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In this paper, we generalize the concept of strong and reciprocal convexity. Some basic properties and results will be presented for
the new class of strongly reciprocally p-convex functions. Furthermore, we will discuss the Hermite–Hadamard-type, Jensen-type,
and Fejér-type inequalities for the strongly reciprocally p-convex functions.

1. Introduction

)e importance of convex functions and convex sets cannot
be ignored, especially in nonlinear programing [1–5] and
optimization theory [6], see, for instance, [7–14]. General-
ization in the convexity is always appreciable. Also, many
generalizations and extensions have been made in the theory
of inequalities as well as in convexity. Several inequalities
have been studied and established for the convexity of
functions, and many generalizations, applications, and re-
finements take place, see [7, 9, 13, 15–18], for further study.

In the theory of inequalities, the famous inequality,
Hermite–Hadamard inequality was established by Jaques
Hadamard [19]. If σ: L � R is a convex function, then

σ
c1 � c2

2
� ��

1
c2 � c1
 !Z

c2

c1

σ�x�dx �
σ c1� � � σ c2� �

2
 !

���
holds for all c1, c2 � L with c1 � c2.

In [10], Lipot Fejér established the weighted version of
the Hermite–Hadamard inequality.

If σ: L � R is a convex function, then the inequality

σ
c1 � c2

2
� �Z

c2

c1

w�x�dx �
1

c2 � c1
 !Z

c2

c1

σ�x�w�x�dx

�
σ c1� � � σ c2� �

2
 !Z

c2

c1

w�x�dx

���

holds for all c1, c2 � L with c1 � c2 and w: L � R is inte-
grable, nonnegative, and symmetric about ��c1 � c2�/2�.

For more details on the Fejér inequality, see
[8, 9, 11, 20–22]. )e main motivation of this article is based
on [18].

Mathematically, Jensen-type inequality is stated as if σ is
a convex function defined on L � R, then

σ X
n

i�1
μixi

0@ 1A� X
n

i�1
μi X

n

i�1
σ xi� � ���

holds for all n � R, x1, x2, . . . , xn � L and μ1, μ2, . . . , μn � 0
with μ1 � μ2 � � � � � μn � 1.

)is inequality has applications in probability and
statistics.

)e article is organized as follows: Section 2 is devoted to
preliminaries and basic results, whereas in the last section,
we will develop the main results for strongly reciprocally
p-convex functions.

2. Preliminaries

)is section concerns preliminaries and basic results for the
strongly reciprocally p-convex functions.

Definition 1 (p-convex set; see [23]). An interval L is called
the p-convex set if ��rc

p
1 � �1 � r�cp

2 �
�1/p�� � L for all

c1, c2 � L and r � �0, 1�, where p � 2u � 1 or p � �d/c�,
d � �vr � 1�, c � 2w � 1, and u, v, w � N.
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Definition 2 (p-convex function; see [24]). A function
σ: L � R is called p-convex function if

σ rc
p
1 ��1 � r�cp

2� �
�1/p�

� �� rσ c1� � ��1 � r�σ c2� �, �	�

for all c1, c2 � L and r � �0, 1�, where L is the p-convex set.

Definition 3 (strongly convex function; see [14]). Let μ be a
positive number. A function σ: L � R is called a strongly
convex function if

σ rc1 ��1 � r�c2� �� rσ c1� � ��1 � r�σ c2� � � μr�1 � r� c2 � c1� �2,

�
�

for all c1, c2 � L and r � �0, 1�.

Definition 4 (strongly p-convex function; see [25]). Let μ be
a positive number. A function σ: L � R is called strongly
p-convex function if

σ rc
p
1 ��1 � r�cp

2� �
�1/p�

� �� rσ c1� � ��1 � r�σ c2� � � μr

� �1 � r� c
p
2 � c

p
1� �

2
,

���

for all c1, c2 � L and r � �0, 1�.

Definition 5 (harmonic convex function; see [22]). Let L �
�c1, c2� � R be an interval. A function σ: L � R is har-
monic convex if

σ
c1c2� �

rc1 ��1 � r�c2
 !� rσ c1� � ��1 � r�σ c2� �, ���

for all c1, c2 � L and r � �0, 1�.

