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Alocal Lagrange interpolation scheme using bivariate C* splines of degree seven over a checkerboard triangulated quadrangulation
is constructed. The method provides optimal order approximation of smooth functions.

1. Introduction

Suppose that A is a regular triangulation of a connected
polygonal domain Q. For integers 0 < r < d, we define

S, (A):={s € C"(Q): sy € Py, VT € A}, 1)

where P; is the ((d + 2)(d + 1))/2 dimensional space of
bivariate polynomials of degree d. For integers r < p < d,
we further define the following super spline space:

S (A)={seC (Q):5s€C’(v), YveA}, (2)

where, as usual, s € CP(v) means that all polynomials on
triangles sharing the vertex v have common derivatives up to
order p at that vertex.

We consider the following Lagrange interpolation prob-
lem.

Problem 1. Let 7" := {y;}\_; be a set of points in the plane,
and let ¢ be a quadrangulation with vertices at the points of
V. Find a triangulation A of ¢ and a set of additional points
{ni}f\_jn .1 such that, for every choice of the data {zi}f\_jl, there is

a unique spline s € § satisfying
s(n;))=z, i=1...,N. (3)

We call # := {n;}Y, a Lagrange interpolation set for
& and & and & a Lagrange interpolation pair. Although

constructing Lagrange interpolation pairs sounds simple
at first glance, it is in fact a complex problem, especially
since we want a local and stable method which has linear
complexity and provides optimal order approximation. In
order to construct Lagrange interpolation pairs, both & and
& must be carefully chosen.

For r = 1, the first result on local Lagrange interpola-
tion by splines on triangulations was given by Niirnberger
and Zeilfelder [1], where, by subdividing about half of the
triangles with a Clough-Tocher split, a local Lagrange inter-
polation scheme for cubic C* splines on triangulations whose
interior vertices have degree six was developed. Niirnberger
and Zeilfelder [2] constructed a local Lagrange interpolation
set for S)(Aps;), where Apg, is the refining triangulation of
Powell-Sabin type (I). Niirnberger and Zeilfelder [3] used
a coloring algorithm to divide all the triangles in A into
two kinds: white triangles and black triangles, got a new
triangulation Acp through refining all the white triangles
by the Clough-Tocher refinement, and then gave a local
Lagrange interpolation set for S; (Act)- As to more results,
the reader is referred to several survey papers [4-6].

For r = 2, Nirnberger et al. [7] constructed a local
Lagrange interpolation set for Sg(ZCT). Liu and Fan [8]
constructed a local Lagrange interpolation set for S2* (Apcr),
where Apcr is the triangulation by refining some of triangles
in A with the double Clough-Tocher splits.
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FIGURE 2: The stable Lagrange MDS ./ for S§’3(Q®) produced by Lemma 3.

For general cases r > 1, a local Lagrange interpolation
of $7(Acr) has been proposed by Niirnberger et al. in [9],
where 7, p, and d are taken as the following related values

Bm+1,6m+3), r=2m+1,

(3m,6m+1), @

(o) = |

r=2m,

withm = |r/2].

Let ¢ be a quadrangulation of () which consists of
nondegenerate convex quadrilaterals. By adding one or two
diagonals of each quadrilateral, some triangulated quadran-
gulations can be obtained. Niirnberger et al. [10] constructed
a Lagrange interpolation scheme based on C' cubic splines
on certain triangulations obtained from checkerboard quad-
rangulations. In [11], they also constructed a local Lagrange
interpolation method based on C' cubic splines on cer-
tain triangulations obtained from a separable quadrangula-
tion. Further they [12] described local Lagrange interpola-
tion methods based on C' cubic splines on triangulations

obtained from arbitrary strictly convex quadrangulations
by adding one or two diagonals. Their construction makes
use of a fast algorithm for coloring quadrangulations, and
the overall algorithm has linear complexity while providing
optimal order approximation of smooth functions.

However, to the authors’ knowledge, the local Lagrange
interpolation schemes based on C? splines on any triangu-
lated quadrangulation have not been developed. In this paper,
we shall construct a Lagrange interpolation scheme on S>°($)
over the triangulation ¢ obtained by adding the two diagonals
of each quadrilateral from checkerboard quadrangulations.

The paper is organized as follows. In Section2 we
introduce some notation and describe the Bernstein-Bézier
representation of splines. In Section 3 we introduce the
checkerboard triangulations. In Section 4 several lemmas
of Lagrange minimal determining sets are established. In
Section 5 the main results of construction of the Lagrange
interpolation pair %,52°(4) and error bounds for the
interpolating splines are presented.



