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We study the continuous-time mean-variance portfolio selection problem in the situation when investors must pay margin for short
selling. The problem is essentially a nonlinear stochastic optimal control problem because the coefficients of positive and negative
parts of control variables are different. We can not apply the results of stochastic linearquadratic (LQ) problem. Also the solution
of corresponding Hamilton-Jacobi-Bellman (HJB) equation is not smooth. Li et al. (2002) studied the case when short selling is
prohibited; therefore they only need to consider the positive part of control variables, whereas we need to handle both the positive
part and the negative part of control variables. The main difficulty is that the positive part and the negative part are not independent.
The previous results are not directly applicable. By decomposing the problem into several subproblems we figure out the solutions
of HJB equation in two disjoint regions and then prove it is the viscosity solution of HJB equation. Finally we formulate solution
of optimal portfolio and the efficient frontier. We also present two examples showing how different margin rates affect the optimal

solutions and the efficient frontier.

1. Introduction

Modern portfolio theory was introduced by Markowitz in
1952 [1, 2]. It is a theory of finance which attempts to min-
imize risk for a given level of expected return, by carefully
choosing the proportions of various assets. In the theory
variance of portfolio return was chosen as measure of the
risk by Markowitz. Markowitz also established concept of the
efficient frontier of the optimal portfolio: it is a curve showing
the relation of the best possible expected level of return with
respect to its level of risk (the standard deviation of the
portfolio’s return). This theory has been widely accepted both
in financial industry and academy. There are lots of extensions
and applications in the discrete time models [3]. Relatively
there are less discussions of the mean-variance portfolio
problem about continuous-time model [4-6]. In 2000, Zhou
and Li [5] solved the continuous time mean-variance problem
without short selling constraint by using the stochastic linear
quadratic optimal control theory. Li et al. [6] in 2002 con-
sidered mean-variance portfolio selection with short selling
prohibiting condition by solving HJB equation.

In financial market, the potential loss on a short sale can
be huge when the price of the security goes up, therefore in

practice the short seller will be required to post margin or
collateral to cover possible losses. In this paper, we consider
the situation that short selling is allowed and deposit of cer-
tain percentage margin according to the shorting is needed to
avoid loss by default of short seller. We also want to investigate
how margin rate A affect the optimal portfolio. In the extreme
cases, when A = 0, it is the case short selling is free of margin
and in another case A = 0o means that short selling is not
allowed.

There is some literature [7-9] that discussed the margin
requirements for portfolio selections. For example, Cuoco
and Liu [7] examined the optimal consumption and invest-
ment choices and the cost of hedging contingent claims
in the presence of margin requirements. They established
existence of optimal policies by using martingale and duality
techniques [10] under general assumptions on the securities
price process and the investors preferences. However, the
conditions for utility functions in [7] fail for mean-variance
problem.

We use the model from [7], formulate a closed form of
the optimal policies. The main difficulty lies when we use the
approach of [6]: the positive part and the negative part of
control variables 7 have different coeflicients; if we define new



control variables (n*,77) then the new volatility matrix is
singular and moreover ", 71~ are not independent therefore
the key lemma for optimization is not applied in our case. We
carefully decompose the problem into several subproblems
and figure out the solutions of HJB equation in two regions
and then prove it is the viscosity solution of HJB equation.
Finally we formulate solution of optimal portfolio and the
efficient frontier.

2. Problem Formulation

First, we prescribe a few notations. Let (Q, #, P) be a com-
plete probability space and {W(t),0 < t < T} a standard
d-dimensional Brownian motion defined on the probability
space {F)"}»o the natural filtration generated by W(-). 4
denotes the set composed of all the P null set and its subsets;
define the augmented filtration as %, := o(%," |J ), for
all t € [0,T], where ?}'V =o(W; | s € [0,1]), then {F},5 is
complete and continuous filtration.

