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In this paper, we consider the initial boundary value problem for a class of singular parabolic equations with viscoelastic term and
logarithmic term. By using the technique of cut-off and the method of Faedo-Galerkin approximation, the local existence of the
weak solution is established. Based on the potential well method, the global existence of the weak solution is derived. Furthermore,

we prove that the weak solution blows up in finite time by taking the concavity analysis method.

1. Introduction

In this paper, we consider the initial boundary value prob-
lem for a class of singular and viscoelastic nonlinear para-
bolic equations with logarithmic source.

t
|x|~u, - Au +J g(t—s)Au(s)ds=|u|Tuln ju|, xeQ,t>0,
0

x €00, t>0,
x €0,

(1)

where Q is a bounded domain in RN (N > 2) with a smooth
boundary 90, u,(x) € X = Hy(Q2) \ {0}, 2<g<2(1+2/N),
and 0<s<2 is a constant. It is well known that many
physical phenomena, such as viscoelasticity and quantum
mechanics, can be described by differential equations. For
the structure of the solution space of second-order half-
linear differential equations, the author discussed various
classifications regarding the asymptotics of solutions in
[1]. In recent years, the problems related to partial differ-
ential equations with logarithmic source and viscoelastic
term have been widely concerned by numerous scholars,
see [2-6] and references therein. Chen and Tian in [7]
considered the following initial boundary value problem

for a class of semilinear pseudo-parabolic equations with
logarithmic nonlinearity:

u,—Au—Au,=uln |u, x€Q,t>0,
u(x, t) =0, x€00,t>0, (2)
u(x, 0) = uy(x), x €,

where uy(x) € Hy(Q), T € (0,400, and Q c RVN(N > 1) is
a bounded domain with a smooth boundary 0Q. By using
the logarithmic Sobolev inequality (see [8, 9]) and a family
of potential wells, they obtained the existence of global solu-
tion and blow-up at +0o. Besides, they also discussed the
asymptotic behavior of solutions. Their result showed that
polynomial nonlinearity is important for the solutions to blow
up in finite time. Peng and Zhou in [10] investigated the
following initial boundary value problem for a semilinear heat
equation with logarithmic nonlinearity:

u,— Au=[ufPuln |u, xeQ,t>0,

u(x, t) =0, X €00, t>0, (3)

u(x,0) = uy(x), xe€,

where uy(x) € H)(Q) and QCcRVN(N>1) is a bounded
domain with smooth boundary 00, 2 < p < 2*. By using the
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potential well method first proposed by Payne and Sattinger
et al. [11, 12], the existence of global solutions and finite time
blow-up solutions was proved. Moreover, they obtained the
upper bound of blow-up time under suitable assumptions. In
their work [13], Deng and Zhou studied the following semi-
linear heat equation with singular potential and logarithmic
nonlinearity:

|x|u, —Au=uln|u|, xeQ,t>0,
u(x,t) =0, x€00,t>0, (4)
u(x,0) = uy(x), x€Q,

where Q¢ B,(0) cR¥(N>2) is a bounded domain with
smooth boundary 00, 0<s<2. Under some appropriate
initial-boundary value conditions, they made use of the loga-
rithmic Sobolev inequality to treat the difficulties caused by
the nonlinear logarithmic term. By virtue of a family of poten-
tial wells, the global existence and infinite time blow-up of the
solutions were obtained. Besides, for the study of parabolic
equations with singular terms, we also refer the reader to
[14, 15] and references therein.

Regarding the initial boundary value problem for a class
of viscoelastic parabolic equations with logarithmic terms,

t
- Au-Au, + J g(t-1)Au(r)dr=[ufuln|u, xe€Q,t>0,
0

x €00, t>0,
x €,

u(x,t) =0,
u(x,0) = uy(x),

(5)

where uy(x) € Hy(Q2), p > 2. The authors in [16] studied the
existence of local solution to problem (5) by using the prin-
ciple of contraction mapping. Besides, they derived the
blow-up property of the weak solution of the problem under
the assumption of appropriate g(-) and initial energy, and
they also gave the life interval estimation of the solution.

Inspired by the literature [7, 10, 13, 16], a natural ques-
tion is, what are the properties of the weak solution for a
nonlinear parabolic equation with singular term and visco-
elastic term? This is the main problem in this paper.

The paper is planned as follows. In Section 2, we collect
preliminary results for proving our main theorems. In
Section 3, we prove the existence and uniqueness of local
solution. In Section 4, we prove the existence of global
solution. In Section 5, the blow-up phenomenon of weak
solution is discussed.

