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We introduce a new implicit random iteration process generated by a finite family of asymptotically quasi-nonexpansive-type
mappings and study necessary and sufficient conditions for the convergence of this process in a uniformly convex Banach space. The
results presented in this paper extend and improve the recent ones announced by Plubtieng et al. (2007), Beg and Thakur (2009),

and Saluja and Nashine (2012).

1. Introduction

Probabilistic functional analysis has come out as one of
the momentous mathematical disciplines in view of its
requirements in dealing with probabilistic models in applied
problems. The study of random fixed points forms a central
topic in this area. Random fixed point theorems for random
contraction mappings on separable complete metric spaces
were first proven by Spacek [1]. Subsequently, Bharucha-Reid
[2] has given sufficient conditions for a stochastic analog of
Schauder’s fixed point theorem for a random operator. The
study of random fixed point theorems was initiated by Spatek
[1] and Hans [3, 4]. In an attempt to construct iterations for
finding fixed points of random operators defined on linear
spaces, random Ishikawa scheme was introduced in [5]. This
iteration and also some other random iterations based on the
same ideas have been applied for finding solutions of random
operator equations and fixed points of random operators (see
[5D).
Recently, Beg [6], Choudhury [7], Duan and Li [8], Liand
Duan [9], Itoh [10], and many others have studied the fixed
point of random operators. Beg and Abbas [11] studied the
different random iterative algorithms for weakly contractive

and asymptotically nonexpansive random operators on arbi-
trary Banach spaces. They also established the convergence
of an implicit random iterative process to a common ran-
dom fixed point for a finite family of asymptotically quasi-
nonexpansive operators.

In 2007, Plubtieng et al. [12] studied the implicit random
iteration process with errors, which converges strongly to
a common fixed point of a finite family of asymptotically
quasi-nonexpansive random operators on an unbounded set
in uniformly convex Banach spaces and proves some strong
convergence theorems.

An implicit process is generally desirable when no explicit
scheme is available. Such a process is generally used as a “tool”
to establish the convergence of an explicit scheme.

Recently, Beg and Thakur [13] introduced modified gen-
eral composite implicit random iteration process and proved
some strong convergence theorems for a finite family of
random asymptotically nonexpansive mappings in separable
Banach spaces.

Very recently, Saluja and Nashine [14] introduced a
new modified general composite implicit random iteration
process to give necessary and sufficient conditions for strong



convergence of the iteration process to a common ran-
dom fixed point of a finite family of asymptotically quasi-
nonexpansive in the intermediate sense random operators in
separable Banach spaces.

Motivated and inspired by the above work, in this paper,
we introduced a new implicit random iteration process gener-
ated by a finite family of asymptotically quasi-nonexpansive-
type random operators with mixed errors in a uniformly
convex Banach spaces and give necessary and sufficient con-
ditions for the convergence of the proposed iteration process
to a common random fixed point. The results presented in
this paper extend and improve the results of Plubtieng et al.
[12], Beg and Thakur [13], Saluja and Nashine [14], and some
others.

2. Preliminaries

Let (€, %) be a measurable space with X, a sigma algebra of
Q, and let C be a nonempty subset of a Banach space X. A
mapping £ : QO — X is measurable if £ (U) € X for each
opensubset U of X. The mapping T : O xC — Cisarandom
map if for each fixed x € C, the mapping T(-,x) : Q@ — C
is measurable, and it is continuous if for each w € Q, the
mapping T(w,) : C — X is continuous. A measurable
mapping & : Q — X is the random fixed point of the
randommap T : O x C — Cif T(w,&(w)) = &(w), for each
w € Q. We denote by RF (T) and D (T') the set of all random
fixed points of a random map and the domain of the random
map T : O x C — C, respectively, and by T"(w, x) the nth
iterate T(w, T'(w, T (w, ..., T(w, x))) of T. The letter I denotes
the random mapping I : O x C — C, defined by I(w, x) = x
and T° = I.

