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A module M over an associative ring R with unity is a QT'AG-module if every finitely generated submodule of any homomorphic
image of M is a direct sum of uniserial modules. The study of large submodules and its fascinating properties makes the theory of
QTAG-modules more interesting. A fully invariant submodule L of M is large in M if L + B = M, for every basic submodule B of
M. The impetus of these efforts lies in the fact that the rings are almost restriction-free. This motivates us to find the necessary and
sufficient conditions for a submodule of a QTAG-module to be large and characterize them. Also, we investigate some properties

of large submodules shared by X-modules, summable modules, o0-summable modules, and so on.

1. Introduction and Preliminaries

All the rings R considered here are associative with unity and
modules M are unital QTAG-modules. An element x € M is
uniform, if xR is a nonzero uniform (hence uniserial) module
and, for any R-module M with a unique composition series,
d(M) denotes its composition length. For a uniform element
x € M, e(x) = d(xR) and Hy,(x) = sup{d(yR/xR) | y €
M, x € yRand y uniform} are the exponent and height
of x in M, respectively. H, (M) denotes the submodule of M
generated by the elements of height at least k and H*(M) is
the submodule of M generated by the elements of exponents
at most k. For any arbitrary x € M, H(x) = k if x € H.(M)
but x ¢ Hy,,(M). M is h-divisible if M = M" = (.2 Hi(M)
and it is h-reduced if it does not contain any h-divisible
submodule. In other words it is free from the elements of
infinite height.

A submodule N of M is h-pure in M if N N H, (M) =
H,(N), for every integer k > 0. For a limit ordinal «,
H,(M) = ﬂp<a HP(M), for all ordinals p < «, and it is a-
pure in M if H (N) = Hy(M) n N for all ordinals ¢ <
o and it is an isotype if it is a-pure for every ordinal «.
A submodule B € M is a basic submodule of M, if B is

h-pure in M, B = P B;, where each B; is the direct sum
of uniserial modules of length i and M/B is h-divisible. For
a QTAG-module M, the oth-Ulm invariant of M, f,(0)
is the cardinal number g(Soc(H,(M))/Soc(H,,,(M))) [1].
Several results which hold for TAG-modules also hold good
for QTAG-modules [2].

A module M is summable if Soc(M) = P, S, where S,
is the set of all elements of H, (M) which are not in H,,,, (M),
where 7 is the length of M. A QTAG-module M is called
o-summable if Soc(M) = U, M,» M, € M,,, and, for
every positive integer n, there is an ordinal «,, such that
M, NnH, (M) =0, a, <length of M.

For anny uniform element x € M, there exist uniform
elements x;,x,,... such that xR 2 xR 2 x,R 2
and d(x;R/x;,;R) = 1. Now the Ulm-sequence of x is
defined as U(x) = (H(x),H(x,),H(x,),...). U sequences
are defined as U(x). This is analogous to the Ulm-sequences
defined in groups [3]. These sequences are partially ordered
because U(x) < U(y) if H(x;) < H(y;) for every i. For the
sequence n = (n,,n,,n,,...) of nonnegative, nondecreasing
integers we may consider L as the submodule of M generated
by the elements x of M for which U(x) > n. If f is an
endomorphism of M, then H(x) < H(f(x)), and therefore
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L is fully invariant. Therefore with every large submodule L
of M we may associate a sequence n(L).

2. Some Characterizations of
Large Submodules

In this section we study and characterize the properties of
fully invariant and large submodules of QTAG-modules. We
also discuss the properties of large submodules inherited
from the containing module.

We start with the facts which are true for any module. For
a fully invariant submodule N of a QT'AG-module M and an
endomorphism f of M, it induces an endomorphism f of
M/ N such that 7(x + N) = f(x) + N. On the other hand for
the endomorphism f of M/N induced by an endomorphism
f of M and a fully invariant submodule K/N < M/N, f(x +
N) = f(x) + N € K/N. Thatis, f(x) € K and K is fully
invariant in M. For a fully invariant submodule A ¢ M =
P M;, A = P(AN M;) and each A N M is fully invariant in
M,.

