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We introduce the notion of end point of multivaluedmappings in the setting of metric space endowed with a graph and prove some
existence results in this context. The mappings are assumed to satisfy certain generalized multivalued almost 𝐺-contractive type
inequalities. Further, the consequences of the corresponding results in the cases of single-valued mappings are also discussed with
examples.

1. Introduction and Mathematical
Preliminaries

One of the most famous fixed point theorems is the Banach
contraction principle, which initiated a new era of research in
fixed point theory due to its immense applicability in major
areas of mathematics like numerical analysis and differen-
tial/integral equations. This important principle was used by
Boyd and Wong [1] to investigate the fixed point results of
nonlinear contraction maps.

Study of fixed point results in partially ordered sets has
been a very well-motivated area of research because of its ease
of compatibility inmodelling various problems and in finding
new convergence schemes. The first attempt in this direc-
tion was carried out by Ran and Reurings [2] where they
combined the BanachContraction Principle and theKnaster-
Tarski fixed point theorem. Ran and Reurings considered a
class of mappings 𝑓 : 𝑋 → 𝑋, with (𝑋, 𝑑) as a complete
metric space and a partial order≤.Themappings they consid-
ered were continuous, monotone with respect to the partial
order ≤. Those mappings also satisfy a Banach contraction
inequality for every pair (𝑥, 𝑦) ∈ 𝑋×𝑋 such that𝑥 ≤ 𝑦.When
for some 𝑥0 ∈ 𝑋, the inequality 𝑥0 ≤ 𝑓(𝑥0) is satisfied, they
proved that the Picard sequence {𝑓𝑛(𝑥0)} would converge
to a fixed point of 𝑓. Ran and Reurings also combined this

interesting result with the Schauder fixed point theorem and
applied it to obtain some existence and uniqueness results to
nonlinear matrix equations.

Neito and Rodŕıguez-López ([3, 4]) extended the results
of Ran and Reurings to the functions which were not nec-
essarily continuous. They also applied their results to obtain
a theorem on the existence of a unique solution for periodic
boundary problems relative to ordinary differential equa-
tions.

The additional structure of ordering was introduced in
metrizable uniform spaces by Turinici [5]. Later, fixed point
studies were attempted in partially orderedmetric spaces in a
good number of works as, for instance, in [6–9]. Multivalued
fixed point results were deduced in such contexts in works
like [10–14].

Theuse of graphwas introduced inmetric fixed point the-
ory by Jachymski [15]. It is in furtherance ofmetric fixed point
theory in partially ordered spaces in that the partial orders
themselves introduce a directed graph in metric spaces. A
version of the Banach contraction mapping principle was
established in these spaces where contraction inequality
needs to be satisfied on the edges of the graph. In fact this is
a general feature of the line of research which is that the con-
tractions can be restricted to parts of spaces for the purpose of
fixed points to exist. There are several results on fixed points
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of functions defined on these structures, some of the impor-
tant references from these works being [16–20].

In the following we describe the mathematical back-
ground materials which are necessary for establishing the
results in this papers.

Let (𝑋, 𝑑) be a metric space. We consider the following
classes of subsets of the metric space𝑋:
𝑁(𝑋) = {𝐴 : 𝐴 is a non-empty subset of 𝑋} ,
𝐵 (𝑋)

= {𝐴 : 𝐴 is a non-empty bounded subset of 𝑋} .
(1)

For𝐴, 𝐵 ∈ 𝐵(𝑋), the functions𝐷 and 𝛿 are defined as follows:
𝐷(𝐴, 𝐵) = inf {𝑑 (𝑎, 𝑏) : 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} ,
𝛿 (𝐴, 𝐵) = sup {𝑑 (𝑎, 𝑏) : 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} . (2)

If 𝐴 = {𝑎}, then we write 𝐷(𝐴, 𝐵) = 𝐷(𝑎, 𝐵) and 𝛿(𝐴, 𝐵) =𝛿(𝑎, 𝐵). Also in addition, if 𝐵 = {𝑏}, then 𝐷(𝐴, 𝐵) = 𝑑(𝑎, 𝑏)
and 𝛿(𝐴, 𝐵) = 𝑑(𝑎, 𝑏). Obviously, 𝐷(𝐴, 𝐵) ≤ 𝛿(𝐴, 𝐵). For all𝐴, 𝐵, 𝐶 ∈ 𝐵(𝑋), the definition of 𝛿(𝐴, 𝐵) yields the following:

𝛿 (𝐴, 𝐵) = 𝛿 (𝐵, 𝐴) ,
𝛿 (𝐴, 𝐵) ≤ 𝛿 (𝐴, 𝐶) + 𝛿 (𝐶, 𝐵) ,
𝛿 (𝐴, 𝐵) = 0, iff 𝐴 = 𝐵 = {𝑎} ,
𝛿 (𝐴, 𝐴) = diam𝐴

(3)