Definition 1. Let C be a nonempty subset of a separable
Banach space X andlet T : D(T) ¢ OQxC — Cbearandom
map. The map T is said to be

(a) anonexpansive random operator iffor arbitrary x, y €
D(T), one has

IT (@, %) = T (@, )| < | - ¥ o

for eachw € Q and x, y € D(T);

(b) a quasi-nonexpansive random operator if F(T)#0
and

IT (0, %) = & (@)] < [x - & () 2)

for all x € D(T) and &(w) € F;

(c) an asymptotically nonexpansive random operator if
there exists a sequence of measurable mappings r,, :
Q — [0,00) with lim,, _, .,7,,(w) = 0 for each w € Q,
such that for arbitrary x, y € D(T),

IT" (@, %) = T" (0, y)| < (11, @) |x=y[5 ©)

(d) an asymptotically quasi-nonexpansive random oper-
ator if F(T') # ¢ and there exists a sequence of measur-
able mappings r,,: Q@ — [0, co) with lim,, , ,,7,,(w)=0
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for each w € Q such that for arbitrary x € D(T)
and &(w) € F(T),

IT" (@, %) = E (@) < (1 +7, (@) [x - E @5 (4)

(e) an asymptotically nonexpansive type if

i sup{ s (11 @)~ @ - oD <0
x€D(T)
(5)

forall y € D(T) and n > 0;

(f) an asymptotically quasi-nonexpansive-type random
operator if F(T) # ¢ and

Jlim_ sup { sup (|T" (w,x) =& (@) - |x —5(‘”)")} <0
xeD(T)
(6)

for all £&(w) € F(T) and n > 0;

(g) a uniformly L-Lipschitzian random operator if for
arbitrary x, y € D(T), one has

IT" (@, %) = T" (0, y)| < Lx = ], @)
where n > 0 and L is a positive constant.

Remark 2. We know that the following implications hold
from the definitions:

(a) (c) (e)

F(T) # ¢ F(T) + ¢ FT)+¢  (8)

(b) (d) )

Example 3. Let C be the real line with the usual norm | - | and
Q =1[0,1].DefineT : O xC — CbyT(w,x) = sinx, x €
[0,1] for x € C and w € Q. Obviously T'(w, 0) = 0; that is, 0 is
a fixed point of T; that is, RF(T) = {0}. Now we check that T
is asymptotically quasi-nonexpansive-type random operator.
In fact, if x € [0, 1] and &(w) = 0 € [0, 1], then

T (w,x) =& (w)| = |T (w,x) = 0] = [sinx| < |x]

€
= |x-0| =[x - (w)];
that is,
IT (@, %) = § ()] < |x = & ()] (10)
Thus, T is quasi-nonexpansive. It follows that T is asymp-
totically quasi-nonexpansive with lim,,_, 7, = 0 for each

n > 1, and hence it is asymptotically quasi-nonexpansive-
type random operator.

(h) The map T is a semi compact random operator if for
a sequence of measurable mappings {£,} from Q to
C, with lim,, _, €, (w) - T(w,&,(w))| = 0 for every
w € Q, one has a subsequence {Enk} of {£,} and a
measurable mapping § : Q — C such that {§,, }
converges pointwise to £ ask — oo.
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(i) A Banach space C is said to be uniformly convex if the
modulus of convexity of C (see [15])

1
8c (@) =inf{1=3 [y s Ixl=[y] =1, Jx - y] =} > 0
(11)

forall 0 < € <2 (ie., 6:(¢) is a function (0,1] — (0, 1]).

Definition 4 (modified general composite iteration process,
cf. [14]). Let {T;}Y, be a family of asymptotically quasi-
nonexpansive in the intermediate sense random operators
from Q x C to C, where C is a closed, convex subset of a
separable Banach space X with F = (X, RE(T;) #¢. Let
&, : QO — Cbe any fixed measurable map, then the sequence
of function {&,} defined by

£, (@) = @,y () + (1= a,) Ti) (.17, (@), Vn>1,
My (@) = a,&, (@) + b, (@) + 6T (@&, (@)

+ dnTk(") (w,&, (),

in) Vn=>1,

(12)

where {«,}, {a,}, {b,}, {c,}, {d,} C [0,1] witha,+b,+¢,+d, =
1, n = (k — 1)N + i, wherei = i(n) € {1,2,...,N}L, k =
k(n) = 11is a positive integer, and k(n) — coasn — ©0.