Journal of Mathematics

FIGURE 4: The point set .# produced by Lemma 5.

2. Preliminaries

Throughout the paper we shall make extensive use of the well-
known Bernstein-Bézier representation of splines. Let T :=
(vy, vy, v3) in A with vertices v, v,, v;, and the corresponding
polynomial piece s| is written in the form:

T pd
sly = z Gk Bijio (5)
i+j+k=d

where ijk are the Bernstein basis polynomials of degree d
associated with T'. As usual, we identify the Bernstein-Bézier
coeficients {cgk},- +j+k=q With the set of domain points Dy :=
(& = (v, + juy +kv;)[d} i, jyg—g- We write Dy  for the union
of the sets of domain points associated with the triangles of

A.
Given an integer 0 < m < d, let

R (v)) = {f;?k:i=d—m},

D! (v) = {Elgk:izd—m}.

(6)

We have similar definitions at the other vertices of T. If v is
a vertex of a triangulation A, we, respectively, define that the
ring and the disk of radius 7 around v are the set

R, =R, ®}, D, =J{D,®}, @

where the union is taken over all triangles attached to v.

We recall [13] that supposes that & is a subspace of S3(A),
and then & < D, , is said to be a determining set for & that
provides that, for any s € &, Ags = 0 for all § € & implies
that s = 0. Note that A; is a linear functional. The set & is
called a minimal determining set (MDS) for & if there is no
smaller determining set. Further, following 7], a basis {B,}_,
for a spline space & is called a stable local basis provided that
constants ¢, K, and K, exist depending only on the smallest
angle in A such that

(1) for each 1 < i < n, there is a vertex v; of A for which
supp(B;) € starg(vi),

(2) for all choices of the coeflicient vector ¢ = (¢, ..., ¢,),

n

Zc,-B-

i=1

Kilell < < Kslelloo- (8)

(o0

Here star (v) is defined to be the set of all triangles surround-
ing vertex v, and star’(v) is defined to be the union of the
star! (w), where w are vertices of star’ ! (v).

It is well known that a spline s in SJ(A) is uniquely
determined by its Bernstein-Bézier coefficient set {c;}; €
D, 5. In order to describe smoothness conditions for splines,
we recall some notations introduced in [14]. Suppose that
T = (u,v,0;) and T := (v,,v5,0,) are two adjoining
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FIGURE 6: The point set ./ produced by Lemma 7.

triangles from A, which share the oriented edge e := (v,,vs),
and let

_ d _
slp = Z Gk Bijeo sl =
i+j+k=d

where B;.ijk and Efljk are the Bernstein polynomials of degree d

on the triangles T and T, respectively. Given integers 0 < n <
j<d,let T]'.’)e be linear functional defined on SS(A) by

TS =Coaiin— Y. Copsj B! (v))
je” T ‘nd-j,j-n Vout j—nk+d—j v \V1/ (10)
'V+H+K=n

These are called smoothness functionals of order n. Accord-
ing to [14], a spline s € SS(A) belongs to C'(T'|J T) for some
r > 0 if and only if

™ =0,

me n<m<d, 0<n<r. (11)

3. Checkerboard Triangulations

Definition 1 (see [10]). Suppose that ¢ is a quadrangulation
consisting of quadrilaterals with largest interior angle less
than 7. Suppose that the quadrilaterals can be colored black
and white in such a way that any two quadrilaterals sharing an
edge have the opposite color. Then we call ¢ a checkerboard
quadrangulation. The triangulation A which is obtained by
drawing in both diagonals of all quadrilaterals will be called
a checkerboard triangulation.
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FIGURE 7: The Lagrange MDS produced by Theorem 8.

Let B and 7 denote the sets of black and white
quadrilaterals of ¢, respectively. Following [10], throughout
this paper, we also assume that all interior vertices of ¢ are of
degree four. This assumption can ensure that there exists & ¢
3B such that for every interior vertex v of §, there is a unique
quadrilateral Q € 2 sharing the vertex v. Fori = 1,2,3,4,
let 7; be the set of white quadrilaterals which share i edges
with black quadrilaterals. Let ny = #9% and n; := #%/; for
i =1,2,3,4, and let n,, be the total number of vertices of ¢.
As shown in Figure 1, a typical checkerboard triangulation is
displayed in which the quadrilaterals in the set & are shaded
grey. It is noted that the other black quadrilaterals have not
been colored.

4. Lagrange Minimal Determining Sets

Lemma 2 (see [10]). The set of all domain points in a triangle
T is a Lagrange minimal determining set for the space P,.

