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A finite p-group G is said to have the property P, if, for any abelian subgroup M of G, there is IMZ(G)/Z(G)| < p. We show that if
G satisfies P, then G has the following two types: (1) G is isoclinic to some stem groups of order p’, which form an isoclinic family.
(2) G is isoclinic to a special p-group of exponent p. Elementary structures of groups with P are determined.

1. Preliminaries

Let pbeaprime and G be a finite p-group. A group G is said to
have the property P, if any abelian subgroup M of G satisfies
IMZ(G)/Z(G)| < p. It is well known that if MZ(G)/Z(G) is
cyclic, then M is abelian. It rises to consider the groups with
property P.

Mann [1] obtained the structure of 2-groups with prop-
erty P; leting any abelian subgroup M of 2-group G satisfy
IMZ(G)/Z(G)| < p, then G is isoclinic to a dihedral group.
And for any odd prime p he showed that if any abelian
subgroup M of G satisfies I[MZ(G)/Z(G)| < p, then G/Z(G)
is an elementary abelian p-group or a nonabelian group of
order p* and exponent p.

Lemmal (see [1]). Let G be a finite p-group which satisfies the
property P. Then G/ Z(G) is an elementary abelian p-group or
a nonabelian group of order p* and exponent p.

This paper further discusses groups with property P. In
the following all considered groups are finite p-groups among
which p is an odd prime.

First we state some notions and lemmas.

Definition 2. Groups G and H are said to be isoclinic, if there
exist isomorphisms o : G/Z(G) — H/Z(H) and 0 : G -
H' which are compatible, in the sense that (aZ(G))’ = cZ(H)
and (bZ(G))’ = dZ(H) (c,d € H-Z(H)) imply that [a, b]e =
[c,d].

Definition 3. A finite p-group G is called a stem group, if
Z(G) <G

Definition 4. Group G is called a special p-group, if G is an
elementary abelian p-group or G' = Z(G) = ®(G) is an
elementary abelian p-group.

Lemma 5 (see [2]). Finite p-groups are isoclinic to stem
groups.

Lemma 6 (see [3]). Let G be a finite regular p-group, s > 0;
then for any a,b € G, al’ = p? if and only if(ailb)p =1.

Lemma7 (see [4]). Let G be a regular p-group; then for any i,
Q,(G) is the set of elements of order p'.

2. Main Results

We need the following result.

Lemma 8. Suppose that G and H are isoclinic. If G satisfies P,
then so does H.

Proof. Assume that isomorphisms 0 : G/Z(G) — H/Z(H)
and 6 : G' — H'are compatible. And assume that M is an
abelian subgroup of H. Then there exists a subgroup N of G
such that (N/Z(G))” = MZ(H)/Z(H). Suppose that ¢,d €
N\ Z(G) and (cZ(G))’ = aZ(H),(dZ(G))° = bZ(H). Then
a,b € M\ Z(H). Then [c,d]® = [a,b] = 1 since o and 6 are



compatible. It follows that [IN/Z(G)| < p since G satisfies P.
Hence |IMZ(H)/Z(H)| < p. This completes the proof. O

Now we state our main result.

Theorem 9. Let G be a finite p-group satisfying property P,
then

(1) G is isoclinic to some stem groups of order p°, which
form an isoclinic family, or

(2) G is isoclinic to a special p-group of exponent p.

Proof. By Lemmal, G/Z(G) is an elementary abelian p-group
or a nonabelian group of order p* and exponent p.

(1) Suppose that G/Z(G) is not abelian.

Then G/Z(G) is of order p’ and exponent p. By Lemma 5
we may suppose that Z(G) < G'. Noting that the nilpotent
class of G is 3, thus Z(G) # G'. It follows that G’ is abelian since
|G'/Z(G)| = p. Assuming that G/Z(G) = (aZ(G),bZ(G)),
thenG = (a, b) since Z(G) < G'.LetH = (a,a’) = {(a, [a, b]).
Then H is nilpotent of class 2 and thus H is a regular p-
group. Note that ¥ € Z(G) since G/Z(G) is of exponent
p. So v lab)’ = b lafb = af, following that [a,b]f =
(ailbflab)p =1 by Lemma 6. Hence G' = ([a,b])® = ([a,b],
[a,b,a],[a,b,b]) is abelian and |G| < p3.

