Hindawi

Journal of Function Spaces

Volume 2024, Article ID 5866792, 8 pages
https://doi.org/10.1155/2024/5866792

Research Article

Q@) Hindawi

Existence, Decay, and Blow-up of Solutions for a Weighted
m-Biharmonic Equation with Nonlinear Damping and

Source Terms

Ayse Fidan(®," Erhan Pigkin ©®,” and Ercan Celik ®’

'Institute of Natural and Applied Sciences, Department of Mathematics, Dicle University, Diyarbakir, Tiirkiye
Department of Mathematics, Dicle University, Diyarbakir, Tiirkiye
’Department of Applied Mathematics and Informatics, Kyrgyz-Turkish Manas University, Bishkek, Kyrgyzstan

Correspondence should be addressed to Ercan Celik; ercan.celik@manas.edu.kg

Received 18 November 2023; Revised 21 February 2024; Accepted 22 February 2024; Published 7 March 2024

Academic Editor: Guozhen Lu

Copyright © 2024 Ayse Fidan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we consider the weighted m-biharmonic equation with nonlinear damping and source terms. We proved the global
existence of solutions. Later, the decay of the energy is established by using Nakao’s inequality. Finally, we proved the blow-up of

solutions in finite time.

1. Introduction

In this work, we study the following weighted m-biharmonic
equation with initial-boundary value:

2y + A(k(x)|A2)" 2 Az) + Az, + |2, 'z, = 2|72, x€Q, >0,
z(x, t) = Az(x, t) =0,
2(%,0) = 2y(x), 2,(x, 0) = 2, (x),

x€od,t>0,
x €02,

(1)

where, Q C R"(n > 1) is a domain with smooth boundary 0Q
in R". p,q>1,m>2 and the coefficient k(x) are assumed a
strictly continuous and positive differentiable function in Q.

Freitas and Zuazua [1] considered the linear wave equa-
tion with indefinite damping of the form.

Zy = Zy + 2a(x)z, = 0. (2)
He proved the stability results.
In [2], Yu investigated the equation with constant coeffi-

cients.

2y — Az = Az, + |2, |P 7z, = |21z (3)

He showed globality, boundedness, blow-up, conver-
gence up to a subsequence towards the equilibria, and expo-
nential stability. Gerbi and Said-Houari [3] proved the
exponential decay of solutions (3) for p = 2.

Huang and Chen [4] considered the nonlinear Klein-
Gordon equation with damping term.

Zy— Az + T(X)z+z+ |z,|" 2, = |z 2z, (4)

Using potential well argument, they obtain global solu-
tions and blow-up result in finite time.

Tahamtani [5] discussed with nonlinear hyperbolic
equation with the Lewis function.

a(x)z, + pAz, —div (|Vz|"?Vz) = f(2). (5)

He considered a blow-up result.
Piskin and Fidan [6] considered the variable coefficient
wave equation.

zy — Az — Az, + py (1) |Zt|p_zzt = (1) |Z|q_2Z' (6)

They proved the blow-up of solutions.
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Al-Gharabli and Al-Mahdi [7] investigated the following
nonlinear plate equation.

zu+ Nz +a(t)g(z,) = 2z, (7)

They proved the local existence using the Faedo-
Galerkin method.
Zheng et al. [8] considered the Petrovsky equation:

zy+ Az +ky(t)]a|" 2 =k (1)]2 2, (8)

in a bounded domain. They proved the blow-up of solutions.
Guo and Li [9] considered the Petrovsky equation with a
strong damping term.

Zy + Nz - Az - Az, + a(t)z, = |z 2. (9)

They utilized an energy estimation technique to derive
the minimum possible blow-up time.
Wu [10] considered with variable coefficients

Zy + Nz - Az - wAz, + a(t)z, = |2z, (10)

and obtained the blow-up result with lower and upper
boundedness.
Messaoudi [11] studied the following problem:

z,—div (|V2|"?Vz) - Az, + |z, |7z, = |2 2. (11)

He studied the decay of solutions of the problem (11).
Then, the problem (11) was studied by Wu and Xue [12]
and Pigkin [13] under different conditions.

