Hindawi

Journal of Mathematics

Volume 2020, Article ID 2460702, 9 pages
https://doi.org/10.1155/2020/2460702

Research Article

Hindawi

Cyclic b-Multiplicative (A, B)-Hardy—Rogers-Type Local
Contraction and Related Results in b-Multiplicative and

b-Metric Spaces

Abdullah Eqal Al-Mazrooei®,' Abdullah Shoaib (,> and Jamshaid Ahmad '

'Department of Mathematics, University of Jeddah, P.O. Box 80327, Jeddah 21589, Saudi Arabia
*Department of Mathematics ¢& Statistics, Riphah International University, Islamabad, Pakistan

Correspondence should be addressed to Jamshaid Ahmad; jamshaid_jasim@yahoo.com

Received 2 June 2020; Revised 28 July 2020; Accepted 10 August 2020; Published 12 October 2020

Academic Editor: Nan-Jing Huang

Copyright © 2020 Abdullah Eqal Al-Mazrooei et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

The aim of this paper is to define cyclic b-multiplicative Hardy—-Rogers-type local contraction in the context of generalized spaces
named as b-multiplicative spaces to extend various results of the literature including the main results of Yamaod et al. In this way,
we apply a new generalized contractive condition only on a closed set instead of a whole set and by using b-multiplicative space
instead of multiplicative metric space. We apply our results to obtain new results in b-metric spaces. Examples are given to show

the usability of our results, when others cannot.

1. Introduction and Preliminaries

Bakhtin [1] was the first who gave the idea of b-metric. After
that, Czerwik [2] gave an axiom and formally defined a
b-metric space. For further results on the b-metric space, see
[3,4]. Ozaksar and Cevical [5] investigated the multiplicative
metric space and proved its topological properties. Mon-
gkolkeha and Sintunavarat [6] described the concept of
multiplicative proximal contraction mapping and proved
some results for such mappings. Recently, Abbas et al. [7]
proved some common fixed point results of quasi-weak
commutative mappings on a closed ball in the setting of
multiplicative metric spaces. For further results on the
multiplicative metric space, see [8-12]. In 2017, Ali et al. [13]
introduced the notion of the b-multiplicative space and
proved some fixed point results. As an application, they
established an existence theorem for the solution of a system
of Fredholm multiplicative integral equations. For further
results on the b-multiplicative space, see [14]. Shoaib et al.
[4] discussed some results for the mappings satistying
contraction condition on a closed ball in a b-metric space.
For further results on a closed ball, see [15-25]. In this paper,

we generalized the results in [12] by using cyclic b-multi-
plicative (A, B)-Hardy-Rogers-type local contraction on a
closed ball in a b-multiplicative space. Moreover, we show
that our results can be applied on those mappings where the
other results cannot be applied. The following definitions
and results will be used to understand this paper.

Definition 1 (see [13]). Let W be a nonempty set, and let
s>1 be a given real number. A mapping
my: W xW — [1,00) is called b-multiplicative with co-
efficient s, if the following conditions hold:

1) my(w,u)>1 for all w,pyeW with w+#p and
my, (w,u) =1 if and only if w =y
(ii) my, (w, p) = my, (p, w) for all w,y e W
(iii) my, (w, z) < [my, (w, p).my, (4, 2))° for all w,y,z € W

The pair (W,m,) is called a b-multiplicative space. If
r>1, ueW, then B, (ur)= {v: my(u,v)<r} and
B, (u,r) = {v: my, (u,v) <r} are called the closed ball and
the open ball in (W, m,,), respectively. Note that if r < 1, then
we obtain empty open balls because m, (1, v) > 1.


mailto:jamshaid_jasim@yahoo.com
https://orcid.org/0000-0003-2069-1307
https://orcid.org/0000-0003-0284-4664
https://orcid.org/0000-0003-4755-7044
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/2460702

2
Example 1. Let W =[0,00). Define a mapping
my,: WxW — [1,00):

m, (w, y) = a(w’”)z, (1)

where a > 1 is any fixed real number. Then, for each a, m,, is
b-multiplicative on W with s = 2. Note that m, is not a
multiplicative metric on W. Considering a = 2, r = 2!, and
u =1, then B,, (u,r) = [0,5] is a closed ball in W.

