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The Orlicz function-defined sequence spaces of functions by relative uniform convergence of sequences related to p-absolutely
summable spaces are a new concept that is introduced in this article. We look at its various attributes, such as solidity,
completeness, and symmetry. We also look at a few insertional connections involving these spaces.

1. Introduction

The spaces of all, convergent, null, p-absolutely summable,
and limited sequences are identified by the symbols w, c, ¢,
€,, and €. Sargent [1] established the space m,, in 1960 after
researching its many characteristics and determining its rela-
tionship to the sequence space €, (p > 1). Following that, a
large number of researchers looked into this sequence space
from various angles. Tripathy and Sen [2] introduced the
space i (p), p > 1, which generalized the space mh,; they also
examined other properties.

The term “Orlicz function” refers to a continuous, non-
decreasing, convex function that has the following character-
istics: ©(0) =0, O(x) >0, for x>0, and O(x) — oo, for
X — 0.

If there is a constant K > 0 such that 0(2x) < KO(x), for
all values of x > 0, then an Orlicz function O is considered to
satisfy the &,-condition for all values of x.

Numerous authors, such as Bhardwaj and Singh [3],
have introduced the concept of lacunary sequences defined

by the Orlicz function and satisfied some basic property;
Bilgin [4] has studied on difference sequence defined by
the Orlicz function; Gungor et al. [5] have introduced the
A-convergence sequences defined by the Orlicz function and
have initiated their different property; Tripathy and Mahanta
[6] have introduced the m(¢)-space in the setting vector val-
ued Sargent type sequences defined by the Orlicz function
and established their different algebraic and topological prop-
erty; and Parashar and Choudhary [7] have extended the €;,
-space introduced and investigated by Lindenstrauss and Tza-
friri to the setting of Paranormed sequence spaces defined by
the Orlicz function. This motivated others to study different
types of new sequence spaces defined by the Orlicz function.

The modulus function, first presented by Nakano [8], is
the function that results when O(x+y)<0O(x)+ O(y)
replaces the convexity of the Orlicz function.

The concept of relative uniform convergence of a set of
functions with respect to a scale function was initially put
forward by Moore [9].

Later, Chittenden [10] proposed the notion of relative
uniform convergence of a sequence of functions.
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2. Definition and Background

2.1. Relative Uniform Convergence

Definition 1. For every tiny positive number &, there is an
integer n, such that for every n, <, the inequality

f(x) = fa(x)] < elp(x)] (1)

holds. This sequence of functions is represented by (f,),
defined on the compact domain D.

Scale function describes the function y of the previous
equation.

Many others researchers like Demirci et al. [11], Demirci
and Orhan [12], Sahin and Dirik [13], and Devi and Tripa-
thy ([14-16]) have explored the idea further.

Presume that any subsets of natural number that limit
the number of items to s fall under the category of x;. ¢,
stands for a sequence of real integers that does not decrease
for any n € N such that (¢,,,/¢,) < (n+ 1/n).

As established by Sargent [1], the sequence space m, is
defined as follows:

m¢={<xn>ew:uxnu = sup Z|x|<oo} 2)

s=1 GEE ¢s neo

The sequence space and the Orlicz function concepts
were first introduced by Lindenstrauss and Tzafriri [17].

e@{

The £,-space with respect to the norm

%41l 1nf{v>0 Z <| ”><1} (4)

becomes an Orlicz sequence space, a Banach space. It is a
little close to the €,-space, an Orlicz sequence space with
the formula O(x) = for 1 <p < co.

The following sequence of functions are used in this
article:

i ( )<oo, where v>0}. (3)

BN
mp (fy) cw: Z ('f"( )|> <‘r|p¢(x)|,forsomev>0},

v

v

)
() (V\M(x)\

—0, n—>oo,f0rsomev>0}

(fy) €ew:

W0 = { sng?@(‘f"(x”) <T|/A(x)|,f0rsomev>0},
A={oas
<=

(5)

(‘f A3 - L)_)O’asn_>oo,forsomev>0}.
vlu(x)|
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We introduced the sequence of function space in this
article:

i = {(fn) cw: sup iZ@<|fn(X)|>

szl,0€€ ,xeD (ps neoc v

(6)
< 7|u(x)|, for some v > 0},

where u(x) represents the scaling function on a compact
region D.
The space ,, g is normed by

1
so=inf Sv>0: sup —Z@(‘f”(x”)Sl ,
™ szl,0€€ ,xeD (Ps nes V“’l(x)‘

(7)

152G,

where the scale function is represented by p(x).