(see [21]) 𝛿-distance is not a metric like the Hausdorff
distance [22] but shares all the properties of a metric except
that it is possible to have 𝛿(𝐴, 𝐴) ̸= 0.
Definition 1. Let𝑋 be a nonempty set and 𝑇 a self-map on𝑋.
By a fixed point of 𝑇, we mean an element 𝑥 of 𝑋 such that𝑥 = 𝑇𝑥. The set of all fixed points of 𝑇 is denoted as Fix(𝑇).
Definition 2. Let𝑋 be a nonempty set and 𝑇 : 𝑋 → 𝑁(𝑋) be
multivalued mapping. Then 𝑥 ∈ 𝑋 is called a fixed point of 𝑇
if 𝑥 ∈ 𝑇𝑥.
Definition 3. Let 𝑋 be a nonempty set and 𝑇 : 𝑋 → 𝑁(𝑋)
be multivalued mapping. Then 𝑥 ∈ 𝑋 is called an end point
of 𝑇 if {𝑥} = 𝑇𝑥. The set of all end points of 𝑇 is denoted as
End(𝑇).
Remark 4. Every end point of a mapping 𝑇 : 𝑋 → 𝑁(𝑋) is a
fixed point of the mapping 𝑇 but the converse is not true. So
End(𝑇) ⊆ Fix(𝑇).

Fixed point theory for multivalued operators is an impor-
tant topic of set-valued analysis. There are several works on
fixed point theory of set-valued maps which have utilized 𝛿-
distance [10–13, 21, 23, 24].

Berinde [25] introduced a new class of self-mappings
(usually almost contractions) that satisfy a simple but general
contraction condition that includes any strict contraction,
Kannan [26] and Zamfirescu [27] mappings, and a large

class of quasi-contractions. Almost contractions and their
generalizations were further considered in several works like
[12, 13, 28–31]. Our aim in this paper is to deduce some fixed
point theorems for certain multivalued almost contractions
using 𝛿-distance.

Let 𝑋 be a nonempty set and Δ fl {(𝑥, 𝑥) : 𝑥 ∈ 𝑋}. Let𝐺 be a directed graph such that its vertex set 𝑉(𝐺) coincides
with 𝑋; that is, 𝑉(𝐺) = 𝑋 and the edge set 𝐸(𝐺) contains all
loops; that is, Δ ⊆ 𝐸(𝐺). Assume that 𝐺 has no parallel edges.
We can identify 𝐺 with the pair 𝐺(𝑉(𝐺), 𝐸(𝐺)). By 𝐺−1 we
denote the conversion of a graph𝐺, that is, the graph obtained
from𝐺 by reversing the directions of the edges.Thus we have

𝑉(𝐺−1) = 𝑉 (𝐺) ,
𝐸 (𝐺−1) = {(𝑥, 𝑦) ∈ 𝑋 × 𝑋 : (𝑦, 𝑥) ∈ 𝐸 (𝐺)} . (4)

Let �̃� denote the undirected graph obtained from 𝐺 by
ignoring the direction of edges. Actually, it will be more
convenient for us to treat �̃� as a directed graph for which the
set of its edges is symmetric. Under this convention,

𝑉(�̃�) = 𝑉 (𝐺) ,
𝐸 (�̃�) = 𝐸 (𝐺) ∪ 𝐸 (𝐺−1) . (5)

A graph 𝑆(𝑉(𝑆), 𝐸(𝑆)) is called a subgraph of the graph𝐺(𝑉(𝐺), 𝐸(𝐺)) if 𝑉(𝑆) ⊆ 𝑉(𝐺) and 𝐸(𝑆) ⊆ 𝐸(𝐺).
Definition 5. If 𝑥 and 𝑦 are vertices in a graph 𝐺, then a path
in 𝐺 from 𝑥 to 𝑦 of length𝑚 (𝑚 ∈ N) is a sequence (𝑥𝑖)𝑚𝑖=0 of𝑚+1 vertices such that 𝑥0 = 𝑥, 𝑥𝑚 = 𝑦, and (𝑥𝑖−1, 𝑥𝑖) ∈ 𝐸(𝐺)
for 𝑖 = 1, . . . , 𝑚.

A graph 𝐺 is connected if there is a path between any
two vertices. 𝐺 is weakly connected if �̃� is connected. If𝐺 is such that 𝐸(𝐺) is symmetric and 𝑥 is a vertex in 𝐺,
then the subgraph 𝐺𝑥 consisting of all edges and vertices
which are contained in some path beginning at 𝑥 is called
the component of 𝐺 containing 𝑥. In this case 𝑉(𝐺𝑥) = [𝑥]𝐺,
where [𝑥]𝐺 is the equivalence class of the following relation 𝑅
defined on 𝑉(𝐺) by the rule:

𝑦𝑅𝑧 if there is a path in 𝐺 f rom 𝑦 to 𝑧. (6)

Definition 6. Let 𝑇 : 𝑋 → 𝑋 be a mapping. Then Fix(𝑇),
𝑋𝑇(𝐺),𝑋𝑇(𝐺), and𝑋𝑇𝑇(𝐺) are defined as follows:

Fix (𝑇) fl {𝑥 ∈ 𝑋 : 𝑥 = 𝑇𝑥} ,
𝑋𝑇 (𝐺) fl {𝑥 ∈ 𝑋 : (𝑥, 𝑇𝑥) ∈ 𝐸 (𝐺)} ,
𝑋𝑇 (𝐺) fl {𝑥 ∈ 𝑋 : (𝑇𝑥, 𝑥) ∈ 𝐸 (𝐺)} ,
𝑋𝑇𝑇 (𝐺) fl {𝑥 ∈ 𝑋 : (𝑥, 𝑇𝑥) , (𝑇𝑥, 𝑥) ∈ 𝐸 (𝐺)}

= 𝑋𝑇 (𝐺) ∩ 𝑋𝑇 (𝐺) .