Definition 2 (see [13]). Let (W,m,;) be a b-multiplicative
space.

(i) A sequence {w,} is called b-multiplicative Cauchy iff

my (w,, w,) — 1, asm,n — +00. (2)

(ii) A sequence {w,} is b-multiplicative convergent iff
there exists w € W such that

my, (w,, w) — 1, asn —> +00. (3)

(iii) A b-multiplicative space (W,my,) is said to be
b-multiplicative complete if every b-multiplicative
Cauchy sequence in W is b-multiplicative conver-
gent to some y € W.

Example 2. The space (W,m;) defined in Example 1 is a
b-multiplicative complete space. Taking {w,} = {1/n}, then
my, ((1/m), (1/n)) — 1, as m,n — + co. Hence, {w,} is a
b-multiplicative Cauchy sequence. Now, my, ((1/n),0) — 1,
as n — +oo implies that {w,} is b-multiplicative con-
vergent to 0 € W.

Definition 3 (see [3]). Let W # ¢ and s> 1 be a real number.
A mapping d: W x W — R*U{0} is said to be b-metric
with coefficient “s,” if for all w,y,z € W, the following as-
sertions hold:

i) dw,u)=0==w=y
(ii) d(w,p) = d(p, w)
(iil) d(w,2z) < [d(w, ) +d (u, 2)]
The pair (W, d) is said to be a b-metric space. If >0,

ueW, then B, (u,r) = {v: my (u,v) <r} is called a closed
ball in (W,d).

Remark 1 (see [13]). Every b-metric space (W, d) generates
a b-multiplicative space (W,m,) defined as

my (b, ) = e/ ¥, (4)

Remark 2. Let (W,my,) be a b-multiplicative space gener-
ated by a b-metric space (W,d), r>0 and p. e W. If
B, (p.,r) and B, (b.,e") are closed balls in (W,d) and
(W, my), respectively, then B (p.,r) = B, (p.,e").
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2. Results on b-Multiplicative Spaces

Definition 4. Let K+#¢, A,B: K — [0,00), and
g: K — K. We say that g is a locally cyclic (A, B)-ad-
missible mapping on set H, if

beH, A(p)=1=B(gp)=1,

peH, B(p)z1=A(gh)=1. ©)

Definition 5. Let (K,m,) be a b-multiplicative space with
s>1and B,, (b.,r) be a closed set. A self-mapping g is said
to be cyclic b-multiplicative (A, B)-Hardy-Rogers-type local
contraction on B,, (b.,r), if the following conditions hold:

(1) A(p.)=1 and B(p.)>1

(2) g is a locally cyclic (A, B)-admissible mapping on

B,,, (b1)
(3) A(p)B(p) =1 implies

my, (gb. gu) < my, (b, )" [my, (b, gb)my, (, gu)|°

) (6)
- [my, (b, gp).my, (s gb)]'

for p,uc B,, (bo> 1), where  A,0,v¢€ [0,1) and

A+ (s+1)0+ (s +s)v< 1.

Example 3. Let K = [0,00) and g: X — X be a mapping
defined as

3x .
—, if0<x<3,
10
gx = (7)
x” +/x +6, otherwise.

Define a complete b-multiplicative metric with s = 2 as

1 ifx:y}
. (8)

my, (x, y) =
’ {2(x+y)2 ifx+y

Considering b, = 1 and r = 2, then B,, (b.,7) = [0,3].
A,B: K — [0,+00) is defined by

