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This paper concerns the universality of the two-layer neural network with the k-rectified linear unit activation function with

k=1,2,...

with a suitable norm without any restriction on the shape of the domain in the real line. This type of result is

called global universality, which extends the previous result for k=1 by the present authors. This paper covers k-sigmoidal
functions as an application of the fundamental result on k-rectified linear unit functions.

1. Introduction

The goal of this note is to specify the closure of linear sub-
spaces generated by the k-rectified linear unit functions
under various norms. As in [1], for k € IN, we set

0, x<0,

ReLU(x) = {

x, x>0, (1)
ReLU¥(x) = ReLU(x)*.

The function ReLUF¥ is called the k-rectified linear unit (k
-ReLU for short), which is introduced to compensate for the
properties that ReLU does not have. Our approach will be a
completely mathematical one. Recently, increasing attention
has been paid to the k-ReLU function as well as the original
ReLU function. For example, if k > 2, the function k-ReLU is
in the class C*1, so that it is smoother than the ReLU func-
tion. When we study neural networks, the function k-ReLU
is called an activation function. As in [2], k-ReLU functions
are used to reduce the amount of computation. Using this
smoothness property, Siegel and Xu investigated the error

estimates of the approximation [1]. Mhaskar and Micchelli
worked in compact sets in R”, while in the present work,
we consider the approximation on the whole real line.

A problem arises when we deal with k-ReLU as a func-
tion over the whole line. The function k-ReLU is not
bounded on R. Our goal in this paper is to propose a Banach
space that allows us to handle such unbounded functions.
Actually, for k=1,2, ..., we let

00 | 4 ||

Y, (R) = { FeC®): tim S . exists}, 2)

equipped with the norm

() .

= Su s
”fH% xe]g 1+ |x|k

and define

Hp e (R) = Span({ReLUk (a-+b):a#0,be lR}) @)
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Note that any element in %, (RR), divided by 1 + 1, is a
continuous function over R:= RU {+00}. Our main result
in this paper is as follows:

Theorem 1. The linear subspace Hp, x(R) is dense in

Y (R).

Understanding the structure of Hy,; i+ (R") is important
in the field machine learning in the last decade. We refer to
[4, 5] for example. Furthermore, dealing with unbounded
activation functions is important from the viewpoint of
application (see [6]). Remark that the approximation over
bounded domains has a long history (see [7]).

As is seen from the definition of the norm ||-[|4, , when

we have a function f € %, (R), with ease, we can find a func-
tion g € Hyy+(R) such that lim (1f (x) = g(x) |71+ |x[%)

=0. However, after choosing such a function g, we have to
look for a way to control f — g inside any compact interval
by a function h € %, (R) N C.(R). Although % (R) consists
of unbounded functions, we can manage to do so by induc-
tion on k. Actually, we will find h € %, (R) n C.(R) such
that f — g — h is sufficiently small once we are given a com-
pact interval.

Theorem 1 says that the space % (RR) is mathematically
suitable when we consider the activation function k-ReLU.
We compare Theorem 1 with the following fundamental
result by Cybenko. For a function space X(R) over the real
line R and an open set O, X(Q) stands for the restriction
of each element f to (O, that is,

X(@Q)={fl2: feX(R)}, (5)
and the norm is given by
Ifllx) = inf {llgllx : g€ X(R).f=glQ}.  (6)

Theorem 2 (see Cybenko [8]). Let K C Q be a compact set
and o : R — R be a continuous sigmoidal function. Then,
for all f € C(K) and € > 0, there exists g € H,(Q) such that

sup|g(x) = f(x)| <e. (7)

xeK

We remark that Theorem 1 is not a direct consequence of
Theorem 2. Theorem 2 concerns the uniform approximation
over compact intervals, while Theorem 2 deals with the uni-
form approximation over the whole real line. We will prove
Theorem 1 without using Theorem 2.

Let k=0, 1, .... Our results readily can be carried over to
the case of k-sigmoidal functions. As in Definition 4.1 in [7], a
continuous function 0 : R — R is k-sigmoidal if

. o(x
lim —k) =0,
X—-00 X

o(x)

lim — =1
x—00 X
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Needless to say, ReLU* is k-sigmoidal. If k=0, then we
say that o is a continuous sigmoidal. As a corollary of Theo-
rem 1, we extend this theorem to the case of k-sigmoidal.