Boonaama et al. [14] have studied blow-up, decay, and
existence of solutions of the following equation:

z, — div (@(x)|Vz|f?Az) - Az, + |z, u, = &l 'z (12)

Later, the same authors [15] studied the following
equation:

\Y
z — |Vz| div (oc(x) ‘

W) - Az, + |zt|q’lzt = |z|P’1z. (13)

They established global existence.
Pigkin and Fidan [16] are concerned with the following
problem:

2z, —div (|V2|"7?Vz) + Az + (1) |2, 2, = py (1) |2 T2
(14)
They prove the blow-up of solutions for finite time with
negative initial energy.
Then, Mokeddem [17] studied the global solutions and
decay rate estimate for the energy of the following equation:
z, —div (|V2|f ?Vz) + 0(t)(2, - Az,) + w|z|" 2z = |z| 2.

(15)
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Motivated by the above-mentioned papers, in this paper,
we investigate to prove the global existence, decay, and blow-
up of solutions for problem (1), which was not previously
studied, where we study weighted m-biharmonic equation
with nonlinear damping and source terms.

The rest of the work is as follows. In Section 2, we give
some assumptions needed in this work. In Section 3, we
prove the global existence theorem. In Section 4, we prove
the decay of solutions by Nakao’s inequality. In Section 5,
the blow-up result is proved for p = 1.

2. Preliminaries

In this part, we present certain lemmas and assumptions
required for the formulation and proof of our results. Let
I[[L]-1], and ||.H93,m(9) indicate the typical L*(Q), LF(Q),

and 25" (Q, ¢) norms (see [18, 19]).
To investigate eq. (1), we define the weighted Sobolev
space 25" (Q, ¢) as the closure of C°(Q) in the norm:

lelney = (jj(x)Azr"dx) T e

Lemma 1 (see [20]). Let ¢(¢) be a nonincreasing and nonneg-
ative function defined on [0, T], T > 1, satisfying

¢ (8) S wp(¢(t) = @t + 1)), t € [0, T]. (17)

w, is a nonnegative constant, and w, is a positive con-
stant. Then, we get, for each ¢ € [0, T7,

$(t) < p(0)e 1,

d(t) < ($(0)™ + wy w, [t - 1]+)*(1/wz)’

w, =0,
w, >0,

(18)
where [t —1]" =max {t - 1,0} and w, =In (w,/(w, - 1)).

Lemma 2 (see [21]). Let B(t): R* — R" be a C’-function
satisfying

B''(t)-4(8+ 1)B'(t) +4(8 + 1)B(t)>0.  (19)
If
B'(0) > r,B(0) + K,, (20)
then B'(t) > 0 for t > 0, where
r,=2(8+1)=2/(6§+1)8 (21)
is the smallest root of the equation
r* =40+ 1)r+4(8+1)=0. (22)

Lemma 3 (see [21]). If H(t) be a nonincreasing function on
[t,> 00] and supplies the differential inequality
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[H' ()] zar BHEOP P fortzt,  (23)
Here, > 0 and [ € R exist a finite time T™:

lim H(t)=0. (24)

t—T*"
The upper limits for T* are estimated as given below:

(i) If B<0and H(t,) <min {1, /=(a/B)}

. 1 (06//3)
T In 25
\/7 ~H(ty) )
(ii) If B=0
T* <ty + H,(tO) (26)
H (1))

Next, we prove the local existence theorem which may be
proved by [22, 23].

Theorem 4 (local existence). We assume that 2<m < q+ 1

<nml(n—-m+7y)<n, z,€ DZ"(Q), and z, € [*(Q); then,
problem (1) is a unique local solution.

zeC([0,T); 25" (Q)), 7
z,€C([0,T); L*(Q)) N IF*([0, T) x Q). )

3. Global Existence

In this part, we show the global existence of the solution for
problem (1). We define the following functionals:

1 . 1 )
0= | Kelae - el @)

m)q

1(t) = L)k(x)wz\mdx =l (29)

The functional E of problem (1) is as follows:

g+l

1 1 1
E(t)= S |lz|* + — | k(x)|Az/"dx - ——||z[|&],  (30)
2 m o q+1

and we denote the Nehari set

W={zeZ;"(Q),1(z) >0} U {0}. (31)

Lemma 5. Assume that z is a solution to problem (1). Then,
the energy of problem (1) defined by (30) satisfies and

1
E'(1) = =114zl + |z ]1p37) < 0. (32)

Proof. Multiply eq. (1) by z,, integrate it over (2, and apply
Green’s formula,
t t 1
E(t) - E(0) = —J | Az, ||*dT - J |z, |[p:ydr, for£ > 0. (33)
0 0
O

Lemma 6. Suppose that z,€ W, z, € L*(Q), g+ 1 >m, and

g=c (M E(O)) L (e

q+1l-m

Then, for each t >0, z€ W.