We define a* := max{0,a}, a~ := max{0,-a} for the
positive part and negative part of a real number a. R" rep-
resents n-dimensional real Euclidean space. R} = {x ¢
R", x; = 0, i = 1,...,n} is nonnegative subset of n-dimen-
sional real Euclidean space. LZg(O, T;RY) = {f() | f:
[0,T] x Q@ — R", f(t) is F, measurable for all t € [0,T],

and E [ | f(O)IPdt < +oo}.

We consider the Merton’s market model. There are d + 1
securities, trading continuously in finite time horizon [0, T].
Assuming the interest rate is ¥ > 0, the time t price of the
risk-free asset satisfies

dP,(t) = r (t) Py (t) dt, t € [0,T] 1)

with the initial price Py(0) = p, > 0. The remaining d risky
assets prices at time t are, respectively, P, (f), ..., P;(t), which
satisfy the following stochastic differential equations:

d
dP,(t) =P, (t) | b, () dt+ ) o, (AW, (t) |, tel0,T],
=1
P,(0)=p; >0,
(2)
where b(t) = (b, (t),..., bd(t))T is the appreciation rate of the

risky assets and o(t) = (aij(t)) dxd 1s the volatility matrix.
Throughout the paper, we assume the following.

(Al) Function r(t), b(t), o(t) are deterministic and piece-
wise continuous on [0, T'].

(A2) Non-degenerate Condition: there exists a constant
8> 0,s.t.
oMo >8I, Vtelo,T]. (3)
We also define the relative risk coeflicient
0) =0 Mb®H-r®1], Vte[0o,T], ()

where 1 =(1,..., 1)
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Let v > 0 be initial wealth of the investor. Suppose
m;(t), i = 0,1,...,d is time ¢ total wealth of the investor on
ith asset, (t) = (my(t),... ,nn(t))T is time t wealth vector
of risky assets. Then time ¢ total wealth of the investor is
X() = Z?:o m(t) = my(t) + 1772(). Suppose the investor is
self-financing, then

dx ) = {ri)X®+ b -r®) 1] @)
M1 @) bdt+a (Do () dW (1),
te[0,T],

X (0) =,
(5)

where A > 0 is the margin rate.

Note. When A = 0, there is no margin requirement for short
selling and it has been discussed in [5].

In general, the terminal wealth X(T') of the investor is
a random variable. In the mean-variance problem, people
consider y = E[X(T')] as his return whereas variance of X(T')
as his risk. Therefore mean-variance problem is to minimize
the risk of the investment for fixed expected return y =
E[X(T)]:

var [X ()] = E[X (T) - E[X (D))] = E[X (T) - u]".

(6)
The portfolio selection problem can be formulated as
min ] (u, 7 () = var [X(T)]
E[X(D)]=w
o @)
s.t. n() e L% (0, T,RY),
X (-) satisfies (5),
T
where the expected return is chosen as y > g := yel )4

If the investor puts all the money in the risk-free asset,
his return will be g, with zero risk. Since the investor will
always choose high return with low risk, therefore the lowest
expected return must be y.

For fixed 4 > p,, the optimal solution 7*(u) is called
efficient strategy. Corresponding minimal variance is V(¢) =
min J(u, 71(-)) and (V(u), p) is called efficient point. When u
runs all over [y, c0), the set constructed by all the efficient
points in variance-mean plane is called the efficient frontier.

3. A Class of Stochastic Control Problem

The problem mentioned in the previous section is a special
class of stochastic nonlinear quadratic control problem. As
the state equation is nonlinear on control variables 7, the
results of LQ problem can not apply. In this part, we will solve
this control problem.
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Considering one dimensional system

dx (t) = [A(D)x(t) + B, ()7 (t) = By (1)~ (6) + f (1)] dlt

+7 () D] (t)dW (t),

x(s)=y€R,
(8)

where 0 < s < T, A(t) € R, BL(), B (t) € R?, D, (t) € R,
we assume matrix D, (¢) is non-degenerate. These coeflicients
are all deterministic and piecewise continuous on [0, 7],
therefore they are all bounded on [0, T'].