2. Preliminaries

In this section, we present some preliminaries to prove the
main results. We denote the conventional notation L7((2)
(1<g<o00) for the usual Lebesgue space equipped with
[[llz4() norm. For simplicity, we write [|[[, for [|[[;sq)
and we denote the inner product by (-, -). In this paper,
C is an arbitrary positive number which may be different
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from line to line. For problem (1), assume that q and g(-)
satisfy the following conditions:

(A})) 2<g<2(1+2/N),N>2,

(Az) g€ C'(R*,R") satisfying g(s)>0,g'(s)<0,1=1-
[ g(s)ds > 0.

Mulnplymg equation (1) by u, and integrating over
0O x[0,t), we have

t t
LH P |[fdr+ (1~ Lg(s)ds) (V|2

l—jtms)ds)nwoni

0

|
TN 7 N

+

o) Vuldr 3 | (g'sv)ejar
1 1(
(0= 5(8%u) (0= = | [ul?In e

1
?Huo\lg-

+
§ =
o
<
=

I L 2 B S Y R SR

1
o] I Juag|elx — — [|u]|§ +

—
)

(6)

Motivated by the calculation above, we define the fol-
lowing functionals:

1
:—< ds)||Vu||2 J |u|? In |u|dx
2 qJ)a
N ) (7)
+ 3 (avae) + 2l

1) = (1= [ gt ) 9= [ Jult 1 i+ (g5,
0

t s 2 1 t
E(t):J |||x| /2“1H2d7+ 3 <1—J g(s)ds)||Vu||§
" 0 1 9)
- ul?1n |uldx + = (goVu — lu|4,
qu| 710 fuldx + 3 (gsV)(t) + I

where (goVu)(t fog (t=39)||Vu(t)-V
From (7) and (8), we obtain

u(s)||3ds.

= - q_ - z s)as u 2
g = 10+ T2 (1= [ gtos ) ul »
+ L2 (g0 + sl

Let

N ={ueHy(2)\ {0}[I(u) =0}, (11)



Journal of Function Spaces

then
= J(0)
W = {u e X|J(u) <d,I(u) >0}, (12)

V={ueX|J(u)<d,I(u)<0}.

We give the definition of the weak solution to problem
(1) as follows:

Definition 1. If T >0, a function u € L°(0, T'; Hy(£2)) with
|x|*u, € L*(0, T ; L*((2))satisfying the following conditions:
(i) For any ¢ € Hy (), such that
t
([x“up @) + (Viu Vo) — J g(t=s)(Vu(s),Ve)ds = (Ju/"*uln |ul, ¢).

0 (13)

(ii) u(x,0) =uy(x) in Hy(2)
We say that u is a weak solution of problem (1) in the

interval Q x [0, T).

Definition 2 (see [17]) (Maximal existence time). Let u(x, t)
be a weak solution of problem (1), we define the maximal
existence time T™ as follows:

(i) If u(x, t) exists for 0 <t < oo, then T* = +00

(ii) If there exists a t, € (0,00) such that u(x, t) exists for
0 <t <t but does not exist at t = ¢, then T =t

Definition 3 (see [17]) (Finite time blow-up). Let u(x, t) be a
weak solution of problem (1), u(x,t) is called finite time
blow-up if the maximal existence time T* < +00 and

. —s/2 2
tirrTl?|||x\ Cu(x, t)||2—+oo. (14)

Lemma 4. Assume that o is a positive number, then we can
obtain the following inequalities:

sTIn s < (ea) s, foralls > 1,
(15)

sln's| < (eq) ", forall0<s< 1.

Lemma 5 (see [18]). (i) For any function u € Wé’p(Q), we
have the inequality

[l < By ||Vu

, (16)

forall 1 <q<p*, where p* = Np/N —p if N> p and p* = co if
N < p. The best constant B, depends only on Q, N, p, and q.

(ii) For any u € Wi (Q), p> 1,7 > 1, the inequality
0),111-0
lully < ClIVul 1wl (17)

is valid, where
1 1 1\
N g r

(i) forp>N=1,r<g<oo

(ii) for N> 1andp <N, q € [r,p*]| ifr <p* and q € [p*, 7]
ifr>p*

(iii) forp=N>1,r<q< oo

(iv) forp>N>1,r<q< 0o

Here, the constant C depends on N, p, q, and r.