Example 2. Let ¢, =1 for all n € N.
Consider an Orlicz function O : [0,00) —
defined by

[0.00)

O(x) =x* forall x € R. (8)

Let a sequence of function (f,) defined by

f, forx#0,
fo = Ol )
0

forx=0.

The above sequence of functions is relative uniform
convergence with respect to the scale function y(x), where

p(x) = (10)

x, forx#+0,
0, forx=0.

Then, we get, for v=1,

sup Zi <T. (11)

2
s2l,0€€,xeDpeg n

3. Main Results

In this section, we formulate the hypothesis of the results of
this article and establish them.

We state the following results without proof, which can
be established using standard techniques.
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Theorem 3. A normed linear space based on the norm estab-

lished by the space ,, f is

1 lf (x)|>
=inf{v>0: su — Y022 <13,
@ { s=1 oe‘g’pxeD ¢s yg} <V|M(x>|

(12)

Remark 4. The spaces , ¢° and

rubp Lo, are normed spaces,

normed by

£l 0 = inf { >0 : sup >0 ('@8“) ) 1}’
n=1 (]3)

Ul =i {v>0: s o (i) <1},

respectively, where p(x) is the scale function.

Theorem 5. The class of sequences mlhg(p), where 1>p >0,

is a p-normed space defined by

. ©)\?
Hmem:;(p):mf {V>0 sup Z@< x > Sl,wherel>p>0},

s2l,0€¢,xeDneg
(14)

where f = (f,) €, (p).

Proof. First, we establish that mrhf(p) is a normed space
for p.

(1) Clearly, [If]| 0l(p) =

operator, for all neN. Hence, (f,)
sequence of functions

(2) We have, for f=(f,) €

=0, if and only if f, =0, the null
=6, the null

m(f(p) and A be any scalar

wp Yo ”') S APIAL (15)

s2l,0€€,xeDpeo V“’l( )|

1Af

g (p) =
Let (f,), (g,) € m@(P) Then,

wp L oI >|)f’

szl,0€€ ,xeD ¢s neo Vllu(x)‘
p
< yo(l)
sz2l,0€é,xeDpeoa V|M('x |

. s Yo (gix))é

sloct xeDpcg  \VIH(%)|

(16)

Therefore,

If+g

<A g + 119

m¢ m¢ ru¢

As a result, mrhf(p), where 1> p >0, is a normed space

of type p.

We now show that i @(p) is a whole p-normed space.

If (f!) is a Cauchy sequence in m@(p) then p(x) is a

sup

scale function for and {(x) exists over x € D, where

i

Let = (f)"", for each fixed i € N.
After that, there is a positive integer n,(e) > 0 such that
for a given £ >0,

<& (18)
rumg(P)

inf < v suj — M P< c
= f{ >0: S>10€EPXED¢S;@( e <17 <g

(19)

. £ -\
—inf{v>0: su ) ‘"7" <1l%<ed,,
{ Lo L2 ( V]u() h

(20)

vu

for every n, <i,j and n e IN.
Taking s =1 varying o of .
Let ((/)@)Wp) < g, then, we have from (20)

)+ fi(
inf{v>0: sup Z@ u <lp<e,
SBI,O‘EES,XGD;’[EU V|‘u< )|

i,jand n e N.

i X)— j X
<4’f”(v|)”(j)”|( )|> <g. (22)

Since C is complete, ( f;)jilis convergence in C for x € D
, with regard to the scaling function y(x). Therefore, for any
fixed n, (f1)°" is a Cauchy sequence in C.

Let f{ — f, as n— 00.

Now, we show that (f,)e€
n— oo, for each, fix s.

j
Yo (If ~fi !) <ep,, foralli, j > n,,

2\ V)
) = fu0)] )’
( v|u<x>| stpse

(23)

for every n, <
Therefore,

n=1

mg(p) and f,—f, as

=inf {v >0: sup

s21,0€€,xeDneg



meaning that for any i>n, related to the scale function
u(x)s (f = f) € nting (p).

Hence, f(x) = f'(x) + f(x) - f'(x)f €, 10 (p) as
is a linear space.

Also,

Therefore, for 1 >p >0, mrhg(p) is the whole p-normed
space. O

ating (P)

<¢ forallny <n. (24)
w805 ()

%

Theorem 6. The space ,,m @(p)_m V@/ if and only if

sup
((/)s/ws) <00.
sz
sup
Proof. Suppose (¢/y,) = L(<o0) and (f,) € mﬁlf.
s=21

Then,

sup Z@(

s2l,0€€,xeD ¢s neo

) < 7|u(x)|, insomev >0. (25)

Now,

sup > @(”’C)')

s21,0€€,xeD Vs neo p

¢ 1 fn ()]
(SSE? V/s> {S?l,ji‘lzxéD ¢Ts r;y@ ( v ) }

<Lalu(x)| <7'[u(x)|, where, Lt =7’ == (f,) € 1.
(26)

Hence, g C ;.
Conversely, suppose that

Mg € . (27)
Next, suppose

sup ¢ _ 0. (28)

s21 V/s

Then, there exists a natural s; sequence such that
(¢, Iy, ) = coasi — 0o.

