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The concept of frame multiresolution analysis (FMRA) on local fields of positive characteristic was given by Shah in his paper,
Frame Multiresolution Analysis on Local Fields published by Journal of Operators. The author has studied the concept of
minimum-energy wavelet frames on these prime characteristic fields. We continued the studies based on frame multiresolution
analysis and minimum-energy wavelet frames on local fields of positive characteristic. In this paper, we introduce the notion of the
construction of minimum-energy wavelet frames based on FMRA on local fields of positive characteristic. We provide a
constructive algorithm for the existence of the minimum-energy wavelet frame on the local field of positive characteristic. An
explicit construction of the frames and bases is given. In the end, we exhibit an example to illustrate our algorithm.

1. Introduction

Let K be a field and a topological space. Then, K is called a local
field if both K* and K* are locally compact abelian groups,
where K* and K* denote the additive and multiplicative
groups of K, respectively. If K is any field and is endowed with
the discrete topology, then K is a local field. Furthermore, if K
is connected, then K is either R or C. If K is not connected,
then it is totally disconnected. Hence, by alocal field, we mean a
field K which is locally compact, nondiscrete, and totally
disconnected. The p-adic fields are examples of local fields. For
more details, refer [1]. In the rest of this paper, we use the
symbols N, N, and Z to denote the sets of natural and non-
negative integers and integers, respectively.

Let K be alocal field. Let dx be the Haar measure on the
locally compact abelian group K*. If & € K and a #0, then
d (ax) is also a Haar measure. Let d (ax) = |a|dx. We call |«]
the absolute value of a. Moreover, the map x — |x| has the
following properties: (a) |x| =0 if and only if x = 0; (b)
lxy| = |x|y| for all x,y € K; and (c) |x + y| < max{|x], |yl}
for all x, y € K. Property (c) is called the ultrametric in-
equality. The set D = {x € K: |x|< 1} is called the ring of
integers in K. Define 8B = {x € K: |x| < 1}. The set B is called
the prime ideal in K. The prime ideal in K is the unique

maximal ideal in D, and therefore B is principal ideal as well
as prime ideal. Since the local field K is totally disconnected,
there exists an element of B of maximal absolute value. Let
B be a fixed element of the maximum absolute value in 2B.
Such an element is called a prime element of K. Therefore,
for such ideal B in D, we have B = (P) = PD. As it was
proved in [1], the set D is compact and open. Hence, B is
compact and open. Therefore, the residue space D/B is
isomorphic to a finite field GF(g), where g = p* for some
prime p and k € N.

Let D" = DB ={x € K: |x| =1}. Then, it can be
proved that D* is a group of units in K*, and if x # 0, then we
may write x = P¥x/, x7€ D*. For a proof of this fact, refer
[1]. Moreover, each BF = pr® = [xeK:|x|<q ¥} is a
compact subgroup of K* and usually known as the fractional
ideals of K*. Let % = {a,}%, be any fixed full set of coset
representatives of B in D; then, every element x € K can be
expressed uniquely as x = ¥°, ¢,8° with ¢, € %. Let y be a
fixed character on K™ that is trivial on D but is nontrivial on
B!, Therefore, y is a constant on cosets of D, so if y € B,
then y,(x) =x(yx), xe€K. Suppose that x, is any
character on K*; then, clearly, the restriction y,|D is also a
character on ®. Therefore, if {u(n): n € Ny} is a complete
list of the distinct coset representative of ® in K™, then, as it


mailto:gyounusg@gmail.com
https://orcid.org/0000-0002-3369-0883
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/3957064

was proved in [1], the set {Xu(n) neN } of distinct char-
acters on D is a complete orthonormal system on .

The Fourier transform f of a function f € L'(K)N
L*(K) is defined by

7O =] fonx (1)
K
It is noted that

}(f) = JKf (x)xe (x)dx = JKf(x)X(—fx)dx. (2)

Furthermore, the properties of the Fourier transform on
local field K are much similar to those on the real line. In
particular, Fourier transform is unitary on L?(K).

