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We first introduce double obstacle systems associated with the second-order quasilinear elliptic differential equation
div(A(x, Vu)) = div f(x, u), where A(x, Vu), f(x,u) are two n x N matrices satisfying certain conditions presented in the context,
then investigate the local and global higher integrability of weak solutions to the double obstacle systems, and finally generalize the

results of the double obstacle problems to the double obstacle systems.

1. Introduction

Let O ¢ R" be a bounded domain. We consider the following
quasilinear elliptic systems:

DiAia(x,Vu)=Dif;(x,u), a=1,2,...,N, )

where A’ (x,h), f!(x,u) satisfy the conditions given in the
following context. If we denote A(x,h) =
(AL (x,h), f(x,u) = (fi(x,u))(n x N matrices), then
(1) turns into

div A (x,Vu) =div f (x,u). 2)

Our aim is to generalize the integrability results of double
obstacle problems (N = 1) to systems (N > 1). In order
to do that, first, we have to define the obstacle problems
corresponding to systems (2), and then we investigate the
integrability of the weak solutions to the double obstacle
systems.

In order to narrate our assumptions and our results, we
give the following notations.

Let f(x) = (fi(x), o), ., fu(0), 9x) = (g3,
gn(x)) be two vector-valued functions defined on (), then we
say that f(x) < g(x) if and only if f,(x) < g,(x) ae x €
Q,Vl < a < N, and define max{f(x),g(x)} =
(max{f,(x), g,(x)}, ..., max{ fy(x), gy (x)}), min{f(x),

g(x)} = —max{-f(x),-g(x)}, 0" (x) = (max{6,(x),0},...,
max{0y(x),0}), 0" (x) = (min{d, (x), 0}, ..., min{O(x), 0}).

Let W P(Q), and let Wol’p(Q), Wli’cp(Q) be usual Sobolev
spaces, then define

W (L RY) = {f () | () = (i (@)oo, fiy (1))
fax) €W (Q),a=1,...,N},
We (QRY) = [F () | £ () = (fi (¥)eer fiy (),

fu () €W, (Q),a=1,...,N},

3)

Wl (QRY) = {£ (| £ () = (f (). fiy (),
fax) e WP (Q),a=1,...,N}.
Let0 € WHP(Q, RY) and ¢,y : Q — RY, then we denote
Ry
={ue W (QRY) :u-0ew,? (QLRY), ()
¢<u<yae. inQ},

and we call ¢, y obstacles and 0 boundary value.



Let A = (a";(), B = (b;) be two n x N matrixes, then define
AeB = a' b ; here and in the following we use the convention
that repeated indices are summed: here « goes from 1 to N
and i from 1 to n.

We consider the higher integrability of weak solutions to

Kz’f;,(A)—double obstacle systems corresponding to (2).

Definition 1. We call a function u € Kg:i(Q,RN) a weak
solution to Kz’f;,(A)-double obstacle systems if

J (A(x,Vu) - f (x,u)) e V(v —u)dx >0, (5)
Q

holds for all v € KZ’){T,(Q, RM), here Vu = (Vuy, Vu,,

o vu)t

Obstacle problems naturally appear in the nonlinear
potential theory and variational inequalities (see [1, 2] and
references therein). It can be applied to phase transitions
in materials science, flame propagation, combustion theory,
crystal growth, optimal control problems, elasto-plastic prob-
lems, or financial problems [3, 4]. Reference [5] obtained
higher integrability and stability results of weak solutions to
KZZﬁ(A)—obstacle problems under the conditions N = 1, f =
0, and A satisfies homogeneous conditions. In this paper, we
investigate the local and global higher integrability of weak
solutions associated with Kzzi(A)—double obstacle systems.
This kind of higher integrability has been previously studied
in [6] for single obstacle problems (N = 1). Our notation is
standard.

2. Main Results

Let1 < p < 0o, and s > p. We assume that our mappings
A: QxRN - R, f:Qx RY — R™W are Caratheodory
functions and satisfy the following conditions for fixed 0 <
a<f<00,0<A<o00:

(A1) forallh € RN and ae. x € Q,

A(x,h)eh>alhlf, |A(xh)| < BlhIF (6)

(A2) forallu € RN and ae. x € Q,
|f ()| < ¢ (x) + Afuf P71 ?)
Fix x, € Q,let Q, be a cube with center x, and side length

r,and let Q,, (A > 0) be the cube parallel to Q, with the same
center as Q, and side length Ar. We denote

o2 gas o

where |Q,| denotes the Lebesgue Measure of Q,.

jQy fx, ®)