Theorem 3. If o is k -sigmoidal, then the linear subspace
H_(R) is dense in % (R).

We can transplant Theorem 3 to various Banach lattices
over any open set Q on the real line R. Here and below, L°
(Q) denotes the set of all Lebesgue measurable functions
from Q to C. Let X(Q) be a Banach space contained in
L°(Q) endowed with the norm ||-|| x(0)- We say that X(Q)
is a Banach lattice if for any f € L°(Q) and g € X(Q) satisfy-
ing the estimate |f(x)| < |g(x)|, i.e, x € Q, f € X(Q), and the
estimate || f||x(q) < [|gl[x(q) holds. We refer to [3] for the case
where X is the variable exponent Lebesgue spaces. See [9] for
the function spaces to which Theorem 1 is applicable.

We write

ReLU* (x) = ReLU¥(x) = max 0, x k,
}(x) = ReLU(x) = max (0,:) o)

ReLU (x) = ReLU* (~x).

Theorem 4 (Universality on Banach lattices). Let k € N, Q
CR be an open set. Assume that ¥, (Q) is continuously
embedded into X(Q). Assume that x, € X(Q). Then,

"
lx(0

(10)

It is noteworthy that we can deal with the case of Q =R.

Heaor (@)1 = C(ReLUE|Q) + C(ReLUF|Q) + C(R")|2

Remark 5.

(1) The condition that y € X() is a natural condition,
since o € X(Q)

(2) If k=0, then we saw in [9] that our result recaptures
the result by Funahashi [10]. So, our result includes a
further extension of his result

Remark 6. Let X(Q) be a Banach lattice, and let o be a 1
-sigmoidal. We put

0y(x) =ReLU(x) —ReLU(x - 1),x € R. (11)
Then, by the result for the case of k=1,
WH'HX(Q) _ m\\'\\x@. (12)

2. Proof of Theorem 1

We need the following lemmas: we embed %, (R) into a
function space over R=R U {+c0}.

Lemma 7. The operator %, (R) — BC(R), f + f/1 + Hk, is
an isomorphism.
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If k=1, then this can be found in Lemma 3 in [9].

Proof. Observe that the inverse is given for F € BC(R) as
follows:

(1+ |x)*F(x)

Since the operator %, (R) — BC(R), f f/1+ |,
preserves the norms, we see that this operator is an

fx) = (xeR). (13)

isomorphism.
We set
Hy o (R) = Span{ReLUk(~—t): te ]R}. (14)
We will use the following algebraic relation for
H;{eLUk(]R) 0

Lemma 8. Let k € N. Then, for all x € R,

kel (k+1
Z( , )( (x=j) =0, Z( ) Jx=j)f=(-D"
AN

(15)
Proof of Lemma 8. By comparing the coefficients, we may

reduce the matter to the proof of the following two equali-
ties:

i(kH) Vit =0, ) (k;1>(—1)jjk(—1)k, (16)
j=0 =0

for each£=0,1...,k—1. We compute

and then,

. &) # k koo k [k . #
(ko) o EB )t

Hence,

k (k+1 .
Z( . )(—Ufje:
i=0
J J (19)
kfk+1
Z( , )(-l)ﬁk:(—l)k
FE AN

foreach £=0,1...,k-1. O

Although ReLU* is unbounded, if we consider suitable
linear combinations, we can approximate any function in

<(R).

Lemma 9. Any function in C.(R) can be approximated uni-
formly over R by the functions in Hy,; ;x(R) N C.(R). More
precisely, if a function f € C.(R) is contained in an interval
[~a',a] and &> 0, then there exists T € Hp,; e (R) such that
supp (7) ¢ [-a’, a] and that ||7 - f]|; < Ce.