Lemma 6 (see [16]). Suppose that (A,) and (A,) hold, for any
u€X, then

(i) /\ILH})J()W) =0, R lim J(Au)=-00

—+00

(ii) There exists a unique A">0 such that
dldA](Au)|,_,- = 0; J(Au) increases on interval (0,
A*), decreases on interval (A*,+00), and attains
the maximum at A = A"

(iii) I(Au) > 0, for 0 < A <A™, I(Au) < 0, for A" < A < +00,
and I(A"u) =0

Proof. (i) By the definition of J(u), we have

1 t Al
J(Au) = E}LZ (1 - Jog(s)ds> |Vul)? - 7 In )t||u||g

M TIn juldx+ 22 (goVu)(£) + o Ju]?
| e S22 (goway 04 Tl
(19)
where A > 0, then clearly the conclusion of (i) holds.
(ii) Taking derivative of J(Au) in A, we gain
d ! 2 g1 q
ﬁ](/lu) =A1- Jog(s)ds ([Vaelly = AT In Afu|
—M'lj lu|? In |u|dx + A(goVu)(t)
p (20)

t
=2 (1= [ gt 9 -2 m A
0

- Nﬂjolulq In |u|dx + (goVu)(t)} .



Let K(Au) = 17" (d/dA)J(Au), then

d : .
T KAu) =—(g-2)M > n Alfu| = AT u)]
—(q—z)A‘HJ [u|? In |u|dx
0
=-M17 {(q—Z) I Al [+ [l | + (q—Z)JQIMIq In \“\dX}-

(21)

Hence, by taking

ull7+ (g -2 u|?1n |u|dx
L e ln 2+ (4-2) olul? In

E=q)|ul? ] P02

such that (d/dA)K(Au)>0 on A€ (0,1,), (d/dA)K(Au) <0

on A€ (A,+00), and (d/dA)K(A,u) =0. Since K(Au)|,_, =

(1- jog s)ds)||Vull; + (goVu)(t) >0 and Alim K(Au) =
—+00

—00, there exists A* > 0 such that K(A*u) =0, K(Au) >0 on
Ae(0,1%) and K(Au) <0 on A € (A*,+00). So, (d/dA)](Au)
is positive on (0, 1), (d/dA)]J(Au) is negative on (1", +00),
and (d/dA)J(A*u) = 0. Thus, the conclusion of (i) holds.

(iii) By the definition of I(u), we have

t
1@@=ﬁ<umﬂ@¢)ww§wﬂnwmg
—Aq|uwmpmu+xﬂwvwa)
[0}
t
=AP<1—Jg@mQ|vm@—AqwnMww
0 q
- Aqflj |u|? In |u|dx + /\(goVu)(t)] = /\i]()tu),
o d\
(23)

where A>0. Combining with (ii), the conclusion of (iii)
holds. O

Lemma 7. Let (A;) and (A,) hold and u € X satisfy I(u) < 0.
Then, there exists a ™ € (0, 1) such that I(A*u) =0

Proof. For YA > 0, we have

10000 = | (1= [ gt 19l + (g7 )~ 0]
(24)

where

szmf[MMMMM+M4mMWM. (25)
Q
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By I(u) <0, we can get
[t tn > (1 [ gteyds ) 19ull + (gov(o). (26)
(0] 0
By (24) and (26), we obtain
o) = [ o ulde> (1 [ gton) [l + (9w >0, (27)

d(A) = /\q_ZJ |u|? In |u|dx + A2 n AHqu —0,asA —0". (28)
Q

Combining (24), (27), and the equality above, we can
derive that there exists A* € (0, 1) such that ¢(1*) = (1 - fo

g(s)ds)||Vull3 + (goVu)(t) and I(A*u) = 0. The proofls com-
pleted. O

Lemma 8. Suppose that (A,) and (A,) hold and u(x, t) be a
weak solution of problem (1). Then, E(t) is nonincreasing
function, that is

E'(t)<o0. (29)

Proof. Multiplying problem (1) by u, and integrating on 2,
we have

s 2 t
I+ 5 (015 = [ a0=9)[ vuts)Tm
0 0

= JQ|u(t)|q_2u(t)ut In |u(t)|dx.

(30)
Through direct calculation, it can be seen that
t
Jg(t—s)J Vu(s)Vu,dxds
0 Q
A 1 1 )
- 5o 3] s e
1/, 1 )
+ (3 (g'99) 0= Sa0ivuco]
) 1d
[, e uce i ey = L5 o n o= o1
(32)

Inserting (31) and (32) into (30), we have

i 5 5 (1 [ to) iwuc

+QWWWU%- |u(t)[" In [u(f)|dx
Q

N = Q|+~
—

S9OIVu| <0.