Theorem 2. Suppose that ¢, y,0 € W (Q,RY) (s > p),

and let u € Kz’f;,(ﬂ, RN be a weak solution to K(epf;,(A)—
double obstacle systems under conditions (Al) and (A2) with
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1<y <n/(n-p) dp(x) € L/®=(Q, RN), then there exists
a constant 0 < €, = €y(n, N, p,s, &, 3,9, A, diam(Q)) < s — p
such that, for each € € [0,¢,), one has u € M/I:)’CPR(Q,RN).
Furthermore, for every x, € Q and every cube Q, C Q (r < r,
small enough) centered at x, such that Q,, cC Q, one has

1/(p+e)
H (1Va + |u|y)f’”dx]

1/p 1/s
(|Vul + |u|V)de] + H Hde] } ,
Qyr

<c{lf, :

where H = |Vo| + |Vy| + |¢|1/(P‘1) and C = C(n, N,
D> 5 &, 3,9, A, diam(Q))) < oo.

r

In order to obtain the global higher integrability of weak
solutions to ngi(A)-double obstacle systems, it seems that
we need to impose some regularity condition for o€, the
boundary of Q). We say that 0Q) is p-Poincaré thick if there
exists 0 < a < 0o such that, for all open cubes Q, ¢ R" with
side length r > 0, there holds

1/p (ptn)/pn
<J- |u|de> < ax<I |Vu|p"/(p+")dx> , (10)
2. 2

r r

whenever u € W"P(Q,,), u = 0, ae. on (R"\ Q) N Q,,
and Q;,/, N Q€ #0. Theorem 2.3 and Corollary 2.7 in [7]
have given some simple conditions such that (10) holds for

p=n/(n-1).

Theorem 3. Suppose that the boundary 0Q) of Q is p-Poincaré
thick with p > n/(n—1), and ¢, y,0 € Wh(Q,RY) (s > p).If
ue KZﬁ(Q, RN is a weak solution to KZﬁ(A)—double obstacle
systems under conditions (Al) and (A2) with 1 < y < n/(n-p),

d(x) € L/ PV, RN), then there exists a constant 0 < € =
€M, N, p,s,a,a, B, 9, A, diam(Q)) < s — p such that for each
€ € [0,¢,), one has u € WP*¢(Q, RN). Furthermore, we have

1/(p+e)
:[Q (IVul + |ul”)*“dx] ¢

<C { HQ(Wul + |u|y)de]l/P + [][QHsdx]l/s]> ,

(1)

where H = |Vo| + |[Vy| + |[VO| + |¢>|1/(1"1) and C =
C(n, N, p,s,a,a, 3, y, A, diam(Q)) < co.

3. Proofs of Main Results
The following lemma is due to Giaquinta and Modica [8].

Lemma 4 (Reverse Holder’s inequality). Let Q be an n-cube
and g, G be two nonnegative functions defined on Q. Suppose
that for each x, € Q and each r < min{(1/2) dist(x,, 0Q), ro}

p
} gPdx < b(} gdx> + T][ gPdx + } GPdx, (12)
2 QZr 2

d r r
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where constantsb > 1,15 > 0,0 < 7 < 1. Then g € L, (Q) for
qelp p+e)and

1/q 1/p 1/q
({ qux> < C<:F gpdx> + <:[ qux> , (13)
Q Qy Qy

T

for Q,, cC Q, r < ry, where C and € are positive constants
depending only on b, T, p, n.

The proofs of Theorems 2 and 3 are stimulated by [5].
The general constant C denotes a constant whose value may
change even on the same line.

Proof of Theorem 2. For any fixed x, € Q and cube Q,
centered at x,, with side length » such that Q,, cc Q,lety €
C;°(Q,,) be a cutoff function such that 0 < 5 < 1,|Vy| < C/r
andny=1onQ,.

Letv = (1 — ) (u — uy,) + nw, where w = (v — u,,)” +
min((¢ —u,,)", (¥ —u,,)"). Due to the boundedness of Q, we

have ¢, € WP(Q, RY). Moreover, v + u,, € Kg:ﬁ((), RY)
because

w = ((P - z’l2r)+> Y 2 Uy, (14)
Y — Uy, Y <y,

and this yields ¢ < v + u,, < v a.e. in Q. Hence we have, by

(5),
j (A(x,Vu) = f (x,u)) o V(v —u)dx = 0. (15)
Q

By the choice of v, we get
vou=-uy —nf (u-u,) + 7w, (16)
and hence

V(v-u)=—nVu+nVw+ pr’ ' Ve [w- (u-u,,)].
17)

This and (15), together with the structure assumptions
(Al), (A2), yield

fo4 J 7 |\Vul|Pdx

21

< J r]pA (x,Vu) » Vudx

T

<p JQ 0P |VulP ™ |Vw| dx

"

o[ lo] vulds
QZ?'