Now we introduce the two-step implicit random iterative
process with mixed errors for a finite family of asymptotically
quasi-nonexpansive-type random operators in a Banach
space C as follows.

Definition 5 (two-step implicit random iterative scheme). Let
T, : OxC — Cberandom operators (i = 1,2, ..., N), where
C is anonempty convex subset of a separable Banach space X.
Let&, : O — Cbeameasurable mapping from Q to C and let
{f,} and { f,ﬁ} be bounded sequences of measurable functions
from Q to C. Define sequences of functions {£,} and {#,} as
given below:

& (@) =(1-a))& (W) + Ty (w0, 1 (W) + £y,
m (W) = (1-p1)& (W) + BT, (w,& (w)) + f1,’

En (@) = (1= ay) Enoy (@) + ay Ty (@, 1y (@) + fr
v (W) = (1= By) En (@) + BTy (@, &y (@) + lev’
Enin () =(1=0n1) E (@) + gy Ty (@, 1 (0))+ Frgns

e (@)= (1= Bra) €t (@) + B T12\1+1 (@, Eny (@) + f, 1,\r+1
(13)

3
which can be written in the following compact form:
£, (@) =(1-a)&, (@) +a,T (w1, @)+ f, n=1,
10 (@ = (1= B) &, (@) + BTF (0.8, @) + fi n=1,
(14)

wheren = (k- 1)N +i (i € I).

As a matter of fact, denote the indexing set {1,2, 3, ..., N}
by I. Let {T; i € I} be N uniformly L-Lipschitzian
asymptotically quasi-nonexpansive-type random operators
from Q x C — C. We show that the scheme (14) exists.

Let&, : O — Cand ¢ (w) = (1 - a)&(w)e Ty (w, (1 -
B& (@) + BTy (w, &, (w)) + f1) + fll

Define W(w,x) : D(T) ¢ O xC — C,forall x €
D(T), w € Q by

W (w,x) = (1-0;)& (0) o, Ty )
15
X (w, (1= ) x+ BT, (w,x)+f1)+f1'

for all x € D(T), w € Q. The existence of &, (w) is guaranteed
if W has a fixed point.
Forany x, y € D(T) and w € Q, we have

W (@, x) =W (@, y)|| < &, B, L | x - y] - (16)

Now W is a contraction if &, ,L* < 1 or L = (1/+/a; B,).
Asay, 3, € [0, 1], therefore W is a contraction. By the Banach
contraction principle, W has a unique fixed point. Thus, the
existence of &, (w) is established. Similarly, we can establish
the existence of &,(w), &;(w), .. .. Thus, the implicit algorithm
(14) is well defined.

In the sequel, we will need the following lemmas.

Lemma 6 (see [16]). Let {a,} and {b,} be two nonnegative
sequences satisfying

a,., <a,+b, VYnz=n, 17)
where Y2 b, < oo and ny is some positive integer. Then
lim a, exists.

n—-o00"n

Lemma 7 (see [17]). Let p > 1 and r > 0 be two fixed
real numbers. Then a Banach space C is uniformly convex if
and only if there exists a continuous strictly increasing convex
function g : [0,00) — [0, 00) with g(0) = 0 such that

Ax+ (=) y|7 < Mxl? + (1= 1) ]
~w, M) g ([x-])

forallx,y € B, = {x € C: ||x|| < r}and A € [0, 1], where
wp()t) =AP(1-1)+ A1 - L)~

Lemma 8 (see [18]). Let p > 1 be a given real number. Then
foranya > 0andb > 0, there exists a nonnegative real number
c between a and a + b such that (a + b)f = a? + pcP™'b.