The class of admissible controls is the set z, = ng(s, T,
RY). For any given 7(-) € «,, by the result of stochastic dif-
ferential equations theory there is a unique solution x(:; y,
n(-) € L% (s, T,R) of (8), and (x(-),7(-)) is called feasible
pair. Our goal is to find admissible 77(:) € #, to minimize
the following cost function

1
J (537 () = SElx (D). ©)
We define the value function of (9)
Visy)= inf J(sym(). (10)

Obviously, it is nonnegative.

3.1. HJB Equation. We will try to find the optimal value func-
tion V(s, ¥). According to stochastic optimal control theory
[11], the value function is satisfying the following HJB equa-
tion:

v, (t,x) + inf {vx (t,x) g (t,x,u) + lvxx (t, x)
ueR? 2
xu" D" (£) D, (1) u}- _o, (1)
v(T,x) = =

where g(t, x,u) = A(t)x(t) + B;(t)u — By(t)u~ + f(t). Our
idea is to find local solution firstly, then prove that it is the
viscosity solution of HJB equation and finally construct the
optimal control by using verification theorem.

In order to find solution of the HJB equation, it is clear
that for fixed (t, x) € [0, T] x R? if v__(t,x) > 0 (that will be
proved later) we must solve

min { 1uTD1T t)D, () u+a(t,x) (B, )u" - B, (t) u_)} ,
uerd 12
(12)

where B,(t) = By(t) + B,(t), a(t, x) = v, (¢, x)/v,,(t, x). We
need the following lemma [10].

Lemmal. IfD € R™ and |D| # 0 then there is a unique Z €
Rf, s.t.

2

“(DT)_lb + (DT)_IEH — min

d
z€R]

(0") b+ (D7) [ 3

3
For nonnegative constant o, the unique minimizer of
h(z) = —z 'pD'Dz - az'h, (14)
over z € Rf isoad, A = D_I(DT)fllAa, hereb = b + Z. Fur-
thermore, Z' A = 0 and
h(ad) = -2 (o) "] (1)

To solve the HJB equation (11), above lemma is not
directly applicable. Now we introduce some transformation.
Note forany u € RY, there is (may be not unique) a matrix

C = diag(c,,...,¢;) withg = lor—1fori = 1,...,d, such that
u=Cw,weR,Lu" =Ctw,u” = C w. Then
1 _
EuTD’IFDlu +a(Bu" - Bu)
(16)

1 .
= ~w'C"D{D,Cw + a(B,C" - B,C ) w

Define space @ = {C = diag(c,, ...
fori=1,...,d}.
We have following important lemma.

,¢3) with¢; = 1 or -1

Lemma 2. If « is negative, there is at least one b, € R? and a
minimizer aA, of

h(u) := —u "DIDu+a(Bu" - Byu") (17)
over R? and h(och) = —(1/2)042||b1||2f0r alla < 0.

Ifais positive, there is at least one b, € R* and a minimizer
al, of h(u) over R? and h(al,) = —(1/2)a2||b2||2f0r alla > 0.

Proof. Inorder to solve (12), we fixed a diagonal matrix C with
diagonals either ¢; = 1 or -1 fori =1,2,...,d. Let

1 -
he (w) = ~w'C"DID,Cw + a(B,C* = B,C )w. (18)
Ifa < 0,take D = D,Candb = (B,C" - Bzc_) .Since Dis
nonsmgular, by Lemma 1, there exist vectors b;, A, € R?, such

that oc/\ is minimizer of h and hC(ocA )= —(1/2)(x 1 1%,
Now because

minh (u)
ueR?

= 2‘1651 {minhc (w)} . (19)

weRi
Note 9 is a finite set, first part of lemma holds.

Ifa > 0,take D = D;Cand b = —(B,C" - B,C")".
because D is nonsmgular, by Lemmal again, there exist
vectors by, A, € R?, such that al, is minimizer of h. and
helady) = (=1/2)a’ by,

Because (19) is true for this case, we have the second part
of lemma. O



Note. (1) The minimizer may be not unique. In lemma 7\1, A,
is dependent only on the sign of a.