1ifpe [0,30]}
0 otherwise |
1 ifp € [0,3] }

0 otherwise

A(p) :{
(9)
B(p) ={

now, A(p.)>1 and B(p.) > 1. Clearly, g is a locally cyclic
(A, B)-admissible mapping on B,, (b, 7). Note that, if we
take p = 20, then A(p)>1 but B(gp)#1(gp) so g is a not-
cyclic (A, B)-admissible mapping on K, and the results in
[12] cannot be applied. Taking A = (9/100), 6 = (1/40), and
v = (3/70), now, A,0,v € [0,1) and sA + (s+ 1)0+ (s> + )
y< 1. For each b,y € B, (po, r) with A(p)B(u) =1, we have
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5 (Gb0H G0 _ <2<p+m2)( ! [2(b+(3b/10))2.2(44+(3/4/10))2]

or my, (g, gu) <my, (b, )" [my, (b, gb).my, (, gi)]° [1m, (b gu).m, (> gb)]

Thus, all conditions of Definition 5 hold. Therefore, g is a
cyclic b-multiplicative (A, B)-Hardy-Rogers-type local
contraction on B,, (b.,r). Note that

my, (gb. gu)tmy (b, )" [m, (b, gb).my, (u, gu)]’

v (11)
[my, (b, gu)-my, (1, gb)]'

for all b, 4 € K, so again the results in [12] cannot be applied
because g cannot satisfy any definition in [12].

Definition 6. If we take @ = v = 0 in Definition 5, then we say
it is cyclic b-multiplicative (A, B)-Banach-type local con-
traction on B, (po» 7). If we take A = v = 0 in Definition 5,
then we say it is cyclic b-multiplicative (A, B)-Kannan-type
local contraction on B, (b.,r). If we take 6 =1=0 in
Definition 5, then we say it is b-multiplicative cyclic
(A, B)-Chatterjea-type local contraction on B, (po> 7). If we
take s = 1 in Definition 5, then we say it is cyclic multiplicative
(A, B)-Hardy-Rogers-type local contraction on B,,, (p.,r). If
we exclude the role of functions A and B in Definition 5, that
is, if we exclude conditions (1) and (2) and the restriction
A(p)B(y) =21 from Definition 5, then we say it is b-multi-
plicative Hardy-Rogers-type local contraction on B,, (., ).

Example 4. If we take 0 =v =0 in Example 3, then we
obtain an example of cyclic b-multiplicative (A, B)-Banach-
type local contraction on B,, (b.,r). If we take A = =0 in
Example 3, then we obtain an example of cyclic b-multi-
plicative (A, B)-Kannan-type local contraction on
B, (b.,r). If we take 6 = A = 0 in Example 3, then we obtain
an example of cyclic b-multiplicative (A, B)-Chatterjea-type
local contraction on B,,, (b., 7). If we take s = 1in Example 3,
then we obtain an example of cyclic multiplicative
(A, B)-Hardy-Rogers-type local contraction on B, (p., ).
If we exclude the role of functions A and B in Example 3,
then we obtain an example of b-multiplicative Hardy-Ro-
gers-type local contraction on B, (b., ).

Definition 7. Let (K,m;) be a b-multiplicative complete
space  with coeflicient s>1 and g: K-— K and
p: K — [0, 00) be two mappings. We say that g is cyclic
regular on a closed ball B,, (., r) with respect to p, if one of
the following conditions holds:

(a) If B, (b.,r) contains a sequence {P,} such that
p(P,)21 forall n e N and {p,} — b" € B, (p.,7)
as n — 00, then p(p*) =1

(b) g is continuous on B, (bo>1)

Example 5. 'The mapping g in Example 3 is cyclic regular on
a closed ball B,, (po»r) = [0,3] with respect to

1 ifpel0,3
B(p) = { 1 e 10.3]

0 otherwise } because for any sequence {p,} in

3
(1/40)'[2(b+(3!4/10))2_2(M+(3b/10))2 G0
(10)
v
[0,3] such that B(p,)=1 for all neN and

{b.} — b" € B,, (b.,1) as n — oo, then B(p")=1. Also,
g is continuous on [0, 3].

Theorem 1. Let (K, my) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a cyclic b-multi-
plicative (A, B)-Hardy-Roger-type local contraction mapping
on B, (b.,r). Suppose that

mb(bw gbo) < p(=shys) (12)

where h= (A+0+sv/1—-0-sv). Then, there exists a
b-multiplicative convergent sequence in B,, (b.,r). Also, if g
is cyclic regular on B, (b.,r) with respect to B, then there
exists a fixed point of g in B,, (b.,r). Moreover, if B(z) >1
and A(z) 2 1, for all z in the set of fixed points of g, then the
fixed point of g will be unique.