(33)

- Sluoly] -

2 (9"ovu)(r) -

The proof is completed. O
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Lemma 9. Assume that (A;) and (A,) hold and u, € X. Then,

(i) the solution u of problem (1) with u,e W satisfies
that u(t) € W for all t € [0, T"]

(ii) the solution u of problem (1) with u, € V satisfies that
u(t) e V for all t € [0, T")

Proof. (i) Let u(t) be the weak solution of problem (1) with
u, € W, it means that J(u,) <d, I(u,) > 0. Integrating with
respect to time variable ¢ on (0, ) on both sides of (30), we
can get

I + | o)+ 5 | govaliar

Lt (34)
- EL (g’ow) (T)dt = ] (uy).
By (34), we can get
J(u) < J(uy) <dNte[0,T]. (35)

Next, we claim that I(u(¢)) >0 for all ¢ € [0, T*], which
together with (35) implies that u(x,t) € W. Otherwise, by
continuity of I(u), there would exist a t, € (0, T*) such that
I(u(t)) >0 for t € [0, ¢,) and I(u(t,)) =0, u(t,) # 0. It means
that u(t,) € /. Recalling the definition of d, it is clear that
d <J(u(ty)) which contradicts with (35). Then, u(t) e W
for all t € [0, T*].

(ii) The proof is similar to that of part (i), so we omit it.

O

Lemma 10 (see [19]) (Hardy-Sobolev Inequality). Let RN
:RExRNK 2<k<N, and x=(y,z) € R* x RNk, For given
y, s satisfying 1<y <N, 0<s<y, s<k, and m(s,N,y) =y
(N —$)/N -, there exists a constant H=H(s,N,y,k) >0
such that

N-s/N-y
J Iy | |u(x)|"dx < H(J \Vu(x)|ydx> Nuew,"(Q). (36)
RN RN

Remark 11. Setting m=2, then the inequality above
becomes

N-s+2/N
J x| Ju(x)|*dx < H (J Vu(x) |<2N/N"5+2)dx> :
Q [0}

(37)

It follows from 0<s<2 and N >2, then by Holder
inequality, we can get

N—s+2/N
J | Ju(x))*dx < H (J |Vu(x)(2N’N”2)dx>
0 0

< H| Q207 Va3 = Hy || V.
(38)

3. Local Existence

Theorem 12. Let (A,) and (A,) hold and u,(x) € H)(Q).
Then, there exists a constant T >0 such that problem (1)
admits a unique weak solution.

u(x, t) € L®(0, T 5 Hy(Q)), |x| u, € L7 (0, T; L*(02)).
(39)

Proof. The proof of Theorem 12 is divided into 4 steps.
Step 1. Approximate problem.
Due to the singular potential existing in problem (1), the
following cut-off function is introduced to deal with it:

p,(x)=min {|x| ", n},VneZ". (40)

For Vn € Z*, problem (1) has a corresponding solution
u,, satistying

t
pu(X)ty — Au,, +J g(t—s)Au,,(s)ds = |u,|"u, In |u,|, x€Q,t>0,
0
u,(x,t) =0, x€00,t>0,
x€Q.

(41)

4y (%, 0) =ty (x),

Let {w;} be a completed orthogonal basis of Hy(Q)
j=1
which is the standard orthogonal basis in L*(€2). Set

—ij = )ijj,

(42)

(w5 ;) =8y

foralli,j€ Z", where A; € R and §;; is the Kronecker’s delta.

Let {u,0},c, CCP(Q) be such that u,y(x) — uy(x) in

H{}(Q)asn — +00. We define the finite-dimensional space

W, = span{w;, w,, --,w;, }, h € Z* and construct the approxi-
mate solution

h
o 1) = D &0, 6 € C'(0.T]), (43
=
solving the problem

q-2
h
u, In

h

uy,

h

|,

(pnuﬁt, wj> + (Vuﬁ,ij) - J;g(t -5) (Vuﬁ(s),VwJ)ds = <

(44)



h
= Y & Ow(x) = uly — w(x) in H(),
j=1
(45)

as h — +00, n —> +00. We can obtain

(puto) = 3| putorawrois) o] = 3aufet 0],

\.
I M =
L
“.
i
L

Furthermore, one has

h
(Vuﬁ,ij) = (Zl Eni(D)A;(x) “’j) = A1)
,w]) + g(t- 5) ( ),ij) ds

y
h 9= h
([Base] Bemmen[Se

u In |u
j=1
+/\1J0g(t—s)5 ()ds—Gh()

n

(47)

Hence, {Eﬁf};l is determined by the following Cauchy

problem:

M=

ay [ En(0)] + 18,0 = Gly(0)

-
I
—

(48)

™M=

I
—_

5%(0) = Jouﬁowjdx.

J

A standard result on ODE systems now confirms the
existence of a unique solution Eﬁj € C'([0, T]) to (48) and
thus v/ (x, t) € C'(0, T ; H)(Q)).

Step 2. Priori estimates.