3. Main Results

In this section, we investigate the convergence of an implicit
random iterative process with mixed errors for a finite
family of asymptotically quasi-nonexpansive-type random
operators to obtain the random solution of the common
random fixed point in a uniformly convex separable Banach
space.

Before proving our main results, we first prove the
following crucial lemma.

Lemma 9. Let X be a uniformly convex separable Banach
space and let C be a nonempty closed and convex subset of X.
Let, foreachi € I, T; : D(T)c Q2 x C — C be asymptotically
quasi-nonexpansive-type random operators. Suppose that F =
ﬂfil RF(T))#¢. Let & : Q — C be measurable mapping
and let {€,(w)} be a sequence defined by the implicit random
iterative scheme (14) with mixed errors satisfying the following
conditions:

(i) s <, < 1—s forsomes € (0,1/2);
(ii) Y02 o, < 00;
(iii) {f,,} and {f.} are bounded, f, = f.'+ f." (n > 0)and
Yolo If I < 0o, llf," Il = olex,).

Note. It is pointed out that in condition (iii), ||f,£"|| = o(«,) for

all n > 0 is equivalent to that there exists a sequence {,} with
g, =20ande, — 0asn — oo such that ||f,'l"|| =¢,u, forall

n=0.
Then for any given € > 0, there exists M(w) > 0 for each
w € O, such that

(D) ' &,(@) = &)l < 18,1 (w) = &)l + (M(w)/s)ex,, +
W/SIFIN forallE(w) € F, n>0;

@) I &im(@) = S < 1§ - &l +
M()/9) Yoo+ (/) XZ0f' for all
n>0m > 1, where M(w) = (2/5)e + supnzo{llf,'lll +

g,} < 0o and {e,} is the positive sequence appearing in
the note of Lemma 9;

(3) lim,, _, ., D, (w), F) exists.
Proof. Let £(w) € &, from (14), where n = (k — 1)N +i, T, =
Tymod ny = T; (i € I); it follows that
€, (@) =€ @] = | (1 - @) (&1 (@) — € (@)
+ou, (TF (0,1, (@) = £ (@) + f,
< (1-a,) & (@) = E (@)
+ o, (|5 (@, (@) - E @)
~ (@) - £ @)])
+ 0t 17, (@) = E @) + | £l
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I (@) =€ @) = | (1-B,) (& (@) - & (@)
B, (T (0.8, (@) —E (@) + £
< (1=B,) &, (@) =& ()
+ B, (|1 (@08, (@) - ()
~ & @ - @)])
+ B &, @) - E @) + | £/
= &, (@) - & ()]
+ B, (| (0.8, (@) - E )
- e @-E@]) + £
(20)

From Definition 1, for any given ¢ > 0, there exists a
positive integer 7, such that n > n; that is, k > (n,/N) + 1.
We have

sup {77 (@ x) - E@] - x-E@lt <=
xeD(T) 6
forall é(w) € .
Since {€,,}, {1,,} ¢ X, we have
177 (w0,&, (@) = & (@)]| = &, (@) =& (@)]| < 2
(22)
V¢ (w) € F, n>ny,
77 (@1, @) = E @) = &, (@) - E@)] <
(23)
VE(w) e F, n=ny,
for eachi € I.
Substituting (22) in (20), we obtain
I, (@) = & @) < &, @) ~E @] + 2B, + | £
(24)

V€ (w) € F, n=ny.

