

� �
θc

��� ���
2
4

3
5 Bj

�� ��1−1/τ′−1/q

≤ Cp−max k, jf gnpkn/rpjn 1−1/qð Þ f j
 

Lq ℚn
pð Þ〠

m

i=0
〠
θ∈Cm

i

pknϑ bθk kCBMOτ,ϑ

× bθck kCBMOτ′,ϑ′
pjnϑ′ + pmn j − kj jmpmax k,jf gnϑ′
h i

≤ Cp−max k, jf gnpkn/rpjn 1−1/qð Þ f j
 

Lq ℚn
pð Þ

× j − kj jmpmax k,jf gnϑ bθk kCBMOτ,ϑ
pmax k, jf gnϑ′ bθck kCBMOτ′,ϑ′

≤ Cp−max k, jf gnpkn/rpjn 1−1/qð Þ f j
 

Lq ℚn
pð Þ j − kj jm

Ym
i=1

pmax k,jf gnνi bik kCBMOqi ,νi

≤ Cpmax k,jf gn ν−1ð Þpkn/rpjn 1−1/qð Þ j − kj jm
Ym
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ

≤

C k − jð Þmp k−jð Þ σ1−n 1−1/qð Þ½ �pjσ1p−kσ2
Ym
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ, if j ≤ k − 2 ;

C j − kð Þmp k−jð Þ σ1+n/q−nνð Þpjσ1p−kσ2
Ym
i=1

bik kCBMOqi ,νi
f j
 

Lq ℚn
pð Þ, if j ≥ k + 2:

8>>>>><
>>>>>:

ð70Þ

Thus, similar to the estimation of E1 and E3, we get

G1 ≤ C
Ym
i=1

bik kCBMOqi ,νi

× sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
k−2

j=−∞
k − jð Þmp k−jð Þ σ1−n 1−1/qð Þ½ �pjσ1 f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1,λ
l,q ℚn

pð Þ × sup
k0∈ℤ

p−k0λ

Á 〠
k0

k=−∞
pkλl 〠

k−2

j=−∞
k − jð Þmp k−jð Þ σ1−n 1−1/qð Þ−λ½ �

 !l
8<
:

9=
;

1/l

≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1,λ
l,q ℚn

pð Þ:

G3 ≤ C
Ym
i=1

bik kCBMOqi ,νi

× sup
k0∈ℤ

p−k0λ 〠
k0

k=−∞
〠
∞

j=k+2
j − kð Þmp k−jð Þ σ1+n/q−nνð Þpjσ1 f j

 
Lq ℚn

pð Þ

 !l
8<
:

9=
;

1/l

≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1,λ
l,q ℚn

pð Þ × sup
k0∈ℤ

p−k0λ

Â 〠
k0

k=−∞
pkλl 〠

∞

j=k+2
j − kð Þmp k−jð Þ σ1+n/q−nν−λð Þ

 !l
8<
:

9=
;

1/l

≤ C
Ym
i=1

bik kCBMOqi ,νi
fk kM _K

σ1,λ
l,q ℚn

pð Þ:

ð71Þ

Hence, by the combination of the estimates of G1, G2, and
G3, we have finished the proof for Theorem 14 in the case of
m ≥ 2. This completes the proof of Theorem 14.

5. Conclusion

We mainly focused on the boundedness of classical p-adic
singular integrals on Morrey-Herz spaces. Besides, we also
obtained the boundedness of the multilinear commutator
generated by p-adic singular integral operators and Lipschitz
functions or by p-adic singular integral operators and λ
-central BMO functions.
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