Multiplying (44) by &" ;(t) and summing on j=1,2,-h,
we can obtain

(oot + (vu9it) - [ gte =9
h

-2
. (Vuﬁ(s),Vuﬁ)ds= (’uﬁ‘q ul In |ul ,uﬁ).

Integrating with respect to time variable t on (0, ) on
both sides of (49), we know that

(49)
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t T
si(t) < $H(0) +J J J g(7 = )Vl (x, )Vl (x, 7)dxdsdr
oJoJa
t
+JJ ul(x, 7 ‘ In |uf(x, 7 ’dxd‘r,
oJa
(50)
where
h |2y
1= 3 [leucor o[+ [ v a0

By Holder inequality and Young inequality, we have
t T
J J g(t —5)Vul (x, ) Vil (x, 7)dxdsdr
0JoJo
t 2 1/ (" 2

V”Z(T)H dr + —J (J g(r—s)HVuﬁ(s)H ds) dr
0 o\Jo 2

T " 2

300 [ a9l

T)szTS (1 - %)Sﬁ(t).

—

o

IN

AN

t
HVuZ(T
0

1
2
1
2
l t
< (1——>J Vil
2 0

(52)
On the other hand, from Lemma 4, we can get
J uh (x,t ‘ In |u x, ‘dx
Q
= uh (x,t ‘ In |u ’ (x,t ‘dx
B (53)
+J uh (x,t ‘ In |u x, ‘dx
Q2
q qta
SJ u(x, t)‘ In |u"(x, t)‘dxs (eoc)_l‘ 70 .
0, q+a

where Q; = {x € Q;|u"(x,t)| 21} and Q, = {x € Q; |u"
(x,t)] <1}. By Lemma 5 and Young inequality, we can
choose 0 < <2(1+ (2/N)) — q to obtain
J ‘hxt’ ln‘ xt)dx
o
0(q+« 1-0)(q+a
< (e [Ju (1 aa_ (ea)! H (q+a) u,:l(t)H( )(g+)
q+a 2
2 2(1-0)(g+a)/2-0(q+a)
SSHVuﬁ(t)H2+C(£ n(t)H ,
(54)
where €€ (0,1/2) and 0= ((1/2) - (1/q+a))N=N(q +
a—2)/2(q+ a). Now, we set
1-0)(g+«
p= 7(2_&( ), (55)
q+a)

then > 1, since 2< g <2(1+ (2/N)).
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Due to 0 is a bounded domain in RY, so we can get

I,

h(t)‘zdx

o) e= | Llentolfs

< C(@)lp, o)

(56)

>

where C(€) is related to Q. Thus, by (54) and (56), we

have
I,
< eJ HVuZ(T)HZdT + C(S)J ‘
<eSi(t) + C(S)J; (SZ(T))ﬁ dr.

uh (%7 ’ In |u

x, ‘dxdr

ul (T)Hzﬁdr (57)

Combining with (50), (52), and (57), we obtain

MO +CJ( ()) dr, (58)

where C, = 25"(0)/1 - 2e and C, = 2C(&)/l - 2¢. Through cal-
culation, we have

S Cr, (59)
where C; is independent of n and 4, namely,
2 t 2
5 ’|pn(x)|”2uh(t)H +J Hwﬁ(r)H dr<CpVhneZ*.
2 ) 2
(60)

Multiplying (44) by [Eﬁj(t)]t, summing on j=1,2,---h
and then integrating on (0, t), we know that

t 1

JO Ip, ()| ul E(l ds> ‘Vu
oma)oe L4l
o
%U ‘ 1n ‘dx ]( no) Vte(o,T).

(61)

By using the continuity of functional J(u), we deduce
that there exists a positive constant C such that

](u’;o) <CVhneZ*, (62)

Combining with (57), (59), (61), and (62), we can derive

c21() = [ [Ipucori |
i(l-f ds)HW H
G e W

—@’u t

dr

Subsequently, we have

[( e,

v (g°VuZ) (®)

Let Q)= {xeQ: |x|
and by (64), we can get

[ earar ] v
[

ool

t)H <CpVhneZt
q

T>nland Q) ={xeQ: x| <n},

) dxdT

) dxdr

t
<(1+ diam(Q)S)Lszn(um)zdxd‘r <C.

(65)

Step 3. Pass to the limit.
By means of (60), (64), and (65), there exists a subse-

quence of {u"},°_, which we still denote by {u}° | for
convenience. As h — +00, 1 — +00, we have that

ul SN, inL®(0, T; Hy(R2)), (66)
u 2oy, inL*(0, T; Hy(Q)), (67)

()2, 2 2 in I (0, TS 12(Q)), (68)

x|



ul, = u,inL?(0, T5L7(02)). (69)
Since (66) and (69), it follows from Aubin-Lions Lemma

(see [20], Corollary 4) that

n

W' —uin C(O,T;LZ(Q)), (70)

as h — +00,n —> +00. Thus, we have u" — u, a.e.(x, 1)

€ QO x (0, T), which implies

4-
uh

2
" uﬁ In ‘uﬁ’ — \u|q_2u In |u|, a.e.(x,t) €Qx (0, T).