3
+ AJ 7P |l PV |Vu) dx
+ Pﬁj g ™ [l + [u = wy, |] Vo] V0l dx
+ Jer n? |¢| IVw| dx
(18)

+ AJ nplu|(P_1)y [Vw| dx

v

wpJ ™ Il + ][9]

r

+ pAJ 7Pl 7Y [|w) + [ - uy,|] V| dx.

2r

Using Holder’s inequality, Young’s inequality, and Min-
ikowski’s inequality, we can estimate each term in (18) as
follows:

B vt ivulds

(p-1/p 1/p
17P|Vu|pdx> (j 11P|Vw|pdx)
er

(],

< % J 7 |\VulPdx + CJ 7’ |Vw|Pdx,

2r QZ'V

r

[, 19l 19l ax

"

< % J 7 |Vul|Pdx + CJ 11P|¢|p/(p71)dx,

21 21

A J nP|u|(P_1)V |Vu| dx

T

< % J 7 |\Vul|Pdx + CJ 7 |u| dx,

r 2r

PB o ¢ = ][V 1Vl

2r

< % J 7P |VulPdx

21

+Cr_PJ [|w|P+|u—u2r|]de.

21

[, o lolvuds
Q

"

< CJ 7 |Vw|Pdx

r

e v

,



AJ 7P |ul PV |Vw| dx

r

< CJ #f|Vw|Pdx

2r

+ CJ‘ 7 |u| dx,

r

p[ a7 ol + =) 9] (9]

r

< CJ 17p|¢>|P/(P_l)dx

21

+Cr P J [|w|p + |u - u2r|p] dx,
Q

2r

p/\J r]P_1|u|(‘D_1)y [lw] + u = uy,|] |Vy| dx

"

< CJ 7P |ulP dx

"

+Cr P J [|w|P + |u - u2r|p] dx.
Q

2r

(19)
We deduce from (14) that
|w| < {l(P_(PZ?’|’ 1//2“2r>
lv-val> ¥<uy (20)

[Vwl| < |Vo| +|Vy].

Hence

J: 7 |\VulPdx

r

-1)\?
scf (1wl + [vvl + o) ax

21

+ C} 7P lul? dx
Qy

* Cripilt (l‘P - 902r|P + |‘// - ‘/’2r|17 + |’" - ”2r|P> dx.
' 1)

Now choosing max{l,np/(n + p)} < t < p and using
Poincaré’s inequality and Sobolev-Poincaré’s inequality, we
get

r_PJt |(p - (p2,|de < CJ: |V¢|de, (22)
QZr QZr
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r“’][Q |y =y [ dx < C][Q [Vy | dx, (23)

r P {
Q,

:[ W lulP’dx < Cr™ JQ |t — y, [P dx

2r 2r

plt
|t~ u,,|Pdx < C<} |Vu|tdx> , (24

T 2r

+ C][ |u2r|m}dx
Q

r

y-1
. Cr[n((l/PY)—(l/P))H]py( J |Vu|de>
or

plt
><:|t |Vulpdx+C<:[ |u|ytdx>
QZr QZr

plt
2 E(T)f [VulPdx + C<][Q |u|ytdx> ,
. ! (25)

where &(r) — Oasr — 0 because of the absolute continuity
of integrals and the fact that y > 1.
The above five inequalities imply that

][ |VulPdx

)

[t
< E(r)][ |VulPdx + c<][ |u|“dx>P

2r r

(26)
-1\?
wcf  (1vgl+[vyl+1o]"*) ax

2r

plt
+C({ |Vu|tdx> .
Q

To complete our proof, adding :[ Q |u|PYdx to each side of
(26), using (25), and setting

g=(Vul+ "), k= é,
H = |Vg| + [vy] + l¢] "7, 7
G=H"

Equation (26) can be rewritten as

][ gkdx
Q’

< C&(r) ][ngkdx +C |:<J:Qz

k
gdx) +J:
Q,

For r (r < r,) small enough, we have 7 = C&(r) <
1, and then Lemma 4 implies that there exists 0 < ¢, =
€m, N, p,s,a, B, 7, A, diam(Q))) < s — p such that, for

dex] .

r 7

(28)
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1,
0 <e€<e¢ywehaveu € Vlflof+€(0, RY), and for every cube

Q, (r < ry) such that Q,, € Q, we have

1/(p+e)
[][ (IVul + Iuly)“edx]
QY
1/p
<C { H (1Vul + |u|V)de] (29)
Qyr
1/s
+H Gsdx] } ,
Qyr
where C = C(n, N, p, s, a, 3,9, A, diam(€2)) < oo. O

Proof of Theorem 3. Choose a cube Q = Q,,, such that Q ¢
Q,- For an arbitrary cube Q,, € Q,, there are two possibilities

to consider: (I) Q;,/, € Q, or (1) Q;,/, N Q€ #0.
In the case (I), following the proof of Theorem 2, we have

kdx < CE(r kdx +C dx k+ Grdx |.
][Qg f()ng [(fQ g ) {Q ]
T 2r 2r 2r (30)

with g = (IVul + [ul")', H = [Vg| + [Vy| + [¢]?™V, G =
H' inQy,nQandg =G =0inQ,, \ Q, k = p/t, where
max{l,np/(n+ p)} <t < p,and&(r) —» Oasr — 0.