Let Q := (v;,v,,05,0,) be a quadrilateral with vertices in

counterclockwise order and @ be the triangulated quadran-
gulation of Q with v, being the intersection point of the two
diagonals of Q. As shown in Figure 2, let T; := (v, v;, ;1)
and e; := (v, vg) fori = 1,2, 3,4, where vs = v;.

Lemma 3. The set

2
= | D5 (v) | D5 (v) | D52 (vs)
i=1
T, T, ¢TI, ¢TI, ¢TI, ¢TI, ¢T
LJDs4 (%)U{ 1330623206223 §331> 6320 3i3} (12)
T, T, T, ¢T.
U855 80530 &1 €}

{ T4 T4 T4 T4 } { T3 }
U 133> $232> 6331> S430 U 133



is a stable Lagrange MDS for S2*( Q). These domain points are
marked with  in Figure 2.

Proof. Equivalently, we consider the related homogenous
interpolation problem. By Lemma 2, all Bernstein-Bézier
coefficients of s|;, associated to 36 domain points in T}
must be zero. By the C* smoothness conditions on the edge
(v v,) and the C’? smoothness conditions at vertex v,, all
Bernstein-Bézier coefficients of s|;, must be zero except for

Journal of Mathematics

14 coefficients cgfc (k=4,5,6,7, i+j=7-k), c4T(§3, C3Tf3, Cszz3

T2
and ¢;3;. Let

o— T2 T2 TZ TZ TZ T2 TZ TZ
C:= (C007’C106>C016";205’C115’C025>C304’ Q1
(13)
Do I I T NS e )T
124> €034> €403> 313> €230 €133 ) >

then the homogenous Lagrange interpolation conditions at
the associated 14 domain points lead to

GC=0, (14)
where
1 0 0 0 0 0 0 0 0 0 0 0 0 0
6 6° 3%6° 5x 6% 5x6°
7w 0 - 0 0 = 0 0 0 - 0 0 0
¢ 0 & 0 0 3x6° 0 0 0 5x6' 0 0 0 0
77 76 76 76
57 2x5° 12x5° 40 x 5 80 x 5°
7 0 % 0 0 = 0 0 0 - 0 0 0
57 5° 56 3x5  6x5 3x5  5x5'  15x5'  5x5! 5x 5% 20x5  20x5  30x5  20x5°
77 75 76 76 76 76 76 76 76 76 76 76 76
57 2% 5° 12x5° 40 x 5
= 0 P 0 0 % 0 0 0 = 0 0 0 0
47 3x4° 27 x 4° 135 x 4* 405 x 4°
= 5 0 = 0 0 - 0 0 0 = 0 0 0
7 7 7 7 7
G= 4 2x45 45 12x4® 12x4’ 3x4>  40x4®  60x4* 30x4'  5x4' 80x4’  160x4> 160x4> 40x 4’ (15)
777 76 76 76 76 76 76 76 76 76 76 76 76
47 48 2x4% 3x4° 12x4° 12x4° 5x4*  30x4*  60x4* 40x4* 5% 4% 40x4> 60x4> 160x4°
77 76 76 76 76 76 76 76 76 76 76 76 76
rg 3% 4° 27 x 4° 135 x 4*
= 0 = 0 0 = 0 0 0 = 0 0 0 0
37 21x3° 0 48 x 3° 0 0 320 x 3% 0 0 0 1280 x 3° 0 0 0
7778 76 76 76
37 3x3° 3¢ 27x3° 18x3° 3x3 135x3' 27x3*  9x3! 5x3*  405x3® 540x3° 270x3®* 60x3®
77 7 76 76 76 76 76 76 76 76 76 76 76
37 2x3%  2x3% 12x3° 24x3° 12x3° 40x3' 130x3* 130x3' 40x3* 80x3® 320x3® 480x3® 320x3’
77 7 7 7 7 76 76 7 76 7 76 7 7
37 3¢ 3x3% 3x3° 18x3° 27x3° 5x3*  45x3' 135x3' 135%x3'  5x3? 60x3° 270x3° 540x3°
77 76 76 76 76 76 76 76 76 78 78 7° 78

It is easy to see that rank(G) = 14. Thus all the remaining
14 Bernstein-Bézier coefficients of s|, are zero. Similarly, all
the Bernstein-Bézier coefficients of s|;, must be also zero
by smoothness conditions and given Lagrange interpolation
conditions. Further, using C* smoothness conditions along
two edges (vq, v3) and (vq,v,) and C? smoothness condi-
tions at vertices vy and v,, all Bernstein-Bézier coefficients of

T. . . . .
sy, are zero except for ¢ 3,. Using the interpolation condition
T, 133

. . T T. oo L
at domain point & 3,: BZ33C1333 = 0, that is; ¢33 =

133° 0 since

Bl;; = 14580/117649. Therefore all B coefficients of s|, are
Z€ero.