For any sequence n = (ny,n,,...) we define M(n) as

the submodule of M, generated by the elements x for which
U(x) > n. This submodule is a large submodule of M. In fact
for every large submodule there is a sequence and, for every
sequence, there is a large submodule [4].

For a QT'AG-module M, consider the homomorphism f :
M — M/M'. As M" = 2, H(M), f is height preserving.
This implies that H(x) = H(f(x)) and U (x) = U(f(x)) for
all x € M.

We conclude that L/M" is large in M/M" if and only if
L is large in M. In a module M without elements of infinite
height, consider a fully invariant submodule K of M, and x €
Soc(K) such that n = H(x) < H(y) for every y € Soc(K).
Let z € Soc(M), such that H(z) > n. Then there exists an
endomorphism f of M such that f(x) = z; therefore z € K
and Soc(K) = Soc(H,,(M)).

Remark 1. For any large submodule L of M, Soc(L) =
Soc(H,,(M)) for some positive integer n.

Lemma?2. Let N be submodule of M such that Soc(an (M)) ¢
Soc(Hi(N)) for k = 0,1,2,..., where the sequence of positive
integers ny, Ny, Ny, . . . is monotonically increasing. Then M =
N + B for any basic submodule B of M.

Proof. Let B = €P B; be a basic submodule of M and M =
B, ®---® B, & (B}, H(M)) [5]. Then

Soc (M) = Soc (B, + -+ + By) ® Soc (H;, (M))

= Soc (B1 @"'®Bnk) ® Soc (Hi (N)).

Now suppose, for every x € M, e(x) < k implies that
x € (B+ N). Consider x € M such that e(x) = k + 1; then
there exists y € M such thatd(xR/yR) = k. Now y € Soc(M)
and y = b+z, whereb € Band z € Soc(H,(N)), ensuring the
existence of z’ such that d(z'R/zR) = k. By the h-purity of B,
there exists b’ € B, such that d(b'R/bR) = k. Now e(x — b’ —
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Z)<kandthusx-b -2 € B+ N or x € B+ N implying
that M = B+ N. O

The following remarks are significant to be stated.

Remark 3. Let L be a large submodule of an unbounded
QTAG-module M without elements of infinite height M and
B a proper basic submodule of M. Then

M _(B+L)_ L
B B  (BnlL)

2)

therefore L is unbounded. Conversely for an unbounded fully
invariant submodule L of M, H, (L) is fully invariant for all
k € Z*. As an immediate consequence of Lemma 2, L is a
large submodule of M. We can say that the unbounded fully
invariant submodules of M are exactly the large submodules
of M.

Remark 4. If B; is the direct sum of uniserial modules of
length i and x(+ 0) € B;, then

U(x) = <n0,n1,...,ni_no_l,...,oo>, (3)

wheren, = H(x) andn, =ny+k, 0 <k <i-ny—1.

Remark 5. Let B; be the direct sum of uniserial modules of
length i and x, y € B;. Then there exists an endomorphism f
of B; with f(x) = y, if and only if H(x) < H(y).

Remark 6. Let A be a fully invariant submodule of B;, a direct
sum of uniserial modules of length i. Then A = H, (B)),
where n; < i. If A = 0,ifn; = i,and if A # 0, then

n; = min{H(x), x € A}.

Remark 7. 1f B; and B,,; are the direct sums of uniserial
modules of length i and i+ j, respectively, and x € B;, y € B
then

i+j>

(i) there exists a homomorphism f : B; — B;, ; such that
f(x) = yifand only ife(x) > e(y),

(ii) there exists a homomorphism g : B, ; — B; such that
g(y) = xifand only if H(x) > H(y).

Theorem 8. Let B = P,B;, where each B; is the direct sum
of uniserial modules of length i. Then L is a fully invariant
submodule of B if and only if L = (D,H,, (B;), where n; < i,
for everyi € Z" andn; < ny; < m+ jforij e Z".
A fully invariant submodule L is large in B if and only if
L = P,;H, (B)); the above conditions hold and the sequence
(1-ny,2—-ny,3 —ns,...) is unbounded if B is unbounded.