Definition 6 (harmonic p-convex function; see [26]). A
function σ: L � R is called a harmonic p-convex function
if

σ
c

p
1 c

p
2� �

rc
p
1 ��1 � r�cp

2

0@ 1A
�1/p�

2666664 3777775� rσ c1� � ��1 � r�σ c2� �, ��

for all c1, c2 � L and r � �0, 1�.

Definition 7 (strongly reciprocally convex function; see
[18]). Let L�R and μ � �0, ��. A function σ: L � R is said
to be strongly reciprocally convex with modulus μ on L if the
inequality

σ
c1c2

rc1 ��1 � r�c2
 !� rσ c1� � ��1 � r�σ c2� � � μr�1 � r�

�
1
c1

 ! �
1
c2

 ! !
2

,

���

holds for all c1, c2 � L and r � �0, 1�.
Now, we are ready to introduce a new class of convexity

named as strongly reciprocally p-convex function.

Definition 8 (strongly reciprocally p-convex function). A
function σ: L � R is called strongly reciprocally p-convex
with modulus μ on L if the inequality

σ
xpyp� �

rxp ��1 � r�yp
 !

�1/p�
24 35� rσ�x� ��1 � r�σ�y� � μr

� �1 � r�
1

yp
 ! �

1
xp
� � !

2

����

holds, for all x, y � L � �c1, c2� and r � �0, 1�.

Remark 1

(1) If we insert p � 1 in inequality (10), then we retrace
the strong and reciprocal convexity [18]

(2) If we insert μ � 0 in inequality (10), then we retrace
the harmonic p-convexity [26]

(3) If we insert p � 1 and μ � 0 in inequality (10), then
we retrace the harmonic convexity [22]

)e following proposition expresses the algebraic
property of strongly reciprocally p-convex functions.

Proposition 1. Let σ,φ: L � R be two strongly reciprocally
p-convex functions; then, the following statements hold:

(i) σ � φ: L � R is strongly reciprocally p-convex
(ii) For any λ� 0, λσ: L � R is strongly reciprocally

p-convex corresponding to λμ � μ�

Proof

(i) Choose v � ��xpyp/�rxp � �1 � r�yp���1/p��; then, by
the definition of σ and φ, we obtain

�σ � φ�
xpyp� �

rxp ��1 � r�yp
 !

�1/p�
24 35

� σ
xpyp� �

rxp ��1 � r�yp
 !

�1/p�
24 35 � φ

xpyp� �
rxp ��1 � r�yp
 !

�1/p�
24 35

� rσ�x� ��1 � r�σ�y� � μr�1 � r�
1

yp
 ! �

1
xp
� � !

2

� rφ�x� ��1 � r�φ�y� � μr�1 � r�
1

yp
 ! �

1
xp
� � !

2

,

� r�σ � φ��x� ��1 � r��σ � φ��y� � 2μr�1 � r�

�
1

yp
 ! �

1
xp
� � !

2

� r�σ � φ��x� ��1 � r��σ � φ��y� � μr�1 � r�

�
1

yp
 ! �

1
xp
� � !

2

,

����

where μ� 0.
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(ii) Let λ� 0; then, by definition, we obtain

λσ
x

p
y

p

rx
p ��1 � r�yp !� λ rσ�x� ��1 � r�σ�y� � μr�1 � r�

1
yp

 ! �
1

xp
� � !

2
24 35

� rλσ�x� ��1 � r�λσ�y� � μ�
r�1 � r�

1
yp

 ! �
1

xp
� � !

2

,

����

where μ� � λμ and μ� 0.
)e next lemma establishes the connection between the

strong and reciprocal p-convexity and harmonic
p-convexity. �

Lemma 1. Let σ: L � R be a function; σ is strongly re-
ciprocally p-convex iff the function φ: L � R, defined by
φ�x� � σ�x� � �μ/x2p�, is harmonically p-convex.

Proof. Let σ be strongly reciprocally p-convex; then, we have

φ
xpyp� �

rxp ��1 � r�yp
 !