The construction in Lemma 3 is stable in the sense that

the maximum coefficient of s is bounded by Kmax; | P&,

where K is a constant depending only on the smallest angle in

A. Thus, we say that ./ is a stable Lagrange MDS for s € §2°
(4). The proof is completed. O

In the following lemmas, we will consider four cases
depending on how many edges of Q € 7  adjoin with the
other Q € &.

Lemma 4. Suppose that & consists of two triangulated quad-
rangulations Q; = (U},0,,05,0,) and Q, = (U, Us, Ug, Uy)
sharing the edge (vs,v,), where Q, € B and Q, € W' Let
Uq, and v, be the points where the two diagonals of Q, and
Q, intersect, respectively. Let the set

M = ﬂQIUMIUmZUm3,

(16)



Journal of Mathematics

where M, is the set defined in Lemma 3 for the triangulated
quadrangulations of Q, and

- UnE (ug)

7
(UQ WeUs)
ms = UD3 ’ (vs)
(U, V6:Us) 1 (UQ, UsiVa) Vg, VesUs) ¢ {Vq, »V6:Us)
U 133 > 5232 > 5331 > 5430 >
17)

ml =
be a stable Lagrange MDS for §2°(%). These domain points are
U { ;Z‘fz ’"“’”3>, ;12)‘232’”4’”3), ;Y‘;Z’”“’”3>} , marked with « in Figure 3.
I U plvarvsts) (v) Proof. Usin.g Lemn?a 3, we can see that al'l ofthe B coefﬁFients
2 3 5 of s associated with domain points in Q; are uniquely
{ (Vo 03.05) (U0, 3.05) determined by the data. Writing s| (vgy vy 1D B form and
U 133 13 ’ using C', C?, and C? smoothness conditions, all B coefficients
(W0, 03,05) (g, 0305 (U0, Us,g) are determined except for the B coefficients associated with
313 > 5403 >6133 } » m,. Because GC = b, where
b— (P( ;ggz,m,va)) i P( éllzgz ,v4,v3)) p ( ég?z,wwﬁ) , P( ézz)gz ,v4,v3)> p ( étl)?z,v4,v3>) ’ P( égczzz,v4,v3)) ’
p (8™ )op (gar ™) p (8™ ) p (8 ™) 2 (820™).
P p (e ).
1 0 0 0 0 0 0 0 0 0 0 0 0
7 6 5 4
5—7 % 0o 3 ;66 0 0 > ;66 0 0 0 0 0
¢ 0 & 0 0 3x6° 0 0 0 5x6! 0 0 0
77 76 76 76
57 2x5° 0 12x5° 0 0 40 x 5% o o 0 0 0
77 7% 76 76
57 56 55 3x5  6x5° 3x5  5x5'  15x5'  5x5'  5x5' 20x5°  20x5°  30x5°
77 70 76 70 70 76 70 70 70 76 76 76 76
57 2% 5° 12 x 5° 40 x 5* (18)
= 0 5 0 0 = 0 0 0 = 0 0 0
47 3x4° 27 x 4° 135 x 4*
= - 0 - 0 0 —_— 0 0 0 0 0 0
G = 7 7 7 7
47 2x4® 45 12x4° 12x4° 3x4° 40x4* e0x4at 30x4?!  5x4* 160x4°> 160x4> 40x4>
7770 7¢ 70 70 70 70 70 70 70 76 70 70
4 4% 2x45 3x4® 12x4® 12x4° 5x4'  30x4* 60x4* 40x4? 40x4® 60x4® 160x4°
77 70 76 70 76 70 76 70 70 70 70 70 76
47 o 3x4° 0 0 27 x 4° 0 0 0 135 x 4* 0 0 0
77 76 76 70
37 3x3% 3% 27x3% 18x3° 3x3° 135x3' 27x3*  9x3*  5x3* 540x3® 270x3% 60x3°
77 70 7° 70 70 70 70 70 70 70 76 70 70
37 2x3% 2x3% 12x3° 24x3° 12x3° 40x3' 130x3* 130x3* 40x3* 320x3° 480x3® 320x3°
77 70 70 70 76 70 70 70 70 70 70 76 76
37 3% 3x3% 3x3° 18x3° 27x3° 5x3'  45x3* 135x3* 135x3' 60x3® 270x3® 540x3°
77 7% 76 76 76 76 76 76 70 76 76 76 76