Proof. Consider that A(p.)>1 and B(p,)>1 and
b. € B, (b.,7). As gisacyclic (A, B) admissible mapping on
B, (p.,r), we have

A(p.)21=B(b,) = B(gb.) = 1,

(13)
B(p.)>1= A(p)) = A(gh.) > L
Note that
my (b by ) = my(pe gb. ) <77, (14)
By assumption, we have
sA+(s+1)0 +(s2 + s)v< 1
orsh+s0+sv<1—0—sy (15)

A+6+sy
ors| — | < 1.
1-0-sy
Since h= (A+0+sv/1-0-sv), so sh<1. Now, (1-
sh/s)<1 and r>1 implies r"¥9<r  Hence,

b, € B,, (po» 7). As
A(py)21=B(b,) = B(gh)) 21,
B(b)21==A(b,) = A(gh)) 2 L.

Assume that p,,bs,...,p; €€B,, (b.,r) for some j € N.
By a similar method, as above for p, and p,, we get

(16)

A(p;)=1andB(p;)>1, fori=1,2,...,j+1.  (17)
This implies that
A(bj1)B(b;)21, fori=1,2,...,j+1 (18)

By using (6), we have



mb(bj’bjﬂ) = mb(ﬁbj—l’gbj)
< A(bj1)B(b;)-my(gbj1> gb))

< [y (b 10b)] [ (b 10 9By 1) (b 9b))]

[m4(by- 1> gb;) m(bj> abj-1)]
< [my(by-1b;)] [molby- 1y by by )]
(6B 15 by ) (b5 b)

< [ma(by- b)) [ (s by
[ (by-1:05) e by by )T

)l+9+sv

(b))’

mb(bpbjn)lie v my(bj-1,b;

my(
o

mb(b])bJH) my(b;- l’bj)(l+9+sv/1_9_w)
m(b b )<m(b b)h Whereh—A+6+Sv
PAEP Ejet) =R - Y _I—G—Sy.
(19)
Now, using inequality (19), we get
mh(bj’bjﬂ) szy(bj—pbj)h gﬂ’lb(bjfbbjfl)hz <. Smb(bmbl)hj.
(20)

By using triangle inequality and inequality (20), we get

g (b byen) < (b b, (bbb b )

<my,(bor by ) 1y (e by )’ ,...,mb(po,pl)sj”hj
<y (o) s (shrsih)
(b byr) <y )
(21)
By using inequality (12), we have
iy (b b ) S 79 (1= 1=38) o)
my(Pobjr) s <7, forall j e N.

This implies thatp,,, € B, (p.,7). By induction on n, we
conclude that {p,} € B,, (b.,r) for all n € N. By a similar
method, for all n € N, we get

A >1,
(b.) (23)
B(b,)=1, forallneN.
This implies that
A(p,_1)B(p,) =1, forallneN. (24)

Now, inequality (20) implies that

my, (bn’bnﬂ) Smb(bo) bl)hn. (25)
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Now, we prove that {p,} is a b-multiplicative Cauchy
sequence in K. Let m >n, so m =n+ p; p € N. By using the
triangle inequality, we have

my, (bn’ bm) =m, (pn’ bn+1)s'mb (bnﬂ) pn+2)52’

p (26)
mb(bn+p— 1> bn+p) :

By using inequality (25), we get

)Sphrwpfl

1y (b D) <15 (Db )™ 1y (Bus by ) -1y (Busby

sh (1shetsP ThP)

sh” (1+sh+--)

(sh"/1-sh).

