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This research studies the chromatic numbers of the suborbital graphs for the modular group and the extended modular group. We
verify that the chromatic numbers of the graphs are 2 or 3. The forest conditions of the graphs for the extended modular group are
also described in this paper.

1. Introduction

Graph coloring is a special case of graph labeling which
assigns labels to all vertices or edges of a given graph. In this
special case, the labels are called colors. Vertex coloring is the
study of how many colors can be assigned to the vertices of a
graph verifying that no adjacent vertices are equally colored.
Similarly, edge coloring assigns colors to edges of a graph
that the same color cannot be painted to edges which have
a common vertex.

The graph which can be assigned 𝑘 colors on its vertices is
said to be 𝑘-colorable. If 𝑘 is the smallest number of colors, the
graph is said to be 𝑘-chromatic and 𝑘 is called the chromatic
number of the graph. In the case of edges, we add the word
“edge” to the terminologies, for example, 𝑘-edge-colorable, 𝑘-
edge-chromatic, and edge chromatic number.

This paper studies coloring of suborbital graphs for the
modular group and the extended modular group. The results
of edge coloring are trivial, so we focus on vertex coloring.
This study is separated into two parts in Sections 3 and 4.
In Section 3, we provide the coloring results of the directed
graph G𝑢,𝑛, the suborbital graph for the modular group Γ.
The graph was first constructed in [1] using the general
concept introduced by Sims; see more in [2]. The authors
showed thatG𝑢,𝑛 was the disjoint union of isomorphic copies
of their special subgraph F𝑢,𝑛, the generalized Farey graph,
coming from the use of the subgroup Γ0(𝑛) of Γ. Then many

properties of G𝑢,𝑛 were investigated through the studies on
F𝑢,𝑛. Certainly, vertex coloring of G𝑢,𝑛 is also examined
through the study onF𝑢,𝑛.

In 2013, the concept of suborbital graphs continued to
the extended modular group Γ̂, as in [3]. The notations are
defined likewise.That is, Ĝ𝑢,𝑛 denotes the suborbital graph for
the extendedmodular group Γ̂, and F̂𝑢,𝑛 is a special subgraph
of Ĝ𝑢,𝑛 coming from the subgroup Γ̂0(𝑛) of Γ̂. Certainly, Ĝ𝑢,𝑛
is the disjoint union of isomorphic copies of F̂𝑢,𝑛. The vertex
coloring results of this case are described in Section 4. The
forest conditions for the graph F̂𝑢,𝑛, which are necessary in
vertex coloring, are also studied in this section.

Note that the graph in the context of coloring is loopless.
Thus, coloring of the suborbital graphs with loops will not be
mentioned.

2. Preliminaries

In this section, we provide some necessary backgrounds used
in coloring. Some backgrounds of suborbital graphs may not
be mentioned in this research. We start this section with the
definition of the modular group. The modular group Γ is
the projective special linear group PSL(2,Z), the group of2 × 2 matrices of unit determinant with integer coefficients
such that every matrix 𝐴 is identified with its negative −𝐴.
Therefore, Γ is the quotient of the special linear group SL(2,Z)
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by its center {±𝐼}, where 𝐼 is the identity matrix of order 2. In
other words, the elements of PSL(2,Z) are represented by the
pairs of matrices ± ( 𝑎 𝑏𝑐 𝑑 ), where 𝑎, 𝑏, 𝑐, 𝑑 ∈ Z and 𝑎𝑑 − 𝑏𝑐 =1. We usually leave out the signs of the representations for
convenience.

From another point of view, the group Γmay be presented
as a group of transformations. In this manner, it is the group
of linear fractional transformations onH2 = {𝑧 ∈ C : Im(𝑧) >0}where the composition of functions is the group operation.
Certainly, the group in thismanner andPSL(2,Z) are isomor-
phic. In otherwords, PSL(2,Z) is considered as a group acting
on H2 by linear fractional transformation, that is,

(𝑎 𝑏𝑐 𝑑) ⋅ 𝑧 → 𝑎𝑧 + 𝑏𝑐𝑧 + 𝑑 , (1)

where 𝑧 ∈ H2 and ( 𝑎 𝑏𝑐 𝑑 ) ∈ PSL(2,Z). This action can be also
extended to the set Q̂ = Q ∪ {∞} as follows:

(𝑎 𝑏𝑐 𝑑) ⋅ 𝑥𝑦 → 𝑎𝑥 + 𝑏𝑦𝑐𝑥 + 𝑑𝑦 , (2)

where 𝑥/𝑦 is an irreducible fraction representing an element
of Q̂. In this case, ∞ is represented by −1/0 and 1/0.
Certainly, the fractions representing the elements of Q̂ are
not unique since 𝑥/𝑦 = −𝑥/ − 𝑦. However, it does not affect
the action of Γ on Q̂. Notice that the action of Γ on Q̂ is
transitive; that is, Q̂ has only one orbit under the action of Γ.

