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*e goal of this paper is to derive a new generalized postquantum integral identity. Using this new identity as an auxiliary result,
we derive some new variants of integral inequalities using (p, q)-differentiable preinvex functions. We also point out some special
cases of the obtained results which show that our results are quite unifying ones.

1. Introduction and Preliminaries

Calculus without limits that is the quantum calculus depends
upon finite difference. *e main theme in the study of
quantum calculus is to obtain the q-analogues of mathe-
matical objects which can be recaptured by taking q⟶ 1− .
Since the appearance of Jackson’s study [1], the subject of
quantum calculus has emerged as a bridge between math-
ematics and physics. It has numerous applications in various
branches of mathematics and physics, such as in ordinary
fractional calculus, orthogonal polynomials, basic hyper-
geometric functions, combinatorics, the calculus of varia-
tions, the theory of relativity, optimal control problems,
q-difference and q-integral equations, and q-transform
analysis. For some more and interesting details, see [2].
Tariboon and Ntouyas [3] introduced the notion of q-de-
rivatives and q-integrals on finite intervals and developed
several new q-analogues of classical integral inequalities.
*is motivated many researchers, and resultantly, several
q-analogues of classical inequalities have been obtained
using the concept of q-integral on the finite interval. For
example, Alp et al. [4] obtained a correct q-analogue of
Hermite–Hadamard’s inequality. Recently, Awan et al. [5]
obtained a new q-integral identity and derived new asso-
ciated bounds. In order to show the significance of the
results, authors have also discussed applications of the main

results of the paper. Erden et al. [6] obtained some new
quantum integral inequalities using the convexity property
of the functions. Liu and Zhuang [7] obtained quantum
analogues of trapezoid-like inequalities using twice q-dif-
ferentiable convex functions. Noor et al. [8] obtained the
q-analogue of Hermite–Hadamard’s inequality using the
preinvexity property of the functions. Sudsutad et al. [9]
obtained quantum trapezoid-like inequalities. Zhang et al.
[10] obtained a new generalized quantum integral identity
and obtained some new interesting q-integral inequalities.
Another significant development in the field of quantum
calculus is the introduction of postquantum calculus. In
quantum calculus, we deal with q-number with one base q;
however, postquantum calculus includes p- and q-numbers
with two independent variables p and q. *is was first in-
vestigated by Chakarabarti and Jagannathan [11]. It is worth
to mention here that quantum calculus cannot be obtained
directly by substituting q by q/p in q-calculus, but q-calculus
can be recaptured by taking p � 1 in (p, q)-calculus. Re-
cently, Tunc and Gov [12] gave the notion of (p, q)-de-
rivatives and (p, q)-integrals on finite intervals as follows.

Definition 1 (see [12]). Let Ψ: I⟶ R be a continuous
function, and let x ∈ I and 0< q<p≤ 1. *en, the
(p, q)-derivative on I of function Ψ at x is defined as
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D
R
p,qΨ(x) �

Ψ(px +(1 − p)e)) − Ψ(qx +(1 − q)e)

(p − q)(x − e)
, x≠ e.

(1)

Definition 2 (see [12]). Let Ψ: I ⊂ R⟶ R be a continuous
function. *en, (p, q)-integral on I is defined as
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e
Ψ(λ)d
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∞
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n+1Ψ

q
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n+1 x + 1 −

q
n

p
n+1 e ,

(2)

for x ∈ I.
Convexity is one of the most important and significant

notions in mathematical analysis. Although it is very simple
in nature, it is very powerful. It has many applications in
various areas of pure and applied sciences, such as in
economics, management sciences, optimization theory, and
engineering sciences. Extensive study on the theory of
convexity leads to many new extensions and generalizations
of classical concepts of convex functions. Note that convex
functions depend on convex sets. In the literature, we can see
several new diversified forms of the convex sets. *is nat-
urally leads us to several new generalizations of convex
functions. Preinvex functions have been proved to be a very
useful generalization of classical convexity. To present the
definition of preinvex functions, we have to first give the
definition of invex sets.

Definition 3 (see [13]). A set X ∈ R is said to be invex with
respect to ζ if

x + tζ(y, x) ∈ X, ∀x, y ∈ X, t ∈ [0, 1]. (3)

Note that if we take ζ(y, x) � y − x, then invexity re-
duces to convexity. Using invex sets as the domain,Weir and
Mond [14] introduced the class of preinvex functions. *is
class is defined as follows.

Definition 4 (see [14]). A function Ψ: X⟶ R is said to be
preinvex with respect to ζ if

Ψ(x + tζ(y, x))≤ (1 − t)Ψ(x) + tΨ(y),

∀x, y ∈ X, t ∈ [0, 1].
(4)

For ζ(y, x) � y − x, the class of preinvex functions re-
duces to the class of convex functions.