)"
)
)sh (1+sh+-+(sh)P™")
)
br)

(27)

Taking limit as m,n — oo, we get m; (p,,b,,) — 1.
Hence, the sequence {p,} is a b-multiplicative Cauchy se-
quence. By the completeness of (K,my,), it follows that

b, — b" € B,, (b.,7). Suppose that g is continuous. Thus,

we get b* = limn—>oobn+l = hmn—mx)gbn = g(limn—>oo
b,) = gb”. Now, we assume that condition (a) of Definition 7

holds. As B(p,) 2 1and b, — b" € B,, (b.,7),s0 B(p") = 1.
Then, we have

my, (gb",b") <my, (gb", gb,) -y, (gb,,b")’
<[A(b.)B(b")m, (gbu gb*)] 1, (9by b*)°
< [y, (b D)™ [, (b gbs)-1m, (b5 g1
[my, (b, gb" )., (b"5 gb,)]™" -1y, (9P, D)’
< [y, (s D)1 [, (b Byt )15 (b, 9b™)

[mb (bn’ gb*)mb (p*’ bn+l)]w'mb (bn+1’ b*)s
(28)

Letting n — 00, we get

my (gh*.b") < [m, (b", gb")]* [my (b, gb™)]”
mb(gb*,b*)l—se—svgl

m, (gb*,b*)ﬁ (1)(1/1*56*SV) =1
(29)

Hence, m;, (qb*,b") = 1, that is, gb* = p”. This proves
that p” is a fixed point of g. Eventually we prove that p* is
the unique fixed point of g. Suppose that y is another fixed
point of g. By the hypothesis, we find that A(p*)>1 and
B(u)>1. Thus,
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my, (b™,u) = my, (gb", gu)

m, (b*"u)l—/\—ZV <1
m, (b*,ﬂ)g (1)(1/1—/\—21/) =1

This proves that my, (pb*, ) = 1 and then p* = y. Thus, p*

5
<A(b")B(w).m,(gb", gu)
<my (b", ) [my, (b", gb”).my, (s g))° [, (b" > gu).my (11, gb*)] o)
<my, (b", 1) [my (b, b")rmy, (s )] [y (b ).y (1, 7))
my(po, gb.) <r @, (34)

is the unique fixed point of g. O

Example 6. In Example 3, we have proved that g is a cyclic
b-multiplicative (A, B)-Hardy-Rogers-type local contrac-

tion on B,, (b.,7). It has been proved in Example 5 that the
mapping g in Example 3 is cyclic regular on a closed ball

1 ifp € [0,3] }

B,,, (b..) = [0,3] with respect to B(b) = { 0 otherwise

Now,
b A+60+sy  (9/100) +(1/40) +2(3/70) 281
T 1-0-sy  1-(1/40)-2(3/70) 1245
(31)
Now,
my(b., gb.) = my, (1, g1) = my (1, (3/10)) o)

= 2N < 397.¢20.95 ~ (1709,

Hence, all the conditions of Theorem 1 are satisfied, and
zero is the unique fixed point of the mapping g. Note that the
results in [12] cannot ensure the existence of a fixed point of
mapping g because g cannot satisfy the contractive con-
dition of any theorem in [12].

The following results for various other contractions on b-
multiplicative spaces can be proved by following the proof of
Theorem 1.

Theorem 2. Let (K, my,) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a cyclic b-multi-
plicative (A, B)-Banach-type local contraction mapping on
B, (b, 7). Suppose that

mb(bo, gl)) < p((A=sW0s). (33)

Then, there exists a b-multiplicative convergent sequence
in B, (b.,r). Also, if g is cyclic regular on B, (p.,r), then
there exists a fixed point of g in B, (p.,r). Moreover, if
B(z)>1and A(z) > 1, for all z in the set of fixed points of g,
then the fixed point of g will be unique.

Theorem 3. Let (K, m,) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a cyclic b-multi-
plicative (A, B)-Kannan-type local contraction mapping on
B, (b.,7). Suppose that

where h = (0/1 —0). Then, there exists a b-multiplicative
convergent sequence in B,, (b.,1). Also, if g is cyclic regular
on B, (p-,7), then there exists a fixed point of g in B, (bo,1).
Moreover, if B(z) > 1 and A(z) > 1, for all z in the set of fixed
points of g, then the fixed point of g will be unique.

