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We investigate shape preserving for g-Bernstein-Stancu polynomials B>“(f; x) introduced by Nowak in 2009. When & = 0,
B(f; x) reduces to the well-known g-Bernstein polynomials introduced by Phillips in 1997; when g = 1, B**(f; x) reduces to
Bernstein-Stancu polynomials introduced by Stancu in 1968; when g = 1, & = 0, we obtain classical Bernstein polynomials. We
prove that basic B*(f; x) basis is a normalized totally positive basis on [0, 1] and g-Bernstein-Stancu operators are variation-

diminishing, monotonicity preserving and convexity preserving on [0, 1].

1. Introduction

Let g > 0. For each nonnegative integer r, we define the g-
integer [r] 38

(1-47)
,=lr=10-q 1" )
7, q=1,
we then define g-factorial [r]! as
[rlt=[r]t:=[r] [r—1]---[1], [0]'=1, (2)

and we next define a g-binomial coefficient as
[n] _ [n] _ -1 m-re1]
e il

for integers n > r > 0 and as zero otherwise. Also, we use the
g-Pochhammer symbol defined as for any c € C

(]!
[r]! [n—r]

(3)

n—1
Ga)y=1  (sq),=[](1-c), n=D,
k=0
(4)

s

(1-cq),

(9), = (0<g<1).
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For f € C[0,1],g9 > 0, « > 0, and each positive integer #,
we will investigate the following g-Bernstein-Stancu operator
introduced by Nowak in 2009 [1]:

9.0t (k]
B (fix) = ZB ([ 1) )
where
By (x) = [Z] JLALL Dl o (L-gx+als)
’ [T (1 +ali)
(6)

Note that empty product in (6) denotes 1.

In this case, when o = 0, BI*(f; x) reduces to the well-
known g-Bernstein polynomials introduced by Phillips [2] in
1997:

Bn,q(f;x)zi[ ]xk”ﬁl( ) f ({n}) )

When g = 1, BX*( f; x) reduces to Bernstein-Stancu polyno-
mials introduced by Stancu [3] in 1968:

si(r -3 (1)1
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When g = 1 and ¢ = 0, we obtain the classical Bernstein
polynomials defined by

BAﬂX%=i(f>fU—xf*f<S> ©)

k=0

Now, we review and state some general properties of g-
Bernstein-Stancu operators.

It follows directly from the definition that g-Bernstein-
Stancu operators possess the endpoint interpolation property,
that is,

B (£:0)

=f0), B (fi1)=fQ),

Vg>0andallneN,

(10)

and leave invariant linear function:

B (at+b)=ax+b, Vq>0andallneN. (1)

They are also degree reducing on polynomials; that is,
if &, is a polynomial of degree m, then BM(%,) is a
polynomials of degree < (m, n).

Taking a = 0, b = 1 in (11), we conclude that

Zqu (x)=1, VneN. (12)

In 2009, Nowak proved that the g-Bernstein-Stancu
operators can be expressed in terms of g-differences [1]:

B (fix) = 3 [ ] fol_[““ﬁ, (13)
k=0

where

ke o R koenn el L K]
S e T e 1

At the same time, he still showed that, for 0 < g < 1,
a =0,

BM (1;x) =1, BY (t;x) = x,
x(1- x)> (15)
[n] '

For a real-valued function f on an interval I, we define
S7(f) to be the number of sign changes of f; that is,

§(f) =supS™ (f (x0)5-- > f (%)) (16)

where the supremum is taken over all increasing sequence
(xg>...>%,,) in I, for all m. We say that L, is variation-
diminishing if

1
BY (¢ x =—<x X+ )+
”( ) 1+« ( )

S (L, () =S (f)- (17)

Similarly, for a matrix T, we say T is variation-diminishing
if, for any vector V for which TV is defined, then st (TV) <
STHV).
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Let (L,,),>; be a sequence of positive linear operators on
C[0, 1]. We say that L, is monotonicity preserving if L, (f)
is increasing (decreasing) for an increasing (decreasing)
function f on [0, 1]. We say that L, is convexity preserving
if L,,(f) is convex (concave) for a convex (concave) function
fonl0,1].

Letg € (0,1), x € [0,1] and let B¥* = (qu(x) B (x),

.,BZ:Z(x)) be the sequence of basic g-Bernstein- Stancu
polynomials, and denote by II, the sequence of all polyno-
mials of degree at most #; then B?™ is a basis for II,, (see
[1]). Hence, there exists a nonsingular transformation matrix
§HAtsan% from BI'™ to B2* such that

q2>% . q2>0%) 1,q1>%13q2>%, g% . q1>%
B 0 (.x) . Bn)n (.x) - S P (Bn’lo ! . Bn’ln l) .

A matrix is said to be totally positivity (TP) if all its
minors are nonnegative. It is well known that totally positivity
matrix is various-diminishing. We say that a sequence ¢(x) =
(o(x), ..., ¢,(x)) of real-value function is TP on an interval I
if, for any points x, < x; - -+ < x,, in I, the collocation matrix
(¢j(xi))2j:0 isTPonI.If¢is TPonIand Y ¢i(x) = 1,
x € I, (so that its collocation matrix is stochastic), we say that
¢ is normalized totally positive system on I.

