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We begin by recalling a group which is an enlargement of the diffeomorphisms on an ordinary manifold. We used this larger
group to unify the gravitational and electroweak fields, which are mediated by bosons. Unfortunately, we could not include the
neutrinos, because geometrical theories based on an ordinary manifold generally cannot include fermions. Therefore, in this paper,
we introduce an analogous group that contains the superdiffeomorphisms on a DeWitt supermanifold as a proper subgroup.

1. Introduction

Our group enlargement has been motivated by a prediction of
Dirac’s [1], a subsequent more specific suggestion of Einstein’s
[2], a requirement by Pauli [3], and by remarks by DeWitt
[4,5].

In the preface to the first edition of his famous book
Quantum Mechanics, Dirac made the prophetic statement:
“The growth of the use of transformation theory, as applied
first to relativity and later to the quantum theory, is the
essence of the new method in theoretical physics. Further
progress lies in the direction of making our equations
invariant under wider and still wider transformations.”

In his Autobiographical Notes, Einstein made the follow-
ing statement which is consistent with that of Dirac, but
which is more specific: “Our problem is that of finding the
field equations for the total field. The desired structure must
be a generalization of the symmetric tensor. The group must
not be any narrower than that of the continuous transfor-
mations of co-ordinates. If one introduces a richer structure,
then the group will no longer determine the equations as
strongly as in the case of the symmetric tensor as structure.
Therefore it would be most beautiful, if one were to succeed in
expanding the group once more, analogous to the step which
led from special relativity to general relativity”

The group that Einstein called “the continuous trans-
formations of co-ordinates” is presently called the group of
diffeomorphisms and is defined by (1). Now, the diffeomor-
phisms (which led to general relativity) contains the Lorentz
group (which led to special relativity) as a proper subgroup.
Thus, Einstein’s suggestion is that we seek a group which
contains the diffeomorphisms as a proper subgroup, but does
not suggest how such a group should be found.

Pauli noted that “it is absolutely essential that such a
fundamental theorem as the covariance law be derivable from
the simplest possible basis assumptions” In Section 2.2, we
obtain a covariance group which satisfies Pauli’s requirement,
by assuming that all observers will agree whether or not
any given vector quantity is conserved. The new covariance
group is defined by (2) and is called the “conservation group.”
In previous physics papers [6-13] we used the conservation
group in an attempt to unify the gravitational and electroweak
interactions.

Our attempt was only partially successful because it does
not include fermions. This is a common defect in geomet-
rical theories defined on an ordinary manifold. However,
as DeWitt [4] notes, the discovery of Bose-Fermi super-
symmetry suggests that we should pass from an ordinary
manifold to a supermanifold. DeWitt [5] also states that,
in a supermanifold, the proper setting “will be a suitable



elaboration of the geometrical ideas upon which Einstein
based general relativity”

For the reasons discussed above, in Section 3 of this paper,
we introduce a super conservation group which contains the
superdiffeomorphisms as a proper subgroup.

2. Group Which Contains the
Diffeomorphisms as a Proper Subgroup

In previous physics papers [6-13], we presented a group
which contains the diffeomorphisms as a proper subgroup.
We include a discussion of that group in this section, because
its inclusion will optimize the clarity of our new groups
introduction in Section 3.

2.1. The Diffeomorphism Group. For a diffeomorphism, infin-
itesimal changes of the coordinates are related by dx' =

x}dxj, where the summation convention has been adopted.

The matrix of the transformation coefficients x; must be
nonsingular, and the integrability condition

xk,] Xy =0 M
must be satisfied. Partial differentiation is denoted by a
comma.

2.2. The Conservation Group. In [6-13], we replaced (1) by the
requirement that the transformation coeflicients will satisfy
the weaker condition

xll.‘ (xi)j - xi.)k) =0. 2)

Transformations which satisfy (2) are called conservative, for
a reason that will become clear in Section 2.2.1. Proof that
(2) defines a group which contains the diffeomorphisms as
a proper subgroup will be recalled in Section 2.2.2.

2.2.1. Transformation of a Conservation Law. A conservation
law is an expression of the form

Vi=0, (3)

where V' is a vector density of weight +1. It is surprising and
very important that (3) is invariant, not only under the diffeo-
morphisms, but also under the more general transformations
defined by (2). This may be seen in the following way.