For the proof, we will use the following observation: if

N
f= Z a;ReLU*" (-—t)), (20)
j=1

then, by the definition of ReLU%,

t N
J s= ) I] ReLU* (-— (21)
o =

Proof. We induct on k. The base case k=1 was proved
already [9]. Suppose that we have f € C.(R) with supp (f)
c[-a',a] for a,a’ > 0. In fact, we can approximate f with
the functions in Hy, +(R) supported in [~a’, a]. Let >0
be given. By mollification and dilation, we may assume f €
C'(R). By the induction assumption, there exists y €
Hypqu- (R) such that

Hf 1//HL00 (1+¢)"e, supp (y) € [—a',a], (22)
where € =a +a’ = diam(supp (f)). Note that
t
o0=| v (ter) (23)
is a function in Hy,y«(R). Note that

p(t)=0 if tS—a',go(t):LRl//(s)ds:(p(a) if

Integrating estimate (22), we obtain

| 1@-g @l
[ Iro-dem s

!
(a+a )8
<N

1+¢

(1) — (1)

<g,

for t > —a’. In particular,
p(a)=¢(a) - f(a) € (-& ¢). (26)

Thus, [|f —¢||;~ <&. Using Lemma 8, the dilation and
translation, we choose ¢* € Hy,;+(R), which depends on
k, a, and a', such that supp (¢*) c (-a’,c0) and that ¢*




agrees with 1 over (a, 00). If t < —a', then for 7 = ¢ — ¢(a)¢*,
f(6)—2()=f(t) —9(t) € (=&, ). (27)
If —a' <t<a, then

£(6) = () =£(6) - 9(t) + 9(a)g" (1) o
(19" ) (14197 )

Finally, if t > a, then

f(6) =7(t) =f(t) = 9(t) + p(a)g™ (1) = £ (t) = p(t) + ¢(a) = 0.
(29)

Therefore, the function 7 is a function in Hp+(R)
satisfying supp () ¢ [-a’,a] and ||f - 7|/, < Ce, where C
depends on k, a, and a’, that is, k and f. O

We will prove Theorems 1 and 3.

Proof of Theorem 1. We identify %, with BC(R) as in
Lemma 7. We have to show that any finite Borel measure
p in R which annihilates Hp, ;+(R) is zero. Since C.(R) is
contained in the closure of the space Hy ;+(RR) as we have
seen in Lemma 9, y is not supported on R. Therefore, we
have only to show that p({co}) =0 and that y({-co}) =0.
However, since we have shown that y is not supported on
R, this is a direct consequence of the following observations:

[ ReLUX(t) ~
u({oo}) = JRWW@ -0,
ReLU¥(~t) 0
_m = —_ k ei_ = .
utt-eoh) = (O ST (=0
Thus, u=0. O

Proof of Theorem 3. We identify %, with BC(R) as in
Lemma 7 once again. Then to show that

HJ(IR):Span{G(ax_b):a,belR} (31)

1+ |x[f

is dense in BC(R) under this identification, it suffices to
show that any finite measure y over R is zero if it annihilates
H,(R).

Assuming that p annihilates H_(R), we see that

J o(ax—ab) du(x) =0, (32)

R 1+
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for any a# 0 and b € R. Since o is k-sigmoidal,

o(ax — ab)
sup  sup |——-*%| <00, (33)
xeR"aeR\[-1,1] ak(l + |x|k)
for any fixed b € R. Furthermore,
olax—ab) _ (x-b)

lim = 7
a—sco |a\’<(1 + |x|k) L+ [x]

o(ax—ab) (b—x)]i

1m T
Tl (14 ) Ll

Therefore, by the Lebesgue convergence theorem, letting
a — +00 in (32), we have

J (x-b)

R 1+|xf

i) = [ L |ng du(x)=0.  (35)

This means that y annihilates Hpg#(RR). Thus, by
Theorem 1, u=0. O

3. Proof of Theorem 4—Application of
Theorem 1

We show
Hyy ¢ (R) = CReLUX + CReLU* + C(R)”*.  (36)
We have
Hpepue(R) > W%,
by Lemma 9. Hence,
Hy ¢ (R) > CReLUF + CReLU* + C(R)”*.  (38)

Thus, we prove the opposite inclusion.