Proof. Since I(0) > 0 and due to the continuity of z(¢), it fol-
lows that I(¢) > 0 for some interval near t =0. Let T, > 0 be
the maximum time for which eq. (29) holds on the interval
0.7,

Thus, from (28) and (29),

1 . 1 N
0= 5| Keolazlax- el

1 qtl-m (35)
= o 1I(l‘) + g 1) Jok(x)|Az| dx.
From I(t) > 0, we get
> L (36)

m
mig+1) ||Z||9§~M(Q)’
Then, using the definition E(t) and E'(t), we have

m(g+1)
q+tl-m

m(g+1)
qg+1-m

m(g+1)
q+1-m

J(t) < E(t) < E(0).

(37)

||Z||gg)m(o) =

Thanks to Lemma 6 and (37), we obtain

1 * 1

I2]1G11 < 112l G
. m(q+ 1) (q+1-m)/m .

<C (q+1_mE(0)> 250, (38)

::3HZ||$§'"(Q)

+1
= C*||2l|m 0 121152

<2l Gpn )Vt € [0, T,)-

We can conclude that I(#) > 0 based on reference (21),
Vte[0,T,]. When by repeating the procedure, T, is
extended to T. O

Lemma 7. If the conditions of Lemma 6 are satisfied, then
there exists =1 — f3 such that the

+1
g =(1

121l g+

=Mzl q) (39)



Proof. We get

1
215 < Bllzlom (40)

and when set # =1 — 3, we may deduce that

1
||ZH§§*”(Q) = ;II(t)~ (41)
O

Theorem 8. Assume that z, € W by Lemma 6, and 2<m <
q+1<nm/(n—m+y)=m;, n>m. Then, the solution for
(1) is global.

Proof. We get

E(0) 2 E(t) = pt

| —

1 1
nmﬁ+—Jkawuww———4mW1
m o q+1

1 , q+l-m 1
== — | k(x)|Az|"dx+ —I(t
sl s Lo | kiacacs a0

q+1l-m

1 2 m
z5 21" + m”znggmm)’

(42)
by I(t) >0, then |z||* + HzHgé,m(Q) < CE(0); here, C = max

{2,(m(q+1))/(q+1—-m)}. From Theorem 4, we get the
global existence result. O

4. Decay

In this part, we show the decay of the solution for problem (1).

Theorem 9. Assume that z, € Wz, € L?(Q). We assume that
2<m<q+1l<nm/(n-m+y), n>m, and p=C*

((m(q+1))/(q+ 1= m)E(0)) "™ Thys, we have the fol-
lowing decay:

E(0)e 1" ifp=1,
E(t) = » 43
" (5@ +w-17) Ui, )

where w, and w, and A are positive constants.

Proof. Integrating E'(t) over [t,t + 1], t > 0, we obtain
E(t)-E(t+1)=D"'(t),

t+1 . (44)
D)= [ (JzlP + =i
t

Therefore, by using DP*'(¢) and Hélder’s inequality,
we get
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t+1
J J |z,[dxdt < CoD(t), (45)
0]

t

where Cg, > 0.
Then, there exist ¢, € [t, ¢t + (1/4)] and t, € [t + (3/4), ¢ +
1] so that

et <CD(r),i=1,2. (46)

Multiply the first equation of (1) by z, integrate it over
Q x [t;,1,], and apply Green’s formula; we get

i+1 +1 i+1
J I(t)dt=- U J 2z, dxdt + J J AzAz,dxdt
Q Q

t t t
t+1
+J J |zt|1’"lztzdxdt} .
e

Now, we use the Cauchy-Schwarz inequality and Holder
inequality, and we get

(47)

J: I(t)dt< [z (t)lll[z(t)] + [z (E)[ll2(E)

t+1 t+1
o[ leoiPare |z azja 9

t t

i+1
—J J |z, P z,zdxdt.
o

t

By using the Hoélder inequality from the last term, we
have

t+1 t+1
[ I COT DT

t t

Then, by (37), we have

t+1
jnamﬁﬂwmmﬂﬁ

t

t+1 p
sqj|MMMMbmm&
t

t+1
p
sqj|mmmmgmmm (50)
t

m(q+1 lm er+1 .
a(—L—l) [ RCEE
t

qg+1l-m

<C, (M) " sup E""(s)DP(t).

q+l-m t <5<ty

IN

Next, we calculate the fourth term of the right-hand side
of (48), and we obtain
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J+ Iz, (6)] [ A2(0)]|dt

c*j AR
51)
1 1/m t+1 (
sc,s(mq+ ) 1Az, |[EV™ (s)dt
g+
1 t+1
SC*( (4+ ) supE“m(s)J | Az, | dt.
q+l-m t,<s<t, ¢
Later
t+1 t+1 12 /o4l 1/2
J ||Azt||dts<J ldt> (J ||Azt||2dt> <KD(t).
t t t
(52)
Then,

t+1 m 1/m
L 14z,(t)]][|A=(t)||dt <kC, (q (anD sup EV"(s)D¥(t).