Next considering the fourth term in the right side of (19),
we have

A4 RIS (25)

foralln > 0.
From the Note of Lemma 9 given previously, we have

Il < £ ] + encrs (26)

for all n >
lim g, =0.

n,, where {g,} is a positive sequence with

n— 00
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Substituting (23)-(26) into (19), we obtain
0 @ ~E @) < (1) -1 (@)~ @]+,
£ '
+ o, {18, @ - § @] + 8.5 + |7}
+ "f: " +¢€,0,

(27)
foralln > 0, &(w) € F.
From condition (i), we have
1-« 1 1
1< . < - 28
s -« s (28)

foralln > 0.
Thus, from (27) we know that

(1=, &, (@) =& (@) = (1-a,) &1 (@) = E (@)
v, {2 (1p,)+ | fi] e

I3

[€s-1 (@) = & (@)

S EXCRYRa TH F

1
+ —
S

+

>

1, (@) = & (w)]| <

fll
n

(29)

for all n > 0 and for all é(w) € F.
Since lim,, _, ., = 0 and {f,} is bounded in C, {f,} is a
real sequence in [0, 1]; let

M (w) = %s + sgg {"fri” + sn} < 00. (30)

Then we have

IE, (@)~ £ (@)] < M 41

s @ - @]+ %, 4 2

£
(3D

for alln > 0 and for all é{(w) € F.

Conclusion (1) is proved.

Again it follows from conclusion (1) that for any m > 1,
we obtain

||£n+m (CU) - E ((U)”

@]+ 29y,

M (w)
s

< & pumer (@) - e

< |l£n+m—2 (w) - E (w)“ +

s (|l

N

+
(“n+m—1 (Xn+m) (32)

L)
M () n+m
e
I=n+1

for all n > 0 and for all é(w) € F.
Thus, conclusion (2) is proved.

n+m 1 ||

< |8 (@) = & ()] +

LY

l n+1

5
Similarly from conclusion (1), it is easy to see that
(w) 1 "
D(, @), F) <D (@), F) + =2 v, + |,
(33)

foralln > 0.

By conditions (i), (ii), Yoo, (M(w)/s),, + (1/s)||f:||) <
0.

Hence, from Lemma6  we
(lim,, _, ., D(, (w), F) exists.

This proves conclusion (3) and hence completes the proof
of the lemma. O

know that

Theorem 10. Let X be a uniformly convex separable Banach
space and let C be a nonempty closed and convex subset of
X. Let, for eachi € I, T, : DT) ¢ QxC — C
be asymptotically quasi-nonexpansive-type random operators
satisfying the following condition: there exists constant L; > 0
and a; > 0 such that

IT @ %) - E@] < Lflls-E@ll* oo

forall x € D(T), &(w) € &, and i € I. Suppose that F =
X, RE(T)) #¢. Let&, : O — C be measurable mapping and
let {&,(w)} be sequence defined by the implicit random iterative
scheme (14) with mixed errors satisfying the conditions (i)-(iii)
of Lemma 9.

Then {&,} converges strongly to a common random fixed
point of F if and only if

Jim inf D (&, (w),F) = 0. (35)

Proof. The necessity is obvious. We will only prove the
sufficiency. Suppose that condition (35) is satisfied. Then from
Lemma 9(3), we have

nh—{%o D(&,(w),F)=0. (36)

Now first we prove that {£,} is a Cauchy sequence. In fact, by
conditions (ii), (iii) and (36), for given & > 0, there exists a
positive integer n; such that for any n > 1] = max{n,,ny}
(where n, is the positive integer appeared in Lemma 9), we
have

D, (w),F) < ; (37)
y ¥ S
o < ,
i=1 k=[(n}+1)/N] M (@) i=1 k=[(n}+1)/N]

(38)

By the deﬁn1t10n of infimum, it follows from (37) that for any
givenn > nl, there exists a £ (w) € & such that

IE (@) - &* )] < g (39)



On the other hand, it follows from Lemma 9(2) that for the
given € > 0 and for any n > 1], we have

|l£n+m (w) - En ((U)“

< i (@) = & (@)] + &, (@) =& (@)]

<& @ -& @]+ 2y o,

I=n+1
‘e 3 1]+ e @£ @ (40)
I=n+1
<2, (@ - & @) + (MZ Y
i=1 k=[(n+1)/N]

-Z >

S i3 k=[(n+1)/N]

|7l

where M(w) = (2/5)¢ + sup,.o (I £/l + &,}
Therefore, from (38)-(40), for any n > n;, we have

< 00.