(7)
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Definition 7. Let 𝑇 : 𝑋 → 𝑁(𝑋) be a multivalued mapping.
Then Fix(𝑇), End(𝑇), 𝑋𝑇(𝐺), 𝑋𝑇(𝐺), and 𝑋𝑇𝑇(𝐺) are defined
as follows:

Fix (𝑇) fl {𝑥 ∈ 𝑋 : 𝑥 ∈ 𝑇𝑥} ,
End (𝑇) fl {𝑥 ∈ 𝑋 : {𝑥} = 𝑇𝑥} ,
𝑋𝑇 (𝐺) fl {𝑥 ∈ 𝑋 : (𝑥, 𝑢) ∈ 𝐸 (𝐺) for some 𝑢 ∈ 𝑇𝑥} ,
𝑋𝑇 (𝐺) fl {𝑥 ∈ 𝑋 : (𝑢, 𝑥) ∈ 𝐸 (𝐺) for some 𝑢 ∈ 𝑇𝑥} ,
𝑋𝑇𝑇 (𝐺)

fl {𝑥 ∈ 𝑋 : (𝑥, 𝑢) , (𝑢, 𝑥) ∈ 𝐸 (𝐺) for some 𝑢 ∈ 𝑇𝑥}
= 𝑋𝑇 (𝐺) ∩ 𝑋𝑇 (𝐺) .

(8)

The essential feature of Jachymski’s work [15] is that the
contraction inequality needs to be satisfied only on certain
edges of the graph.This opened a new direction in fixed point
theory in which a significant amount of works has appeared.
Our work is in furtherance of this line of research.

2. Main Results

We say ametric space (𝑋, 𝑑) is endowedwith a directed graph𝐺, if 𝐺 is a directed graph such that 𝑉(𝐺) = 𝑋 and Δ ⊆ 𝐸(𝐺).
In the following we define generalized almost 𝐺-

contraction for single-valuedmappings and generalizedmul-
tivalued almost 𝐺-contraction of types (A), (B), and (C).
Assume that (𝑋, 𝑑) is ametric space, and𝐺 is a directed graph
such that 𝑉(𝐺) = 𝑋 and Δ ⊆ 𝐸(𝐺).
Definition 8. A mapping 𝑇 : 𝑋 → 𝑋 is a generalized almost𝐺-contraction if for all 𝑥, 𝑦 ∈ 𝑋 with (𝑥, 𝑦) ∈ 𝐸(𝐺)

(1) (𝑇𝑥, 𝑇𝑦) ∈ 𝐸(𝐺),
(2) 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝛼max{𝑑(𝑥, 𝑦), 𝑑(𝑥, 𝑇𝑥), 𝑑(𝑦, 𝑇𝑦), (𝑑(𝑥,𝑇𝑦) + 𝑑(𝑦, 𝑇𝑥))/2} + 𝐿min{𝑑(𝑥, 𝑇𝑥), 𝑑(𝑦, 𝑇𝑦), 𝑑(𝑥,𝑇𝑦), 𝑑(𝑦, 𝑇𝑥)},

where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Definition 9. A mapping 𝑇 : 𝑋 → 𝐵(𝑋) is a generalized
multivalued almost 𝐺-contraction of type (A) if for all 𝑥, 𝑦 ∈𝑋 with (𝑥, 𝑦) ∈ 𝐸(𝐺)

(i) 𝑢 ∈ 𝑇𝑥 implies that there exists V ∈ 𝑇𝑦 such that(𝑢, V) ∈ 𝐸(𝐺),
(ii) 𝛿(𝑇𝑥, 𝑇𝑦) ≤ 𝛼max{𝑑(𝑥, 𝑦), 𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),(𝐷(𝑥, 𝑇𝑦)+𝐷(𝑦, 𝑇𝑥))/2}+𝐿min{𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),𝐷(𝑥, 𝑇𝑦), 𝐷(𝑦, 𝑇𝑥)},

where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Definition 10. A mapping 𝑇 : 𝑋 → 𝐵(𝑋) is a generalized
multivalued almost 𝐺-contraction of type (B) if for all 𝑥, 𝑦 ∈𝑋 with (𝑥, 𝑦) ∈ 𝐸(𝐺)

(i) V ∈ 𝑇𝑦 implies that there exists 𝑢 ∈ 𝑇𝑥 such that(𝑢, V) ∈ 𝐸(𝐺),

(ii) 𝛿(𝑇𝑥, 𝑇𝑦) ≤ 𝛼max{𝑑(𝑥, 𝑦), 𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),(𝐷(𝑥, 𝑇𝑦)+𝐷(𝑦, 𝑇𝑥))/2} + 𝐿min{𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),𝐷(𝑥, 𝑇𝑦), 𝐷(𝑦, 𝑇𝑥)},
where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Definition 11. A mapping 𝑇 : 𝑋 → 𝐵(𝑋) is a generalized
multivalued almost 𝐺-contraction of type (C) if for all 𝑥, 𝑦 ∈𝑋 with (𝑥, 𝑦) ∈ 𝐸(𝐺)