Proof. Let L be a fully invariant submodule of B. Then

L=LnB=(B,nL)=FH, (B) (4)

by the facts mentioned above and Remark 6. Now n; < i
for i € Z" and the first condition holds. If L = 0, then
H, (B;) = 0 for every i; therefore n; = i for every i and the
second condition holds. If L # 0, then there exists a least
positive integer k such that H, (B) # 0. Then H,, (B;) # 0 for
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alli > k, where B; # 0. Since Soc(By) = Soc(H,_,(B,)) € L,
this implies that Soc(H,_,(B)) < Soc(L). Again Soc(B;) =
Soc(H,._;(B;)) for i > k; we have Soc(B;) C LN B; = H, (Bi).
Now suppose L # Oand B; # 0 # B, ;. If H, (BH]) =0,
then H, (B;) = Oandn; = i, n,; = 1+] = n; + j and
the second condition holds We assume that HnHj(B,» ) # 0.
Consider x € B; such that H(x) > n;;and y € H,, (B,+])

such that H(y) = n; ;. Now, by Remark 7, there ex1sts an
endomorphism g of B mapping y onto x. Hence x € L and
n,-ﬂ-(Bi) < LNnB; =H,(B); thusn; <n,;.
Now suppose H,, (B;) = 0. Thenn; =ison,; <i+j =
n;+ j. It H, (B;) # Oandy € By, suchthatH(y) >n;+ j, we
may choose x € B; such that H(x) = n;. Then e(x) =i —n;
ande(y) <i+j- (ni +j) =i-n;. By Remark 7, there exists an
endomorphism f of Bwith f(x) = y. Thus y € L and we have
n,(Bij) € LN By, = H, (B, ) therefore n;, ; <m; + j.
IfB #0 + Bl+ ,thenni <m,; <m+jbutif B; =0,
we may deﬁne n; so that this inequality holds for all i. Thus all
tully invariant submodules of Bare the direct sums of H,, (B;).
If L is a large submodule of B and B is unbounded, then, by
Lemma 2, L is also unbounded. Therefore (1 —n,,2 —n,,3 -
ns,...) must be unbounded.

For the converse, suppose L = (P H,, (B;), where n; < i

foralli € Z" andm; < ny; < m + jforalli,j € Z". To
establish the full invariance of L, we consider anyi € Z" and
x € H, (B;). We have to show that for any endomorphlsm f
of B, f(x) € L. Consider x # 0, such that f(x) = <+ X,
where x, € B, and H(x) < H(f(x)) = mm(H(xk)), 1<
k<l e(x) > e(f(x)) = max{e(x;) | 1 < k < I}.Ifk < i,
then H(x;) > H(x) > n; s0 x; € H, (B) < an(Bk), because
n, <m;hencexy € L.Ifk =i+ j,thene(x) <e(x) <i-n; =
i+j—(n +7j) < i+j n;,j because ;. < m; + k. Thus
Xk €H it+j—n, ; (Bz+]) (BH.]) cL.

This 1mpl1es that Lisa fully invariant submodule of B. If B
isunbounded and (1-n,,2-n,,3—ns5,...) isalso unbounded,
then L is unbounded and is therefore a large submodule of B
by Remark 3. O

Corollary 9. If L is a large submodule of a QT AG-module M,
then M/L is a direct sum of uniserial modules.

Proof. For any basic submodule B of M,

M (B+L) B DiBi

n

L~ L (BnlL) @H,B)
(5)
=D+
- i HnX (Bi)
and the result follows. O

Corollary 10. For any large submodule L of M, L' = M".

Proof. Since M/L is a direct sum of uniserial modules,
(M/L)! =0or M = L". 0O

Theorem 11. Let N be h-pure submodule of a QTAG-module
M and L a large submodule of N. Then there exists a large

submodule L' of M such that L' AN = L. If M/N is h-divisible,
then L' is the closure of L in M and is therefore uniquely
determined by L and M/L' = N/L.