It is easy to see that rank(G) = 13. Thus, all of the
remaining B coeflicients of m, are uniquely determined by
the data. Then, using Lemma 3 again, it is easy to see that all of
the B coeflicients of s associated with domain points in Q, are
uniquely and stable determined by the data. Therefore, . is a
stable Lagrange MDS for §2°(¢). The proof is completed. [J

Lemma 5. Suppose that & consists of three triangulated quad-
rangulations Q,, Q,, and Q5 as in Figure 4, where Q,,Q; € B
and Q, € W'. Let the set

(19)

M= g |t | Jmi | ma



where M, is the set defined in Lemma 3 for the triangulated
quadrangulations of Q; and

U5 (vg,)

my =
<UQ2)U3>U2> (UQZxUS)UZ) <UQ2>U3’U2>
331 > 5322 > 5313 >
(20)
_ (UQZ WeoU3) (UQZ WeU3) <UQ2 We>U3)
My = 15133 »$430 > 6331 )
(UQZ 2U35Us) <UQ2 2U2,Us) (UQ2 2U2,Us)
133 > 5403 > 5313 >

be a stable Lagrange MDS for §2° (). These domain points are
marked with « in Figure 4.

Proof. Using Lemma 3, we can see that all of the B coefficients
of s associated with domain points in Q, and Q; are
uniquely determined by the data. Arguing as in Lemma 4,
all the B coeflicients of s| (Ugy Vo) associated with domain
points are uniquely determined by the data too. Writing
Slug wywey i B form and using C', C* and C’ smooth-
Q, V2V
ness conditions, all B coefficients are determined except

(sz’UZ)US> <UQ2’U2’US> (UQZ,UZ,U5> (sz’v2)05>
for m = {cy, G135 63 »Ci33 }. The

Lagrange interpolation and C' and C* smoothness conditions
at e := (vq,,Vs) imply that these coeflicients must satisfy the
linear system GC = b, where

(UQZ U35Us) (UQ2 WU2,Us)
C:= (5403 Gz J

<UQ2)U2’U5> (UQZ’UZ’U5> (UQZ)US’UE) T
23 > 133 > ¥331 >

(vq,02:Us) (v, V2:Vs)
b:=(p( 403 )’P( 313 )’

T
p(&57),0,0)

1280 x 3°
_— 0 0 0 0
7
5x37  20x3%° 30x3° 20x3* 0
70 70 70 70
G= 5x3°  60x3> 270x3% 540x3° s
76 76 76 76 0
" 21 0 0 B
N 0 -1 0 2B
(21)
(UQZ JU3,0) <UQ2 U3,0) (UQZ SU350p)
C:= <C700 > Ce10 > G601 > 520
(vQZ,v3,v2) (sz U300 (UQ2 U350,
421 > €412 > €403 > G331

. (UQ »U3505) (UQZ WU3,0;) (UQ WU3,05)
b:= (17(7002 )’P( 610 ))P(sm2 )’P<

(UQ2 2U3,0)

(UQ2 \U3505)

Journal of Mathematics

where v, = B,v5 + y;Vq,. The determinant of the matrix G is

-5x10°B, (8y, +9). (22)

By the geometric meaning of the f3; and y,, we have 8, <
0 and p, > 0. Thus det(G)#0. So, all B coeflicients of
s|(UQ2,v2)U5) are uniquely determined. By the same principle,
all B coeflicients of s| (vgy ov) ATE uniquely determined. Using
Lemma 3 again, it is easy to see that all B coefficients of Q, are
uniquely and stable determined by the data. Therefore ./ is a

stable Lagrange MDS for 27 (¢). The proof is completed. [

Lemma 6. Suppose that & consists of three triangulated quad-
rangulations Q,, Q,, and Qs as in Figure 5, where Q,,Q; € &
and Q, € W'. Let the set

M= M | )Mo, | Jmi | m,
U ),

where M, is the set defined in Lemma 3 for the triangulated
quadrangulations of Q; and

(23)

_ (UQZ Up»U3) (sz JUy5Us) (UQZ UpsUs )
m 133 » 6403 » 6313 >
(vg, Vs:Us)
my = U stQz o (ve) (24)

(UQ2 ,Us,Ug) (UQ2 »Us»Ug ) (UQZ WUs,Ug) <UQ2 »Us5Ug)
U 133 > 5223 > 5313 > 5403 >

be a stable Lagrange MDS for §2°(%). These domain points are
marked with « in Figure 5.