If|G'| = p»> then G is inner-abelian and G/Z(G) =
a contradiction.

If|IG| = pz, there are two cases.

Case 1 ([a,b,a] = 1 or [a,b,b] = 1).If [a,b,a] = 1, then
(G, a) is abelian and (G, a)/ Z(G) = Z;, a contradiction. For
[a,b,b] = 1, then (G, b) is abelian and (G, b)/ Z(G) =
contradiction.

Case 2 ([a,b,a] = [a,b,b]). Then we have [a, b, a][a,b,b7] =
[a,b,ab™] = 1. Thus H = ([a,b],ab™}, Z(G)) is abelian and
H/Z(G) = Z;, a contradiction. Hence |G'| = p3 and then
IG| =

Now we show that all groups of order p° with P are iso-
clinic.

Suppose that G = (a;, b)), H = {(a,,b,) are groups of
order p> with P. Then G/Z(G) = (a1Z(G) b Z(G)) =

and H/Z(H) = {(a,Z(H),b,Z(H)) =

Set¢, = [a,b], ¢, = [ay,b,] and cfeﬁne o:G/Z(G) —
H/Z(H) such that (¢,Z(G))° = a,Z(H), (b,Z(G))° =
b,Z(H).

Then o spans an isomorphism and (¢, Z(G))? = [a, Z(G),
b, Z(G)° = [a,Z(H),b,Z(H)] = ¢,Z(H). Note that Z(G) =
(e arl) x (e, b1} Z(H) = (6 a]) X {[6y,b,]) and G' =
(q) x Z(G), H' = {c,) x Z(H).

Setting Cf =, [cl,al]e = [, a,], and [cl,bl]e = [, b,],

then 6 deduces an isomorphism from G' onto H'. Now we
show that o and 0 are compatible.
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For any x, y € G, write x = allblchzl,

where z,,z, € Z(G). Then

J2
= al ‘b, c1 °Zy

(xZ(G) = (alb}c 2(G))
= (a}2©G)) (b2 ©G)) (2 @)
= al Z(H)b2Z (H) & Z (H) = albi2cs Z (H).
¢))

Similarly, (yZ(G))° = al'bl>c)’ Z(H). Note that
[x, y] = [ai‘b'zcl zp,al'b* P 2|
= [ailblzcl ,al b]2 ]
= [a’llbl ,al bJ2 ] [C1 N b]2 ]
x [ai‘biz, 1bhc1 s ]
- ettt [l o] [
[Cla b]z]
_ [Cl,al]iﬂl*ﬁ]} [Cl,bl]iSjriZb [ailbiz,aflblfz]
— [Cl’al]isjﬁil]} [Cl> bl]isjzfizjs
x [ailbiz,aiil] [ 1biz’sz] [alllbl ’al ’sz]
[Cl)al]lall—llls [C b ]’3]2 ir]3 [C 611](1 )(112)
x [Cl,bl](if)(izz)
x [Cl,al](if)(jﬁ)[cl,bl](Jf)(izz)
% [Cl’ bl]ilizjzfizjljzcilfzfizjl
e D)
% e, bl]isjz—izjwaizjz—izjljz+(f; )2 )+ (1)(%) ik,
(2)
Set

fi =131 —ijs + ( )(J21>+<2><]12>)
fr = isjy —iyfs g fy —iyfyjy + <]11> <122> " (111) <]22> )

f3 =i1ja —iyj1-
©)
Then [x, 5] = & o], 1. Thus [ y)” = ¢l le,
a1, b)) = [a;‘blzc2 ,a b]2c2]3] Hence o and 0 are com-

patible.
(2) Suppose that G/Z(G) is an elementary abelian p-

group.
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Note that G’ < Z(G) since G/ Z(G) is abelian. ByLemma5
we may suppose that Z(G) = G'. If expG = p, then G is a
special p-group of exponent p. So suppose that exp G > p.