[6rim @) ~& @ <S4S+ 5= Vm=1 (@D
This implies that {&,} is a Cauchy sequence. Since the space is
complete, the sequence {£,,} is convergent; letlim, _, . &, (w) =
¢ ().

Now, we prove that &' (w) is a common fixed point of T:.

Since lim,, _, ,&,(w) = & (w) and lim,, _, D, (w), F) =
0, for given & > 0, there exists a positive integer #n, such that
for n > n, = max{n,,n}, we have

€ e
~& ) < = D (&, (w),F) < - ()
It follows from the second inequality in (42) that there exists
& (w) € F such that
€
|6 @ -&" @)] < 2. (43)

Moreover, it follows from (21) that for any n > n;, we have

|77 (0.8 @) - &" @] - | @) - &" @) < 2. @)
Therefore, from (42)—(44), for any n > 1, we have
|77 (@.€' (@) - & (@)
< |17 (@& @) - &" ()] - ¢ (@) - &" ()]
~ € @) - &" (@) + €' (@) - &" (@)
(45)

qufw%VwWerﬁwm
+2([[€" @) = &y @)] + & (@) - &" @)])

£ e €
<—+2(—+—)=£.
5 5 5
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This implies that T} (w, (w)) - &(w) (asn — o0).
Again since

|77 (@€' @) - T (€' @)
< (|77 (0.8 @) - &" @] - & @ - &" @)])
+ € @) - & @) + T (0.& (@) - €" ()]

for any n > n;, by condition (34) and (42)-(44), we have

77 (0.8 @) - T, (w8 @)
<t @-g @] L @-¢ @[
<t @-g @]+ oy @8 @] @)

+ L[ @) - &, )] +

£y (@) - & (w)])"

<e+L;- &% Viel

This shows that T/ (w, &' (w)) — Ty(w,&'(w)) (asn —
00).

From the uniqueness of limit, we have w) =
T:(w, &' (w)); that is, &' (w) is a common fixed point of T; for
alli eI

This completes the proof of the theorem. O

If B, = 0,v, = 0, in Theorem 10, we obtain the following
result.

Corollary 11. Let X be a uniformly convex separable Banach
space and let C be a nonempty closed and convex subset of
X. Let, for each i € I, T; DT) ¢ OxC — C
be asymptotically quasi-nonexpansive-type random operators
satisfying the following condition: there exists constant L; > 0
and a; > 0 such that

IT; (@, ) = & (@)]| < Lj]lx = & (@)]* (48)

forall x € D(T), &(w) € &, and i € I. Suppose that
F = ﬂf\il RE (T;)) #¢. Let &, : QO — C be measurable and
{&,(w)} defined by the implicit random iterative scheme with
mixed errors

& (@) = 0,81 (@) + (1= ) T} (&, (), @) + s

n>1,
(49)

where n = (k — 1)N + i (i € I) satisfying the following
conditions:

(i) s <, < 1 —s, for some s € (0, 1/2);
(ii) Y02 o, < 00;
(iii) {f,} is bounded, f, = f.' + f"(n > 0) such that
Yoo I 1 < 00 £, = oler,).
Then {£,(w)} converges strongly to a common random fixed
point of F if and only if lim,,_,  inf D(§, (w), F) = 0.
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Theorem 12. Let X be a uniformly convex separable Banach
space and let C be a nonempty closed and convex subset of
X withC+ C cC.LetT; : D(T) c Q xC — C(i €
I=1{12,..., N}) be asymptotically quasi-nonexpansive-type
random operator with & = ﬂf\il RF (T;) # ¢ and there exists
one member Tj in{T; | i € I} to be semicompact. Let&, : QO —
C be measurable mapping and let {€,} be the sequence defined
by the implicit random iterative scheme (14) with mixed errors
satisfying the following conditions:

(i) s <, < 1 —s, for some s € (0, 1/2);
(i) Yoo &, < 00, limsup, , LB, < 1;

(iii) {f,} { f,ﬁ} are bounded, f, = f:+ f:' (n > 0) such that
Yoo L 1< 0o, I, = olex,) and Y20 || fll < oo.