2. A Key Lemma

In this section, we derive our key result which will be helpful
in obtaining following results of the paper.

Lemma 1. Let Ψ: B � [a, a + ξ(b, a)]⟶ R be a
(p, q)-differentiable function on B∘ with ξ(b, a)> 0. If
aDp,qΨ is integrable on B and (7/8)≤ q< 1, then
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Φ(t)aDqΨ(a + tξ(b, a))Φ(t)0dqt,

(5)

where
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Proof. Let

S1 � 
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0
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 aDqΨ(a + tξ(b, a))0dp,qt,
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1
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 aDqΨ(a + tξ(b, a))0dp,qt.

(7)

A direct computation gives
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On the contrary, one has
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*is leads to
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Multiplying the above equality with ξ(b, a) leads to the
desired identity (5).*e proof of Lemma 1 is completed. □

3. Main Results

We now derive our main results.

Theorem 1. Let Ψ: B � [a, a + ξ(b, a)]⟶ R be a
(p, q)-differentiable function on B∘ with ξ(b, a)> 0. If
|aDp,qΨ| is an integrable and preinvex function with
7/8≤ q< 1, then
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Proof. Using Lemma 1 and the assumption condition that
|aDp,qΨ| is a preinvex function, we have
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*is completes the proof. □

Theorem 2. Let Ψ: B � [a, a + ξ(b, a)]⟶ R be a q-dif-
ferentiable function on B∘ with ξ(b, a)> 0. If |aDp,qΨ|r is an

integrable and preinvex function with (7/8)≤ q< 1 and
s− 1 + r− 1 � 1, then
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r


2/3

1/3
(1 − t)0dp,qt + aDp,qΨ(b)




r


2/3

1/3
t0dp,qt 

1/r

+ 
1

2/3
qt −

7
8





s

0dp,qt 

1/s

aDp,qΨ(a)



r


1

2/3
(1 − t)0dp,qt + aDp,qΨ(b)




r


1

2/3
t0dp,qt 

1/r
⎤⎦.

(15)
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Now, it is not difficult to show that


1/3

0
qt −

1
8





s

0dp,qt �
3s+1

+(8q − 3)
s+1

 (p − q)

24s+1
q p

s+1
− q

s+1
 

. (16)

Similarly,


2/3

1/3
qt −

1
8





s

0dp,qt0 �
(3 − 2q)

s+1
+(6q − 5)

s+1
 (p − q)

6s+1
q p

s+1
− q

s+1
 

,


1

2/3
qt −

1
8





s

0dp,qt �
(21 − 16q)

s+1
+(24q − 21)

s+1
 (p − q)

24s+1
q p

s+1
− q

s+1
 

.

(17)

Hence,

1
8

3Ψ
3a + ξ(b, a)

3
  + 3Ψ

3a + 2ξ(b, a)

3
  + Ψ(a + ξ(b, a))  −

1
pξ(b, a)


a+pξ(b,a)

a
Ψ(x)adp,qx





≤ ξ(b, a)
3s+1 +(8q − 3)s+1

 (p − q)

24s+1q ps+1 − qs+1( 
⎛⎝ ⎞⎠

1/s
(3q + 3p − 1) aDp,qΨ(a)




r

+ aDp,qΨ(b)



r

9(p + q)
⎛⎝ ⎞⎠

1/r
⎡⎢⎢⎢⎢⎢⎢⎣

+
(3 − 2q)s+1 +(6q − 5)s+1

 (p − q)

6s+1q ps+1 − qs+1( 
⎛⎝ ⎞⎠

1/s
(q + p − 1) aDp,qΨ(a)




r

+ aDp,qΨ(b)



r

3(p + q)
⎛⎝ ⎞⎠

1/r

+
(21 − 16q)s+1 +(24q − 21)s+1

 (p − q)

24s+1q ps+1 − qs+1( 
⎛⎝ ⎞⎠

1/s
(3q + 3p − 5) aDp,qΨ(a)




r

+ 5 aDp,qΨ(b)



r

9(p + q)
⎛⎝ ⎞⎠

1/r
⎤⎥⎥⎥⎥⎥⎥⎦.