Let G/Z(G) = (a;) x (a) x --- x {(a,), where a; =
a;Z(G). Then G = (a,,a,,...,a,) and af € Z(G). Note that
G = ([ak,al])G and [a;, q))? = [ap,al] = 1. Hence G’ is
an elementary abelian p-group of exponent p. Suppose that
G =y | fnlcy) = 1), where ¢; = [a,a] and f,,(cy) = 1
indicate the laws of G'. Suppose that K = (dy; | f,,(dy) = 1)
and K = G'. By Schreier group expansion theories, we can
add elements b}, b,, ..., b, of order p such that [b,b] = dy
into group K, note that H = {b},b,,...,b, | b¥ = 1,[b. 4] =
dy;}. Then H is a group by Schreier group expansion theories.

Defineamap o : ¢; — dy; for k,I = 1,...,n. Then o
deduces an isomorphism from G onto H'. Note that H/H' =
(b)) x (by) x -+-x (b,y and G/G' = (@,) x (@,) x -~ x (@,).

Setting 0, : @;G' — bH', then 0, spans an isomorphism
from G/G' onto H/H'. o

For any xG',yG' € G/G', assume that x = aj'a} -
afl"cl,y = al'al’ "-a,];"oz, where ¢;, ¢, € G

Then (xG')" =(a,'a} - --aiG") " =b'b} - - - b H' (yG')™* =
(@'a)---al’G" =b/'b} - bI'H'. So [x, ] = [a)dy -
a;”cl,aflaf . _‘az:cz]vz — (ngkglsn [ak,al]”‘]’_”]")az — Hlﬁkﬁlﬁn [bk’
bl]ikjrizjk — [bilb; . "b:ln’bflbzh ,.,erl‘n]_

Thus o, and o, are compatible.

For any x € Z(H), write x = b;'b - -- bi»c, where ¢ € H'.
Then [b]'by ---bine,b] = 1.

. ) ol —ii i o7l ey
Note that (b,'by ---b»H') ' =(b/b, ---b.)  =a}a; -
1

—i, iy i il .. N ]

ar = a'a, ~--arf"G , and similarly (bH') ' = a,G". Then
i1, i1 1% i i, _ i i,

[b)by ---br, b = [a)'ay ---ar,a;] = 1. Hence aj'a; ---

ar e Z(G) = G'.

It follows that bby - b"H' = (G')" = H' and thus
b{‘b;z "'b:;" € H.So Z(H) < H'. Asaresult H' = Z(H).
Since H = {b,b,,...,b, | b = 1,[b.,b] = dy}. We know
that U, (H) = (bp,bf,...,bf) = 1; then exp H = p. Hence G
is isoclinic to a special p-group of exponent p. O

Note. In the sense of isoclinism, to investigate groups with P
is to consider the special p-groups of exponent p.

We need the following result.
Lemma 10. Let G be a special p-group of exponent p. Then

() ifd(G) = n, then |G'| < p""* /%

(2) for any x,y € G, if (xZ(G)) = (yZ(Q)), then G
satisfies P.

Then we deduce the following.

Theorem 11. Let G be a special p-group of exponent p and
d(G) = n, then

(1) if |G| < p", then G does not satisfy P.
() ifIG'| = p"("fl)/z, then G satisfies P.

Proof. Suppose that G = (a;,a,,...,a,). Since G' is an ele-

. ! )
mentary abelian p-group, we may see G' as an additive group
of the vector space on GF(p).

(1) Assume that |G'| < p"'. Then [a,,a,],[a},a;],. ..,
[a,,a,] are linearly dependent. So there exist some
integers which are not all Omod p such that [a,
ag]kl [111,(13]1(2 [al,an]knfl = 1. Thus <a1’a§1a§2 ---a’rf”‘l) is
abelian. However, note that I(al,a;cl algz . -~a§"*1)Z(G)/
Z(G)| # p since a;, a,, ... ,a, are generators of G. So G does
not have P.