Proof. Let L = N(n) and L' = M(n). Since N is h-pure in M
and n = (ny,n,,...) is a U-sequence for N, we have that n is
a U-sequence for M. Thus L' is a large submodule of M.

If x € L, then U, (x) = Uy(x) > n; therefore x € L' N N
and L € L' n N. Conversely if y € L' N N, then Uy(y) =
Up(y) = nimpliesthat y € Lor L'nN € L. Thus L = L'NN.

Let M/N be h-divisible and L' a large submodule of M
with L' N N = L. Then

L L (N+L') M
L (I'nN) N N

n

(6)

That is, L'/L is h-divisible. But M/L' = (M/L)/(L' /L), where
L'/L is a direct summand of M/L; we have M/L = (L'/L) ®
(M/L') and M/L' is a direct sum of uniserial modules [6].
Now M/L' = N/L, thus

M_(N+L') N _g

2 = =—. ™)
J L (NnL') L

O

Now we characterize large submodules in terms of Ulm
invariants.

Theorem 12. Let L be a submodule of a QTAG-module M.
Then L is a large submodule of M if and only if L =
Yo Hy, (H*"™(M)), where

(1) "y < k, ke Z+,
(i) m S My <My + 1,

(iii) the sequence (1 —n,,2—n,,3 —n,,...) is unbounded if
M is unbounded and the Ulm-invariants of L are given
by fr(n) = Y, (f;uk = 1), k = — 1 = n, for all
neZz*.

Yo, H, (H"(M)). Since

H, (H*™(M))’s are fully invariant submodules, their

sum is again fully invariant submodule of M. If M is

bounded, then L is large. If M is unbounded, then, by the
third condition, for each j € Z*, there exists a positive

integer i such thati —n; > jori > n; + j.

Since, i > m; + j and Soc(H;(M)) < Soc(
H;(L), If x € Soc( (M)), there exists y € M such that
d(yR/xR) = j+n, where e(x) = 1. Now y € H/"* (M),
wherei —n; > jori—mn; > j+ 1;thusi > n; + j+ 1 and
y € H'(M).

If d(yR/zR) = n;, then z € H, (H’ "(M)) € Land x €
H; (L) because d(yR/xR) = j+n; and d(zR/xR) = j. Now,
by Lemma 2, L + B = M, for every basic submodule B of M,
and L is a large submodule of M.

Conversely suppose L is a large submodule of M. Then for
any basic submodule B of M, L N B is a large submodule of B
and, by Theorem 8, L N B = (D, H,, (By), where k € Z* and
ny’s satisty the given conditions.

Proof. Suppose L =

H,,, (M) <

]+fl



Now,

, (8) =M, (17 (B)) < 15, (H#7 ®).
8

for every je Z*
and, for each j € Z",

H, (H™ (B)) ¢ =H,, (H*™ (B)). 9)

This implies that € H,, (B) € £H,, (H*™(B)).

For the converse, consider x € Hnj(H 771 (B)), where x =
Xp+ X+ + X, x; € B Then H(x;) > H(x) > n; for
x;,1 <i<mande(x;) < e(x) < j—n; for all xjs. Now, for
i < j, we have H(x;) > n; > n;and x; € H, (B)).

Ifi=j+lforl € Z*, thene(x;) < j=nj=j+l-(n;+1) <
j+1=mnj,. (by the given condition). Therefore

% € (HI0) (B,)) = H, . (B;.)) =H, (B) (10)

and Hnj(HJ "i(B)) c @DiH,, (By). Let L =
Y H, (H*"(M)).Now L' N B = ¥ H, (H*"(B)) = Ln B.
Since B is h-pure in M and M/B is h-divisible, L' = L, by
Theorem 11. Again L N B is a basic submodule of L; thus
fi(n) = fiap(n), foralln e Z*.

If LN B = (L N B;);, where (L N B); is the direct sum of
uniserial modules of length 7, then f;p (1) = g((LNB),,,) =
9 H,, (By)), where H,, (By) is a direct sum of uniserial
modules of length n + 1.