We now impose a natural order on the sequence
{u(n)}2,. We have D/B = GF(q), where GF(q) is a c-di-
mensional vector space over the field GF (p). We choolse a set

{1=000105. .50} D" such that span {C} = GF
(q)- For n € N, satisfying
O<n<gn=ag+a,p+---+a._,p ", 3)
0O<a<pk=01,...,c—1,
we define
u(m) = (ag+a(, +-+a_, ()P " (4)

Also, for n=b0+b1q+b2q2+...
b.<q, k=0,1,2,...,s, we set

u(n) =u(by) + u(bl)’.I}_1 +-+u(b)P . (5)

This defines u (n) for all n € N,,. In general, it is not true
that u(m +n) = u(m) +u(n). However ifr,k e Njand0<
s< q then u (rq +5) = u(r)iB + 1 (s). Furthermore, it is
also easy to verify that u(n) =0 if and only if n=0 and
{u(€) +u(k): k € No} = {u(k): k € Ny} for a fixed € € N,.
Hereafter, we use the notation y, = x,,(,),7>0.

Let the local field K be of characteristic t>0 and

+ bg’,neN;, 0<

(0> (15 ¢y ... (._; be as above. We define a character y on K
as follows:
271 .
I L O3 S EURN
1, u=1,...,c—lorj#1

In 2015, Shah [2] introduced the concept of frame
multiresolution analysis (FMRA) on local fields, which can
be sought as an extension of multiresolution analysis (MRA)
on local fields of positive characteristic. First of all, let us
recall the definition of FMRA as given by Shah. Let K be a
local field of positive characteristic p >0 and *B be a prime
element of K. A frame multiresolution analysis (FMRA) of
L*(K) is a sequence of closed subspaces {V j€ Z} of
L% (K) satisfying the following properties:

Y Kol = Y [KF ool

keN, keN,

ZZW%M

0=1 keN,
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(@ V;cVy,, foralljeZ
(b) U V is dense in L* (K)
() nZV = {0}

(d) f()EV if and onlylff(s.B eV
jeZ

(e) There is a function ¢ € V|, such that {¢ (- —u(k)): k
€ Ny} forms a frame in V|,

forall

j+1»

The function ¢ is called a frame refinable function. It is
noted that the shifts of ¢ form a tight frame in the above
FMRA. Replacing “a tight frame” in the above by “an or-
thonormal or a Riesz base” will arrive on the definition of a
MRA on local fields of positive characteristic.

A finite family ¥: = {y', y?, ..., y"} generates a wavelet
frame for L?(K) if there exist positive numbers
0< A< B<oo such that, for all f € L?(K),

L
AIFE<Y Y S Kaviol <BIfE @

€=1 jeZ keN,

where 4, = g/*y* (B~ - —u(k)). The largest constant A
and the smallest constant B satisfying the above are called
the lower and upper wavelet frame bound, respectively. A
wavelet frame is a tight wavelet frame if A and B are chosen
so that A =B, and then the set ¥: ={y',v?,... ¢!} is
called a set of generators for the corresponding tight wavelet
frame. Furthermore, the wavelet frame is called a Parseval
wavelet frame if A =B =1, i.e,

L
S Y [Kfvtof =18 forall f e LK), (8)

€=1 jeZ keN,

and in this case, every function f € L*(K) can be written as

L
F) =Y Y Yo (9)

¢=1 jeZ keN,

A tight wavelet frame W is called a FMRA tight frame on
local fields with frame bound 1 if ¥ ¢ V. Here, in this
article, we are concerned with a minimum-energy wavelet
frame which is more restrictive than a FMRA tight frame on
local fields of positive characteristic. Here, we recall the
definition of minimum-energy wavelet frames on local fields
of positive characteristic [3].