Then the sequence {&,,} converges strongly to a common random
fixed point of the random operators {T; | i € I}.

Proof. From Lemma 9(1),

M (w)
s

6, @ - § @) < &1 @ - E @] + =P, + 2| 17]

(50)

foralln >0, &(w) € F.

From Lemma 6 and conditions (ii), (iii), we have that
lim,, _, I, (w)—&(w)|| exists. From Lemmas 7 and 8 for all nn >
n, (where n, is the positive integer appeared in Lemma 9), we
have

€, (@) - & @)

= v (75 (@, 7, (@) + £, — € (@)

+(1-a) @+ £, E@)]]

T (.1, @) + f~ E@)|

+(1-a) [ery @) + f - E@)

~ (1= ) g (|1 (@1, (@) = &, (@)])
< a, (|7 (o @) - E @) + |1

+(1-a,) (J61 @ - E@] + £

— (1= ) g (|1 (@, 1, (@) = &, (@)])
= o, {7 (@1, @) - £ @) + 2 | £}

<o,

+ (1= a,) {1 @) - E@)] + 26 || £,]}
- o, (1= 0,) g (|7 (@01, (@) - &,y @)])

= o, (| (@ @) - @) = I, @)~ E@))
+ a1, (@) = E @)+ (1= a,) [,y (@) - E (@)
+2(qa, + 6 (1-a,)) || £l
~a, (1-a) g (|7 (@, @) =&, @), (5D
where
& €(|TF (0,1, (@) =E @), | TF (@, 7, (@) =E @]+ £

& € (€t (@) = E@)], [Eney (@) = E @] + || £ul)-
(52)

Substituting (24) into (51), using Lemma 8, we obtain
€, (@) - & @)
< o, (|75 (@1, @) = E @) = 11, @) - E@)[F)

v (@ - £ @] + S8, + 1))
+(1-a,) 6, (@) - € @)
+2(qa, + 6 (1-a,)) | £l
- o, (1= a,) g (|7 (0,1, (@) = &1 @)])
= o, (|7 (@, @) = E @) = 1, @) - E@)[)

)

v, (e, @ - @] + 26, (56, + |1

+(1-a,) [0 (@) - & (@)
+2 (Cl(xn +6G (1 - “n)) ”fn"

-y (1 - (xn) g (“Tzk (w’ M ((U)) - En—l (w)“) >
(53)

where ¢; € (|, (w) = &), €, () = E@)]| + (¢/5)B, + I £, ])-
Substituting (23) and (26) into (53), we have

(1-a,) & (@) - & @)
< a (|7 (@, @) = £ @] + 11, @) - € @)])

v2a, (¢ (SR, + |£]) + (G + e (1- ), )
+(1-a,) & @ -E@]
+2 (Cl(xn TG (1 - “n)) "fri,"

-y (1 - ‘xn) 9 ("Tzk (w’ M (w)) - En—l (w)") .
(54)



8

And so, we obtain

€, (@) & ()]

(o @) - E @) + @) - E @)

IN

+ 12_“:;” <c3 (gﬁn +| 7 ) + (o, + ¢ (1 - “n))€n>
+”§F1@0—f(ww2+l_ix(qan+g(1—aQ)Wﬂw

- a9 (|TF (0.1, (@) = &,y @)]) -
(55)

Therefore, from condition (i), we have
sq (|7 (0,1, (@) = &, ()]
< a,g (|1 (@7 (@) = &1 @)])
< ey (@) = &, @] = &, (@) - & ()]
+ 0, — (|75 (@1, @) =€ @) = |1y @) - E @)

ra,2 (o (S8, +5]) + (o e (1-) e,

171
-

+2 (ot o (1-a,)
(56)