(i) 𝑢 ∈ 𝑇𝑥 implies that there exists V ∈ 𝑇𝑦 such that(𝑢, V) ∈ 𝐸(𝐺) and V ∈ 𝑇𝑦 implies that there exists𝑢 ∈ 𝑇𝑥 such that (𝑢, V) ∈ 𝐸(𝐺),
(ii) 𝛿(𝑇𝑥, 𝑇𝑦) ≤ 𝛼max{𝑑(𝑥, 𝑦), 𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),(𝐷(𝑥, 𝑇𝑦)+𝐷(𝑦, 𝑇𝑥))/2} + 𝐿min{𝐷(𝑥, 𝑇𝑥), 𝐷(𝑦, 𝑇𝑦),𝐷(𝑥, 𝑇𝑦), 𝐷(𝑦, 𝑇𝑥)},

where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Proposition 12. If 𝑇 is generalized multivalued almost 𝐺-
contraction of type (B) then𝑇 is generalizedmultivalued almost𝐺−1-contraction of type (A).

Proof. Suppose that 𝑇 is generalized multivalued almost 𝐺-
contraction of type (B). Let 𝑥, 𝑦 ∈ 𝑋with (𝑥, 𝑦) ∈ 𝐸(𝐺).Then(𝑦, 𝑥) ∈ 𝐸(𝐺−1).

(1) By the condition (i) of the Definition 10, V ∈ 𝑇𝑦
implies that there exists 𝑢 ∈ 𝑇𝑥 such that (𝑢, V) ∈𝐸(𝐺). Now (𝑢, V) ∈ 𝐸(𝐺) implies that (V, 𝑢) ∈ 𝐸(𝐺−1).
Therefore, if 𝑥, 𝑦 ∈ 𝑋 with (𝑦, 𝑥) ∈ 𝐸(𝐺−1), then
V ∈ 𝑇𝑦 implies that there exists 𝑢 ∈ 𝑇𝑥 such that(V, 𝑢) ∈ 𝐸(𝐺−1).

(2) By the condition (ii) of the Definition 10, for all 𝑥, 𝑦 ∈𝑋 with (𝑥, 𝑦) ∈ 𝐸(𝐺)
𝛿 (𝑇𝑥, 𝑇𝑦) ≤ 𝛼max{𝑑 (𝑥, 𝑦) , 𝐷 (𝑥, 𝑇𝑥) , 𝐷 (𝑦, 𝑇𝑦) ,

𝐷 (𝑥, 𝑇𝑦) + 𝐷 (𝑦, 𝑇𝑥)
2 } + 𝐿min {𝐷 (𝑥, 𝑇𝑥) ,

𝐷 (𝑦, 𝑇𝑦) , 𝐷 (𝑥, 𝑇𝑦) , 𝐷 (𝑦, 𝑇𝑥)} ,

(9)

where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Since (𝑥, 𝑦) ∈ 𝐸(𝐺) implies that (𝑦, 𝑥) ∈ 𝐸(𝐺−1) and𝛿 and𝑑 are symmetric, it follows that for all 𝑥, 𝑦 ∈ 𝑋 with (𝑦, 𝑥) ∈𝐸(𝐺−1)
𝛿 (𝑇𝑦, 𝑇𝑥) ≤ 𝛼max{𝑑 (𝑦, 𝑥) , 𝐷 (𝑦, 𝑇𝑦) , 𝐷 (𝑥, 𝑇𝑥) ,

𝐷 (𝑦, 𝑇𝑥) + 𝐷 (𝑥, 𝑇𝑦)
2 } + 𝐿min {𝐷 (𝑦, 𝑇𝑦) ,

𝐷 (𝑥, 𝑇𝑥) , 𝐷 (𝑦, 𝑇𝑥) , 𝐷 (𝑥, 𝑇𝑦)} ,

(10)

where 𝛼 ∈ (0, 1) and 𝐿 ≥ 0.
Then it follows by Definition 9 that 𝑇 is generalized

multivalued almost 𝐺−1-contraction of type (A).
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Proposition 13. If 𝑇 is generalized multivalued almost𝐺-con-
traction of type (C) then 𝑇 is generalized multivalued almost
�̃�-contraction of type (A).

Proof. Suppose that 𝑇 is generalized multivalued almost 𝐺-
contraction of type (C). By Definitions 9 and 10 and Proposi-
tion 12 it follows that𝑇 is both generalizedmultivalued almost𝐺-contraction of type (A) and generalized multivalued
almost 𝐺−1-contraction of type (A). Hence 𝑇 is generalized
multivalued almost �̃�-contraction of type (A).

Definition 14. The triple (𝑋, 𝑑, 𝐺) is said to be regular if

(1) for any sequence {𝑥𝑛} in 𝑋 with 𝑥𝑛 → 𝑥 and(𝑥𝑛, 𝑥𝑛+1) ∈ 𝐸(𝐺) for all 𝑛 ∈ N, (𝑥𝑛, 𝑥) ∈ 𝐸(𝐺) for
all 𝑛 ∈ N,

(2) for any sequence {𝑥𝑛} in 𝑋 with 𝑥𝑛 → 𝑥 and(𝑥𝑛+1, 𝑥𝑛) ∈ 𝐸(𝐺) for all 𝑛 ∈ N, (𝑥, 𝑥𝑛) ∈ 𝐸(𝐺) for
all 𝑛 ∈ N.