�1/p�
24 35 � σ

xpyp� �
rxp ��1 � r�yp

 !
�1/p�

24 35 � μ
rxp ��1 � r�yp

xpyp� �
 !

2

� rσ�y� ��1 � r�σ�x� � μr�1 � r�
1

xp
� � �

1
yp

 ! !
2

� μ
rxp ��1 � r�yp

xpyp� �
 !

2

� rσ�y� ��1 � r�σ�x� � μr�1 � r�
1

xp
� � �

1
yp

 ! !
2

� μ
r
2

y
2p
�
�1 � r�2

x
2p

�
2r�1 � r�

x
p
y

p� �
 !

� rσ�y� ��1 � r�σ�x� � μ
r

y
2p ! �

2r

x
p
y

p ! �
r

x
2p ! �

r
2

y
2p ! �

2r

x
p
y

p ! �
r
2

x
2p ! �

r
2

y
2p ! 

�
2r

x
p
y

p ! �
2r

2

x
p
y

p ! �
1

x
2p ! �

2r

x
2p ! �

r
2

x
2p !!

� rσ�y� ��1 � r�σ�x� � μ
r

y
2p ! �

1
x
2p ! �

r

x
2p ! !

� rσ�y� ��1 � r�σ�x� � μ
r

y
2p

 ! �
1 � r

x
2p

 ! !

� r σ�y� �
μ

y
2p

 ! ! ��1 � r� σ�x� �
μ

x
2p

 ! !

� rφ�y� ��1 � r�φ�x�.
����
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)is shows that φ is a harmonic p-convex function. Conversely, if φ is harmonically p-convex, then

σ
xpyp� �

rxp ��1 � r�yp
 !

�1/p�
24 35 � φ

xpyp

rxp ��1 � r�yp
 !

�1/p�
24 35 � μ

rxp ��1 � r�yp

xpyp� �
 !

2

� rφ�y� ��1 � r�φ�x� � μ
rxp ��1 � r�yp

xpyp� �
 !

2

� rφ�y� ��1 � r�φ�x� � μ
r
2

y
2p ! �

2r�1 � r�
x

p
y

p ! �
�1 � r�2

x
2p !

� rφ�y� ��1 � r�φ�x� � μ
r�1 � 1 � r�

y
2p

�
2r�1 � r�

x
p
y

p ! � μ
�1 � r��1 � r�

x
2p !

� rφ�y� ��1 � r�φ�x� � μ
r

y
2p
�

r�1 � r�
y
2p ! � μ

2r�1 � r�
x

p
y

p �
�1 � r�

x
2p
�

r�1 � r�
x
2p !

� r φ�y� � μ
1

y
2p ! ! ��1 � r� φ�x� � μ

1
x
2p ! ! � μr�1 � r�

1
y
2p ! �

2
x

p
y

p ! �
1

x
2p ! !

� rσ�y� ��1 � r�σ�x� � μr�1 � r�
1

yp
 ! �

1
xp
� � !

2

.

��	�

)is implies that σ is a strongly reciprocally p-convex
function for all x, y � L and r � �0, 1�. �

3. Main Results

In this section, Hermite–Hadamard-, Fejér-, and Jensen-
type inequalities are investigated.)e next theorem gives the

generalization of the Hermite–Hadamard inequality for
strongly reciprocally p-convex functions.

Theorem 1 (Hermite–Hadamard-type inequality). Let
L � R/ 0f g be an interval on the real line. If σ: L � R is a
strongly reciprocally p-convex function with modulus μ� 0
and x � L � �c1, c2�, then

σ
2c

p
1 c

p
2

c
p
1 � c

p
2

 !
�1/p�

264 375 �
μ
12

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

�
pc

p
1 c

p
2

c
p
2 � c

p
1
Z

c2

c1

σ�x�
x
�p�1� dx �

σ c1� � � σ c2� �
2

�
μ
6
� �

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

, ��
�

for all c1, c2 � L with c1 � c2.

Proof. We start by the definition; set r � �1/2� in inequality
(10), and we have

σ
2xpyp

xp � yp
 !

�1/p�
24 35�

1
2
� �σ�x� �

1
2
� �σ�y� �

μ
4
� �

1
yp

 ! �
1

xp
� � !