Proof. Using Lemma3 and C', C?, and C’ smoothness
conditions, we can see that all of the B coefficients of s
associated with domain points in Q, and Q; are uniquely
determined by the data. Writing S|<UQ2 v, 0 B form and

using C', C?, and C* smoothness conditions, all B coef-
ficients are determined except for the B coefficients of

(vg,»U350,) (g, U3it)  (Uq, U302)  (Uq,U3:0;)
ub;™ (vg,) UtSss)" 18322 28313 }
associated. The Lagrange interpolation and C' and C?
smoothness conditions at e := (UQZ,U3) and e := (sz,vz)

imply that these coefficients must satisfy the linear system
GC = b, where

m =

<UQ2 U3,0) (UQ2 U35U2) (UQZ »U35U;)
» G511 > G502 » G430 >
<UQ2 WU3,03) (UQZ W3,0;) (UQZ WesUs)

» G320 > G313 > G313 > G331

<sz 2U2,Us) )T
>

(UQZ 2U3,0) (vg, U3,0,) (vg,»U3:0,)
520 ))P( 511 )’P( 502 )’

(Uq, U3:02) (UQZ)U3’U2) (Vq, U3:02) (Uq, U3:02) <UQ2 2Us35U2) (Uq, U3:02) T
13(4302 )>P( 421 >’P(4122 )’13(403Z ))P( 331 )’17(3222 )>0’0’0) >



Journal of Mathematics 9
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
6 6 3%6° 5x 6"
= = 0 0 0 0 0 0 0 0 0 0 0
7 76 76 76
6 66 3% 6° 5% 6*
0 = 0 0 0 0 0 0 0 0 0 0
77 76 76 76
57 2x5° 12x5° 40 x 5*
> X 0 X 0 0 x 0 0 0 0 0 0 0 0
77 76 76 76
57 50 5° 3x5  6x5 3x5  5x5'  15x5'  5x5t 5x5%  20x5  20x5°  30x5°
77 76 76 76 76 76 76 76 76 76 76 76 00
57 2x5° 12x5° 40 x 5*
) 0 0 0 0 0 0 0 0 0 0
77 7° 76 7¢
4 3x4° 27 x 4° 135 x 4*
= 0 0 0 0 0 0 0 0 0 0 0
77 76 76 76
G= 4 2x45 45 12x4 12x4° 3x4  40x4'  60x4' 30x4*  5x4'  160x4> 160x4> 40x4° ,
777 76 76 76 76 76 76 76 76 76 76 76 o0
47 45 2x4® 3x4® 12x4° 12x4° s5x4*  30x4'  60x4' 40x4' 40x4’ 60x4> 160x4>
7 76 76 76 76 76 7° 78 7° 78 w00
47 3x4° 27 x 4° 135 x 4*
- 0 - 0 0 < 0 0 0 . 0 0 0 0 0
7 7 7 7
37 3x3% 3% 27x3% 18x3° 3x3° 135x3* 27x3*  9x3* 5x3*  540x3% 270x3%  60x3°
7776 76 76 76 76 76 76 76 76 76 76 76 o0
37 2x3% 2x3% 12x3° 24x3° 12x3° 40x3*' 130x3* 130x3* 40x3' 320x3® 480x3® 320x3’
7 76 76 76 76 76 76 76 76 76 76 76 o0
0 0 0 0 0 0 7 0 0 0 B 0 0 -1 0
0 0 0 0 0 0 0 0 0 v 0 0 -1 0 B
0 0 0 0 0 0 0 0 0 ¥ 0 0 0 0 2By,
(25)
where v¢ = Biv, + y1vq, and v; = B,vs + y,vq,. The  where M is the set defined in Lemma 3 for the triangulated
i
determinant of the matrix G is quadrangulations of Q; and
(sz SUsUs)
my = | JD; (v0,)
-10
—7.07759 x 10" 3,7;. (26) (g, Wasts) (g, els) (Vg Ve:ts) 28
322 »6133 > S430 > (28)
(UQZ)US \Ug) (UQZ WU3,0;) <UQ2 W3,03)
313 > 6430 > 6331 >

By the geometric meaning of the 3, and y,, we have 3, < 0
and y, > 0. Thus det(G) # 0. So, all B coefficients of s| (vgy o0
are uniquely determined. Applying Lemmas 3 and 4, it is easy
to see that all B coefficients of Q, are uniquely and stable
determined by the data. Therefore .# is a stable Lagrange
MDS for &%’3(4}). The proof is completed. O

Lemma 7. Suppose that & consists of three triangulated

quadrangulations Q,, Q,, Qs, and Q, as in Figure 6, where
Q,,Q5,Q, € Band Q, € W'. Let the set

Moo= Mo | )| ), | Jm

“Upe ) UDS (vs),

(27)

be a stable Lagrange MDS for $2°®). These domain points are
marked with « in Figure 6.