(2) Assume that |G'| = p"(”_l)/z. Then G’ = {([a;,a,),
- lapa,l,... a4, ,a,]). For any x,y € G, assume that
x =dl'ay---arc and y = Aaflaf'---'af;"q,'where o, €G.
Then [x,y] = e —-afcy el --abe] = lafal -
ay,al'ay - al] = [1iqqenl e a7,

Looking at G’ as an additive group of the vector space
on GF(p), then [a;,a,],...,[a,a,],...,[a,_;,a,] are linearly
independent. If [x, y] = 1, then i j; — i;j = Omod p for
1 <k<l<n'Thusi/j =i,/j,- - =1i,/j, Setting i,/ j, = m,
then x = a/'"a*" -
(a{laéz, .. ,ai”cz)mc = y™c, wherec € G'. Hence (xZ(G)) =
(Y"Z(G)) € (¥Z(G)). By Lemma 10 G satisfies the property
P. O

: oo ,
alc, = (af'al?) 62(2 )a§3m---a;nmc1 =

Corollary 12. Let G be a special p-group of exponent p. Then
(1) if d(G) = 2, then G satisfies the property P.
(2) if d(G) = 3, then G satisfies the property P if and only
ifIG'l = p’.

Proof. (1) If d(G) = 2, then G is an inner-abelian p-group.
Obviously, G has the property P.

(2) Assume that d(G) = 3 and G = (a;,a,,a;). By
Theorem 11 G satisfies P if |G'| = p3, but it does not if |G'| =
p. Assuming that IG'| = pz, then [a,,a,], [a;, a5], [a,, a;] are
linearly dependent. So there exist integers k;, k,, k; which
are not all 0 mod p such that [al,az]k1 [(11,613]"2 [a,, 613]"3 =1.
Hence (a akr gk g™ ajk3) is abelian.

1,0y G374, a3

Since ay, a,, and a; are generators of G, [{(a,
a§1a§2a3k3a§k3)Z(G)/Z(G)I #p, then G does not satisty
p; ]

Theorem 13. Assume that G = {(a,,...,a,) (n > 4)is
a special p-group of exponent p and |G'| = p", where
n-1 < m < nn - 1)/2. Suppose that G = ([akl,

a b, sla sa booola s 1) for kil € {1,2,...,n) If
G satisfies the following properties, then G has P.
(1) (g, a] # 1 for any k #1.
(2) For any distinctl +m € {1,..., n} and for not all 0 mod
p integers i, j, [a, q)]' # [ag, a,,,)’.
(3) For [akl, all], [akz,alz], s [aknfl’al,.,l]’ which satisfy
tk, kg by ok 5L} = 11,2, 0 and k€
{ki, LY or Iy € {k;, L}, wherei=1,2,...,n—2.
(4) Al’ly [aki’ ali] Of [akm+1 > alm+1 ]’ Tt [akn(nfl)/z’ aln(nfl)/z]
can be expressed as [a,a] = [ay, aln]t“ [ay

>
n+l



bi .. Emns1)i
“l,m_] Loy sy T, where tth, e Ee g
are integers.

Proof. For any x,y € G, write x = aj‘a;---arc and y =
J1 )2

al'al’ .- alnc,, where ¢, ¢, € G'. Then
i i i i g j
[x,y] = [alla; eare,al'al ---a,i"cz]
_ iy Jiy ~H, Jky iky i, =1, Jky h
- [akl ’ all ] [akz ’ alz] e [akn—l ’ aln—l ]
£ 13
x[ag.a ] [a .a ],
(4)
where
fl = Y Sy T U TR
n(n-1)/2
fo =iy, =inge, + Y, b (i i, =i d,)»
s=m+1 (5)
n(n-1)/2
fs =t g, — iy Jk, + En-ms1)s (lksjls - lls]ks)-

s=m+1

Note that [akl »a, ]., law,a,) .. lae o Lla,al...,
[ax > @, ]are linearly independent.

Hence if [x,y] = 1 then iy j, — i ji = ixj, -
i jx, + yu tyGy ji, — i jk,) = Omod p, where r =
L,2,...,n,...,m. It follows that i;/j, = i,/j,--- = i,/j,

by (1) and (2). Supposing that i;/j, = m, then x = y"c
and thus (xZ(G)) = (y"Z(G)) < (yZ(G)). Hence [{x,
¥, Z(G)/Z(G)| = Ky, Z(G))/Z(G)| = p, following that G
has P. O

Corollary 14. Let G be a special p-group of exponent p and
d(G) =n(n>4). If|G'| = p*™" or p", then G does not satisfy
the property P.

Proof. By Theorem 13 if |G'| = p"' or p”, then G does not
satisfy the conditions of Theorem 9. So G does nothave P.  [J
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