Definition 1. Let ¢ € L*(K) satisfy ¢ € L™, ¢ be continuous
at 0, and ¢(0) = 1. Suppose that ¢ generates the nested
closed subspaces JLV]-: je Z}. Then, a finite family
Y={yy’..., ¢t} cV, is called a minimum-energy
wavelet frame associated with ¢ if

forall f € L* (K), (10)
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where ¢, () = ¢/?¢ (P~ - —u (k). By the Parseval identity,
minimum-energy wavelet frame ¥ must be a tight frame for

L*(K) with the frame bound being equal to 1. At the same
time, the above equation is equivalent to

L
2 0191 = D < 0090+ ), T fovo Vg forall f e L¥(K). (11)
keN, keN, ¢=1 keN,

o) =m [0 , 13
Motivated and inspired by various constructions of 7@ o (BIPBY) )
minimum-energy wavelet frames [4-10] and classical = where

wavelet frames on finite fields [11-13], we, in this paper, 1

discuss some constructions of minimum-energy wavelet mgy(§) = — Z hxi (9, (14)

frames which are based on the frame multiresolution VA i,

analysis on local fields of positive characteristic. This paper is
organized in the following manner. In Section 2, we present
some preliminaries for the FMRA and the minimum-energy
wavelet frames on local fields of positive characteristic. In
Section 3, we present the main results. Here, we provide a
constructive algorithm for the existence of the minimum-
energy wavelet frame on the local field of positive charac-
teristic. We also construct an example to illustrate our
algorithm.

2. Notations and Preliminaries

Here, we present some preliminaries for the FMRA and the
minimum-energy wavelet frames on local fields of positive
characteristic.

From the definition of FMRA on local fields, we know
that V,cV, = span{go(’,I}’1 —u(k)): ke NO}. Since ¢ (+) €
Vg, there exists a sequence {f}yc, € I*(Ny) such that

9(x) =g ) (P 'x—u(k)). (12)

keN,

The Fourier transform of (12) yields

my (& + Pu (0))

| B

my (& + Pu(0))
my (& + Pu (1))

is an integral periodic function in L*(D), where D =
{x € K: |x| <1} is the ring of integers in K and is often called
the refinement symbol of ¢. Observe that y, (0) = $(0) = 1.
Therefore, by letting £ =0 in (13) and (14), we obtain
ZkeNohk =L

Consider ¥ = {y',y?, ...,

v () =va Y ho(B 'x-uk), €£=12,...,L

keN,

vt ¢V, with

(15)

Equation (15) can be written in the frequency domain as

v (§) = m, (PO (PE), (16)

where

1
&) =—
. \/q keN,

are the integral periodic function in L? (®) and are called the
framelet symbols or wavelet masks.

With m,(£),£=0,1,...,L, as framelet symbols, we
formulate the g x (L + 1) matrix . (§) as

Wy ®), €=1,2,...,L a7

my, (§ + Pu(0))

my (§ +"-I3u(1)) (18)

my(E+Pu(q-1)) m E+Pu(g-1)) --- my (E+Pulg-1))

Shah and Debnath [3] proved that if ¥ = {y',v?,...,
1//L} C V, forms a minimum-energy wavelet frame in L*(K),
then the mask matrix . (&) should satisfy certain conditions
as follows.

Lemma 1. Suppose that the refinable function ¢ and the
framelet symbols m, (§),£=0,1,...,L, satisfy (13)-(17). If ¢
is continuous at 0 and ¢ (x) generates a sequence of nested
closed subspaces {Vj: je Z}, then the following statements
are equivalent:

(1) Y is a minimum-energy frame associated with ¢.

(2) M(E)M (§) = I, I, isan identity matrix of order q

(19).
(3) Krs = ZkeNo{hr—qkhs—qk + Zgzl hf—qkhf— qk} - q8r,s =0,
Vr,s €N,

Lemma 1 gives the necessary and sufficient condition
for the existence of the minimum-energy wavelet frames
associated with refinable function ¢. However, it is not a
good choice to use this theorem to construct the mini-
mum-energy wavelet frames. For convenience, Shah and
Debnath [3] presented some conditions in terms of the
framelet symbols.



Lemma 2. Let ¢ € L*(K) be the refinable function with
refinement mask my (&) such that ¢ is continuous at 0 and

p(0)=1. If ¥Y={y',v* ...y} is the minimum-energy
wavelet frame associated with ¢, then
gq-1
Y |y (BE+Pu ()’ <1, forall€ € K. (19)
r=0

In this paper, we start with the orthogonal vectors to
obtain an explicit construction for the minimum-energy
wavelet frame on local fields of positive characteristic.