Proof. Using Lemma3 and C', C?, and C’ smoothness
conditions, we can see that all of the B coeflicients of
s associated with domain points in Q;, Q;, and Q, are
uniquely determined by the data. Writing S|(UQ2 y in B

»U,5Us
form and using C', C?, and C*> smoothness conditions, all
B-coeflicients are determined except for the B-coeflicients

of m = UDéuQZ,vz,w)(UQz)U{Eg(lzz,vz,w)’ ;Z(Zzz,vz,vs)’ éllﬂgz,vz,m)}
associated. The Lagrange interpolation and C', C* smooth-
ness conditions at e := (vgy,,v,) and e := (vg,,vs) imply
that these coeflicients must satisfy the linear system GC = b,
where
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(UQ WU),Us) (UQZ WU2,U5) <UQ WU2,U5) (UQ WU)Us) (UQZ WUp,Us) <UQ WU2,U5) <UQ 2Uz,U5)
C:= <C7002 > G610 »Coo1 »Cs20° »Gs11 G502 »C430° J

(UQ2 U,Us) (UQZ »U2,Us) <UQ2 2U2,U5) (UQZ »U2,Us) (UQ2 WUs,Us) <UQ2 2U2,U5) (UQZ 2U3,05) (UQZ »Us,Ug) T

421 > G412 > G403 » G331 G » G313 » G313 > G331 >

(UQZ 2U2,Us) (UQ2 2U35Us) (UQ2 WU2,Us) <UQ2 2U3,Us) (UQ2 2U2,Us) (UQZ 2U2,Us)
b:= (P( 700 )’ (610 )’P(601 ))P( 520 ))P(sn )’P( 502 )’

(UQZ 2U3,U5) <UQ2 2U3,Us) (UQ2 \U2,Us5) <UQ2 203,U5) <UQ2 U35Us) T

P( 430 )’ (421 )’P(412 )>P( 403 >’P(322 )70’0’0’0) ]
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
6 6 3%6° 5x 6%
7 0 = 0 0 - 0 0 0 0 0 0 0 0
e 0 & 0 3x6 0 0 0 5x 6! 0 0 0 0 0
77 76 76 76
57 2x5° 12x5° 40 x 5
= - 0 : 0 0 - 0 0 0 0 0 0 0 0
7 7 7 7
- 5% 3x5 6x5  3x5  5x5*  15x5%  5x5% 5x5%  20x5°  20x5  30x5° o o
77 78 76 76 76 7 76 76 7 76 76 76 (29)
57 2x5° 12x5° 40 x 5*
= 0 - 0 0 = 0 0 0 - 0 0 0 0 0
7 7 7 7
47 3x4° 27 x 4° 135 x 4*
5 0 = 0 0 — 0 0 0 0 0 0 0 0
G= 4 2x4®  4¢  12x4’ 12x4° 3x4  40x4® 60x4' 30x4* 5x4' 160x4’ 160x4’ 40x4’ ,

777 76 76 76 76 76 76 76 76 76 76 76 o0
47 45 2x4® 3x4” 12x4° 12x4°  5x4*  30x4' 60x4* 40x4' 40x4®  60x4> 160x4’
77 76 76 76 76 76 76 76 76 76 76 76 00
rg 3% 4° 27 x 4° 135 x 4*
5 0 - 0 0 = 0 0 0 - 0 0 0 0 0
37 2x3% 2x3%° 12x3° 24x3° 12x3° 40x3* 130x3* 130x3* 40x3* 320x3® 480x3’ 320x3’
77 7° 76 78 76 76 76 76 78 78 7° s 00
0 0 0 0 0 0 7, 0 0 0 B, 0 0 -1 0
0 0 0 0 0 0 3 0 0 0 28,7, 0 0 0 0
0 0 0 0 0 0 0 0 0 " 0 0 -1 0o B
0 0 0 0 0 0 0 0 0 297 0 0 0 0 281

where v, = B,Ug + y10q,, U3 = B,Us + 120q, - The determinant
of the matrix G is

~1.31659 x 10°° 8, 8,7, 7»- (30)

By the geometric meaning of the f3;, f3,, y;, and y,, we have
B <0,B, <0,y >0,and y, > 0. Thus det(G) #0. So, all B
coeflicients of 5|(qu ,uy.0,) are uniquely determined. Applying

Lemmas 3 and 4, it is easy to see that all B coefficients of Q, are
uniquely and stable determined by the data. Therefore, ./ is a
stable Lagrange MDS for §2°(9). The proof is completed. [

5. Construction of a Lagrange
Interpolation Pair

Theorem 8. Suppose that ¢ is checkerboard triangulation.
Then

dim $>*(4) = 10n,, + 25n, + 221,

(1)
+19n, + 16n; + 13n,.