The extended modular group Γ̂ is a group generated by Γ
and the hyperbolic reflection 𝑧 → −𝑧. In the forms of matrix
representations, Γ̂ = ⟨Γ, ( 1 00 −1 )⟩, that is,

Γ̂ = {(𝑎 𝑏𝑐 𝑑) : 𝑎, 𝑏, 𝑐, 𝑑 ∈ Z, 𝑎𝑑 − 𝑏𝑐 = ±1} . (3)

On the set Q̂, the complex conjugate is ineffective. Then the
action of Γ̂ on Q̂ is the same as that of the group Γ.

In [1], a suborbital graph for Γ on Q̂ was established. The
vertex set is defined to be the set Q̂. The set of directed edges
depends on a pair V, 𝑤 ∈ Q̂. It is defined to be the orbitΓ(V, 𝑤) = {𝛾(V, 𝑤) = (𝛾(V), 𝛾(𝑤)) : 𝛾 ∈ Γ} where the action
of Γ on the Cartesian Q̂ × Q̂ is the component-wise action
extended from that on Q̂. In this research, we let V1 → V2
denote a directed edge from V1 to V2; that is, there exists the
edge V1 → V2 of the graph if (V1, V2) ∈ Γ(V, 𝑤). Since Γ acts on
Q̂ transitively, there is an element 𝛾 ∈ Γ such that 𝛾(V) = ∞.
Certainly, 𝛾(𝑤) ∈ Q̂, so it can be represented as a reduced
fraction 𝑢/𝑛with nonnegative denominator.This implies that(∞, 𝑢/𝑛) = 𝛾(V, 𝑤) ∈ Γ(V, 𝑤). Hence Γ(∞, 𝑢/𝑛) = Γ(V, 𝑤).
Then the suborbital graph is simply denoted by G𝑢,𝑛. The
case 𝑛 = 0 is the case of trivial suborbital graphs. There is
one loop at every vertex. The coloring of this case will not be
mentioned. In the case 𝑛 ≥ 1, edges of the graph are defined
to be the upper half-circles and the vertical half-lines in H2

joining elements of Q̂; see Figure 1 for examples. In this case,
the graphF𝑢,𝑛 is determined. It is a restriction ofG𝑢,𝑛 on the

∞∞

Figure 1: Example of edges ofG𝑢,𝑛.

orbit (Γ0(𝑛))(∞), where Γ0(𝑛) is a congruence subgroup of Γ
defined by

Γ0 (𝑛) = {(𝑎 𝑏𝑐 𝑑) ∈ Γ : 𝑐 ≡ 0 mod 𝑛} . (4)

Note that (Γ0(𝑛))(∞) = {𝑥/𝑦 ∈ Q̂ : 𝑦 ≡ 0 mod 𝑛}.
In fact, F𝑢,𝑛 is a suborbital graph for Γ0(𝑛) on (Γ0(𝑛))(∞).
The following remark is the result obtained directly after
constructing the Γ-invariant equivalence relation related toΓ0(𝑛); see more details in [1].

Remark 1. G𝑢,𝑛 is the disjoint union of 𝑚 = |Γ : Γ0(𝑛)|
isomorphic copies of F𝑢,𝑛, where |Γ : Γ0(𝑛)| is the index of
the subgroup Γ0(𝑛) in the group Γ.

In the case 𝑛 = 1, we haveG1,1 = F1,1.This graph is called
the Farey graph and denoted by F. We see that Γ contains( 1 𝑏0 1 ), 𝑏 ∈ Z, a translation along the real axis. Then F𝑢,1 =
G𝑢,1 = G1,1 for every 𝑢 ∈ Z.

Likewise, in [3], the author used the notation Ĝ𝑢,𝑛 to
denote the suborbital graph for Γ̂ on Q̂, and F̂𝑢,𝑛 is the
subgraph of Ĝ𝑢,𝑛 on the orbit (Γ̂0(𝑛))(∞) where Γ̂0(𝑛) is a
subgroup of Γ̂ determined by

Γ̂0 (𝑛) = {(𝑎 𝑏𝑐 𝑑) ∈ Γ̂ : 𝑐 ≡ 0 mod 𝑛} . (5)

Certainly, Γ̂0(𝑛) = ⟨Γ0(𝑛), ( 1 00 −1 )⟩. Then (Γ̂0(𝑛))(∞) = {𝑥/𝑦 ∈
Q̂ : 𝑦 ≡ 0 mod 𝑛}. Remark 1 is also true for this version.

Next, we introduce other necessary definitions used in
this research. A path in a directed graph is a finite or infinite
sequence of different vertices such that every two successive
vertices in the sequence are adjacent in the graph. In the finite
case, a path is said to be finite. The initial vertex and the final
vertex of a finite path are allowed to be equal. For the infinite
case, we consider only a path containing the initial vertex.
This path is said to be semi-infinite.We use the notations V1 →
V2 → ⋅ ⋅ ⋅ → V𝑚 and V1 → V2 → V3 → ⋅ ⋅ ⋅ to denote finite
and semi-infinite paths with the initial vertex V1, respectively.
Note that some arrows in the notations may be reversed.

If the initial vertex and the final vertex of a finite path are
equal, we say that the path is closed. A closed path consisting
of 𝑚 ≥ 3 vertices is called a circuit. If 𝑚 = 3, a circuit is
called a triangle. We distinguish triangles into two families
with respect to the directions of edges. A triangle of the form
V1 → V2 → V3 → V1 is said to be directed. If a triangle contains
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two edges of opposite directions, for instance, V1 → V2 ←
V3 → V1, we call it anti-directed. The graph is called a forest if
it contains no loops and circuits.