Consequently,
Tim g (|1 (0,1, (@) = &1 (@)]) = 0. (57)

Since g is strictly increasing and continuous at 0 with g(0) =
0, it follows that

Jim |75 (0.1, (@) = &,y @) = 0. (58)
Hence, from (14), we have

€, (@)~ &, @)]

= &, 1 (@) = Tf (0.1, @) + [ £

s ("En—l (w) - Tik (w’ M (w))" + sn)

+||f,£’|| — 0 (asn— 00)

aswellas [[€,(w) - &, (W) — 0 (asn — o) foralll < 2N.
For convenience, let o, = ||Tik(a), & (w) &, ()]
Since T, = T, forn = (k — 1)N + i, we have g, =

1T} (w, &, (@) = &, (@)l

Journal of Mathematics

Notice that
TS (0,8, () = &, ()]

Ty (@,€, (@) = Ty (0,1, (@)
T} (0,1, (@) = &, 1 ()]

< L[, (@) -1, (@)

T} (0,1, (@) = &, 1 ()]
By (@) = BT (@&, (@) - f,
+ |75 (@, 1, (@) = &,y (@)

< 1B, (&, @) - &,y (@)]

£11 (©) =Ty (0., (@)])
+LIAl+

Thus, by limsup,, _, . LB, < 1, we have

<

+

+

<L

+

Ty (@1, (@) =&,y (@) ¥n>n,.

Ty (0.8, @) & @] =0. (6D)

A0 = 0,
Therefore, for n > N, we have
[-1 (@) = T, (0,8, ()]
< & (@) = T (@&, (@)
T (@8, @) - T, (0, (@)
<0, + |17 (0., (@) - §, ()] (62)
<0, + L{|T" (@8, (@) - T4 (0,8, y )]
TN (@ &y @) = Eunyr @)
+ &1 @) - & @)] }.

Notice that n = (n — N) (mod N). Thus, T,, = T,_ and the
previous inequality becomes

||£n—l (w) - Tn ((A), En ((,0))"
<o+ L€, (@) ~ &,y (@] (63)

+ Lo,y + L&, (@) = &,y ()

which yields that
lim (€, (©) =T, (0.&, @)] = 0. (64)
From

€, (@) = T, (@, &, (@))] < [|&, (@) = &, ()]

+ 801 (@) = T, (0,8, @),
(65)
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it follows that

lim [, (@) - T, (0,&, (@))] = 0. (66)

Furthermore, for all [ € I, we obtain
16 (@) = T (@, 8, (@)
< (& (@) = &t @) + 81 (@) = Ty (@, &y (@)
| T (@081 (@) = Ty (@, €, (@)
< (1+L) &, @) - &, @)
€1 (@) = Ty (@, & ()]

(67)
which implies that
lim &, (@) - T, (0,8, (@) =0 Vel  (68)
Thus,

Jim €, (@) =T, (w0, (w))| =0 Vel (69)

By the hypothesis that there exists T; in {T; : i € I} to be
semicompact, we may assume that T is semicompact without
loss of generality. By the definition of semicompactness, there
exists a subsequence {Enj} of {€,} such that Enj — & eC.By

(69) again, we have
1€ (@) = T (@, & ()

£, @-T, (0.8, @)|=0  (v1<I<N). 70

= lim
jaoo

It shows that £* (w) € . Replace &(w) by £* (w) in (50); from
Lemma 6, we easily know that lim,, _, [I€,(w) — £ (w)]| exists
so that {£,} converges strongly to a common random fixed
point £ (w) € &F.

This completes the proof of the theorem. O

Remark 13. Our results extend and improve the correspond-
ing results of Plubtieng et al. [12] and Beg and Thakur [13]
to the case of a more general class of asymptotically quasi-
nonexpansive random operators considered in this paper.
Our results also generalize the results of Saluja and Nashine
[14] to the class of more general class of asymptotically quasi-
nonexpansive-type random operators and two-step implicit
random iteration process considered in this paper.
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