Theorem 4. Let (K, my) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a cyclic b-multi-
plicative (A, B)-Chatterjea-type local contraction mapping on
B, (b.,r). Suppose that

my(po, gb.) <r @, (35)

where h = (sv/1 —sv). Then, there exists a b-multiplicative
convergent sequence in B,, (b.,r). Also, if g is cyclic regular
on B,, (b.,r), then there exists a fixed point of g in B,,, (po,1).
Moreover, if B(z) 21 and A(z) > 1, for all z in the set of fixed
points of g, then the fixed point of g will be unique.

Theorem 5. Let (K, my) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a b-multiplicative
Hardy-Roger-type local contraction mapping on B, (b.,1).
Suppose that

A+0+sy

((1-sh)/s) _
mb(bo,gbo) <r ,  whereh = 10— (36)

Then, there exists a unique fixed point in B, (p.,7).

Theorem 6. Let (K, my) be a b-multiplicative complete space
with coefficient s>1 and g: K — K be a cyclic b-multipli-
cative (A, B)-Hardy-Roger-type local contraction mapping on
K . Then, there exists a b-multiplicative convergent sequence in
K. Also, if g is cyclic regular on K, then there exists a fixed point
of g in K. Moreover, if B(z) > 1 and A(z) > 1, for all z in the
set of fixed points of g, then the fixed point of g will be unique.

The following result is a multiplicative metric version of
Theorem 1.

Theorem 7. Let (K,m) be a complete multiplicative space
and g: K — K be a multiplicative (A, B)-Hardy-Roger-
type local contraction mapping on B,, (b.,r). Suppose that

my(po gb.) <", (37)



where h = (A + 0 +v/1 —0—7). Then, there exists a multi-
plicative convergent sequence in By, (p., ). Also, if one of the
following conditions holds:

(a) If B, (b.,r) contains a sequence {p,} such that
B(p,)>1 for all n € N and {p,} — p* € B, (p.,7)
as n — 0o, then B(p*)>1

(b) g is continuous on B,, (p.,1)

Then, there exists a fixed point of g in B, (p.,1).
Moreover, if B(z) 21 and A(z) 2 1, for all z in the set of fixed
points of g, then the fixed point of g will be unique.

As an application, we give an existence theorem for the
Fredholm multiplicative integral equation of the following
type:

b d
QU w, g(w)™,

a

g(u) = j u,w € [a,b], (38)
where Q: [a,b] x [a,b] xR, — R, is an
function.

Let K=C([a,b],R,), a>0 and R, = (0,00), be the
space of all positive, continuous real-valued functions,
endowed with the b-multiplicative:

2
}} (39)

~ g’
ruton = s Pl

Clearly, the set 90’ {h(u) SUP,,e (5 {max{l(g,
(w)/hW)?, I(h(w)/g, (u)|*}} <7} is a closed ball B b(go,r)
in (K,my).

integrable

hw)
g(u)

Theorem 8. Let K = C([a,b],R,), go(u) € K, r>1, a>0,
A,B: K — [0,00), and S: K — K:

b
swm=jammgwwﬂ (40)

where Q: [a,b] x [a,b] xR, — R, is an integrable func-
tion. Assume that the following conditions hold:

(1) A(go (u))>1 and B(gc (u)=1;

(2) S is a cyclic (A, B)-admissible mapping on E, .;

(3) For each u,w € [a,b] and for g(u), h(u) belongs to

closed set Ey such that A(g(u))B(h(u)) > 1; then,
this implies

|Qngw»|wa0? (4)
1Q(u, w, h, (W)~ \ [ (w)] ]’

(4) The constant A is such that 2A < (1/b — a) and

2
ap o] oo,
u€[a,b]

(42)
Also, if one of the following conditions holds:

(5) S is continuous on E, ,or

9o (u) 2
g, (w)

g1 (u)
’ 9o (1)
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©) If {g,(w} is a sequence in E, . such that
{9,w)} — g* (W) € E, as n — 00 and
B(g, () =1 for alln e N then B(g* (u)) > 1.

Then, the integral equation (38) has a solution. More-

over, if A(g)>1 and B(g)=>1 for all g in the set of fixed
points of S, then equation (38) has a unique solution.