(18)

*us, we deduced the required inequality (14). *is
completes the proof of *eorem 2. □

Theorem 3. Let Ψ: B � [a, a + ξ(b, a)]⟶ R be a
(p, q)-differentiable function on B∘ with ξ(b, a)> 0. If
|aDp,qΨ|r is an integrable and preinvex function with
7/8≤ q< 1 and r≥ 1, then

1
8

3Ψ
3a + ξ(b, a)

3
  + 3Ψ

3a + 2ξ(b, a)

3
  + Ψ(a + ξ(b, a))  −

1
pξ(b, a)


a+pξ(b,a)

a
Ψ(x)adp,qx





≤ ξ(b, a)
20q2 − 12pq + 9p + 9q − 9

288q(p + q)
 

1− (1/r)

L3(p,q) aDp,qΨ(a)



r

+ L4(p, q) aDp,q(b)



r

 
1/r

+ ξ(b, a)
q2 − 9pq + 9p + 9q − 9

18q(p + q)
 

1− (1/r)

L5(p, q) aDp,qΨ(a)



r

+ L6(p, q) aDp,qΨ(b)



r

 
1/r

+ ξ(b, a)
441p + 441q − 441 − 420pq − 4q2

288q(p + q)
 

1− (1/r)

L7(p, q) aDp,qΨ(a)



r

+ L8(p, q) aDp,qΨ(b)



r

 
1/r

,

(19)
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where

L3(p, q) ≔
1

6912q
2
(p + q) p

2
+ pq + q

2
 

480q
5

+ 192p
2
q
3

− 288p
3
q
2

+ 216p
3
q + 528p

2
q
2

− 216p
2
q + 192pq

4


+ 272pq
3

− 216pq
2

+ 56q
4

− 216q
3

− 27p
2

− 27pq − 27q
2

+ 27p + 27q,

L4(p, q) ≔
160q

4
+ 160pq

3
− 96p

2
q
2

+ 27p
2

+ 27pq + 27q
2

− 27p − 27q

6912q
2
(p + q) p

2
+ pq + q

2
 

,

L5(p, q) ≔
1

108q
2
(p + q) p

2
+ pq + q

2
 

6q
5

+ 48q
4

− 48pq
4

− 48p
2
q
3

+ 102pq
3

− 54q
3

− 54p
3
q
2



+ 138p
2
q
2

− 54pq
2

− 27q
2

+ 54p
3
q − 54p

2
q − 27p

2
− 27pq + 27p + 27q,

L6(p, q) ≔
6pq

3
+ 6q

4
− 30p

2
q
2

+ 27p
2

+ 27pq + 27q
2

− 27p − 27q

108q
2
(p + q) p

2
+ pq + q

2
 

,

L7(p, q) ≔
1

6912q
2
(p + q) p

2
+ pq + q

2
 

− 96q
5

+ 10360q
4

+ 20944pq
3

− 10584q
3

− 10176p
2
q
3

− 10176pq
4

+ 29904p
2
q
2



− 10080p
3
q
2

− 10584p
2
q − 10584pq

2
+ 10584p

3
q − 9261p

2
− 9261q

2
− 9261pq + 9261q + 9261p,

L8(p, q) ≔
224q

4
+ 224pq

3
− 8736p

2
q
2

+ 9261p
2

+ 9261pq + 9261q
2

− 9261p − 9261q

6912q
2
(p + q) p

2
+ pq + q

2
 

.

(20)

Proof. Using Lemma 1, power-mean integral inequality, and
the assumption condition that |aDp,qΨ|r is a preinvex
function, we have

1
8

3Ψ
3a + ξ(b, a)

3
  + 3Ψ

3a + 2ξ(b, a)

3
  + Ψ(a + ξ(b, a))  −

1
pξ(b, a)


a+pξ(b,a)

a
Ψ(x)adp,qx





� ξ(b, a)| 
1/3

0
qt −

1
8

 aDp,qΨ(a + tξ(b, a))0dp,qt

+ 
2/3

1/3
qt −

1
2

 aDp,qΨ(a + tξ(b, a))0dp,qt + 
1

2/3
qt −

7
8

 aDp,qΨ(a + tξ(b, a))0dp,qt|

≤ ξ(b, a) 
1/3

0
qt −

1
8



 aDp,qΨ(a + tξ(b, a))


0dp,qt + 
2/3

1/3
qt −

1
2



 aDp,qΨ(a + tξ(b, a))


0dp,qt

+ 
1

2/3
qt −

7
8



 aDp,qΨ(a + tξ(b, a))


0dp,qt
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≤ ξA(b, a)
20q2 − 12pq + 9p + 9q − 9

288q(p + q)
 

1− (1/r)

× aDp,qΨ(a)



r


1/3

0
(1 − t) qt −

1
8



0
dp,qt + aDp,qΨ(b)




r


1/3

0
t qt −

1
8



a
dp,qt 

1/r
⎡⎣

+
q2 − 9pq + 9p + 9q − 9

18q(p + q)
 

1− (1/r)

× aDp,qΨ(a)



r


2/3

1/3
(1 − t) qt −

1
2



0
dp,qt + aDp,qΨ(b)




r


2/3

1/3
t qt −

1
2



0
dp,qt 

1/r

+
441p + 441q − 441 − 420pq − 4q2

288q(p + q)
 