Theorem 15. Let (𝑋, 𝑑) be a complete metric space endowed
with a directed graph 𝐺 and 𝑇 : 𝑋 → 𝐵(𝑋) be a generalized
multivalued almost𝐺-contraction of type (𝐴). Suppose that the
triple (𝑋, 𝑑, 𝐺) is regular. Then the following statements hold:

(1) For any 𝑥 ∈ 𝑋𝑇(𝐺), 𝑇|[𝑥]
�̃�

has an end point.

(2) If𝑋𝑇(𝐺) ̸= 0 and𝐺 is weakly connected, then 𝑇 has an
end point in𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)}, then 𝑇|𝑋∗ has an end
point.

(4) End(𝑇) ̸= 0 if and only if𝑋𝑇(𝐺) ̸= 0.
Proof. (1) Let 𝑥0 ∈ 𝑋𝑇(𝐺). By the definition of 𝑋𝑇(𝐺), there
exists 𝑥1 ∈ 𝑇𝑥0 such that (𝑥0, 𝑥1) ∈ 𝐸(𝐺). Since 𝑇 is
generalized multivalued almost 𝐺-contraction of type (A),
there exists 𝑥2 ∈ 𝑇𝑥1 such that (𝑥1, 𝑥2) ∈ 𝐸(𝐺). Again, by
similar logic, there exists 𝑥3 ∈ 𝑇𝑥2 such that (𝑥2, 𝑥3) ∈ 𝐸(𝐺).
Continuing this process we construct a sequence {𝑥𝑛} in 𝑋
such that ∀𝑛 ≥ 0

𝑥𝑛+1 ∈ 𝑇𝑥𝑛,
(𝑥𝑛, 𝑥𝑛+1) ∈ 𝐸 (𝐺) . (11)

Since (𝑥𝑛, 𝑥𝑛+1) ∈ 𝐸(𝐺) and 𝑇 is generalized multivalued
almost 𝐺-contraction of type (A), we have, for all 𝑛 ≥ 0,

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝛿 (𝑇𝑥𝑛, 𝑇𝑥𝑛+1) ≤ 𝛼max{𝑑 (𝑥𝑛, 𝑥𝑛+1) ,
𝐷 (𝑥𝑛, 𝑇𝑥𝑛) , 𝐷 (𝑥𝑛+1, 𝑇𝑥𝑛+1) ,
𝐷 (𝑥𝑛, 𝑇𝑥𝑛+1) + 𝐷 (𝑥𝑛+1, 𝑇𝑥𝑛)2 } + 𝐿
⋅min {𝐷 (𝑥𝑛, 𝑇𝑥𝑛) , 𝐷 (𝑥𝑛+1, 𝑇𝑥𝑛+1) , 𝐷 (𝑥𝑛, 𝑇𝑥𝑛+1) ,

𝐷 (𝑥𝑛+1, 𝑇𝑥𝑛)} ≤ 𝛼max{𝑑 (𝑥𝑛, 𝑥𝑛+1) , 𝑑 (𝑥𝑛, 𝑥𝑛+1) ,

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) , 𝑑 (𝑥𝑛, 𝑥𝑛+2) + 𝑑 (𝑥𝑛+1, 𝑥𝑛+1)2 } + 𝐿
⋅min {𝑑 (𝑥𝑛, 𝑥𝑛+1) , 𝑑 (𝑥𝑛+1, 𝑥𝑛+2) , 𝑑 (𝑥𝑛, 𝑥𝑛+2) ,
𝑑 (𝑥𝑛+1, 𝑥𝑛+1)} ≤ 𝛼max{𝑑 (𝑥𝑛, 𝑥𝑛+1) ,

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) , 𝑑 (𝑥𝑛, 𝑥𝑛+2)2 } .
(12)

Since 𝑑(𝑥𝑛, 𝑥𝑛+2)/2 ≤ max{𝑑(𝑥𝑛, 𝑥𝑛+1), 𝑑(𝑥𝑛+1, 𝑥𝑛+2)}, it
follows that

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝛿 (𝑇𝑥𝑛, 𝑇𝑥𝑛+1)
≤ 𝛼max {𝑑 (𝑥𝑛, 𝑥𝑛+1) , 𝑑 (𝑥𝑛+1, 𝑥𝑛+2)} . (13)

Suppose that 𝑑(𝑥𝑛, 𝑥𝑛+1) < 𝑑(𝑥𝑛+1, 𝑥𝑛+2), for some positive
integer 𝑛. So, 0 < 𝑑(𝑥𝑛+1, 𝑥𝑛+2).