+1-

t <s<t,
(53)
We have
Iz (#)llllz(8)] < €. D(E) sup E'"™(s), (54)
where C, =kC, (m(q+1)/(q+1-m))"".

Therefore,

Jtzl(t)dt < C,D(t) sup E'"™(s) + D*(t)

f t,<s<t,

m 1/m
+kC, (q+(ql—+—lrzz> sup E'™(s)D(t)  (55)

1) <s<t,

1 1/m
+kC, (m(q+)) sup EV™(s)DP(t).
q+1-m t,<s<t,
Moreover, we get
1
E(t) < 5 2] + CI(1). (56)

Here, C, =(1/7)((q+1-m)/m(q+1)) +
Integrating over [t;, t,], we get

(L/ig+1).

r (t)dt=< 5 J [EA dt+C2Jt I(t)dt. (57)

t t

Then, we get

t, 1
J E(t)dt < 5CQDZ(t) +C,
31
1/m
i, (D)
q+l-m

1/m
i, (24)
q+l-m

Next, integrating over [¢, t,], we obtain

C,D(t) sup E"™(s) + D*(t)

t)<s<t,

sup EV™(s)D(t)

t)<s<t,

sup E”’"(S)Dp(t)] .

t)<s<t,

(58)

B0)=5(6)+ [ (12 + ). (59
Since t, — t; > (1/2), we decide that

E(ty). (60)

N —

JtzE(t)dt > (1

t

~1)E(t) 2

Thus,

As a result,

t

£ =2 E<t>dt+j (e

3}

- er(t)dt +DP(1).

Hence,
1
E(t) < (Z Co+ cz) DA(t) + DPY (1) + C3[D(t) + DP (£)] E"™ ().
(63)
Therefore,
E(t) < C, [Dz(t) + DPL(£) + D™D (1) + D<m’(’”’1))p(t)} .
(64)

From E(t) that is a nonincreasing function and E(t) >0
on [0, 00), we have

DP*'(t) = E(t) - E(t + 1) < E(0). (65)
After that,

D(t) <E"®*(0). (66)



Therefore,
E(t) < G, [DX() + D! (1) + D0 (t) 4 DO 1)
< C4Dm/(m—l)(t) [D(m—Z)/(m—l)(t) _ Dp—(l/(m—l))(t)

+1+ D"’(P’l)/(’”’l)(t)} =CsD™m (1),

(67)
We obtain
EH((m=0p=1im) (1) < C,DP*L(1). (68)
Case 1. When p=1 and m=2
E(t) < C¢D*(t) = CgE(t) — E(t + 1)), (69)
and by Lemma 1, we obtain
E(t) < E(0)e 1, (70)
where w, =1n (C¢/(Cq - 1)).
Case 2. When (m—1)p>1
E(t) < (15(0)*A +CAJt - 1}*)_“/”, (71)

where A= ((m—-1)p-1)/m, which complete the proof of
Theorem 9. O

5. Blow-up

In this part, we prove our main blow-up results to problem
(1) for p=1.

Definition 10. A solution z to problem (1) is referred to as a
blow-up if there exists a finite time T* so that

lian RB(t) = 00. (72)
t—T*"
Then, we have
t
B(t) :J Zdx + J J (|z|2 + |Az\2)dxdr fort>0. (73)
Q oJo

Lemma 11. We assume that m<q+1<nm, n>m, p=1,
and m—2<486<q— 1. Then

B (t) > (45 + 4)J zidx — (85 + 4)E(0)
e, (74)
#(83+4)| (Ieolf + 42,7}

Journal of Function Spaces

Proof. By taking the first- and second-order derivative of
(73), we get

B (1) =zJ 222dx + ||z||? + || Az, (75)
0
B''(1) =2J Pdx + ZJ zzttdx+2J Azizdx + zJ 2]z dx
0 (0] (0] 0
=2 -2 o)l 2]
(0]
(76)
By (76) and (30), we have
RB'(t) = (40 + 4)J z;dx — (88 +4)E(0)
(0]
t
(80 +4)| (2ol + 142, |P)dr
0
(77)
80 +4-2
+ (uﬂ k(x)|Az|"dx
m Q
2(g+1)—-(85+4) g+
e (D