1− (1/r)

× aDp,qΨ(a)



r


1

2/3
(1 − t) qt −

7
8



0
dp,qt + aDp,qΨ(b)




r


1

2/3
t qt −

7
8



0
dp,qt 

1/r
⎤⎦

� ξ(b, a)
20q2 − 12pq + 9p + 9q − 9

288q(p + q)
 

1− (1/r)

×
1

6912q
2
(p + q) p

2
+ pq + q

2
 

⎛⎝

480q
5

+ 192p
2
q
3

− 288p
3
q
2

+ 216p
3
q + 528p

2
q
2

− 216p
2
q + 192pq

4
+ 272pq

3
− 216pq

2
+ 56q

4
− 216q

3
− 27p

2


− 27pq − 27q
2

+ 27p + 27q aDp,qΨ(a)



r
+
160q4 + 160pq3 − 96p2q2 + 27p2 + 27pq + 27q2 − 27p − 27q

6912q2(p + q) p2 + pq + q2(  aDp,qΨ(b)



r


1/r

ξ(b, a)
q2 − 9pq + 9p + 9q − 9

18q(p + q)
 

1− (1/r)

×
1

108q
2
(p + q) p

2
+ pq + q

2
 

⎛⎝

6q
5

+ 48q
4

− 48pq
4

− 48p
2
q
3

+ 102pq
3

− 54q
3

− 54p
3
q
2

+ 138p
2
q
2

− 54pq
2

− 27q
2

+ 54p
3
q − 54p

2
q

− 27p
2

− 27pq + 27p + 27q aDp,qΨ(a)



r
+
6pq3 + 6q4 − 30p2q2 + 27p2 + 27pq + 27q2 − 27p − 27q

108q2(p + q) p2 + pq + q2(  aDp,qΨ(b)



r


1/r

+ ξ(b, a)
441p + 441q − 441 − 420pq − 4q2

288q(p + q)
 

1− (1/r)

×
1

6912q
2
(p + q) p

2
+ pq + q

2
 

⎛⎝

− 96q
5

+ 10360q
4

+ 20944pq
3

− 10584q
3

− 10176p
2
q
3

− 10176pq
4

+ 29904p
2
q
2

− 10080p
3
q
2

− 10584p
2
q − 10584pq

2


+ 10584p
3
q − 9261p

2
− 9261q

2
− 9261pq + 9261q + 9261p aDp,qΨ(a)




r

+
224q4 + 224pq3 − 8736p2q2 + 9261p2 + 9261pq + 9261q2 − 9261p − 9261q

6912q2(p + q) p2 + pq + q2(  aDp,qΨ(b)



r


1/r

.

(21)

*us, we deduced the required inequality (19). *is
completes the proof of *eorem 3. □
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Hadamard inequalities and quantum estimates for midpoint
type inequalities via convex and quasi-convex functions,”
Journal of King Saud University - Science, vol. 30, no. 2,
pp. 193–203, 2018.

[5] M. U. Awan, S. Talib, A. Kashuri, M. A. Noor, and Y.-M. Chu,
“Estimates of quantum bounds pertaining to new q-integral
identity with applications,” Advances in Difference Equations,
vol. 2020, p. 424, 2020.

[6] S. Erden, S. Iftikhar, M. R. Delavar, P. Kumam,
P. *ounthong, and W. Kumam, “On generalizations of some
inequalities for convex functions via quantum integrals,”
RACSAM, vol. 114, p. 110, 2020.

[7] W.-J. Liu and H.-F. Zhuang, “Some quantum estimates of
Hermite-Hadamard inequalities for convex functions,”
Journal of Applied Analysis and Computation, vol. 7, no. 2,
pp. 501–522, 2017.

[8] M. A. Noor, K. I. Noor, and M. U. Awan, “Some quantum
integral inequalities via preinvex functions,” Applied Math-
ematics and Computation, vol. 269, pp. 242–251, 2015.

[9] W. Sudsutad, S. K. Ntouyas, and J. Tariboon, “Quantum
integral inequalities for convex functions,” Journal of Math-
ematical Inequalities, vol. 9, no. 3, pp. 781–793, 2015.

[10] Y. Zhang, T.-S. Du, H. Wang, and Y.-J. Shen, “Different types
of quantum integral inequalities via (α, m)-convexity,”
Journal of Inequalities and Applications, vol. 2018, p. 24,
Article ID 264, 2018.

[11] R. Chakrabarti and R. Jagannathan, “A (p, q)-oscillator re-
alization of two-parameter quantum algebras,” Journal of
Physics A: Mathematical and General, vol. 24, no. 13, p. L711,
1991.
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