Then it follows from (13) that

0 < 𝑑 (𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝛼𝑑 (𝑥𝑛+1, 𝑥𝑛+2) , (14)

which is a contradiction since 𝛼 ∈ (0, 1). Therefore, 𝑑(𝑥𝑛+1,𝑥𝑛+2) ≤ 𝑑(𝑥𝑛, 𝑥𝑛+1), for all 𝑛 ≥ 0 and hence we have from (13)
that

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝛿 (𝑇𝑥𝑛, 𝑇𝑥𝑛+1) ≤ 𝛼𝑑 (𝑥𝑛, 𝑥𝑛+1) . (15)

By repeated application of (15), we have

𝑑 (𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝛼𝑛+1𝑑 (𝑥0, 𝑥1) . (16)

For arbitrary𝑚, 𝑛 ∈ N with𝑚 > 𝑛,
𝑑 (𝑥𝑚, 𝑥𝑛)

≤ 𝑑 (𝑥𝑛, 𝑥𝑛+1) + 𝑑 (𝑥𝑛+1, 𝑥𝑛+2) + ⋅ ⋅ ⋅
+ 𝑑 (𝑥𝑚−1, 𝑥𝑚)

≤ [𝛼𝑛 + 𝛼𝑛+1 + 𝛼𝑛+2 + ⋅ ⋅ ⋅ + 𝛼𝑚−1] 𝑑 (𝑥0, 𝑥1)
≤ 𝛼𝑛
1 − 𝛼𝑑 (𝑥0, 𝑥1) → 0,

as 𝑛 → ∞ (since 𝛼 ∈ (0, 1)) ,

(17)

which implies that {𝑥𝑛} is a Cauchy sequence. From the
completeness of𝑋, there exists a 𝑧 ∈ 𝑋 such that

𝑥𝑛 → 𝑧, as 𝑛 → ∞. (18)

Since {𝑥𝑛} is a sequence in 𝑋 such that 𝑥𝑛 → 𝑧 and(𝑥𝑛, 𝑥𝑛+1) ∈ 𝐸(𝐺) for all 𝑛 ∈ N, using the regular property
of (𝑋, 𝑑, 𝐺) we have that

(𝑥𝑛, 𝑧) ∈ 𝐸 (𝐺) , ∀𝑛 ≥ 0. (19)
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Since (𝑥𝑛, 𝑧) ∈ 𝐸(𝐺) for all 𝑛 ≥ 0 and 𝑇 is generalized multi-
valued almost 𝐺-contraction of type (A), we have

𝛿 (𝑥𝑛+1, 𝑇𝑧) ≤ 𝛿 (𝑇𝑥𝑛, 𝑇𝑧) ≤ 𝛼max{𝑑 (𝑥𝑛, 𝑧) ,

𝐷 (𝑥𝑛, 𝑇𝑥𝑛) , 𝐷 (𝑧, 𝑇𝑧) , 𝐷 (𝑥𝑛, 𝑇𝑧) + 𝐷 (𝑧, 𝑇𝑥𝑛)2 }
+ 𝐿min {𝐷 (𝑥𝑛, 𝑇𝑥𝑛) , 𝐷 (𝑧, 𝑇𝑧) , 𝐷 (𝑥𝑛, 𝑇𝑧) ,
𝐷 (𝑧, 𝑇𝑥𝑛)} ≤ 𝛼max{𝑑 (𝑥𝑛, 𝑧) , 𝑑 (𝑥𝑛, 𝑥𝑛+1) ,

𝐷 (𝑧, 𝑇𝑧) , 𝐷 (𝑥𝑛, 𝑇𝑧) + 𝑑 (𝑧, 𝑥𝑛+1)2 } + 𝐿
⋅min {𝑑 (𝑥𝑛, 𝑥𝑛+1) , 𝐷 (𝑧, 𝑇𝑧) , 𝐷 (𝑥𝑛, 𝑇𝑧) ,
𝑑 (𝑧, 𝑥𝑛+1)} .

(20)

Taking the limit as 𝑛 → ∞ in the above inequality and using
(18), we have

𝛿 (𝑧, 𝑇𝑧) ≤ 𝛼𝐷 (𝑧, 𝑇𝑧) ≤ 𝛼𝛿 (𝑧, 𝑇𝑧) . (21)

Since𝛼 ∈ (0, 1), the above inequality implies that 𝛿(𝑧, 𝑇𝑧) = 0
or that {𝑧} = 𝑇𝑧. Moreover, 𝑧 is an end point of 𝑇. By (19), it
is obvious that (𝑥0, 𝑧) ∈ 𝐸(𝐺) and so 𝑧 ∈ [𝑥0]�̃�. Hence 𝑇|[𝑥0]�̃�
has an end point.

(2) Let 𝑋𝑇(𝐺) ̸= 0 and 𝐺 is weakly connected. Since 𝐺 is
weakly connected, [𝑥]�̃� = 𝑋 for every 𝑥 ∈ 𝑋. Since 𝑋𝑇(𝐺) ̸=0, there exists 𝑥0 ∈ 𝑋𝑇(𝐺). Then [𝑥0]�̃� = 𝑋. So by (1), 𝑇 has
an end point in𝑋.

(3) Let 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)}. By (1) and (2), 𝑇|𝑋∗
has an end point.