Again,

w0 = o D11, (30) - 201, 81)
= ;(g (By)) = ;(fs (k-1) (1)
= Z(fM(k_ 1)), where k—m —1=n.

And the proof is complete. O

3. Properties of Large Submodules
of QTAG-Modules

In this section we compare the structures of QT AG-modules
and their large submodules. We investigate the charac-
teristics of QT'AG-modules which are preserved by their
large submodules. We start with the £-modules, that is, the
modules whose high submodules are direct sums of uniserial
modules [7]. Then we study summable, o-summable, (w+1)-
projective, and h-pure complete QI'AG-modules.

Singh [8] proved that a QTAG-module M is a direct sum
of uniserial submodules if and only if M is the union of an
ascending sequence of submodules M,,, n = 1,2,3,..., such
that, for every n, there exists k, > 0 and H,,(x) < k,, for all
x €M,

This helps us to prove the following.
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Theorem 13. A QTAG-module is a X-module if and only if
Soc(M) = U2, My, where My, ¢ M., and for every k €
N, M, n H,(M) = Soc(M").

Proof. Since M is a X-module, it contains a high submodule
N such that N is a direct sum of uniserial modules.

Again N is a high submodule [9] of M if and only if N is
h-pure in M and Soc(M) = Soc(N) + Soc(M?). Therefore by
the above result [8], Soc(N) = |Ji2; Ni» Ny € Ny, and Nin
H,(N) = 0,and we deduce Soc(M) = [ J;2, (N} +Soc(M")). If
we put M = Soc(M") +Nj, then M, € M, and (Soc(M")+
N,) N Soc(M') + Soc(Hy(N)) = Soc(M') + (N, N H,(N)) =
Soc(M?), because H,(N) is a high submodule of H (M).

For the converse if Soc(N) = |2, (M N N) = U2y Ni»
where we put N, = N N M, then N, € N,,. Also

Nank(N)=Mank(M)=Mkn(Hk(M)nN)
(12)
=M, nH,(M)NN=M'nN =0.

Therefore N is a direct sum of uniserial modules and M is a
>-module. ]

Now we may prove the following.

Theorem 14. A QT'AG-module M is a £- module if and only
if its large submodule L is a X-module.

Proof. Since L' = M! [6], there is a natural number
m such that Soc(L) = Soc(H,,(M)) and Soc(H,(L)) =
Soc(th (M)) for every n < w and some ¢, such that m <
t, < w. If M is a ¥-module, then, by Theorem 13, Soc(M)
is the union of ascending chain of submodules M, such that
My € M,,, and M, n H,(M) = Soc(M") for every k € N.

This implies that Soc(L) = Uy, (M N L)and M NL C
M, N L. Therefore

(13)
= Soc (Ml) = Soc (Ll).
Now Theorem 13 indicates that L is a X-module.
Conversely suppose L is a 2-module. Therefore
Soc(L) = U L,,
n<w (14)
L, S Ly L,nH, (L) =Soc(L).
Again Soc(H,,,(M)) = ,,<,, L,- Now
L, nSoc(H, (M))=L,nSoc(H,(L)) = Soc (L")
(15)

= Soc (Ml) .
Thus, by Theorem 13, H,, (M) is a Z-module, and sois M. [

To study the other relations between a module M and its
large submodule L we need the following lemma.
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Lemma 15. Isotype submodules of countable length of
summable QT AG-modules are again summable.

Proof. Let N be an isotype submodule of countable length
p in the summable module M. Now there is a H,(M)-high
submodule K of M such that N < K. Since §oc(M ) =
Do<,Ss> there is H,(M)-high submodule P of M such that
Soc(P) = PyepSo-

Again, for every ordinal p, every H (M)-high submodule
is isotype; therefore P is isotype and it is summable. The
socles of H,(M)-high submodules have the same images
under the canonical map M — M/H (M) because this
maps H,(M)-high submodules isomorpﬁically in a height
preserving manner onto submodules of M/H (M).