The following proposition shows that there are a count-
ably infinite number of colors to be assigned on the edges of
the graphs F𝑢,𝑛, G𝑢,𝑛, F̂𝑢,𝑛, and Ĝ𝑢,𝑛. This is due to the fact
that there are infinitely many edges incident to the vertex∞
by translations in the underline groups. We elaborate this in
the detail of the proof. In this case, we say that the graphs areℵ0-edge-chromatic.

Proposition 2. F𝑢,𝑛, G𝑢,𝑛, F̂𝑢,𝑛, and Ĝ𝑢,𝑛 are ℵ0-edge-
chromatic.

Proof. We know that Γ and Γ̂ contain all translations 𝛾𝑘 : 𝑧 →𝑧+𝑘, where 𝑘 ∈ Z.Then there are infinitelymany edges of the
graphs G𝑢,𝑛 and Ĝ𝑢,𝑛 incident to∞, that is, 𝛾𝑘(∞ → 𝑢/𝑛) =∞ → (𝑢 + 𝑘𝑛)/𝑛, where 𝑘 ∈ Z. We can see easily that (𝑢 +𝑘𝑛)/𝑛 is also a vertex ofF𝑢,𝑛 and F̂𝑢,𝑛 for every 𝑘 ∈ Z. Thus,
all edges∞→ (𝑢+𝑘𝑛)/𝑛 also belong toF𝑢,𝑛 and F̂𝑢,𝑛. Then
we need to paint these all edges by different countable colors.
The proof is finally completed because of countability of Q̂ ×
Q̂.

3. Chromatic Numbers of Suborbital
Graphs for the Modular Group

In this section, we provide the vertex coloring results of the
graphsF𝑢,𝑛 and G𝑢,𝑛. We start this section with some useful
properties of F𝑢,𝑛 obtained in [1]. We state these properties
of the graphF𝑢,𝑛 in the two lemmas below.The first one pro-
vides the results of graph isomorphism.The second describes
the relation between edge conditions of the Farey graph F
and the Farey sequences. Notice that the Farey sequence of
order 𝑚 ≥ 1, denoted by F𝑚, is a sequence of reduced
fractions 𝑥/𝑦 ∈ Q sorted in increasing order where |𝑦| ≤ 𝑚.
Lemma3. (1)F𝑢,𝑛 is isomorphic toF−𝑢,𝑛 by themapping V →−V. (2) If 𝑚 | 𝑛, F𝑢,𝑛 is isomorphic to a subgraph of F𝑢,𝑚 by
the mapping V → 𝑛V/𝑚.
Lemma 4. Let 𝑟/𝑠, 𝑥/𝑦 ∈ Q. Then the three conditions below
are equivalent:

(1) The fractions are adjacent vertices inF.
(2) 𝑟𝑦 − 𝑠𝑥 = ±1.
(3) The fractions are consecutive terms in the Farey

sequenceF𝑚 for some𝑚.
From [1, Theorem 5.1], we know that F𝑢,𝑛 contains

directed triangles if and only if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛 and
contains anti-directed triangles only for 𝑛 = 1. Therefore,
F𝑢,𝑛 contains triangles if and only if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛.
Surprisingly, by considering triangles of the graph, we can
check whether the graph is a forest or not. In [4], the author
proved that G𝑢,𝑛 is a forest if and only if it contains no
triangles.The author proved it through the subgraphF𝑢,𝑛 but
concluded forG𝑢,𝑛 by using Remark 1. In this paper, we prefer
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Figure 2: Farey graphF.

to write it in the version ofF𝑢,𝑛 which is more useful in our
work.

Lemma 5. F𝑢,𝑛 is a forest if and only if it contains no triangles;
that is, 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛.

Considering the second result of Lemma 3, we see that
every graphF𝑢,𝑛 can be embedded as a subgraph ofF.Thus,
we will study the Farey graph F first and then apply the
result to the general case. Now, consider the Farey graph. We
know that F1,1 and F−1,1 are identical. Then the first result
of Lemma 3 implies that F is symmetric with respect to the
imaginary axis; see Figure 2. Moreover, the graph is periodic
with period one along the real axis. This is a consequence of
the fact that Γ contains the translation 𝑧 → 𝑧+1.Thus, we first
paint vertices of the graph in the interval [0, 1] and then use
the reflection and translations to assign colors to the whole
graph.

To paint the vertices of F in the interval [0, 1], we need
to introduce the well-known notion, the Farey tree whose
vertices form the set of all rationals in [0, 1]. All vertices of the
tree can be constructed by using themediants of fractions. Let𝑟/𝑠, 𝑥/𝑦 be a pair of fractions, called parents. Their mediant
is the fraction given by (𝑟 + 𝑥)/(𝑠 + 𝑦), called a child. The
following remark includes some facts of the fractions and
their mediants used to construct the vertex set of the Farey
tree. Its edges will not be mentioned in this paper; see more
in [5–7] about the Farey tree.