Proof. Let g(u), h(u) € E,

Sg ()|’ B Jb
Sh(u)] ~\Ja
J g(w)
h(w)
b dw 2
(o)

- ((mb (9, h)b—a) (/\/2)>2

h)l (h— a)

.~ Now, we have

dw)2

Q(u, w, h(w))

(43)

=my (g, , foreach u € [a,b].

Thus, we get m, (Sg,Sh)<my, (g, h)*, a =A(b—a). As
21 < (1/b - a), so wa < 1. Also, hypothesis (4) implies

my (go» Sgo) <. (44)

Therefore, by Theorem 2, there exists a unique fixed
point of the operator S. Hence, the integral equation (38) has
a unique solution. O

3. Results on b-Metric Spaces

Definition 8. Let (K,b) be a b-metric space and By, (p., ) be
a closed set. A self-mapping g is said to be cyclic
b- (A, B)-Hardy-Rogers-type local contraction on B, (p., ),
if the following conditions hold:

(1) A(p.)=1 and B(p.)>1

(2) g is a locally cyclic (A, B)-admissible mapping on
By, (po, )

3) A(p)B(u) =1 implies

b(gb, gw) <Ab(b,u) + 0[b(b, gb) + b(u, gu)]

(45)
+v[b(b, gu) + b(p, gb)],

for  p,uc€B,, (b r), where  A,0,v¢€ [0,1) and

A+ (s+1)0+ (s +s)v<1.

Theorem 9. Let (K,b) be a complete b-metric space with
coefficient s>1 and g K—K be a cyclic
b- (A, B)-Hardy-Roger-type local contraction mapping on
By, (bo, 7). Suppose that

b(p.gb.) <" (46)
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where h = (A + 0+ sv/1 — 0 — sv). Then, there exists a con-
vergent sequence in By (b.,r). Also, if one of the following
conditions holds:

(a) If B,(p.,r) contains a sequence {p,} such that
B(b,)>1foralln e Nand{p,} — b* € B, (p.,7) as
n— oo, then B(p*) =1

(b) g is continuous on By (p.,r).

Then, there exists a fixed point of g in By (p., 7).
Moreover, if B(z) =1 and A(z) > 1, for all z in the set of fixed
points of g, then the fixed point of g will be unique.

Proof. Defining my, (b,u) = e®®®#). Then, by Remark 1
(W, m,) is a b-multiplicative space. By taking exponential on
both sides of inequality (46), we have

et (bogh.) < p(r(1=sh)ls)

or mb(bo’ gbo) < g(l—sh/s)’

where ¢ = " > 1. Now, by taking exponential on both sides of
inequality (45) and by using Remark 2, we have

(47)

el (abar) < 0 (bi) 016 (bogb)+b (. gin)] v Ib (brgu)+b (Mﬂb)]’ (48)

for all p, u belong to the closed set By, (p., ). Now, by using

Remarks 1 and 2, we have
iy (gbs gu) <y (b0 [, (b gb)om, e g\
[y, (b, gu)-my, (4, gb)]"

for all b, belong to the closed set B, (b.,e). Now, by
Theorem 1, g has a unique fixed point in B, (p.,) or
By, (bo, 7). O

Example 7. Let K =R endowed with the b-metric

b(p,u) = |p—ulforallp,u € Kand g: K — K be defined by
1 . 11
Sb ithe|53)
gb = Lnl (50)
2 ifpe R\[—g, 5]

and A, B: K — [0, +00) be given by

1 ifp € [-3,0]
AP) :<IO otherwise })

1 ifp € [0,1] (1)
B(b) = { 0 otherwise }

Let = (1/3) and b, =0, then B, (p.,7) = [ (1/3), (1/3)] is
closed. Now, A(p.)>1 and B(p.)>1. Also, g is a locally
(A, B)-admissible mapping on By (p.,7). If p,u belong to
By, (p.,7) such that A(p)B(u)=1, then pe [-(1/3),0] and
ue[0,(1/3)]. Taking A = (1/2), 8= (1/9), and v= (1/18), we
have

b(gb, gu) <Ab(b, ) + 0[b (b, gb) + b (u, gu)]

(52)
+v[b(b, gu) + b(u, gb)].