1

my (5) = % {Xu(()) (f)fl ('f)
(&) = |
Ve

where f, (&) and g*,r = 1,2,...,q, are the polyphase de-
compositions of m, (£) and m, (§), respectively, and all these
functions are 1/q—periodic. Let

GG gt ©®

< O g“(f) g% ®
fq 1<f> g'r ‘(5) g © on
Xu(O) Xu(l) Xu(q—l)

S(&) = Xu)  XPu(D)+u(1) XPu(1)+u(g-1)

XPu(g-1)+u(g-1)

Then, we can easily see that ./ (§) = (1/4/)S ()P (8),
and (19) is equivalent to

POPE =1, (22)

Xu(0) XPu(g-1)+u(n) ~°°

The difference of (19) and (25) is that the rows of (25) are
irrelevant to one another. Since [m,(¢+ Pu(0))* +
Iy (& + Pu(D)® = 11 (& + Pu(O)* + £, (& + Pu(0)%,

we have [f, (€ +Bu () + |f, (£ + Pu)’ < 1.

Riesz lemma tells us that there can exist a function f;
(& + Pu(0)) such that | f, (& + Pu(0))” + |, (& + Pu(0))I°
F1f5E+Pu()P =1 When [f, (E+Pu(0)P +1f,
(£ +Pu(0))*> = 1, then f5(&+Pu(0)) =0, which is the
special case of the orthonormal wavelet base on local fields of
positive characteristic. With £ (& + %u(0)) in hand, we can
have a vector, in fact, a unit column Vector, (o= (f1 &+
Pu(0)), £, (& +Pu(0)), f5 &+ Pu (0))'. Now, we expect
the existence of two more unit column vectors {; and {, such
that

G-G=0-G=0-0=0 (23)

In fact, {; and {, form an orthonormal fundamental
system of solutions of the linear equation (O x =0. By

+ Xu(n) (£)f2 &+

Xu0) D" ©) + Xy OgZ (©) + -+
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3. Main Results

From Lemma 1, we know that if we want to obtain a
minimum-energy wavelet frame on local fields of positive
characteristic, we should find L functions whose masks
satisfy (19). Note the correlation of the rows of ./ (£); we
should remove this feature first. For this, we introduce the
polyphase decomposition technique. Similar to [3], we write

T Xug-1) (g)fq (f)},
(20)
+ Xutgn D3 (©)},

straightforward calculation, an orthonormal fundamental
system of solutions is

fi 0 N
G _(_X 0, A)
—  — _\T
‘, =<_f1f2,A)_M> .
A A

Here, A? = |f1|2 + |f3|2 =1- |f2|2 Here, we notice that
if we choose 2 (&) as the first two rows of the following
matrix

(24)

f hf

fi =y A
((o> (1’(2) = fz 0 A > (25)

then 2 (£) is a unitary matrix which implies that the cor-
responding matrix . () is a mask matrix. Moreover, the
minimum-energy wavelet frame matrix ./ (&) on local fields
has the shape

i A
PE) = A A e, (26)
f2 0 A

where /() is a square matrix which is also unitary.

Given a refinement function ¢ (x), the refinement mask
mo (& +Pu(0)) should satisty my (& + Pu(0)) + my (§+
Pu (1)) + my (£ + Pu(2)) = 1, which is the same as to the
first column of (26). So, we can select the orthonormal
wavelet masks as those of (26). So, all the orthonormal
wavelet masks are of the shape
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(Cm(p(z) = f2 0 A

1 0
< > (27)
0 (%)

i _fafs
Ly Ta

4. Example

Let us consider the case of the Haar wavelet. The refinement
function of the Haar wavelet on local fields will be given by
¢(x) = xa(x), and its refinement mask will be
my (&) = (1/q) (1 + x(&)). It can be observed that m(§)
satisfies |m (& + Pu(0))* + lmg (& + Pu(1))> = 1, and the
corresponding polyphase decompositions are
f1=f,=1/y/q. Here, we notice that the polyphase de-
compositions of the orthonormal wavelet masks m, (£) are
g (&) =-1/y/q and g°% (&) = 1/,/g. Hence, the wavelet
masks are given by m, (§) = —(1/4/q) (1 - x, (£)).
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