Now N is isotype in a summable module K of countable
length p. Therefore Soc(K) is the union of an ascending chain
of submodules K,,, where for every n the heights of elements
of K,, assume but a finite numbers of values.

Now Soc(N) = UK, NN, n =1,2,3,..., and the heights
of the elements of K,, N N assume a finite numbers of different
values. Thus N is summable. O

The following result shows that summability is shared by
large submodules.

Theorem 16. Let L be a large submodule of a QT AG-module
M. Then M is summable if and only if L is summable.

Proof. Suppose M is summable; that is, Soc(M) = @ﬁ<o¢Mﬁ>
where the nonzero elements of M;’s are contained in H ﬁ(M )
but they do not belong to Hg, (M), for every < a.

Again L is fully invariant submodule of M and H,(M) =
H,(L) for all ordinals p > w, Soc(L) = @ﬁm(Mﬁ n L),
where the nonzero elements of M ;N L are contained in H ﬁ(L)
and not contained in Hg, (L) for every w < B < a. Since
Soc(H,(L)) = Soc(th(M)), whenever 1 < n < w, n <
t, < w,MgnL ¢ L, but (Mﬁ NnL)n H(L) = 0, for
each B < t,. By transfinite induction My N L € H;(L) and
(Mg N L) N Hy(L) = 0,fort; < f < t,and so on; that is,
HgnL € Hy(L)and (HgNL)NH, (L) = 0,fort, < f <t,,.

If we put Ly = Pocpe, (Mg N L), Ly = Dy cper,(Mp N
L),...,and L, = @téﬁ«m (Mg N L), where n < w, and
MgnL = Lgif B> w,then Soc(L) = Pp,Llpif Lg €
Hﬁ(L) and Lgn H/;H(L) = 0. Therefore L is summable.

Conversely suppose L is summable. So, L' = M’ is
summable as its fully invariant submodule. Moreover, by
Lemma 15, L being summable implies that L is a £-module.
Now by Theorem 14, M is also a X-module. For a high
submodule N of M, Soc(N) ® Soc(M') = Soc(M).

Since N is a direct sum of uniserial modules, Soc(N) =
DPrcwNy> where N, € Hi (M) and N, n Hy,;(M) = 0
because N is h-pure in M. Again the summability of M"
ensures that Soc(M') = @ﬁ<aKﬁ, where Kg < Hﬁ(Ml)
and Kz N HﬁH(Ml) = 0. Therefore, Kz < H,,3(M) and
Kg N H,,p,1(M) = 0. This implies that

Soc(M):@Nk @ Kp. (16)

k<w wSw+f<wta

We may infer now that M is summable. O

Theorem 17. Let L be the large submodule of M. Then M is
o-summable if and only if L is o-summable.

Proof. Suppose M is unbounded. Then length of M = length
of L > w. If M is o-summable, then L is also o-summable
being a submodule of equal length.

If M is bounded the result holds trivially.

Conversely suppose L is 0-summable. Therefore Soc(L) =
Uncw L Ly € Lyyyand L, N Hy (L) = 0 foralln > 0 and
some «,, < length of M.

Now, Soc(H,,(M)) = U< Ly Since L' = M' [6],
H,(M) = H,(L) for each ordinal &« > w and Soc(Han(L)) =
Soc(H (M)) for «,, < w and some k,, > max(w,,, m) because
H‘xn(L) is large in M and Han(M) both. Thus L, N HSH(M) =
L, N H, (L) = 0, whenever s, <length of M = length of
H,(M)>w, s,=a,>worw > s, =k,

We may define M, = {x | x € Soc(M)NL,and x ¢
H,,(M)}. Thus Soc(M) = |J,.c, M, M,, € M,,,,. By defining
M,’s we observe that M,, N H; (M) = 0. This implies that M
is o-summable. O

Theorem 18. If M is a direct sum of o-summable QTAG-
modules, then so is L.