(4) Let End(𝑇) ̸= 0. Then there exists at least one element𝑥 ∈ End(𝑇). Now 𝑥 ∈ End(𝑇) means {𝑥} = 𝑇𝑥. So, 𝑥 ∈ 𝑇𝑥.
Now Δ ⊆ 𝐸(𝐺) implies that (𝑥, 𝑥) ∈ 𝐸(𝐺). Therefore, we have𝑥 ∈ 𝑇𝑥 and (𝑥, 𝑥) ∈ 𝐸(𝐺), which implies that 𝑥 ∈ 𝑋𝑇(𝐺).
Hence𝑋𝑇(𝐺) ̸= 0. Conversely suppose that𝑋𝑇(𝐺) ̸= 0. Then
by (1), End(𝑇) ̸= 0.
Theorem 16. Let (𝑋, 𝑑) be a complete metric space and 𝑇 :𝑋 → 𝐵(𝑋) be a generalized multivalued almost 𝐺-contraction
of type (B). Suppose that the triple (𝑋, 𝑑, 𝐺) is regular.Then the
following statements hold:

(1) For any 𝑥 ∈ 𝑋𝑇(𝐺), 𝑇|[𝑥]
�̃�

has an end point.

(2) If𝑋𝑇(𝐺) ̸= 0 and𝐺 is weakly connected, then 𝑇 has an
end point in𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)}, then 𝑇|𝑋∗ has an end
point.

(4) End(𝑇) ̸= 0 if and only if𝑋𝑇(𝐺) ̸= 0.
Proof. Let 𝑥 ∈ 𝑋𝑇(𝐺). Then there exist 𝑢 ∈ 𝑇𝑥 such that(𝑢, 𝑥) ∈ 𝐸(𝐺). Now (𝑢, 𝑥) ∈ 𝐸(𝐺) implies that (𝑥, 𝑢) ∈𝐸(𝐺−1). Since 𝑥 ∈ 𝑋 and (𝑥, 𝑢) ∈ 𝐸(𝐺−1) for some 𝑢 ∈ 𝑇𝑥,

we have 𝑥 ∈ 𝑋𝑇(𝐺−1). Conversely, 𝑦 ∈ 𝑋𝑇(𝐺−1) implies that
𝑦 ∈ 𝑋𝑇(𝐺). So𝑋𝑇(𝐺) = 𝑋𝑇(𝐺−1). Therefore,

(1) 𝑋𝑇(𝐺) ̸= 0 implies that𝑋𝑇(𝐺−1) ̸= 0,
(2) 𝐺 is weakly connected implies that 𝐺−1 is also weakly

connected,
(3) [𝑥]�̃� = [𝑥]̃𝐺−1 ,
(4) 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)} = ⋃{[𝑥]̃

𝐺−1
: 𝑥 ∈

𝑋𝑇(𝐺−1)},
(5) By Proposition 12, 𝑇 : 𝑋 → 𝐵(𝑋) is a generalized

multivalued almost 𝐺−1-contraction of type (A).

Let 𝐺−1 = 𝑊. Then by Theorem 15 we have the required
proof.

Theorem 17. Let (𝑋, 𝑑) be a complete metric space and 𝑇 :𝑋 → 𝐵(𝑋) be a generalized multivalued almost 𝐺-contraction
of type (C). Suppose that the triple (𝑋, 𝑑, 𝐺) is regular.Then the
following statements hold:

(1) For any 𝑥 ∈ 𝑋𝑇𝑇(𝐺), 𝑇|[𝑥]�̃� has an end point.

(2) If𝑋𝑇𝑇(𝐺) ̸= 0 and𝐺 is weakly connected, then 𝑇 has an
end point in 𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇𝑇(𝐺)}, then 𝑇|𝑋∗ has an end
point.

(4) End(𝑇) ̸= 0 if and only if𝑋𝑇𝑇(𝐺) ̸= 0.
Proof. Arguing similarly as in the proof of Theorem 16, we
have that𝑋𝑇𝑇(𝐺) = 𝑋𝑇(�̃�). Therefore,

(1) 𝑋𝑇𝑇(𝐺) ̸= 0 implies that𝑋𝑇(�̃�) ̸= 0,
(2) 𝐺 is weakly connected implies that �̃� is connected,
(3) 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇𝑇(𝐺)} = ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(�̃�)},
(4) By Proposition 13, 𝑇 : 𝑋 → 𝐵(𝑋) is a generalized

multivalued almost �̃�-contraction of type (A).

Let �̃� = 𝑊. Then by Theorem 15 we have the required
proof.

Example 18. Let 𝑋 = {V1 = (0, 0), V2 = (−1/2, −1/2), V3 =(0, −1)} be a subset of 𝑅2 (𝑅 is the set of all real numbers)
and 𝐺 be a directed graph with 𝑉(𝐺) = 𝑋 and 𝐸(𝐺) ={(V1, V1), (V2, V2), (V3, V3), (V2, V1), (V3, V1)}. Let 𝑑 be metric on𝑋 defined as
𝑑 (𝑥, 𝑦) = max {𝑝 − 𝑢 , 𝑞 − V} ,

for 𝑥 = (𝑝, 𝑞) , 𝑦 = (𝑢, V) ∈ 𝑋. (22)

Let 𝑇 : 𝑋 → 𝐵(𝑋) be defined as follows:

𝑇𝑥 =
{{{{{{{{{

{V1} , if 𝑥 = V1,
{V1, V2} , if 𝑥 = V3,
{V1} , if 𝑥 = V2.