(71)

On the other hand, from Lemma 4 and Lemma 5, we
have

I,

-2
ul (x, t) ‘q ul(x,t) In

n

2
u(x, t)” dx

2 2
:JQ uﬁ(x, t)‘q uﬁ(x, t) In uﬁ(x, t)‘ dx
+J ul (x t)’q_zuh(x t) In |l (x t)’ 2dx
QZ
h a1 h ’ (72)
< 5 u, (x, t)‘ In .un(x, t)‘ dx
2

dx

q-l+a
n ‘

Wb (x, t)"“ In ’u’;(x, t)Huh(x, f)

2|t (%, t)

n

2(g-1+a
< (ea)” H (i)

+[e(q-1)]?|Q
B CCE
2(q-1+a)

< (ea) B, Hwﬁ(x, t)’ R CURSY TR

where B, is the optimal constant of the embedding
H(Q) — L2+ (). Here, we choose 0<a<2(1+ (2/
N))+1-¢,q-1<2(1+(2/N)). Thus, from (70) and
(72), we have

n|T
uﬂ

2 "
uyIn ]| = Juf’?uln [u],inl* (0, T; *(42)).

(73)

From (70), we have u!(x,0) — u(x,0) in L*(Q).
Combining (45) with /) — u,(x) in H}(Q), we observe
that u(x,0) = u, in Hy(Q). By (66), (68), and (73), passing
to the limit in (44) as h — +00, n — +00, we see that u
satisfies

(x| "y @) + (Vu, Vo) — Lg(t = 5)(Vu(s),Ve)ds = {|u|"*u In |u|, ),

(74)

for all w e Hy(Q), and for ae. t€[0,T).
Step 4. Uniqueness.
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Now, we assume that u; and u, are two solutions to
problem (1) which have the same initial condition, we can
get

t
(e[ Sty ) + (Vi V) - j0g<t—s><w1<s>,\7w>ds: (o2 T f | ),
t

(et 0) + (911,9) - [ g0 =) (05, )= (2 I ], )
0

(75)

By putting v = u; — u,, we have v(x, 0) = 0. Then, by sub-
tracting the above two equations, we obtain

t

(Ix["vp w) + (Vv,Vw) - Jog(‘r - 5)(Vv(s),Vw)ds 76

= <\“1|q72”1 In fu, |- |”2|q72”2 In |u2|,w>.

Taking w = v and integrating the above equation on (0, ¢),
we have

1 t t (T
= H \x\*/sz; +J |Vv|[3dr —J J g(r- s)[ Vv(s)Vv(t)dxdsdt
2 0 oo Ja
t
:J J (Juy 7720y In (1| = 14|20ty In |uiy| ) vdxd.
oJa

(77)

Substituting (52) into the above equation, we can get
t
J J (|ul\’rzu1 In |u,| - |uz\q*2u2 In |u2|)vdxd‘r
oJo
1 P t t (T
= —H|x|’3/2vH2 + [ |Vv|3dT - [ J g('r—s)[ Vv(s)Vv(t)dxdsdr
2 Jo JoJo Ja

1 i 5 t ) l t )
> EH|x| s v}|2+J (|Vv|5dT - (1 ) J |Vv|5dr
0 0
2

1 _ l t’ 1 .
et 4 s

(78)

then

t
%H|x|_5/2sz SJ J (|ul|q_2u1 In |u,| - |142|’1_2u2 In |u2|)vdxd'r.
oJa

(79)

We define F(u): R* — R* and F(u) = |u|7uIn |u|. It
implies that F(u) is locally Lipschitz continue, so we have

Combining with (56), (79) and (80), we obtain

t

2
2 2
VIR < oMy | w13 )
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The uniqueness follows from (81) by Gronwall inequality.
The proof of Theorem 12 is completed. O

4. Global Existence

Theorem 13. Let u,(x) € H)(Q), (A,) and (A,) hold. If ]
(up) <d, I(uy) >0, then problem (1) admits a global solu-
tion ueL®(0, T; HY(Q)) with |x|™u, e L?(0, T; L*(Q)).

Proof. We divide the proof into 2 steps.
Step 1. J(u,y) < d and I(u,) > 0.
By (34), we know that

J(ute)) + | e 2utn e+ 3| a(e)1vuiiae

L (82)
- EJO (9'o9u) (x)dr = 1 () < v [0, T°].