Theorem 1. For o > 0, q € (0,1), g-Bernstein-Stancu basis
B is a normalized totally positivity basis on [0, 1].

Theorem 2. For o > 0, q € (0, 1), g-Bernstein-Stancu oper-
ators BY*(f; x) are variation-diminishing, monotonicity pre-
serving, and convexity preserving.

2. Proof of Theorems 1 and 2

Lemma 3 (see [4]). A finite matrix is totally positive if and
only if it is a product of 1-banded matrices with nonnegative
elements, where a matrix A = (a; j) is called 1-banded matrix
if, for somel, a; ; #0, implies| < j—i <1+ 1.

Lemma 4 (see [5]). Let ¢ = (Po(x),...,P,(x)) and ¢y =

(yo(x),...,y,(x)) be the base of I1,, and let S be the transfor-
mation matrix from y to ¢; that is,

6000 L @ =5(w fy,).

IfS is a totally positive matrix and y is a totally positive system
on [0, 1], so is ¢.

Lemma 5 (see [6]). If the sequence ¢ = (¢py(x),...,P,(x)) is
totally positivity on [0, 1], then, for any numbers ay, ..., a,,

S (agdy (x) + -+ +a,8, (%) < S (a,...,a,).  (20)
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Proof of Theorem 1. We recall that the g-Bernstein-Stancu
operators BI* : C[0,1] — & are defined by

- K]\ pae
B (x) (fix) = Zf(w)%w (21)

where

B o= [1]

[T (1-g/x +alj])
,=o(1+“[1]) .

(22)

Thus

kTS L+ a[])
k-1 n—k—1
x[[G+alf]) [T (1-5%)
0 =0
n—-1 k-1 n—k-1
[ T+ el TTGeen) TT (1-5%)
j=n—k j=0 Jj=0
n—1
= &) T el i
j=n-
(23)
where r; = «[j], s; = ¢’/ + alj])), and
k-1 n—k—1
pZ:Z = (x 7 ) 1_[ (1 - ij). (24)
Jj=0 Jj=0

Clearly, from the definition we know that, for arbi-
trary positive numbers ay,...,q,, if the sequence (¢,(x),
..., ¢,(x)) is totally positive on [0, 1], then so is the sequence
(ay$ps - - - » @, P,). We want to prove that BI = (BL{(x),
Bq“(x) ., B (x)) on [0, 1] is totally positive system, pro-
vided to prove that P}* = (P!(x),..., Pl (x)) is totally
positivity system on [0, 1]; we use Hepmg Wangs methods
(see [5]) to prove that P = (P?F(x),..., P1(x)) is totally
positivity system on [0, 1]. For 0 < i,k < nand ﬁxedq € (0,1),

3
we define
n—k—1
xk (l—ij), n—-k<i,
i n j=|
Reo=1 T
K (1 = x) K (1 - ij) n-k>i
=0
k-1 n—k—1
) (x+rj) (l—ij), k <i,
j _]j=0 =0
lPk (x) = il n—k—1
xkﬂl—[ (x+r]) (1—ij), k> i,
=0 =0
(25)
wheres;, 7, j = 0,...,nare given in (24). Clearly, for 0 < k <
n,
"B (x) = P (x),
n—k—1
P = "R} (x) = X" H (1 -5 x) (26)

j=0
R (x) = (1 - x)"*

For 0 < i < n, it follows from the definition of iRZ(x) that, for
k>n-i,

MIRE (x) = 'R (%), (27)
and, for k < n—1,
i+1RZ (X)

i

x)nfkfi—l (1 s »x)

:xk(l - [

j=0

i-1

=xF1 -1 -x)! (1 - ij) (1 - ij)

=0
=X -1 - x)! ((1 - x)+ (1 - sj) x)
i-1 (28)
x[1(1-s5%)
=0
i-1
= xF(1 - x)" (1 - ij)
=0
i—1
+ k+1(1 nkzl( )H(I—SX)
j=0
= Ri(x)+(1-s) 'R}, ().

Similarly, from the definition of 'P}!(x), we get that, for k < i,

i+1PI:l _ lPI:l (X) , (29)
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and, for k > i, From (26) and (31), we obtain
i+1Pn (x) PZ’(‘)X Pg’: (x)
A : X
P n-k-1 P (x) "Py (x) "R (x)
=X H (x+75) H (1-5;%) PP (x) Pl (x) oy | TP, (%)
Jj=0 Jj=0 = = ) =8 ;
i-1 k-1 . : :
= X! (x+r)i_[(x+r )nl—[ (l—s x) EY "By, (x) P (x)
— ; j 7 nn nn n,n
j=0 j=0 _ -
k Py (x)
=x" (- rsuex + (L4 738,0) x) 0pr (x)
‘ — S(n_l)s("—2> . S(I)S(O) 1
i-1 ( )n—k—l ( ) :
X xX+r; 1-s.x )
H 7 ! (30) RACN
i-1 TR (x) ]
o k-i-1 0
- (xer) - oy
J= — S(” l)s(" 2) .. S(l)s(o)
n—k i . n'
X (l—ij)+(1+r,-sn_k)x "R}, (%) ]
=0
(n—1) pn
ﬁ ( )"ﬁl ( ) ( )RO > (34)
X xX+r; 1-s.x DR (x)
(n-1) ¢(n-2) (1) ¢(0)rpa(n—1) 1
=0 ! =0 ! =§"MsH LSS :
=1 B (0 + (L4 13s,4) P (). (“DR? (x)