The transformation law for a vector density of weight +1
is
ox ;

VzT
ox i

XLV, (4)

where 0x/0x is the Jacobian determinant of xlf . If we differ-

entiate (4) with respect to x', a short calculation gives

i 0X_ ]axk; H
ngﬂw Vi = (,J M) (5)
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Equation (5) shows that (3) is invariant, not only under the
diffeomophisms, but also under the larger group defined by
(2). This is clear because V/ is arbitrary and ax/aqu 0. Thus
it follows from (5) that we have both V’ =0and V’ =0 (i.e,

a conservation law is an invariant statement) if and only if
the transformation coeflicients satisfy (2). We therefore call
transformations that satisfy (2) “conservative”

2.2.2. Proof That the Conservative Transformations Form a
Group Which Contains the Diffeomorphisms as a Proper
Subgroup. First, we note that the identity transformation

x' = x' is a conservative transformation. Next, we consider
the result of following a transformation from x' to x' by a
transformation from x' to x'. Upon differentiating x|, = x.x],
with respect to x7, subtracting the corresponding expression
with j and k interchanged, and multiplying by x:f , we obtain

P x’f —x’f

7 \Mkj ik
N SV §+k(?_?)
=X (G5 = X5 ) X5+ (X — Xk ) -

We see from (6) that if the quantities xA(x" - x )x and

(6)

x;(xk’ jX j’k) both vanish, then the quantity x; ({ck, i j’k)

vanishes Thus, if the transformations from x’ to x* and from
x' to x' are conservative, then the product transformation

from x' to x' is conservative. If we let X' = x', we see

from (6) that the inverse of a conservative transformation

is conservative. From x:i = xixj, we see that the product

of matrices xi and x, (which represent the transformations
from x' to x' and from x' to x', resp.) equals the matrix
xk (which represents the product transformation from x* to
x'). It is obvious, and well known, that if products admit a
matrix representation in this sense, then the associative law
is satisfied. This completes the proof that the conservative
transformations form a group.

We note that if (1) is satisfied, then (2) is satisfied; that
is, the conservation group contains the diffeomorphisms as a
subgroup. Thus, to show that it contains the diffeomorphisms
asa proper subgroup, we need only to exhibit transformation
coefficients which satisfy (2), but do not satisty (1). Such
transformation coefficients are

xi =81+ 8152, = OF - ok87x!, )

where 8} is the usual Kronecker delta. If we take the partial

derivative of x}; = 8}; + 628,%361 with respect to x’ and subtract
from the result the corresponding expression with j and k
interchanged, we get

ka—x

Tk = 05 (600 — 875;) . ®)
If, in (8), we choosei = 3, k = 2, and j = 1, we get x; —xiz =

6; (658% - 25;) = 1, so the transformation coefficients in (7)
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do not satisty (1). However, upon multiplying (8) by x%,‘ = 81].‘ -

813‘81.2x1, we find that the transformation coefficients in (7) do
satisfy (2). q.e.d.

3. Group Which Contains
the Superdiffeomorphisms as
a Proper Subgroup

In [6-13] we used the conservation group as the covariance
group for a geometrical theory which unifies the gravitational
and electroweak fields, which are mediated by bosons. This
theory, however, fails to completely unify the gravitational
and electroweak interactions, because it does not include
the neutrinos, which are fermions. Geometrical theories
based on an ordinary manifold generally cannot include
fermions. However both bosons and fermions are included in
theories based on a supermanifold. We therefore investigate
a generalization of the conservation group to a setting which
is a supermanifold.

3.1. Supermanifolds. As Rogers [14] has stated, “a superman-
ifold is a set, more specifically it is a manifold modelled on
some flat ‘superspace’ so that it has local coordinates some
of which take values in the even and some in the odd part
of a Grassmann algebra” “Even” quantities commute with
all quantities, while “odd” quantities anticommute among
themselves.

We adopt the standard notation of DeWitt [15, pages 2
and 3 and Section 2], in which the rules for commutation
relations and for shifting tensor indices are accommodated
by using coeflicients that are powers of (—1). When the
first edition of DeWitt’s book was published in 1984, the
journal Nature stated “Supermanifolds is destined to become
the standard work for all serious study of super-symmetric
theories of physics” We assume that a reader interested in
this section is somewhat familiar with DeWitt’s notation.
However, since we wish to optimize readability, we shall give
more details than what is customary in the remainder of this

paper.

3.2. The Superdiffeomorphism Group. For a superdiffeomor-

phism, the transformation coeflicients xz. in the relation dx’ =
x;dxj must be nonsingular and must satisfy the condition
(1) x, - )

i
Xk~

If (9) is replaced by the weaker condition

D [x = (DX, ] =0, (10)

the transformation will be called superconservative, for a rea-
son which will become clear in Section 3.2.1. Proof that (10)
defines a group which contains the super-diffeomorphisms as
a proper subgroup will be given in Section 3.2.2.