Remark 6. (1) If 𝑟/𝑠 ≤ 𝑥/𝑦 and 𝑠, 𝑦 > 0, then 𝑟/𝑠 ≤ (𝑟+𝑥)/(𝑠+𝑦) ≤ 𝑥/𝑦. (2) If 𝑟𝑥 − 𝑠𝑦 = ±1, then the fractions 𝑟/𝑠, 𝑥/𝑦 and
their mediant (𝑟 + 𝑥)/(𝑠 + 𝑦) are reduced.

We are now ready to talk more about the vertex set of the
Farey tree. The notations are followed from [7]. Let FT1 =
Q1 = {0/1, 1/1}. For every 𝑛 ≥ 2, FT𝑛 and Q𝑛 are constructed
inductively; that is, Q𝑛 is the set of all mediants of every two
consecutive fractions in FT𝑛−1, and let FT𝑛 = FT𝑛−1 ∪ Q𝑛
written as the set of fractions sorted in increasing order.Q𝑛 is
called the set of Farey fractions of level 𝑛. By this method, we
finally obtain the vertex set⋃𝑛≥0 FT𝑛 = Q∩[0, 1] of the Farey
tree; see [8, Lemma 2.4].The following result is a consequence
of the preceding remark closely related to Lemma 4.

Remark 7. For each 𝑛 ∈ N, every pair of successive fractions𝑟/𝑠 and 𝑥/𝑦 in FT𝑛 satisfies the identity 𝑟𝑦 − 𝑠𝑥 = ±1, so they
are all reduced.
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We see that a child is adjacent to its parents in the
Farey graphF. When a child appears, it always lies between
their parents. Then a child in Q𝑛 and nonparents in FT𝑛 are
certainly not consecutive terms in the Farey sequenceF𝑚 for
every 𝑚 ∈ N. We apply this fact to Lemma 4, so they are not
adjacent vertices in the graphF. We are now ready to prove
the theorem.

Theorem 8. The Farey graphF is 3-chromatic.

Proof. From the discussion above, we first consider the graph
on the strip 0 ≤ Re(𝑧) ≤ 1. We start with Q1 and then
color every vertex level by level. Obviously, the vertices ∞,0, and 1 are adjacent to one another. Thus, we paint them by
different colors 𝑐1, 𝑐2, and 𝑐3, respectively. One can check that
there is not any vertex ofF in (0, 1) adjacent to∞. We then
go to the next level Q2 = {1/2} and paint the vertex 1/2 by
the color 𝑐1. We now obtain that three consecutive vertices in
FT2 = {0, 1/2, 1} are painted by three different colors, 𝑐2, 𝑐1,𝑐3, respectively. For the next levelQ3, we can color each vertex
by the one remaining color different from those of its parents
in FT2. Continue this process inductively, so all vertices ofF
in the interval [0, 1] will be painted by only the three colors𝑐1, 𝑐2, and 𝑐3. After that we extend the color labels to other
vertices of the graph in the interval [−1, 0) by the reflection
across the imaginary axis and then extend to the whole graph
by using the translations 𝑧 → 𝑧 + 2𝑘 where 𝑘 ∈ Z.

The next three corollaries are results for the graphs F𝑢,𝑛
and G𝑢,𝑛. The first one is obtained by combining Lemma 3
with the previous theorem. The lemma implies that F𝑢,𝑛
is isomorphic to a subgraph of F which is 3-chromatic.
Therefore, we have the following.

Corollary 9. F𝑢,𝑛 is 3-colorable.

The first result in the next corollary occurs when the
graph F𝑢,𝑛 is a forest. The other case is obtained from that
the graph contains triangles together with the preceding
corollary.

Corollary 10. Let 𝜒 be the chromatic number ofF𝑢,𝑛; then,

(1) 𝜒 = 2 if 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛,
(2) 𝜒 = 3 if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛.
Since G𝑢,𝑛 is the union of isomorphic copies of F𝑢,𝑛,

we obtain the results on the chromatic numbers for G𝑢,𝑛 as
follows.

Corollary 11. Let 𝜒 be the chromatic number ofG𝑢,𝑛; then,

(1) 𝜒 = 2 if 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛,
(2) 𝜒 = 3 if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛.

4. Chromatic Numbers of Suborbital
Graphs for the Extended Modular Group

This section provides the vertex coloring results for graphs
F̂𝑢,𝑛 and Ĝ𝑢,𝑛. Two lemmas below, edge conditions for F𝑢,𝑛

and F̂𝑢,𝑛, are the useful results obtained in [1] and [3], respec-
tively. They provide the relation between F𝑢,𝑛 and F̂𝑢,𝑛 that
we can use to extend the results from the previous section.

Lemma 12. There is an edge 𝑟/𝑠 → 𝑥/𝑦 inF𝑢,𝑛 if and only if

(1) 𝑥 ≡ 𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = 𝑛,
(2) 𝑥 ≡ −𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = −𝑛.