(23)

Let 𝐿 > 1 and 𝛼 ∈ (1/2, 1).
All the conditions ofTheorem 15 are satisfied and it is seen

that V1 is an end point of 𝑇.
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3. Consequences in Single-Valued Cases

In this section we obtain some consequences of the corre-
sponding results of Section 2 in the cases of single-valued
mappings.

Theorem 19. Let (𝑋, 𝑑) be a complete metric space and 𝑇 :𝑋 → 𝑋 be a generalized almost 𝐺-contraction. Suppose that
the triple (𝑋, 𝑑, 𝐺) is regular. Then following statements hold:

(1) For any 𝑥 ∈ 𝑋𝑇(𝐺), 𝑇|[𝑥]
�̃�

has a fixed point.

(2) If 𝑋𝑇(𝐺) ̸= 0 and 𝐺 is weakly connected, then 𝑇 has a
fixed point in𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)}, then 𝑇|𝑋∗ has a fixed
point.

(4) Fix(𝑇) ̸= 0 if and only if𝑋𝑇(𝐺) ̸= 0.
Proof. We know that, for every 𝑥 ∈ 𝑋, {𝑥} ∈ 𝐵(𝑋). We define
a multivalued mapping 𝑆 : 𝑋 → 𝐵(𝑋) as 𝑆𝑥 = {𝑇𝑥}, for𝑥 ∈ 𝑋.

(1) Since 𝑇 : 𝑋 → 𝑋 is a generalized almost 𝐺-
contraction, it follows by Definitions 8 and 9 that 𝑆
is a generalized multivalued almost 𝐺-contraction of
type (𝐴).

(2) 𝑋𝑇(𝐺) = 𝑋𝑆(𝐺). So, 𝑋𝑇(𝐺) ̸= 0 implies that 𝑋𝑆(𝐺) ̸=0.
(3) 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)} = ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑆(𝐺)}.
(4) Every fixed point of 𝑇 is an end point of 𝑆 and every

end point of 𝑆 is a fixed point of 𝑇. Hence Fix(𝑇) =
End(𝑆).

So, all the conditions of Theorem 15 are satisfied and
hence by application of the Theorem 15 we have required
proof.

Theorem 20. Let (𝑋, 𝑑) be a complete metric space and 𝑇 :𝑋 → 𝑋 be a generalized almost 𝐺-contraction. Suppose that
the triple (𝑋, 𝑑, 𝐺) is regular. Then the following statements
hold:

(1) For any 𝑥 ∈ 𝑋𝑇(𝐺), 𝑇|[𝑥]
�̃�

has a fixed point.

(2) If 𝑋𝑇(𝐺) ̸= 0 and 𝐺 is weakly connected, then 𝑇 has a
fixed point in𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇(𝐺)}, then 𝑇|𝑋∗ has a fixed
point.

(4) Fix(𝑇) ̸= 0 if and only if𝑋𝑇(𝐺) ̸= 0.
Theorem 21. Let (𝑋, 𝑑) be a complete metric space and 𝑇 :𝑋 → 𝑋 be a generalized almost 𝐺-contraction. Suppose that
the triple (𝑋, 𝑑, 𝐺) is regular. Then the following statements
hold:

(1) For any 𝑥 ∈ 𝑋𝑇𝑇(𝐺), 𝑇|[𝑥]�̃� has a fixed point.
(2) If 𝑋𝑇𝑇(𝐺) ̸= 0 and 𝐺 is weakly connected, then 𝑇 has a

fixed point in𝑋.

(3) If 𝑋∗ fl ⋃{[𝑥]�̃� : 𝑥 ∈ 𝑋𝑇𝑇(𝐺)}, then 𝑇|𝑋∗ has a fixed
point.

(4) Fix(𝑇) ̸= 0 if and only if𝑋𝑇𝑇(𝐺) ̸= 0.
Example 22. Let𝑋 = [0, 1]∪ [𝑎, 𝑏], where 𝑎, 𝑏 ∈ Rwith√2 <𝑎 < 𝑏, and let 𝐺 be a directed graph with 𝑉(𝐺) = 𝑋 and𝐸(𝐺) = {(𝑥, 𝑦) : 𝑥, 𝑦 ∈ [0, 1] and 𝑥 ≥ 𝑦} ∪ {(𝑥, 𝑦) : 𝑥, 𝑦 ∈[𝑎, 𝑏] and 𝑥 ≤ 𝑦}. Let 𝑑 be metric the usual metric on𝑋.

Let 𝑇 : 𝑋 → 𝑋 be defined as

𝑇𝑥 = {{{{{

𝑥
2 , if 𝑥 ∈ [0, 1] ,
𝑥 + 1

𝑥 − 1
𝑏 , for 𝑥 ∈ [𝑎, 𝑏] . (24)

Let 𝛼 ∈ (0, 1) be such that 1−1/𝑏2 ≤ 𝛼 < 1 and 𝐿 > 1.
Then all the conditions of Theorem 19 are satisfied and it
is seen that the set of fixed points of 𝑇 is nonempty. Here
Fix(𝑇) = {0, 𝑏}.
Remark 23. The results we obtain here are for functions
without any continuity requirement.We assume in our results
that (𝑋, 𝑑, 𝐺) is regular. If we omit this condition in our
theoremand, instead, assume the function𝑇 to be continuous
then also the conclusions of the theorem are valid.
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