Let (f,) €, mf
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Consequently, v > 0 exists in such a way that

1 |f (x)|> ¢

su — Y O 2= ) =|sup—

s;l,aeE}:xeDwsy,Za; ( v i;? 1//5_
(29)

{ e ze(N)]-

Therefore, (f,) ¢

Since, we arrive at a contradiction.
Hence,

ru

up — < 00. 30
SS>F1/’S ( )

We make the following conclusion without providing
any proof in light of the previous theorem. O

Remark 7. Let 0 < p < 1, then m@(p) <, f(p) if and only

if sup(¢,/y,) < co.
szl

Proof. The previous remark’s proof is identical to that of
Theorem 6. O

Theorem 8. Suppose 0,0,,0, is an Orlicz function that
satisfies the 8,-condition.
Then,

.0 . 0:0
(1) ,mg'c, my

. 0 . 0 . 0,+0
(2) ,,my' N, W7 C

—ru

Proof.

g

(1) Let (f,) €, my'

Consequently, there is v > 0 such that,

()

Let 0 <e< 1 and # with 0 <# <1 such that O(t) < 5 for

0<st<n.
Now,
(o (o))
I CICF ) (32)
Lyo(e

sz2l,0€€, xED s
x)|
O n
( 1<"|M(x)|

sup  —
s2l,0€€,xeD (ibs neo

sup  —
szl,0€ ,xeD ¢s neo

s=1 aeE xeD (/)s
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where the summation Y, is over O, (|f, (x)|/v|u(x)|) <8’
and the summation }, is over O, (|f,(x)|/v|u(x)|) >#.
Since O is continuous, then we have

L CIC =)
o) w530 (i)

For O,(|f,(x)|/v|u(x)|) >4, we use the fact that

() (e i)

(34)

Because O is convex and has a nondecreasing nature,
@< <|VJ|[ME?)|> ) @<1 "o (Lflﬂ((?)") f7>

oo lea(BEY s

oo oo (523):)

There exists K >0 such that, given that ® meets the

requirement of §,,
<L QIS QI
3000 () n 250 (i)

<000 ()

Hence,

<

1
2
1
2

(36)

IO CICH ) CY
etz ()

(Ges)

From (38) and (39), it follows that (f, )€1t (ru).
2

Hence, ,m,' <, m, .
. 0 .0

Let (f,) €, ¢>1 n,,my’.

Therefore, (fn) €, fl and (f,) € rhf2

sup lZ@

szl,0€€ ,xeD ¢s neo

<max {1, (KO2)n™")}

5
Consequently, there are v, >0 and v, > 0 such that
()] ) T
sup — ) O, ( <.
szl,0€€ ,xeD (/)sr;y V1|/’l(x)| 2
(40)

()l > T
sup — ) O < < -
szl,0€€,xeD ¢s r;; 2 v2|y(x)| 2

Let v; = max {v,,v,} then,

wp L3 (0,+0,) (L

s2l,0€€,xeD ¢s neo
Ly o (L)

| ( )| (41)
1fu ()]

sup
s=1 UGE xeD ¢5 neo

+ sup ) ( )
szl,0€€ xeD ¢snze(:r ? V2|[’l(x)|
T T
<—+-=1.
2 2

v 0,+0
Therefore, (f,) €,,m,"" .

.0 0 . 0,+0
Hence, 1y’ N, i C g O

Theorem 9. mrhf is a solid space.

Proof. Let (f,) € mrh(f.

sup  —
s21,0€€,xeD (ibs neo

)
<VIM(x)> < (42)

Consider A, for all n € N, where |A,| < 1. Then,

sup 1 Y @('M(")')

szl,0€€ ,xeD ¢s neo V|Au(x)|

-y Lyo(Bll)

s2l,0€€ ,xeD ¢s neo V|[’l( )‘

£ >|>
J’sbz (vw ) <"

Hence, (A,f,) €,,m{

¢
It follows that ¢ is solid. 0

We make the subsequent conclusion without providing
any proof in the light of Theorem 9.

9

Remark 10. For the whole number 0 < p < 0o, the space ,

is solid.

Regarding the description of mmf-space, we arrive at the

following conclusion.

@

Remark 11. The space ,,my; is symmetric.
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