Next, we prove that T* = +00. From Lemma 9, we show
that u € W, Vt € [0, T*]. Combining (10) and (82) to derive

t . 9 ¢
J0|||x| Pu,|2dr + ‘127 <1 - Jog(s)ds) V] 2

q-2 1
——(goVu)(t) + = ||ul|l<d,t >0,
+ g GVl <de>

(83)
which implies
f 2
J 12, e < d,
0
2 2qd
Hvu”2< (q—Z)l’ (84)
2
(V0 < 22,
]l < g*d. (85)

Obviously, the constants on the right side of (83)-(85)
are independent of T, we can choose T* = +oco that u(x, t)
is the global weak solution of problem (1).

Step 2. J(uy) =d and I(u,) > 0.

For m=2,3, -, we define y, =1—(1/m) and u,,,=p,,
u,. The following problem is considered.

t
|x|~u, — Au+ J g(t=s)Au(s)ds=|u|" uln |u, x€Q,t>0,
0

u(x,t)=0, x€00,t>0,

u(x, 0) = ug,, (x), x €.

(86)

Since I(u,) >0, the constant A" =A"(u,) defined in
Lemma 6 satisfies A" >1>py, . Hence, we get I(u,,)=1
(@, u) >0and J(ug,,) = J(@,,u) < J(1y) =d, which means

uy,, € W. From Step 1, it follows that for each m problem
(86) admits global weak solution u,, € L*(0, T ; Hy(2)) with
|x|"u,, € L*(0, T; L*(©2)) and u,, € W.

The remainder of the proof can be processed similarly to

the previous subsection. The proof of Theorem 13 is com-
pleted. O

5. Finite Time Blow-up

Lemma 14 (see [21]). If G(t) is a nonincreasing function on
[t,, 00) and satisfies the following differential equation

G'(t) 2a+bG(t)* ") t>1,, (87)

where a> 0 and b € R, then there exists a finite positive num-
ber T* such that lin} G(t) =0 and an upper bound of T*
t—T"

can be estimated, respectively, in the following case

(i) When b<0 and G(t,) <min {1, (a/-b)""?}, T* <
to++/(1/=b) In (\/(a/-b)/\/(al-b) — G(t,))
(ii)) When b=0, T* <t,+ (G(t,)/\/a)

(iii) When b>0, T* <t,+ 2312 (§h/\/a){1 -
[1+hG(t,)] "}, where h = (a/b)**"°

Lemma 15. Suppose that (A,;) and (A,) hold and u, € V, then
we have

(4-2) (1 - jog<s)ds) Va2 + (g - 2)(goVu)(t) + ﬂﬂwwzm
(88)

Proof. Since u;, € V, from Lemma 9, we get u € V, i.e.J(u(t))
<d,I(u(t)) <0. In view of Lemma 7, we know that there is
A" €(0,1), so that I(A"u) =0. Recalling the definition of d,
we can obtain

_ f
d<J(Mu)= lI()t*u) 12 (1 —J g(s)ds) VA" ul|;
q 2q 0
+ 72 (GoVA"u) (1) + A"
W(Q u)(t) ¥H ”||q~
(89)

Then

(4-2) (1 J g(s)ds) Va2 + (g - 2)(geVar) (1) + EJQ\quxzzqd.

0

(90)

Let

O

F(t)= JOH|X|_S/2u(T)H§dT+ (T - t)”|x\_5/2uo|
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then

2

F () = || e[ 2u(t)|[2 = || e[ uy

F'(0)=2] I “u(t)u =2 Vul}

+ ng(t = 5)(Vu(s),Vu(t))ds + 2 (|u|"uIn |ul, u)

= —2||Vu||§ + ZJOg(t —5)(Vu(s),Vu(t))ds + 2JQ|u\‘7 In |u|dx.
(92)
O

Lemma 16. Assume that [°g(s)ds < (q - 3/q— 2), then

ot
F'(t) - 2q|0|\ (x|, |[2dr = ~24E(0)

+a](a=2)(1- [ gtowt) 9l + (1= 2.ge¥) )+ 2 | Juite],
(93)

where a=1—-(1/(q - 2)]).