For any f e Hpu+(R), there exist B, € C such that
9o(x) =f(x) — B,ReLU* (x) — B_ReLU* (x) is a polynomial
of degree (k—1) both on [K,0) and on (-oco, — K] for
K > 1. Fix R>» K for the time being. Then, we have

g(x) = B,ReLU* (x) + B_ReLU* (), (39)

satisfying

sup 1B V=IO _ gy (a0)

xR\-RR 1+ %[ xer\rRR 1+ |x|f
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We define
-go(R)(x—R) +g,(R), R<x<R+1,
X)s x| <R,
F(x) = g(x) ||
9o(-R)(x +R) + go(-R), —-R—-1<x<-R,
0, otherwise.

(41)

By the use of Lemma 9, we choose a compactly supported
function

h € Hyg i (R) N C(R), (42)
supported on [-R — 2, R + 2] so that

sup|F(x) —h(x)|= sup |F(x)—h(x)|<R". (43)

xeR X€[-R-2,R+2]
Then, we have

()= 9() = ()] _ e

xe[-R.R] 1+ |x|k B (44)
sup | f(x) - g(x)—h(x)] < CR*".
X€[~R-2,R+2]

Then, we have

[f (%) ~ g(x) — h(x)]

—hll,, =su
190 ="l e s 1+|x|f
B3 e I
x€[-R.R| 1+ |x| x€R\[-R-2,R+2]
Vgl
1+ |x] x€[~R-2,R+2)\[-R.R]
V=g bl
1+ |x| x€e[-R.R]
Ve-g bl
1+ |x| X€R\[-R-2,R+2]
ORGP
1+ |x| x€[~R-2,R+2)\[-R.R]
Rk71
—— =0O(R™Y.
1+ |x* (&%)

(45)

Since g€ CReLU* + CReLU*, heC.(R), and
-h- = —hl||,, <& aslong as R is large enough,
Illy, = 1190 Y, & 8

f-ge CC(IR)%. Thus, we obtain (36).

5
From (36), we deduce
=7 Yk k k ValG e Y L
Hyoo(2)* € C(ReLU¥|Q) + C(ReLUY|Q) + C(R) ]2
Yk
= C(ReLUﬂQ) + (C(ReLUk|Q) +C.(R)|Q
(46)

Thus, the proof is complete if X =%,. For general
Banach lattices X, we use a routine approximation proce-
dure. We prove

Hyr (Q) e = C(ReLU’; \.Q) +C (ReLUk\Q) +C,(R)|Q
(47)

Let f e Hput (Q)H'HX(“) and €>0. Then since f€
Hpo ot (Q)H'”X(m, there exists f, € Hp ¢ such that

If = Fol@llxey <= (48)
Since we know that

f, € Hyy e € CReLU* + CReLU* + .74, (49)

there exist constants f, and heC.(R) such that
IIf, - B,ReLU¥ — B ReLU* — h||% <e. Hence for such S,
and h € C.(R), we have | f,|Q - B,ReLU*|Q - B_ReLU*|Q
= h|Qll4, o) <. Since we assume that %, (02) is continuously

embedded into X (), we have ||f — 8, ReLU¥ |Q — B_ReLU*
|2 = h|Q||x(q) < Ce. Therefore, we have

m\\'\lxw C (C(ReLUHQD + C(ReLU"|QD N CC(IR)|Q”'”X(“)_

(50)

4. Conclusion

We specified the closure of Hy,;;x(R) under the norm |||y, .

This is useful when we consider the approximation by func-
tions in the function space Hy +(R). We illustrated this sit-
uation using Banach lattices. Our result contains the existing
result on the approximation by means of a variable exponent
Lebesgue space. It is also remarkable that our attempt can be
located as an attempt of understanding the neural network.
For example, Carroll and Dikinson used the Radon transform
[11], and other research employed some other topologies (see
[12, 13])).

Remark that this note is submitted as a preprint coded:
https://arxiv.org/abs/2212.13713.

5. Discussion

So far, we can manage to handle the case where k is a non-
negative integer. Our discussion heavily depended on the
algebraic relation such as Lemma 8. So, we do not know


https://arxiv.org/abs/2212.13713

how to handle the case where k is not an integer. Even for
the case where k = 1/2, the problem is difficult.
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