Lemma 13. There is an edge 𝑟/𝑠 → 𝑥/𝑦 in F̂𝑢,𝑛 if and only if
one of the following conditions is true:

(1) 𝑥 ≡ 𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = 𝑛.
(2) 𝑥 ≡ −𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = −𝑛.
(3) 𝑥 ≡ 𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = −𝑛.
(4) 𝑥 ≡ −𝑢𝑟 mod 𝑛 and 𝑟𝑦 − 𝑠𝑥 = 𝑛.
We see that the first two conditions of Lemma 13 are edge

conditions for F𝑢,𝑛 and the others are for F−𝑢,𝑛. Thus, the
graph F̂𝑢,𝑛 seems to be the union of the graphs F𝑢,𝑛 and
F−𝑢,𝑛. In this case, the edge set of F̂𝑢,𝑛 is the union, in the
context of sets, of the edge sets of those two graphs. That is,𝑟/𝑠 → 𝑥/𝑦 is an edge of F̂𝑢,𝑛 if and only if 𝑟/𝑠 → 𝑥/𝑦 is an
edge ofF𝑢,𝑛 orF−𝑢,𝑛. We know from [4, Lemma 1] that, for
every 𝑛 ≥ 1,G𝑢,𝑛 = G𝑢,𝑛 if and only if 𝑢 ≡ 𝑢 mod 𝑛. This fact
can be applied for F𝑢,𝑛. Therefore, we obtain the following
proposition immediately.

Proposition 14. If 𝑢 ≡ 𝑢 mod 𝑛, then F̂𝑢,𝑛 = F̂𝑢,𝑛.

Further, the isomorphism results of F𝑢,𝑛, see Lemma 3,
can be extended directly to the case of F̂𝑢,𝑛.

Proposition 15. (1) F̂𝑢,𝑛 is isomorphic to F̂−𝑢,𝑛 by the
mapping V → −V. In fact, F̂𝑢,𝑛 = F̂−𝑢,𝑛. (2) If 𝑚 | 𝑛, F̂𝑢,𝑛 is
isomorphic to a subgraph of F̂𝑢,𝑚 by the mapping V → 𝑛V/𝑚.

At this point, it is not difficult to see that F̂𝑢,1 = F̂1,1.
Since F1,1 = F−1,1, F̂𝑢,1 is actually the Farey graph F. As
we introduce in Section 2, all vertices of a suborbital graph in
this study are on the real axis of the complex plane, and edges
are represented by upper half-circles or the vertical half-line
in H2 joining two reduced fractions in Q̂. We say that two
edges of the graph cross in H2 if they meet in H2 in this
representation. By [1, Corollary 4.2], there are not edges of the
Farey graphF crossing inH2.Then, after applying the second
result of the preceding proposition, we obtain the following
corollary immediately.

Corollary 16. No edges of F̂𝑢,𝑛 cross in H2.

In the previous section, we showed thatF is 3-chromatic.
Then the next corollary is also obtained from the second
result of the preceding proposition.

Corollary 17. F̂𝑢,𝑛 is 3-colorable.
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Next, we investigate the chromatic number of F̂𝑢,𝑛. From
Theorems 5 and 6 of [3], we can conclude that F̂𝑢,𝑛 contains
triangles if and only if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛. In general, a
graph with triangles cannot be painted by 2 colors. If F̂𝑢,𝑛
contains triangles, the previous corollary implies that 3 is the
least number of colors which can be assigned to vertices of
F̂𝑢,𝑛. Therefore, it is 3-chromatic.

Question.What about F̂𝑢,𝑛 containing no triangles?
We answer this question in Corollary 21. To prove this

corollary, we need the following lemmas and theorem, the
forest conditions for F̂𝑢,𝑛.

Lemma 18. If 𝑢 ̸≡ ±1 mod 𝑛, then there are not adjacent
vertices V and 𝑤 of F̂𝑢,𝑛 such that V < 1/2 < 𝑤.
Proof. By the discussion before Proposition 14, we can work
on the graphF𝑢,𝑛 instead. Assume that V and 𝑤 are adjacent
vertices of F𝑢,𝑛 such that V < 1/2 < 𝑤. Then, by using
Lemma 3, 𝑛V and 𝑛𝑤 are adjacent inF. If 𝑛 is even, Lemma 12
implies that ∞ → 𝑛/2 is an edge of F crossing the edge
incident to 𝑛V and 𝑛𝑤. This is a contradiction because no
edges of F cross in H2. We then suppose that 𝑛 is odd. By
Lemma 4, 𝑛V and 𝑛𝑤 are consecutive terms in some Farey
sequence F𝑚. Since 𝑛V < 𝑛/2 < 𝑛𝑤, we have 𝑚 = 1. This
implies that 𝑛V = (𝑛−1)/2 and 𝑛𝑤 = (𝑛+1)/2.Then V = ((𝑛−1)/2)/𝑛 and𝑤 = ((𝑛+1)/2)/𝑛. If V→ 𝑤 is an edge ofF𝑢,𝑛, we
have by Lemma 12 that (𝑛 + 1)/2 ≡ −𝑢(𝑛 − 1)/2 mod 𝑛. Thus,𝑢 ≡ 1 mod 𝑛. The other case implies that 𝑢 ≡ −1 mod 𝑛. This
is a contradiction.