(2) For « = 0, it is obvious that there is unique minimizer
u = 0 and min h(u) = 0.

Following the approach of LQ problem, we assume the
value function is quadratic:

V(t,x) = %P(t)x2+g(t)x+c(t). (20)

Note the coeflicients P(t), g(t), c(t) may be different for «
positive and negative in Lemma 2.

Substituting (20) into HJB equation we have following
ordinary differential equations (fori = 1, 2):

Bt =[240 +|b O] P.®),

1)
P(T)=1,
G0 =[~A0+ |6 O] 9 @) - f ) P (@), ”
gi (T) = 0)
60 ==F 0,0+ OF RO 90>
23)

¢ (T) =0.

Here b, (t), b,(t) are determined by Lemmas 1 and 2. If there
are two solutions in some interval of [0,T], we can always
take same C on that interval for it is piecewise constant. That
makes our solution piecewise continuous.
T

Since V. (t,x) = P(t) = ele CAO-IBOIds 0, the
« in Lemma 2 equals V_(¢, x)/V,..(t, x) having same sign as
V.. (t, x). By the lemmas, we know b, (t) and b,(t) are indepen-
dent of x, V,.(t, x) and V_.(¢, x) except the sign of V_(¢, x).

Defining #;(t) := g;(t)/P;(t), i = 1,2, from (21) and (22)
we can get

_B®gm-B®g®
P(t)?

_AMP® g0 - fOPRW’ (24)
P((t)’

=A@M)n () - ().

7; (t)

By the terminal constraint #;(T") = 0, noting the equations are
same for i = 1,2, we obtain

T T T
1 () = 1, (£) = ¢ A0S j f2)el A0%g,  (25)
t
Therefore, fori = 1, 2,

T ) T T
g (t) = P.(t) 1; (£) = ele QOO )dsj £ () el A9y,
t
(26)
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Substituting these expressions into (23), we obtain fori = 1,2

G()= JtT { [f ) - %"bi (V)“Z‘{ LTA(S)dS
<[ el 2]

T T T
ely AO-IB©)IP)ds J f(2) e A<S>dsdz} dv.
v
(27)

Because

T T 2 T T
I { £ (v) el AO-IBEIs I () el 404s dz} d

v

_ LT { o IBOIFds [ Fe N A(s)ds]

T T
X J f(2) ek A(s)dsdz]» dv

1 (T ) T T 2
- J oI IS [ J F(2) el Awis dz] 08)
t v

2

T 2 T T
_ %eL B9 IPds [ J £ (2) el s dz]
t

T T ,
+ j {||b,. O ol M@ ds

T T 2
X H f(z)ek A(S)dsdz] }dv.

We have fori=1,2
L7 s [ 7 A ’
c,»(t)=§et s s“ f(z)e 2 sdz]. (29)
t

3.2. Value Function and Optimal Control. Firstly, we will
construct a viscosity solution for HJB equation. Let

T T T
Mﬂ:éﬁmef@ﬂL“m%=mm=%ﬁ%

(30)
Define the spaces
I ={(tx) € [0,T] xR | x+n(t) <0},
L:={(tx) € [0,T] xR | x+n(t) >0}, (31

I == {(t,x) € [0,T] xR | x + 7 (£) = 0}.

We denote «(t, x) := x + 5(t) = x + 1,(t) = x + 1, ().
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Now let us check that V (¢, x) = (1/2)P,~(t)x2 +g;(t)x+¢(t)
satisfies HJB equation on I}, for i = 1, 2. Considering (20) for
i =1, we have

V, (t,x) = %Pl ) x>+, () x+¢ (t),

Vo(t,x) =P (t)x+ g, (1), (32)

Ve (t,x) =P (1).
Substitute into (11) for (¢, x) € I}

LHS

=V,(t,x)+V, (t,x) (A()x+ f (1))