Proof. Let M = @P,;.;M;, where each M, is o-summable. Now
L = P, (L N M;) because L is fully invariant in M. Since all
M’s are isotype in M, we infer that L N M,; is large in M;, for
everyi. By Theorem 17, LN M; are o-summable. Thus L is also
a direct sum of o-summable modules. O

Let us recall the following.

Definition 19. A QTAG-module M is (w + 1)-projective if
there exists a submodule N € Soc(M) such that M/N is a
direct sum of uniserial modules.

Remark 20. The submodules of (w + n)-projective modules
are also (w + n)-projective.

Theorem 21. A QTAG-module M is (w + 1)-projective if and
only if its large submodule L is (w + 1)-projective.

Proof. Suppose Lis (w+1)-projective. Therefore there exists a
submodule N € Soc(L) such that Soc(L/N) = J,.,(Lx/N),
where L, € L, € Land L, N H (L) € N for each k < w.
Now L, € H*(M), for every k < w. Since

H, (H* (L)) = H
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(H* (M) + Soc (H; (M)),  (17)
for some k < j, < t; < w, we have
H, (H* (M) < H, (H? (1)) < H;, (H* (M),
LyNH, (M) =L,nH, (H (M)
(18)
€ Ly nHy (H* (L)) = Ly N Hy (L)

C N.



Therefore the heights of the elements of L, /N are bounded
in M/N for all k < w. Now (M/N)/(L/N) = M/L is a direct
sum of uniserial modules [6]. Therefore M/N is a direct sum
of uniserial modules and M is (w+1)-projective. The converse
is trivial. O

The property of being h-pure complete is also shared by
the large submodules of QT'AG-modules.
First we recall the definition of h-pure completeness.

Definition 22. A QTAG-module M is h-pure complete if, for
every subsocle § € Soc(M), there is a h-pure submodule N of
M sothatS = Soc(N). In other words every subsocle supports
a h-pure submodule of M.

Theorem 23. Let L be the large submodule of a QT AG-module
M. If M is h-pure complete, so is L.

Proof. Let S be a subsocle of L. Since S € Soc(M), S supports
a h-pure submodule N of M. Now NNLisalso large in M and
NNLish-purein L. Again S = Soc(N)NSoc(L) = Soc(NNL),
and therefore L is h-pure complete. O

Corollary 24. A QTAG-module M is h-pure complete if and
only if H (M) is h-pure complete for some fixed but arbitrary
positive integer k.

Proof. Since Hi (M) is large in M, it is h-pure complete if
M is h-pure complete. Conversely suppose H;.(M) is h-pure
complete. We shall use transfinite induction to prove the
result.

Let S be a subsocle of M such that S N H;(M) ¢
Soc(H,(M)) and S N H;(M) = Soc(N) for some h-pure
submodule N of H,(M). By [7] we can say that there is a h-
pure submodule K of M such that H;(K) = N and Soc(K) =
Soc(N) = Soc(H, (K)). Now SN H; (M) = Soc(H, (K)).

We have to show that there exists a h-pure submodule T' €
M such that S = Soc(T). We define the submodule T = K +
(SN H,y(M)). Now

Soc (T) = Soc (K + SN H, (M))
(19)
= Soc(K) + (SN H, (M))

because S N H,(M) = Soc(S N H,(M)). Again Soc(T) =
Soc(N) + (SN Hy(M)) € S.
Now

S=(SNH; (M))U(SNnH,(M))
= Soc (K) Soc (SN H, (M))
(20)
=Soc[K U (SN H, (M))]

€ Soc [K + (SN H, (M))] = Soc(T).

Journal of Mathematics

Therefore S = Soc(T). Now,
Soc (T) N H, (M) = SN H, (M)
= [Soc (K) + (S N H, (M))]
N H, (M)
= [Soc (H; (K)) + (SN H, (M))]
N H, (M) = Soc (K) n H, (M)
= Soc (H, (K)) = Soc (H, (T)).
This implies that T is h-pure in M. O

In the end we state the following unsolved problems.

Problem 25. Is it true that M is a HF-module if and only if its
large submodule L is?

Problem 26. Isittrue that M is a direct sum of closed modules
if and only if its large submodule L is?
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