The following lemma is used as a part to prove the forest
conditions for G𝑢,𝑛 in [1, Theorem 10]. The function in this
lemma will arrive on the proof of our next theorem. For the
sake of completeness, we include it here together with our
own clarification.

Lemma 19. Let 𝑢, 𝑛, 𝑘 ∈ R and 𝑛 ̸= 0. Then the function 𝜑 :
R \ {(𝑢 + 𝑘)/𝑛} → R defined by

𝑧 → 𝑢𝑧 − (𝑢2 + 𝑘𝑢 + 1) /𝑛𝑛𝑧 − (𝑢 + 𝑘) (6)

is increasing on the interval (−∞, (𝑢+𝑘)/𝑛) and also increasing
on ((𝑢+𝑘)/𝑛, +∞). Further, 𝜑((𝑢+𝑥)/𝑛) < (𝑢+1)/𝑛whenever1 < 𝑘 − 𝑥.
Proof. Considering the derivative of 𝜑, 𝑑𝜑/𝑑𝑧 = 1/(𝑛𝑧 − 𝑢 −𝑘)2 > 0 for every 𝑧 ∈ R \ {(𝑢 + 𝑘)/𝑛}. Then 𝜑 is increasing on
the mentioned intervals. Next, suppose that 1 < 𝑘 − 𝑥. Since𝜑((𝑢 + 𝑥)/𝑛) = (𝑢 + 1/(𝑘 − 𝑥))/𝑛, we have 𝜑((𝑢 + 𝑥)/𝑛) <(𝑢 + 1)/𝑛.

Before the next theorem, we recall the definitions of
paired and self-paired suborbital graphs as follows. Let 𝐺 be
a group acting transitively on a nonempty set 𝑋. Suppose
that G(V, 𝑤) and G(𝑤, V) are suborbital graphs for the group𝐺 equipped with the orbits 𝐺(V, 𝑤) and 𝐺(𝑤, V) in 𝑋 × 𝑋,

respectively. We can see thatG(𝑤, V) is just the graphG(V, 𝑤)
with arrows reversed. We say that the graphs are paired. If𝐺(V, 𝑤) = 𝐺(𝑤, V), we have G(V, 𝑤) = G(𝑤, V). Then the
graph consists of pairs of oppositely directed edges. In this
case, the graphG(V, 𝑤) is called a self-paired suborbital graph.
Refer to [3, Corollary 3]; the suborbital graph Ĝ𝑢,𝑛 of Γ̂ is self-
paired if and only if 𝑢2 ≡ ±1 mod 𝑛. This fact can be applied
to F̂𝑢,𝑛. Now, we are ready to prove the forest conditions for
F̂𝑢,𝑛.

Theorem 20. F̂𝑢,𝑛 is a forest if and only if it contains no
triangles, that is, 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛.
Proof. For every 𝑛 ≤ 2, we can see that F𝑢,𝑛 = F−𝑢,𝑛, so
F̂𝑢,𝑛 = F𝑢,𝑛. Thus, this case is clear by Lemma 5. We then
assume that 𝑛 > 2. Of course, the forward is trivial, so only
the converse needs proof. Suppose that 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod𝑛. We will show that F̂𝑢,𝑛 does not contain any circuit. On
the contrary, we assume that F̂𝑢,𝑛 contains a circuitC. SinceΓ̂0(𝑛) acts transitively on edges of F̂𝑢,𝑛, see [3, Theorem 4],
we may suppose thatC contains the edge∞→ 𝑢/𝑛. Further,
we can apply Proposition 14 to suppose that 0 < 𝑢/𝑛 < 1. By
using Proposition 15 with the fact that no edges ofF cross in
H2, we can show that every vertex of F̂𝑢,𝑛 in the interval [0, 1]
is not adjacent to vertices outside the interval except∞.Then
the circuitC lies in the strip 0 ≤ Re(𝑧) ≤ 1.
Case 1. F̂𝑢,𝑛 is self-paired, that is, 𝑢2 ≡ ±1 mod 𝑛.

Firstly, we consider the simple case, 𝑢2 ≡ 1 mod 𝑛. With
this condition, [1, Corollary 3.3] implies thatF𝑢,𝑛 andF−𝑢,𝑛
are paired. They are the same graph but arrows reversed.
Thus, F̂𝑢,𝑛 is a forest if and only ifF𝑢,𝑛 is a forest. Therefore,
Lemma 5 implies that F̂𝑢,𝑛 contains no circuits.

In the case 𝑢2 ≡ −1 mod 𝑛, we can check easily by using
Lemma 13 that 𝑢/𝑛 and (𝑛 − 𝑢)/𝑛 are the only two vertices
of F̂𝑢,𝑛 in the interval [0, 1] adjacent to∞. Then the circuit
C must contain the vertices 𝑢/𝑛 and (𝑛 − 𝑢)/𝑛. This means
that if we leave out the vertex∞ from C, we obtain a path
C − {∞} joining 𝑢/𝑛 and (𝑛 − 𝑢)/𝑛 where every vertex in the
path is a vertex in the interval [0, 1]. We see that 𝑢/𝑛 and (𝑛 −𝑢)/𝑛 are on the different side of the line Re(𝑧) = 1/2. Since𝑢 ̸≡ ±1 mod 𝑛, Lemma 18 implies that there are not adjacent
vertices of the graph F̂𝑢,𝑛 belonging in the different sides of
the line Re(𝑧) = 1/2. 1/2 is not a vertex of F̂𝑢,𝑛 because 𝑛 > 2.
Then the pathC − {∞} cannot occur. This is a contradiction.
Hence F̂𝑢,𝑛 has no circuits.