3.2.1. Transformation of a Superconservation Law. A discus-
sion by DeWitt [15, page 113] shows that a super-conservation
law is an expression of the form

(-D'V; =0, ()

where V' is a supervector density of weight +1, and that the
transformation law for a super vector density is

Vi Ly 12)
ox /
where 0x/0x is the Jacobian superdeterminant of xg . (note:
DeWitt uses the symbol pX" instead of our V*, and the symbol
J~! instead of our 0x/0x.). )
If we differentiate (12) with respect to x and multiply by
(-1)", we get
- i+ j+ij ox Jyd
DVE= (I Zvix (13)
where we have used sz = (—l)j(jﬂ)xé, which corresponds to
DeWitt’s equation (1.7.25). Continuing, we have

(-1)'Vi= (—1)f*f*fj*i(i*f)<gfvf>

o Ox. -
4 (=) Xy
1) ox i

if 0x_ i
=(-1) (ﬁv )

ax
+j+ k
+ (1)

ox - ox
= — (-1)'V, Vi
ax Y "+<ax>1

(14)

kijkOX i k7
( 1)]+ +j axlefx’]k,

and since (ax/BE),j = —(—)k(ax/ai)x;(x?k, we get

kaxkr

(-1)Vi= —( DV = () g v

b (c1yk Sy
ox ')
(15)
1

aX F— ; ax ; i
= (DY () Vil

. . ax . i
+ (—1)]+k+]k —_V]xl,(x'. ke
ax [ B

Thus, we have

iV? o i‘ri
(_1) j: a—i(_l) S
(16)

+k O i i
— P VI [ - 1.



We see from (16) that we have both (—1)i\/"§ = 0 and
(-1 V£ = 0 (i.e., a super-conservation law is an invari-
ant statement) if and only if (- 1)’+k(ax/ax)V] [xk T
(—I)ka}’k] =0. Sl{lce Viis arblfrary and 0x/0x # 0, we must
have (—1)j+kx§ [x}'c,j - (—l)jkx;’k] = 0. The index j is not
summed, so we divide by (-1) to obtain (10). We therefore
call transformations that satisfy (10) “super-conservative.”

3.2.2. Proof That the Super-Conservative Transformations
Form a Group Which Contains the Superdiffeomorphisms as a
Proper Subgroup. We begin by noting that the identity trans-

formation x' = x' is a super-conservative transformation that
is, it satisfies (10). Next, we con51der the result of followmg a
transformanon from x’ to x’ by a transformation from x' to

x'. Upon differentiating x} = x.x] with respect to x/, we get

jlktr) T
ka—(l) x,Jxk+xka

= (- I)Jk“rx’;ngxk +xL xk] (17)

_ ( 1)k1+kr+r1+rx£xz j+ x xk]

and we multiply by (—1)kx:§ to get

k k. i ki+kr+ritr+k _k 5
(-1) xlfx;w. = (=) S xLxLx;

+ (—l)kxlfx’ x;J

_ (18)
= (-1) %kl x X
+ (—l)kxﬁxzj.
Thus,
k k
(=1)*xz xﬁc
(19)

_ C ks
= (—l)rxfxlﬁxj +(=1) xyx,r{,j.

We interchange j and k in the middle line of (17) to obtain

i ik+k i
x;)k = (-1)/ rxﬁxkx] + x})x;’k
(20)
jk+r+rs+ritkr+ki s
— (_1)] r+rs+ri T lx;; Ig? ;+x x]k)
and we multiply by (~1)**7* x¥- to get
et jk ktr+rstrivkriki k 7 7§
(-1) j ;k_( 1) rrs+ritkr 1xlfx£ x%’?x;
ktjk_k T F
+ (-1 x»xlx]k
(21)

+ k i s
= (-1 zxAxg’;xj.

+ (—1)k+]kx’fx' x;k,
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o)
( 1)k+]k k 1
(22)
_ (_1)r+rsxrx177xj + (_1)k+]kxkx:k
Upon subtracting (22) from (19), we obtain
(_kai [xkj_( l)Jk i ]
:(—1)’x,f[ %3—( 1)”xL] X (23)
A N A C D B
Equation (23) shows that if the quantities (—l)rxf[xgg -

(—l)rsxl,] and (—1)Fxk [xk] (- l)fk A ) both vanish, then it

follows that the quantity (-DFx [xk J —(~1)*x i k] Vamshes

Thus, if the transformations from x' to x* i and from x' to x' are
super-conservative, then the product transformation from x'

to x' is super-conservative. If we let X' = x', we see from
(23) that the inverse of a super-conservative transformation is

super-conservative. As in Section 2.2.2, the relation xﬁc = xéx,’c
guarantees that the associative law is satisfied. This completes
the proof that the super-conservative transformations form a
group.

We note that if (9) is satisfied, then (10) is satisfied;
that is, the super-conservation group contains the super-
diffeomorphisms as a subgroup. Thus, to show that it contains
the super-diffeomorphisms as a proper subgroup, we need
only to exhibit transformation coefficients which satisfy (10),
but do not satisty (9). Such transformation coeflicients are the
same as those in (7). This is clear, because the quantities in (7)
are all ordinary numbers. Therefore, as DeWitt notes, they are
in the even part of our supermanifold. Hence, in this case, the
exponents j and k in (9) and (10) are even numbers. Thus, for
the transformation coeflicients in (7), (9), and (10) reduce to
(1) and (2). We have shown previously in Section 2.2.2 that the
transformation coeflicients in (7) do not satisfy (1), but satisfy
(2). q.e.d.
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