Here, m —2 <46 < q— 1, we have (74). O

Lemma 12. Let m< g+ 1< (mn/(n—m)) and n > m, then

(i) If E(0) < 0, then B'(t) > ||z, |° for t > t*, here t,=t*

. B'(1) — |1z]1°
t* = max {0, W} (78)

(ii) When E(0) =0 and [ zyz,dx > 0. Then, B'' > 0 for
t>0. We get

B' > |zo|% t = 0. (79)
Proof.
(i) When E(0) <0 and for ¢ >0, then
B''(t)=~(85 +4)E(0)t, (80)
and by integration over [0, ], we get

B'(t)=B'(0) - (88 +4)E(0)t, t > 0. (81)
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Then, we get &' (t) > ||z,||* for t > t*, with

. _ B(1) |12’
t* = max {0, W} (82)

(ii) When E(0) =0 and [z,z,dx > 0. Then, 3"’ >0 for
t>0. We get B' > ||z,]|%, t=0

O

Theorem 13. Suppose that m < q+ 1< (mn/(n—m)) and m
< n, we obtain Case 1 and Case 2.

Case 1. If E(0) < 0 and the solution z blows up in finite time
T* in the sense of linT1 % (t) =00 and
t—T*

T" <ty- (83)

Furthermore, if Z(t,) < min {1, (—(a/f))"*}, we get

1
T <1, + In—2 (84)

BV R (S

where o = (=(a/p))"*.

Case 2. If E(0) =0 and [,zyz,dx > 0. The solution z blows
up in finite time T* in the sense of linj} B(t) =00 and
t—T*"

T" <ty- 7 (1) (85)
With
a=8L0) (1) [(Fﬁ’ (to))2 —8E(0)Z " (t,)| >0,
B=88E(0).
(86)

Proof. Set
()= [B) + (T " te0.T,  (87)
where
F(t) = B(1) + (T~ 1)||z| (88)

where T is a strictly positive constant that will defined later.
Then, by taking the first- and the second-order derivative of
Z(t), we have

7
-8-1
2 (1) =-8[B(1) + (T-1)=z"] " [B' (1) = |1z
=0 (1)| B (1) ~ |zl
L (1) =-0L PN (1) B (1) [B(1) = (T~ 1)||2o|’]
2
+3L1 N (1)(1+6) [B'(1) - =] ]
3”(1’) - _8gl+(2/5)(t)%<t),
(89)
where
I ! 2
G(1)=3"(F(1) - (1+8)(F'(1) . (%0)
For simplicity of calculation, we define
A =| Zdx
Q
B,=| zldx
Jo
. (91)
C.=| llzldt,
0
t
D, = | |lz|dt
0
By (75) and Holder’s inequality, we get
t
B (t =2J zz,dx + ||z, 2+2J J zz,dxdt
(=2 mdxe |z 42| | maa
< 2((BzAz)1/2 + (CZDZ)UZ) + ”ZO”Z'
By Case 1 and Lemma 12, we obtain
B''(t) >~ (88 +4)E(0) + (48 +4)(B, + D,). (93)
Then, by (87), (90), and (93), we have
G(t) 2 [~(88 +4)E(0) + (48 +4)(B, + D,)| £ ") (1) (o1)

— (45 +4)((B.A,)" + (C.D,)"?)".

By AB(t), we get

t

B(t) = J 2dx + J J Z2dtds =A,+C, (95)
Q

(0] 0

and from Z(t), we get
(t) > —(80 +4)E(0) 2 O)(1)
+ (40 +4) [(B, + D) (T — t)||zo||* + A(t)]

A(t)= (B.+D,)(A, + C.) - ((B.A,)"” +(C.D.)")".
(96)



When A(t) is a nonnegative function, we obtain
B(t) = (85 +4)E(0) L (1), fort = t,.  (97)
Therefore, from %'’ (t), we have
L(t) < (48 + 88°)E(0) L0 (1), fort > £,.  (98)
We obtain
Z'(t)<0,t2t,. (99)

Multiplying of (98) by %' (t), integrate it over [t,, t], and
we get
L'2(t) 2 a+ L)1), fort > ¢, (100)
with a and f3 defined.

Finally, utilizing Lemma 3, there exists a T such that
linTl Z(t) =0 and is estimated based on the sign of E(0).
t—T""

Thus, equation (72) is satisfied. O
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