2

.

����

Let x � ��cp
1 c

p
2 /�rc

p
1 � �1 � r�cp

2 ��
�1/p�� and y � ��cp

1 c
p
2 /

�rc
p
2 � �1 � r�cp

1 ��
1/p�, and by integrating w.r.t r over [0, 1],

the above inequality yields

Z
1

0
σ

2c
p
1 c

p
2

c
p
1 � c

p
2

 !
�1/p�

264 375dr

�
1
2
Z
1

0
σ

c
p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375dr � Z

1

0
σ

c
p
1 c

p
2

rc
p
2 ��1 � r�cp

1
 !

�1/p�
264 375dr �

μ
4

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

Z
1

0
�1 � 2r�2dr

Z
1

0
σ

c
p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375dr �

pc
p
1 c

p
2

c
p
2� � � c

p
1� �

0@ 1A � Z
c2

c1

σ�x�
x
�p�1� dx � Z

1

0
σ

c
p
1 c

p
2

rc
p
2 ��1 � r�cp

1
 !

�1/p�
264 375dr,

����
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and then inequality (17) is reduced to

σ
2c

p
1 c

p
2

c
p
1 � c

p
2

 !
�1/p�

264 375�
pc

p
1 c

p
2

c
p
2� � � c

p
1� �

0@ 1AZ
c2

c1

σ�x�
x
�p�1� dx �

μ
12
� �

c
p
2� � � c

p
1� �

c
p
1 c

p
2

0@ 1A
2

σ
2c

p
1 c

p
2

c
p
1 � c

p
2

 !
�1/p�

264 375 �
μ
12
� �

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

�
pc

p
1 c

p
2

c
p
2� � � c

p
1� �

0@ 1AZ
c2

c1

σ�x�
x
�p�1� dx,

���

which is the left side of the inequality.
For the right side of inequality (15), set x � c1 and y � c2

in (10); we have

σ
c

p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375� rσ c1� � ��1 � r�σ c2� � � μr

� �1 � r�
1
c

p
1

 ! �
1
c

p
2

 ! !
2

.

����

Integrating w.r.t r over [0, 1], the above inequality yields

Z
1

0
σ

c
p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375dr �

1
2
� �σ c1� � �

1
2
� �σ c2� � � μ

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

Z
1

0
r�1 � r�dr

Z
1

0
σ

c
p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375dr �

σ c1� � � σ c2� �
2

 ! �
μ
6
� �

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

.

����

Since

Z
1

0
σ

2c
p
1 c

p
2

rc
p
1 ��1 � r�cp

2
 !

�1/p�
264 375dr �

pc
p
1 c

p
2

c
p
2� � � c

p
1� �
Z

c2

c1

σ�x�
x
�p�1� dx,

����

then we obtain

pc
p
1 c

p
2

c
p
2 � c

p
1
Z

c2

c1

σ�x�
x

p�1 dx �
σ c1� � � σ c2� �

2
 ! �

μ
6
� �

c
p
2 � c

p
1

c
p
1 c

p
2

 !
2

.

����

From (18) and (22), we get (15). �

Remark 2

(1) For p � 1 in (15), Hermite–Hadamard inequality for
strongly reciprocally convex functions is obtained
[18].

(2) If we allow μ � 0� in inequalities (15), we obtain
the Hermite–Hadamard-type inequalities for har-
monically convex functions [22].

For further details on Hermite–Hadamard inequities, see
[27–30].

Theorem 2 (Fejér-type inequality). Assume σ: L � R is a
strongly reciprocally p-convex function with modulus μ on L;
then,

σ
2c

p
1 c

p
2

c
p
1 � c

p
2

 !
�1/p�

264 375Z
c2

c1

dx �
μ

2c
p
1 c

p
2� �

2 Z
c2

c1

2c
p
1 c

p
2 � c

p
1 � c

p
2� �xp� �

2
w�x�

x
3p�1 dx

� Z
c2

c1

σ�x�w�x�
x
�p�1� dx

�
c

p
1

c
p
2 � c

p
1

σ c1� � � σ c2� �� � Z
c2

c1

c
p
2 � x

p� �w�x�

x
2p�1 dx �

μ
c

p
1 c

p
2
Z

c2

c1

w�x�
x
�p�1� dx �

μ

2c
p
1 c

p
2� �

2 Z
c2

c1

2c
p
1 c

p
2 � c

p
1 � c

p
2� �xp� �

2
w�x�

x
3p�1 dx

����
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holds for c1, c2 � L with c1 � c2 and x � L � �c1, c2�, where
w: L � R is a nonnegative integrable function that satisfies

w
c

p
1 c

p
2

xp
 !