1
+ infd {Vxx (t, x) EuTDlTDlu +V, (¢, x)

ueR’
x (B, (t)u" - B, (t) u‘)}
= I:%Pl (t)xz +g,(H)x+¢ (t)] +[P () x+ g, ()]
x[A) %+ f (O] + inf {%pl ©)u"D” (1) D, () u
ueR4?
+ [P () x + g, (t)]
x (B, (t)u* - B, (1) u‘)}
_ [1P (t)+ A() P (t)]x2
2 1 1

+[g O +AWD g )+ f ()P (D)]x
+[6 @)+ @) g, )]+ P (1)

x inf {%uTDlT () Dy () u+ [x+ 1, (1)]

ueR
x (B, (t)u" — B, (t)u") }
- [%Pl (t)+ AP, (t)] o
f g O+ A® g ) + )P ()] x
16 0+ 106 O] =P @ 5[+ OF
x|y & )
= % [P, (1) +2A(0) P () - by (£, )P, (0)] %

+[g O+ AWM g &)+ f ()P (1)

~P (1)1, () |y (£, 0)]*] x

60+ £ 09,0~ 3P 0 I OF b @0

=0.
(33)
Since a(t, x) = x +#,(¢) < 0in I}, substituting the minimizer
by Lemma 2 we can see V(t, x) satisfies HJB equation in I};.

By the same way, we can show V(t, x) also satisfies HJB
equation in I,. For i = 2, we have

V(63) =SB OF 44, (0% +6 ),
V, (1) = P, (1) x + g, (1), (34)
Ve (6, x) = Py ().
Substitute into (11) for (¢, x) € T,
LHS
SV, (L2) +V, () (A X+ FO)

1
+ inf {Vxx (t, x) EuTDITDIu +V, (t,x)

ek

x (B, () u’ - B, () |
-[320°+ 6 0x 6 0]

+[R®x+ g O] [A®x+ f(®)]

+ inf {%pz ) u" DT (&) D, () u+ [Py (£) x + g, (8)]
x (B, (t)u® — B, (t)u") }

- [%PZ (t)+ A1) P, (t)] 2+ [G, (8 + A(D) g, (1)

+f (1) P, ()] x
+[& () + £ (1) g ()] + Py (1)

x inf {%MTD;F () Dy () u+ [x+1,(1)]

ueR

x (B, (t)u" — B, (t)u") }

_ sz (t) + A(t) P, (t)]x2

+[g, O +AWM) g, )+ f ()P (D)] x
+[& )+ f (1) gy ()] - Py (1)

<Ly OF I G0



- [B0+ 240 RO |6 IR O] <
+[g )+ A1) g, () + f () Py (t)
P, (t) 1, (1) |lb, (£, )] x
+6 (1) + f (1) g, (1) - %PZ ) [, &by (&, 0|

=0.
(35)

Since x + 7,(t) > 0, substituting the minimizer we can see
V(t, x) satisfies H]B equation in [,.

On T;, we have x = —(t), g;(t) = P(t)n(t) = —xP,(1),
then we have
Vit %) = %p,. (£) 2+ g; (1) x + 6 (D)
(36)

1
= EP,-(t)xz—Pi(t)x2+ci(t)=O,

by (29), for i = 1,2. So V (¢, x) is continuous at (¢, x) € [5.

Therefore,
Vit x) = SP (8) x* + gy () x + ¢ (£)
- %PZ O +60Ox+60=0.
Vit x) =P, (t)x+g,(t) =P, (t) x + g, (t) =0,

that is to say, V(t, x) is differentiable on I';. However, V may
be not smooth on I;. It is clear V.. does not exist on I'5, since
P, (t) # P,(t). This means that the classical solution of HJB
equation (11) does not exist. Therefore, we have to work within
the framework of viscosity solution (see the appendix of [6]).

By the definition of viscosity solutions, we have for all
(t,x) I3,

D}V (1, x) = {0} x {0} x [P, (£), +00),

(38)

DPZ7V (t,x) = {0} x {0} x (—c0, P, (1))

Now let

G(t,x,u,p,P) = %PuTDlTDlu +p(Bu" —Byu’). (39)

Forall (g, p, P) € Dtl)f’J'V(t, x), (t, x) € T3, we have

q+ inf G(t,x,u, p, P)

ueR?