So, g is cyclic b- (A, B)-Hardy-Rogers-type local con-
traction on By, (p., 7). Also,

r(1 —sh)
b(bo; gbo) < f

Now, if {p,} is a sequence in B, (p., ) such that B(p,,) > 1
and p, — p as n — oco. Then, p, € [0, (1/3)]. Hence,
b € [0, (1/3)] and B(p) > 1. So, all hypotheses of Theorem 9
are satisfied, and therefore g has a unique fixed point.

Note that the results of Alizadeh et al. [26] and other
results for (A, B)-admissible mapping cannot be applied.
Since A(-3)>1,but B(g(-3)) = B(-6)0# 1. Also, B(1) > 1,
but A(g(1)) = A(2) =0#1. Therefore, g is not a cyclic
(A, B)-admissible mapping.

Now, we give an example of a mapping g which is a
cyclic (A, B)-admissible, but none of the previously defined
contractions in other papers holds. Therefore, other results
for (A, B)-admissible mapping fail to ensure the existence of
a fixed point. However, g has a fixed point, and our result is
valid for such mappings.

(53)

Example 8. Let K = R endowed with the b-metric B(p, 4) =
|p— pl for all p,u € K and g: K — K be defined by

4 e

-p ifpe [—3,3]_[%, %] £ (54)

b ifpeR\[-3,3]
and A, B: K — [0, +00) be given by

1 ifp e [-3,0] }
0 otherwise |’
1 ifp € [0,3] }

0 otherwise

A(bp) ={
(55)

B(b)=<l

By taking A = (1/2),0 = (1/9),v = (1/18),r = (1/3),and
p. =0, all hypotheses of Theorem 9 are satisfied, and
therefore g has a unique fixed point. Note that, g is a cyclic
(A, B)-admissible mapping on K, but all other results for
(A, B)-admissible mapping cannot be applied. For example,
defining v, ¢: [0,00) — [0,00) by w(f)=t and
¢(t) = (1/4)t. Let A(p)B(u)=1. Then, p € [-3,0] and
ue[0,3l.If p=1and uy =2, then

v(d(gl,g2)) = 1>Z =y(d(1,2) - ¢(d(1,2)). (56)

That is, Theorem 2.4 of [26] cannot be applied here.

Definition 9. In Definition 8, if
(1) If 6 = v = 0, then we say it is cyclic b- (A, B)-Banach-
type local contraction on By, (p., 1)

(2) IfA = v = 0, then we say it is cyclic b- (A, B)-Kannan-
type local contraction on By, (p., 1)




3)If 0=1=0, then we say it is cyclic
b- (A, B)-Chatterjea-type local contraction on
Bb (bo’ 1’)

(4) If s =1, then we say it is cyclic (A, B)-Hardy-Ro-
gers-type local contraction on By, (p., 1)

(5) We exclude the role of functions A and B; that is, if
we exclude conditions (1) and (2) and the restriction
A(p)B(y) =1 from Definition 8, then we say it is
b-Hardy-Rogers-type local contraction on By, (p., )

Example 9. If we consider K = R endowed with the b-metric
B(b,u) = |p — pl forall b, 4 € K and define g: K — K as in
Example 7, then by taking A = (1/2) and 6 = v = 0, we can
get cyclic b-(A, B)-Banach-type local contraction on
By, (po, ). Similarly, if we consider A = v = 0 and 8 = (1/9) in
Example 7, we can get cyclic b- (A, B)-Kannan-type local
contraction on By (p.,7). Also, if we take, 0 =1 =0 and
v = (1/18), then we can get cyclic b- (A, B)-Chatterjea-type
local contraction on By (p.,7). If we exclude the role of
functions A and B in Example 7, then we can get an example
of b-Hardy-Rogers-type local contraction on By, (p., 7).

Remark 3. By using Definition 9, we can make five new
theorems in b-metric spaces.
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