Case 2. F̂𝑢,𝑛 is not self-paired, that is, 𝑢2 ̸≡ ±1 mod 𝑛.
In this case, we can see easily that 𝑢 ̸≡ ±1 mod 𝑛, so

Lemma 18 can be applied. Further, there are only four vertices
of F̂𝑢,𝑛 inducing four edges in the strip 0 ≤ Re(𝑧) ≤ 1
incident to∞. We can see that∞ → 𝑢/𝑛 and 𝑢/𝑛 → ∞,
where 1 ≡ −𝑢𝑢 mod 𝑛, are two of these four edges belonging
to F𝑢,𝑛. Under the hyperbolic reflection V → −V and the
translation V → V + 1, we obtain the other two edges∞ →(𝑛 − 𝑢)/𝑛 and (𝑛 − 𝑢)/𝑛 → ∞ belonging to the graphF−𝑢,𝑛.
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We separate this case into two subcases.That is, 𝑢/𝑛 and 𝑢/𝑛
are on the same side of the line Re(𝑧) = 1/2, and the other
case is that they are on the different sides. From Propositions
14 and 15, we know that F̂𝑛−𝑢,𝑛 = F̂−𝑢,𝑛 = F̂𝑢,𝑛. Then we
may assume that (𝑢/𝑛) < (𝑢/𝑛); if not, we certainly obtain
that (𝑛−𝑢)/𝑛 < (𝑛−𝑢)/𝑛, so we can consider F̂𝑛−𝑢,𝑛 instead.

Before proving Case 2, we need to construct a semi-
infinite path in F̂𝑢,𝑛. Since gcd(𝑢, 𝑛) = 1, we have 𝑢𝑥+𝑛𝑦 = 1
for some 𝑥, 𝑦 ∈ Z. Then 𝑢𝑥 ≡ 1 mod 𝑛, so 𝑢2 −(𝑢𝑥)(𝑢2 +1)+1 ≡ 0 mod 𝑛. We can choose a positive integer 𝑘 < 𝑛 such
that 𝑘 ≡ −𝑥(𝑢2 + 1) mod 𝑛. Hence 𝑢2 + 𝑘𝑢 + 1 ≡ 0 mod 𝑛.
Since F̂𝑢,𝑛 is not self-paired and does not contain triangles,
we have 1 < 𝑘 < 𝑛. Now, let

𝜑 = (−𝑢 (𝑢2 + 𝑘𝑢 + 1)𝑛−𝑛 𝑢 + 𝑘 ) . (7)

We see that 𝜑 ∈ Γ̂0(𝑛) such that 𝜑(∞) = 𝑢/𝑛 and 𝜑((𝑢 +𝑘)/𝑛) = ∞. Then the edge 𝜑−1(∞ → 𝑢/𝑛) = (𝑢 + 𝑘)/𝑛 → ∞
belongs to F̂𝑢,𝑛. One can show that 𝑢 = 𝑢 + 𝑘.

We now let V1 = 𝑢/𝑛 and define V𝑗 = 𝜑(V𝑗−1) for every𝑗 ≥ 2. By Lemma 19, 𝜑 is a strictly increasing function on the
interval (−∞, (𝑢+𝑘)/𝑛) such that 𝜑((𝑢+𝑥)/𝑛) < (𝑢+1)/𝑛 for
every𝑥 < 1 < 𝑘.Thenweobtain a strictly increasing sequence{V𝑗} of vertices of F̂𝑢,𝑛 in the interval [𝑢/𝑛, (𝑢 + 1)/𝑛). Since∞→ 𝑢/𝑛 is an edge in F̂𝑢,𝑛, we obtain the semi-infinite path
V1 → V2 → V3 → ⋅ ⋅ ⋅ contained in F̂𝑢,𝑛. From now, if the
direction of an edge is not clear, we will use the notation  to
refer to either of the arrows→ or←. We are ready to provide
the proof of Case 2.

In the case that 𝑢/𝑛 and 𝑢/𝑛 are on the same side of the
line Re(𝑧) = 1/2, we obtain that (𝑛−𝑢)/𝑛 and (𝑛−𝑢)/𝑛 are on
the other side. Thus, we obtain by Lemma 18 that the circuit
C contains the vertex 𝑢/𝑛 and does not contain (𝑛 − 𝑢)/𝑛
and (𝑛 − 𝑢)/𝑛. Recall that V1 = 𝑢/𝑛 < 𝑢/𝑛 = (𝑢 + 𝑘)/𝑛.
Since C is a circuit containing V1, there are finitely many
vertices from the sequence {V𝑗} belonging to the circuit C.
Hence there is the greatest integer 𝑖 such that V𝑖 is a vertex
in C. Then there is an edge in C incident to V𝑖 and another
vertex V of F̂𝑢,𝑛 such that V > V𝑖. By Corollary 16, no edges
of F̂𝑢,𝑛 cross in H2, so V𝑗 < V ≤ (𝑢 + 𝑘)/𝑛 for every 𝑗 ∈ N.
If V = (𝑢 + 𝑘)/𝑛, we have 𝜑(V) = ∞. Then the edge V𝑖  V
crosses the edge 𝜑(V𝑖)  𝜑(V) inH2. If V < (𝑢+𝑘)/𝑛, we apply
Lemma 19. Since the function 𝜑 is strictly increasing on the
interval (−∞, (𝑢 + 𝑘)/𝑛), we still obtain that the edge V𝑖  V
crosses the edge 𝜑(V𝑖)  𝜑(V) in H2. This is a contradiction.
Therefore, there is no such circuitC.