~ inf {%P(t) W"DT (1) D, (t) u} (40)

ueR?

1
> inf {EP2 ®) DD (t) u} -
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Therefore, V is the subsolution of HJB equation (11). On the
other hand, for all (g, p,P) € Dtl”i’_V(t, x), (t,x) € T, we
have

q+ inf G(t,x,u, p, P)
ueR?

1
. ulgkf {EP (t)u" D] (t) D, (t) u} (41)
< inf {; ®u'D (©TD (t)u} -

Therefore, by the definition we know V(t, x) is the super-
solution of HJB equation (11). Finally, it is easy to see that
the terminal condition V (T, x) = (1/2)x? is satisfied. There-
fore, by definition, V(t, x) is the viscosity solution of HJB
equation (11). Moreover, for all (t,x) € Ty, let (g" (4, %),
P (. x), P*(t,x),u” (t, x)) := (0,0, Py(t),0) € DyP*V(t,x) x
u then

q &x)+G(tx 1" (t,x),p" (£x),P" (t,x))=0.  (42)

So it satisfies the conditions in verification theorem [12, Theo-
rem 3.1].
The main theorem in this section follows.

Theorem 3. Let P(t), g;(t), ¢(t) fori = 1,2 be the solution of
(21)-(23). The regions I;, i = 1,2,3 are defined by (31). Then
the function defined by

lP1 X +g,Ox+¢ (), (tx)el,
Vit x)=
(t,x) e, UL}

(43)

Epz(t)x2+92(t)x+‘?z(t),

is the viscosity solution of H]B equation (11). Control function

(t,x) eIy,

. et )2, (1),
ot x) = { (t,x) €T, UT, (44)

~a(t,x) A, (),

is the optimal feedback control of system (8) for ob]ectwe func—

tional (9) with s = 0, the optimal value is V (0, x). Here /\1,
are constructed by Lemmas 1 and 2.
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4. Optimal Strategy and Efficient Frontier

4.1. Optimal Strategy. Back to the portfolio problem. From
[6] problem (7) is equivalent to A(p) for some p:

min E{Z[X(TD)-(u- )V}

(45)
s.t. { e L?g (0’ T Rd)’

X () satisfy (5).

In order to make use of the result in Section 3, let x(¢) =
X(t) — (4 — p). We study optimal control problem

min %E {x2 (T)}

dx(t)=[r(Ox®) +®@E) -r @D 7 E) - Ar (b)
x 1 @)+ (u—-p)r (t)] dt
+rl () o () dW (1),

x(0)=v-(u-p).
(46)

If we denote A(t) = r(t), B,(t) = b(t) - r(H17, B,(t) =
Ar(O1T, f(t) = (u - p)r(t), D, (t) = o7 (t), (46) becomes
. 1
min EE {xz (T)}

dx(t) = [A®)x(t) + B () (t) =By () (1)
s.t. +f ()] dt +n" (t) DI (t)dW (1),

x(0)=v—(u-p).
(47)
Before analyzing the efficient frontier of the original
problem (7), we firstly give the optimal strategy of A(p). The
translated problem is a special case studied in the previous
section, the optimal strategy is given in (44). In this problem,

«(t, x)

=x+;7(t)=x+e7JtT

T T

r(s)ds J‘ (}/l _ P) d <—eL r(s)> dz
t

=x—e _|'t r(s)ds (‘u _ P) (1 _ ef’ r(s)ds)

=x+(u-p) (1 —e‘f’(s)d5>.

(48)
The optimal strategy is
(3@ [x+ -p) (1= F o)),
. ifx+(y—p)<1—eiIrT’(s)ds)<0,
R Ao |3+ (u-p) (1-¢7 k%) ]
ifx+(u-p) <1 - e_ItTr(s)‘“) > 0.
(49)

Substituting x with X — (¢ — p), we get the following.