Moreover, the following set M of domain points is a stable
Lagrange MDS:

(1) if Q € &, choose points as in Lemma 3,

(2)ifQ € B\ &, choose points as in Lemma 3, leaving
out the points in the sets Dg whenever v is a vertex of
Q which is interior to Q,

(3) suppose that Q = (vy,v,,05,0,) € W, and let e; :=
(v Uy) fori = 1,2,3,4, where vs = v, and vy is the
point where the two diagonals of Q intersect:

(a) ifQ € W', choose points as in Lemma 4,

(b) if Q € W',, choose points as in Lemmas 5 and 6,

(c) if Q € W', choose points as in Lemma 7,

(d) if Q sharing four edges with black quadrilaterals,
say ey, e,,e;, and ey, choose the points 52213, 5233,

T T
103 and Dy' (vg).
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Proof. To establish that . is a Lagrange MDS, suppose
S§’3(®) and that we are given values for s(§) for all £ €
M. We need to show that all of the B coefficients of s
are uniquely determined. By Lemma 3, all B-coefficient s
associated with domain points lying in quadrilaterals Q € &
is uniquely determined. Now consider Q € % \ &. For
each vertex v € Q which is an interior vertex of ¢, the B
coeflicients corresponding to domain points in the disk Dg
are already uniquely determined by C', C?, and C’ continuity
from the neighboring pieces. Leaving the corresponding basis
functions out, we can then argue exactly as in Lemma 3 to
see that all B coeflicients of s corresponding to the remaining
domain points in Q are uniquely determined.

Now suppose that Q € 7. If Q € %', then, using
Lemma 4, we can see that all B coefficients of s corresponding
to the remaining domain points in Q are uniquely deter-
mined. If Q € %,, then, using Lemmas 5 and 6, we can
see that all B-coeflicients of s corresponding to the remaining
domain points in Q are uniquely determined. If Q € %5,
then using Lemma 7, we can see that all B coefficients of
s corresponding to the remaining domain points in Q are
uniquely determined. If Q shares four edges with black
quadrilaterals, we can then argue exactly as in Lemma 7 to
see that all B coefficients of s corresponding to the remaining
domain points in Q are uniquely determined. Since we have
shown that ./ is a MDS, it follows that dim & §’3(®) =#M.

Finally, we note that all of the above computations are
stable in the sense that the size of the computed B coefficient
is bounded by a constant depending only on the smallest
angle in the triangulation A. This follows from that the
computations of Lemmas 2-7 are stable, and the fact that
computing coefficients from C',C? and C* smoothness
conditions is automatically stable. O

According to the Theorem 8, we have presented a
Lagrange MDS for Figure 1 (see Figure 7).

Theorem 9. Let & be a checkerboard triangulation, and let /M
be the set defined in Theorem 8. Then there exists a stable local
basis {B}_, of&§’3(€>), wheren = # .

Proof. 1t is clear that if ./ is a MDS for &%’3@), then, for
each § € ., there exists a unique spline B; € S, satisfying
AyBg = 8, for all € .. The splines B; obviously form
a basis for <§’?3($), which is commonly called the dual basis
corresponding to /.

The proof of Theorem 8 shows that all B coefficients of
B; are uniquely and stable determined. So we should give the
support of B. As in [15], suppose that & lies in a quadrilateral
Q. Then we claim that

(1) supp(B) = Qif§ = 7,

(2) supp(Be) C star(Q;) if§ € B\ G,

(3) supp(B;) € starZ(QE) otherwise. O
We are now ready to discuss interpolation. Suppose that

¢ is a checkerboard triangulation, and that B; are the dual
basis function of Theorem 9 corresponding to Lagrange MDS

1

for §§’3(®) defined in Theorem 8. Then for every f € C(Q),
there is a unique spline s = ¥ f € & which satisfies s(#) =
Jf(n) = f(y), for all y € 4. This defines a linear projector
# mapping C(Q)) onto §. We now give an error bound for
this interpolation method.

Theorem 10. Suppose f lies in the Sobolev space W' (Q) for
some 0 < m < 7. Then

|20y (F = 7 Dl = KA Sl G

forO<a+ B <m Herels|,,, q is usual Sobolev seminorm,
and |A| is the maximum of the diameters of the triangles in A.
The constant K depends only on the smallest angle in A.

Proof. It was shown in Section 10 of [16] that if a space of
splines & of degree d contains &, and has a stable local basis,
then it provides optimal order approximations of smooth
functions. O

The result of Theorem 10 can also be established with the
weak-interpolation methods described in [17].
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