In case (II), observing that replacing 6 by 6, =
min{y, max{gp, 0}}, we may as well assume that the boundary
function O satisfies ¢ < 0 < y in Q. Indeed, 6, = (¢ — 0)" -
(w-6)" +6,and since 0 < (¢p—0)" < (u-6)" ¢ Wol’P(Q,RN),
0< (-0 < -6 e W, PQRY), the functions
(p—6)",—(y - 0)", and hence u — 6, belongs to Wol’P(Q, RM).
Next consider the function v = u — #”(u — 0) in Q, where
n € Cy°(Q,,) is a standard test function as in the proof of

Theorem 2, then v € KZ’){;(Q, RN ). Indeed, because v — 0 €
W(l)’p andp <u<y, <0<y ae in(, wehave

v=(1-#u+n0>0q,
(31)
v=>1-nu+nf0<y ae inQ.

Since
Vv —Vu=-nVu- pr]p_l (u-0)Vn+ qPVG, (32)
we have, by (5) and assumptions (Al) and (A2)
ocj #f|\VulPdx
Q

< J 11PA (x, Vu) e Vudx
Q

< J;) [(A(x,Vu) = f (x,u))

«("VO - pn*"'Vn o (u-0))

+1 f (x,u) « Vu] dx
< BJ 7P |Vul?™' V0| dx
Q
v [ 16l vOldx+ [ o] 19l dx
Q Q
A j 71l P07 |96 dx
Q
+ /\j 7F |ul PV |V dx
Q (33)
+ ppB L 17‘7_1 |t —0) |V17| [VulP " dx
+ 9 | ™ 6] - 01V dx
+pp L np_l|u|(P_l)V lu— 0] |Vy|dx
< d J 7 |Vul|Pdx + CJ n’|VOPdx
2 Ja Q
+ CJ 17P|¢|P/(P_l)dx
Q

+ CJ 7 lulP dx + CJ u — 07 |Vy|P dx,
Q Q

where we have used Holder’s inequality and Young’s inequal-
ity several times. Hence

J 7 |\Vu|Pdx
Q

<C U (1617 + g7 ™) dx
¢ (34)
+ j 7P |ulP dx
Q

+ J | — 0|p|Vr]|de] ,
Q

where the generic constant C is depending only on
n, N, p,a, 3, A

To estimate the last term in (34), we employ the p-
Poincaré thickness of 0Q). Indeed, the function u — 0 can be
extended continuously to be 0 to CQ), and therefore

J | — 0|P|V;7|de
Q

(n+p)/n (35)
< Cr‘Px“ |V (u - 0)["/ P g
5N

T



Using Minikowski’s inequality and Holder’s inequality, we
obtain the following:

(n+p)/n
r*f’“ IV (u— 9)|"P/<"+P>dx]
QN

(n+p)/np
<Cr? [(J |V0|"p/("+p)dx>
Q,,NQ

(n+p)/np P
o[, o) ] (36)
ernQ

< cj VO dx
Q,,NQ

plt
+ Cr"_("P/t)(J |Vu|tdx> )
QN

Hence we derive from (25), (34), (35), and (36) that

J: [VulPdx
anQ

<C¢ (r)][ |VulPdx

QZrnQ

, (37)
+c][ (1v61 + ¢ Y dx
Q,,NQ

+C

plt
][ (Jul” + |Vul") dx] )
Q,NQ

Adding :f Q [ul?Ydx to each side of (37) and using (25),

setting g = (|Vul + [u]")’, H = [Vo| + [Vy| + VO] + |¢|//P7V,
G=HinQ,, nQ,g=G=0inQ, \ Q k = p/t, where
max{l,np/(n+ p)} <t < p, we obtain

][ gkdx
Qer

< C&(r) :[ gkdx (38)

Q,,NQ

k
+C [({ gdx) + } dex] ,
Q,,NQ Q,,NQ

where §(r) — Oasr — 0Oand C = C(n,N,p,s,a,a,f3,
p, A, diam(Q2)) > 0.

For r (r < r,) small enough, we have 7 = C&(r) <
1, and then Lemma 4 implies that there exists 0 < ¢, =
e, N, p,s,a,a, 3,9, A, diam(Q)) < s — p such that, for 0 <
€ < €y, we haveu € whPre() RN), and (11) holds. Hence the
theorem follows. O
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