"R ()

Hence, if we let )
"7RY (x)

— S(”—l)s("—z) . S(l)s(O)T(”—l)T(n—z)

i+lp(1)1(x)' ‘iP(;‘l(x)' i :

: =s® : , (31) 2R (x)
HLp (x) | L'P (x) ] _ gDgn-2) | ) GO pn-Dp(n=2) | ()0
TR@) R )] °R; (x)

: =T : , 32 n
i1 pn inn Y ORI (x)

R} (x) ] L'R;, (x) .
then ORZ ¢
_ gD gD | ) GO -1 p(-2) | (D)
1 .
x 'R (x) ¢RI (x).
5 = 1 4 .
r; 1+7,S,4 ’ Obviously, $¥, T®, i = 0,1,...,n — 1 are l-banded
matrixes with nonnegative elements. Since the sequence of
;o 1+15 functions,
(33)
11-§; ((1 — ) x(1-x)" L1 -x)"2 . L X (1= %) ,x") ,
R (35)
T(i) _ 1 1-S§ Ji
1 ’ is totally positive on [0, 1], by (26), (34) and Lemmas 3 and 4,

we obtain that P is a totally positive system on [0, 1]. The
1 proof of Theorem 1 is complete. O
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Proof of Theorem 2. The proof of Theorem 2 follows from
Theorem 1. From Theorem 1, we know that g-Bernstein-
Stancu basis

B = (B2} (x),..., B) (36)
is totally positive for x € [0, 1]. By Lemma 5 we obtain that

57 (8% (/i)
& (Kl g
5 () o0)

o )4 ()7 ()
([n]q AN AN
<SS (f),

which means that the g-Bernstein-Stancu operators B> are
variation-diminishing. Since g-Bernstein-Stancu polynomi-
als reproduce linear functions, we get for any function f and
any linear polynomial P,

ST (B (f)-p) =S (BT (f - p)
<S(f-p).

A standard reasoning based on (38) and endpoint inter-
polation property of BY* yields that BI® are monotonicity
preserving and convexity preserving (see [7], pp. 287-288).
Theorem 2 is proved. O

IN

2
// /N

~

(38)

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

One of authors wants to thank sincerely her advisor Professor
Heping Wang and his careful guidance, supervision, and
patient assistance that help to complete thesis writing after
revising several times. Professor Wang is kind, integral, and
realistic. He is profoundly knowledgeable and scrupulous for
scholarship and works conscientiously. All these will be the
learning model in her future work and learning. The author
wants to say thanks to her classmate, a doctor, Xuebo Zhai.
She give the author much help in the course of paper writing.
She wants to say thanks to her lover; it is his help in life that
enables her to have enough time to study. She wants to say
thanks to all the people who once cared and helped her. The
paper is supported by National Natural Science Foundation
of China (Project no. 11271263) and by Education Department
Foundation of Hebei Province (Project no. 2011169).

References
[1] G. Nowak, “Approximation properties for generalized g-

Bernstein polynomials,” Journal of Mathematical Analysis and
Applications, vol. 350, no. 1, pp. 50-55, 2009.

[2] G.M. Phillips, “Bernstein polynomials based on the g-integers,”
Annals of Numerical Mathematics, vol. 4, no. 1-4, pp. 511-518,
1997.

[3] D.D. Stancu, “Approximation of functions by a new class of lin-
ear polynomial operators,” Revue Roumaine de Mathématiques
Pures et Appliquées, vol. 13, pp. 11731194, 1968.

[4] C. de Boor and A. Pinkus, “The approximation of a totally
positive band matrix by a strictly banded totally positive one,”
Linear Algebra and Its Applications, vol. 42, pp. 81-98, 1982.

[5] H. Wang, “Shape-preserving properties of w, g-Bernstein poly-
nomials,” Linear Algebra and Its Applications, vol. 430, no. 4, pp.
957-967, 2009.

[6] T.N.T. Goodman, “Total positivity and the shape of curves,” in
Total Positivity and Its Applications (Jaca, 1994), M. Gasca and C.
A. Micchelli, Eds., vol. 359 of Math. Appl., pp. 157-186, Kluwer
Academic Publishers, Dordrecht, The Netherlands, 1996.

[7]1 G. M. Phillips, Interpolation and Approximation by Polynomials,
CMS Books in Mathematics/Ouvrages de Mathématiques de la
SMC, 14, Springer, New York, NY, USA, 2003.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