Proof. Utilizing Young inequality and Lemma 8, we can
obtain

t
F' () - 2qjo|| X2 | e = 2| V(1) |2

+ ZJ g(t—=s)(Vu(s),Vu(t))ds + ZJQ\u(t)rZ In |u(t)|dx

0

‘ —s/2 2 ‘ —s/2 2
—24L|!|xl uTHZd‘rz—ZqJO|||x| u,|dr

-2 (1 - J;g(t - s)ds) [Vu(t)| + 2J0|u(t)\q In |u(t)|dx

-2+ |

0

gt —s)dsuwmné] > ~2qE(0)
+ <q—z>(1—j0g<r—s>ds)||Vu<t>\|§

-3 ] o= 9asvu 2 jucas

+(q—2)(g°Vu)(t) = —2qE(0)

(- ﬁ) [m—z)(l - j;g(r)dr) 9u(o)|:

+(q-2)(goVu)(t) + 2j0|u<t>|wx} .
(94)

The proof of Lemma 16 is completed. |

Lemma 17. Suppose that (A,) and (A,) hold and u, €V,
u(x, t) is the solution of problem (1), if one of the following
conditions is true

Journal of Function Spaces
E(0) < 0, (2)E(0) = 0, (3)0 < E(0) < ad. (95)

Then, F'(t) >0 for t>0.

Proof. (1) If E(0) <0, then by Lemma 16, we obtain
F'(t)> F'(0) - 2qE(0)t. (96)

Thus, F'(t) > 0 for t > 0.

(1) If E(0) =0, then by Lemma 16, we have F''(t) >0
for t> 0, since F'(0)=0 for t >0, we get F'(t)>0
fort>0

(2) If 0< E(0) < aed and I(u,) <0, then combining with
Lemma 15 and Lemma 16, we obtain

F"(t) > 2q(ad - E(0)) > 0. (97)

Integrating with respect to time variable t on (0,¢) on
both sides of the above equation, we see that

! !

F (t)=F (0) +2g(ad — E(0))t,t > 0. (98)

Therefore, we get F'(t) >0 for ¢ > 0. O

Theorem 18. Suppose that (A,) and (A,) hold and u,e V, u
is the weak solution of problem (1), if one of the following
conditions is true

(1) E(0) < 0, (2)E(0) = 0, (3)0 < E(0) < ad.

Then, the weak solution u(t) blow-up at a finite time T*
in the sense of

lm ||~ u(x, t)Hj:+oo. (99)

t—T*

In case (1), T* <t, — (A(t,)/A'(t,)) and if A(t,) < min
{1, Val-b}, then T* <t, ++/(al-b) In (Va/-bl
(al=b) = (A(t,))).
In case (2), T* <t, + A(t,)/\/a.
In case (3), T* <t, — (A(t,)IA'(t,)), and if A(t,) < min
{1,\/a,/=b,}, then T*<t, ++/(1/-b;)In (\/a;/-b,/
V(a,/=b)) - (A(t))).

Proof. Let

A(t) = F(t)"422), (100)
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A"(t) _ _qT—ZA(t)H(quz) {F"(t)F(t) _ g(F’(t))z}
(102)

By using Lemma 15, Lemma 16, and Hoélder inequality,
we get

F'(H)F(1) - g (F’(t))2 > {ZqJ;||\er/2u,||§dT ~ 2qE(0)

wtg=2) (1= gyt ) vuli+ 2 [ jua

g=2)(gowu)0)| }F(0)= 4 [aro)] 1 ]

> {—ZqE(O) +a {(q -2) (1 - JO S)d5> IVull3

2] s+ (a-2)(gvn(0)] )

= {_245(0) +a {(q -2) (1 - J;g(S)d5> Va3

+ Ej |ul%dx + (g - 2)(govu)(t)} }A(t)’(z"i*Z)
[and ZqE(O)]A(l‘) (219~ 2

(103)

Now, we substitute (103) into (102) to obtain
A" (1) < q(q - 2)(E(Q) - ad) A0 (104)

If case (1) or case (2) holds, by (104), we have
() <q(q-DEOANTE2. (105)

By Lemma 17, multiplying (105) by A'(¢) and integrat-
ing on [t,, t], we arrive at

A1) za+bA@E)*HI t> ¢, (106)
(a0’ (1

a=A'(t,) - Q(q_z)zE(O)A(t )2+ 24-2) = q(q - 2)* E(0).

q-1 q-1
(107)
If the case (3) holds, we can get
A" (1) < —q(q-2)(ad - E(0))A(t) 72, (108)

By employing identical reasoning as presented in (104),
we know that

2
(A’(t)) >a, + b AR ke, (109)

11

_ q(q B 2)2 (E(O) _ ad)A(t*)ZJr(Z/q—Z),
9-1 (110)

Therefore, when § =g —2/2 and t,=t, >0, by Lemma
14, there exists a finite time T such that

im_A(r) = (111)
ie,
tim [|1x| “Pu(x, t ||2—+oo. (112)
This finished the proof of Theorem 18. O
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