Next, we prove the remaining case; that is, 𝑢/𝑛 and 𝑢/𝑛
are on the different sides of the line Re(𝑧) = 1/2. In this
case, we have 𝑢/𝑛, (𝑛 − 𝑢)/𝑛 < 1/2 < 𝑢/𝑛, (𝑛 − 𝑢)/𝑛. Since𝑢(𝑛 − 𝑢) ≡ −𝑢𝑢 ≡ 1 mod 𝑛, [3, Corollary 2] implies that
Ĝ𝑢,𝑛 and Ĝ𝑛−𝑢 ,𝑛 are paired suborbital graphs. Thus, F̂𝑢,𝑛
and F̂𝑛−𝑢 ,𝑛 are also paired. Hence we may suppose that

𝑢/𝑛 < (𝑛 − 𝑢)/𝑛; if not, we can prove on the graph F𝑛−𝑢 ,𝑛
together with the compatible mapping 𝜑 instead. We now
have 𝑢/𝑛 < (𝑛 − 𝑢)/𝑛 < 1/2 < 𝑢/𝑛 < (𝑛 − 𝑢)/𝑛.

We know that the circuitC contains the edge∞ → 𝑢/𝑛.
Then Lemma 18 implies that it also contains the vertex(𝑛−𝑢)/𝑛.More precisely, it contains the edge (𝑛−𝑢)/𝑛 → ∞.
Since the graph F̂𝑢,𝑛 does not contain triangles, the vertices𝑢/𝑛 and (𝑛 − 𝑢)/𝑛 are not adjacent. Then there is an edge𝑢/𝑛  V of C such that 𝑢/𝑛 < V < (𝑛 − 𝑢)/𝑛. Next,
we consider the path (𝑛 − 𝑢)/𝑛 → ∞ → 𝑢/𝑛  V
in the circuit C. Its image under 𝜑−1 is the path𝜑−1((𝑛−𝑢)/𝑛) → 𝑢/𝑛 → ∞  𝜑−1(V) in the circuit 𝜑−1(C).
We know that 1/2 < 𝑢/𝑛 and 1/2 is not a vertex of F̂𝑢,𝑛.Then
we obtain by Lemma 18 that the circuit 𝜑−1(C) must belong
to the right side of the line Re(𝑧) = 1/2. Since 𝑢/𝑛 and 𝜑−1(V)
are adjacent to∞, Corollary 16 implies that𝜑−1((𝑛−𝑢)/𝑛) lies
between 𝑢/𝑛 and 𝜑−1(V). We see that 𝑢/𝑛 is the least vertex
on the right side of the line Re(𝑧) = 1/2 adjacent to∞. Hence𝑢/𝑛 < 𝜑−1((𝑛−𝑢)/𝑛) < 𝜑−1(V). By Lemma 19, 𝜑 is increasing
on the interval (𝑢/𝑛, +∞). This induces a contradiction to
the inequality V < (𝑛 − 𝑢)/𝑛, that is, (𝑛 − 𝑢)/𝑛 = 𝜑𝜑−1((𝑛 −𝑢)/𝑛) < 𝜑𝜑−1(V) = V. Therefore, the circuitC does not exist.

From the proof in Cases 1 and 2, we have shown that if
F̂𝑢,𝑛 does not contain triangles, it does not contain circuits.
Consequently, F̂𝑢,𝑛 is a forest if and only if it contains no
triangles.

By the similar reasons used in the case of modular, we
obtain the following corollaries immediately. If 𝑢2 ± 𝑢 +1 ̸≡ 0 mod 𝑛, the previous theorem implies that the graphs
become forests. Thus, they are 2-chromatic. If 𝑢2 ± 𝑢 + 1 ≡0 mod 𝑛, the graphs contain triangles. Then their chromatic
numbers are greater than 2. Finally, Corollary 17 guarantees
that they are 3-chromatic.

Corollary 21. Let 𝜒 be the chromatic number of F̂𝑢,𝑛; then,

(1) 𝜒 = 2 if 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛,
(2) 𝜒 = 3 if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛.

Corollary 22. Let 𝜒 be the chromatic number of Ĝ𝑢,𝑛; then,

(1) 𝜒 = 2 if 𝑢2 ± 𝑢 + 1 ̸≡ 0 mod 𝑛,
(2) 𝜒 = 3 if 𝑢2 ± 𝑢 + 1 ≡ 0 mod 𝑛.
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