�1/p�
264 375 � w

c
p
1 c

p
2

c
p
1 � c

p
2 � xp

 !
�1/p�

264 375. ��	�

Proof. Since σ: L � R is a strongly reciprocally p-convex
function, then by definition for r � �1/2� in (10), we have

σ
2xpyp

xp � yp
 !

�1/p�
24 35�

σ�x� � σ�y�
2

 ! �
μ
4
� �

1
yp

 ! �
1

xp
� � !

2

,

��
�

for all x, y � L; suppose x � ��cp
1 c

p
2 /�rc

p
1 � �1 � r�cp

2 ��
�1/p��

and y � ��cp
1 c

p
2 /�rc

p
2 � �1� �c

p
1 ��
�1/p�� in the above inequality;

then, we obtain
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.

����

Since w is nonnegative and symmetric, we have
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����

)e above inequality is integrated with respect to r over
[0, 1], and then putting x � ��cp

1 c
p
2 /�rc

p
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�1/p��,
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After simplification, the above inequality becomes

σ
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x
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For the right-hand side of (23), set x � c1 and y � c2 in
(10); we have
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Integrating with respect to r over [0, 1] and then putting
x � ��cp

1 c
p
2 /�rc

p
1 � �1 � r�cp

2 ��
�1/p��, we obtain
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After simplification, we have

Z
c2

c1

σ�x�w�x�
x

p�1 dx �
c

p
1

c
p
2 � c

p
1� �

σ c1� � � σ c2� �� � Z
c2

c1

c
p
2 � x

p� �w�x�

x
2p�1 dx �

μ
c

p
1 c

p
2
Z

c2

c1

c
p
2 � x

p� � x
p � c

p
1� �w�x�

x
3p�1 dx. ����

From (32) and (27), we get (23). �

Remark 3. If we set p � 1 in (23), the Fejér-type inequality
for strongly reciprocally convex functions is obtained.

Jensen-type inequality for the aforementioned inequality
is described in the next theorem.

Theorem 3. (Jensen-type inequality). If σ: L � R is a re-
ciprocally strongly p-convex function with modulus μ, then

σ X
n
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i i

0@ 1A
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� X
n

i�1
riσ

1
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����

holds for all �1/xp
1 �, �1/x

p
2 �, . . . , �1/xp

n � � L, r1, r2, . . . , rn � 0
with r1 � r2 � . . . � rn � 1 and �1/xp� � �r1�1/x

p
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r2�1/x
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n ��.

Proof. Fix �1/xp
1 �, �1/x

p
2 �, . . . , �1/xp

n � � L and r1, r2, . . . ,

rn � 0 such that r1 � r2 � . . . � rn � 1.
Put �1/xp� � r1�1/x

p
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p
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p
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suppose a function w: L � R of the form
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supporting at x, satisfying w�1/x� � σ�1/x� and
w�x�� σ�x�, x � L. )en, for every i � 1, 2, . . . , nf g, we
have

σ
1
xi

 !� w
1
xi

 ! � μ
1

x
p

i

 ! �
1

xp� � !
2

� a
1
xi

 !
p

�
1

x
p� � !

� σ
1
x
� �.

��
�

Multiplying both sides by ri and summing up to n, we
have
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Since Pn
i�1 ri��1/x

p
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p�� � 0, we have
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which completes the proof. �

Remark 4. In inequality (34), fixing p � 1 and μ � 0 yields
the Jensen-type inequality for the harmonic convex function
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[22]. See [31–34] for more details on Jensen-type
inequalities.
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[19] J. Hadamard, “Étude sur les propriétés des fonctions entiéres
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