Theorem 4. For problem A(p), the optimal portfolios are

_Xl ) [X — (M - P) e‘ftrr(s)ds] i

. _ _ —J.tTr(s)ds
7" (6 X) = - ffX u=ple ; P o)
A, () [X— (;,i —p)e_jr r(s)ds] ,

if X~ (u=p)e k9% 20,

Here 7\1, 7\2 are constructed by Lemmas 1 and 2.

4.2. Efficient Frontier. In this part, we will compute the effi-
cient frontier of problem A(p). Because

1
SE [x(T)?]
= JEX(@) - (u- )] (5)

1 1
= SE[X(T) — " + pE[X(T) ~ ] + - p*.
For fixed p, we have

min £ [X () - uf" + p [EX () - ] |

u(-)ew

=V O.x0) - 3/
= %P(O) x(0)* + g (0) x (0) + ¢ (0) - %pz (52)

- %P(O) [v=(u=-p)*+ g [v-(u-p)]

+c(0)— %pz,

where P(:), g(-), c(:) are either P, (-), gl(T‘), ¢ (-) or Py(4), g,(+),
6(+), respectively, on X — (u — p)e” o r9ds 0 and X -

T T
(u—ple” i 794 5 0. Now, if X — (u—pe Ji r9ds 0 we
have a concave quadratic function in p

. 1 2
Jmin E {5 [X(T) = p]” + p [EX(T) - #]}
1
= 2P O [Xo= (u=p)) +:0) [Xo = (- p)]
. (53)
+6.0) - 2p’

2
_ %ei [T 1By (9)1Pds vefoT r(s)ds _ w-p) - %pz'



IfX - (d-p)e [} rods > 0, we obtain
1 2
in E{-|X(T)- EX(T) -
i {2[ (T) —u]” + p [EX(T) #]}

1
= SR (0 [Xo = (1= )] + 82 (0 [Xo = (= p)]
(54)

1
+6(0) - 2p’

T T
= L fmeras] ) reds _ (

_)2_12
5 u=p)| —3p"

The minimum variance (optimal value functional) is

IginE[X (T) - d]* + 2pE [X (T) - d]

- - 2
e moral el )T
T
ifv—(u-p)e fo rods 0;

e [y Iex(oPds [veﬁ’r r9ds (u- P)]2 - Pz,

(55)

ifv-(u-p)e Ji s 5 g,

Since p is Lagrange multiplier. We must maximize it. Note

T T
that u > py = veh TO% 1f y — (u—ple Iy 7945 < 0, then
P < U — py. Maximize

, 2
- [T 1y (s)1Pds VejoTr(s)ds —-p)| - (56)
we get
* U=t
= < -
o o S H T &7
with maximum value
2
T(‘"—Pz‘o), (58)
el I)IPds _
" r(s)d
Ifv—(u—ple o 945 5 0, then p =y — Uy Maximize
T 2 T 2
e Jo Pas ol s, )" 2 (59)

We get p; = p — py with maximum value —(p})* < 0. There-
fore the maximum of (55) equals (58).
Now we have the theorem to conclude the section.

Theorem 5. The efficient strategy of mean-variance problem
can be formulated as

_Zl (t) [x _ ([/l _ P*)e_ LTr(s)ds] ,
. _ o —J}T r(s)ds
n*(t,x)= Alfx (/’l p)e . <0’
Ay [x - (u-pr)e k%],
ifx—(u—p')e h 0% 20,

(60)
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where p* = pi is defined in (53), A, A,, come from Lemmas 1
and 2. The minimum variance is

(1 — 1)’

var [X (T)] = ———2—.
elo IO _

(61)
Here b, is determined by Lemmas 1 and 2.

Note. When coefficients are all constant then A, A, and b, are
all constant vectors.

5. Two Examples

Example 6. Supposed = 1,T = 1,r(t) =r,b(t) = b,o(t) = L.
Then the wealth equation is

dAX) =[rXt)+b-r)n @) - Arm )] dt + 7 (£) AW (¢),

X (0) = .
(62)

The problem A(p) can be formulated as
N
min EE {x (T)}

dx(t)=[rx@®)+b-r)m({t)-Arm (t)  (63)
s.t. +(u-p)rldt+m()dW (t),
x(0)=v—(u-p).

The correspondence HJB equation is
. 1 2

v, (t, x) + inf {vx tx)gtxu)+ v, (5, x)u } =0,
u€eR 2

v(T,x) = %xz.
(64)

Here g(t, x,u) = rx(t) + (b —r)u — Aru” + (4 — p)r. Letting
alt, x) := v (t, x)/v,,(t, x), we need to minimize

h(u) = %uz +[{b-r)u-Aru]. (65)

We assume b > r > 0, then when «a(t, x) < 0,

minh (u) = h(x(t,x)(b-71)) = —% [ (£, x) (b — r)]z.
(66)
When «a(t, x) > 0,
minh (1) = h(-a(t,x) (b —r+71Ad))
(67)

_ —%[(x(t,x) b-r+r)I.

By (53) we have the optimal p* = (u — y)/(1 - e(b_r)z)
(note bf = (b-r)*and Yo = €) and the optimal value (u -
1)/ (e(b*r)2 — 1); they are all independent of margin rate A.
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Because f(t) = (u— p*)r,wehave Iy = {(t,x) : x — (u —
p*)e" ™) = 0}. By (64) and (65) we know A, (t) = b—r, A,(t) =
—(b — r + Ar). By Theorem 5, the efficient strategy of mean-
variance problem can be formulated as

, —(b— 7‘) [X— (M_ p*)e—r(l—t)] ,
if x - (u-p") e <o,

7" (tx) = A (68)
b-r1+Ar) [x —(u-p") e_'(H)] ,

if x—(u-p*)e™ ™ >0.

It is interesting to see that although the optimal strategies
are different when A changes, T3 (which is the boundary of
two regions I', and I,) and the optimal values remain the same
and therefore two regions I, I, and the efficient frontiers
keep unchanged. But it is not always the same case, next
example we will show that the optimal values and the efficient
frontiers vary with margin rate A.

Example 7. Letd = 2, T = 1, r(t) = 0.01, b(t) = (0.05002),
o(t) = (29). In order to solve the HJB equation, we must
minimize

1 _
h(u) = EuTaaTu tal[b-rDu-riu|
1
=3 (4uf +4u u, + Sug) (69)
+ o (0.04u; — 0.01Au; + 0.01u, — 0.01Au; ).
When A = 0, we have u* = —a(°053), b =
0.000425.

When A = +00, short-selling is not allowed. We have

—a(t, x) (0'81), if a(t,x) <0,

0
0 bl
b, ]* = 0.0004.

When A = 0.2, we consider four cases: u;, u, > 0; u,
u, <0 u; >0, u, <0;u <0, u, > 0, then take the
minimum. We have

- (t,x)( 0011 ), if a(t,x) <0,

—0.002
u* (t,x) =

0.011875
-« (t, x) , ifa(t,x)=0.
0.00275

u* (t,x) = (70)

if a(t,x)>0.

(71)

b, ]* = 0.000416.

From the example we know b, depends on A. By
Theorem 5, we know the optimal parameter p*, the boundary
of two regions I', and I, the optimal value are determined by
b, therefore they all vary with A. For the same return y, the
risk is lowest when A = 0 (i.e., no margin required) and the
risk is highest when short-selling is prohibited A = +oc0. The
results of our paper cover these two extreme cases.

6. Conclusion

In this paper, we study the mean-variance portfolio selection
problems for short selling with margin required. The problem
is more complicated than free short-selling (A = 0) and
short-selling prohibiting (A = +00). We found the optimal
strategies in the feedback form and the optimal value function
which is the viscosity solution of the HJB equation. We have
also given examples to show how the margin rate affects the
optimal portfolio, optimal variance, and efficient frontier.
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