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Under the condition of continuous innovation of financial derivatives and marketization of interest rate, interest rates fluctuate
more frequently and fiercely, and the measurement of interest rate risk also attracts more attention. Under the premise that the
fluctuation of interest rate follows fuzzy stochastic process, based on the option characteristics of financial instruments with
embedded option, this paper takes effective duration and effective convexity as tools to measure interest rate risk when embedded
options exist, tries to choose CIR extended model as term structure model, and uses the Monte Carlo method for hybrid low
deviation sequences (HPL-MC) to analyze the prepayment characteristics of MBS, a representative financial instrument with
embedded options, when interest rates fluctuate; on this basis, the effectiveness of effective duration management of interest rate
risk is demonstrated with asset liability management cases of commercial banks.

1. Introduction

With the further acceleration of the process of global eco-
nomic integration, the global financial liberalization and
facilitation reform with the financial innovation of devel-
oped countries and the financial deepening of developing
countries as the main content is becoming more and more
intense; a country’s financial market can no longer develop
in isolation, and it is bound to be integrated into the entire
international financial market. On December 13, 2001,
China officially became a member of the World Trade
Organization (WTO). According to the Financial Services
Authority (FSA) of the world trade organization, each
member country must make a commitment to open up the
financial market and gradually bring 95% of the global fi-
nancial service trade into the process of liberalization. As
one of the member countries, China’s financial system will
also be integrated into the world economic globalization,
China’s monetary policy will be more and more affected by
the international monetary policy, and the convergence of
China’s interest rate changes and international market

interest rate changes will become stronger and stronger [1];
the interest rate risk caused by this will become one of the
most serious risks faced by commercial banks. At the same
time, the frequent fluctuation of interest rates also gives birth
to various derivative financial instruments; among them,
financial instruments with the characteristics of embedded
options such as deposits that can be withdrawn in advance,
loans that can be paid in advance, mortgage-backed secu-
rities, collateralized mortgage obligation, and callable bonds
are more and more embedded in the balance sheets of
commercial banks, which greatly increases the difficulty of
interest rate risk management of commercial banks. )e gap
model based on traditional duration and traditional con-
vexity is less effective in interest rate risk management;
therefore, it is of great significance to measure and manage
the interest rate risk of embedded option financial instru-
ments [2].

Scholars at home and abroad have made some im-
portant achievements in the study of interest rate risk of
embedded options. Internationally, Brent and Richard
proposed the Monte Carlo (MC) simulation pricing
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method for the embedded options belonging to the Asian
option type; after estimating the parameters in the model
based on this method, the price of embedded option
bonds was obtained [3]. Brooks made a sensitivity analysis
on the value of embedded options and interest rate level in
CDs based on cross-sectional data [4]. Ben-Ameur
pointed out that the inconsistency of value changes caused
by the mismatch of asset and liability convexity is also the
cause of embedded option risk and studied the charac-
teristics of embedded options in commercial bank de-
posits and the characteristics of depositors’ exercise time
[5]. Domestic scholars have also made important
achievements in the research of embedded options.
Zhenlong and Hai decomposed the option characteristics
of assets and liabilities in the balance sheet of commercial
banks and used the basic principles of financial engi-
neering to price implicit options without arbitrage and
also made numerical pricing [6]. Xia et al. built the
benchmark interest rate jump model of deposits and
conducted the numerical pricing of embedded option
deposit and loan based on the Monte Carlo simulation
method and studied the impact of embedded options on
interest rate risk of China’s commercial banks by using
comparative analysis method [7]. Li et al. proposed that
with the development of interest rate marketization and
the continuous innovation of financial instruments of
China’s commercial banks, embedded options are more
and more appearing in the balance sheet of commercial
banks, and at the same time, it brings huge interest rate
risk to the operation of commercial banks. )erefore,
commercial banks urgently need to establish a complete
interest rate risk management system in time. However,
the traditional risk management methods, such as interest
rate sensitivity gap and duration gap, have been unable to
meet the interest rate risk management requirements of
assets and liabilities with embedded options. )e review of
the research results at home and abroad shows that the
research on embedded options started earlier in foreign
countries; although the domestic research started late, it
has also made some achievements. Domestic research
studies focus on pricing the value of embedded options,
but few focus on the measurement and management of
interest rate risk of embedded options. In addition, the
differential equation method and nonarbitrage pricing
method adopted by predecessors are based on a series of
strict preconditions. )e traditional Monte Carlo simu-
lation method is usually used to calculate the price of
embedded option and the effective duration of securities
with embedded option; however, the random number
sequence generated by traditional MC in the simulation
space is unevenly distributed, which wastes a large
number of observations and reduces the operation effi-
ciency; therefore, this paper uses a more advanced sim-
ulation method, namely, HPL-MC, based on the
optimized interest rate risk management tools, namely,
effective duration and effective convexity, makes an
empirical analysis on the change of characteristics of fi-
nancial instruments caused by the existence of embedded
options, and demonstrates how commercial banks can

effectively measure and manage interest rate risk when
implicit options exist.

2. Analysis on the Option Characteristics of
Financial Instruments with
Embedded Options

With the increasing types of derivative financial instru-
ments, financial instruments with embedded options are
more and more embedded in the assets and liabilities of
commercial banks, such as deposits that can be drawn in
advance, prepayable loans, collateralized mortgage obliga-
tion, callable bonds, mortgage-backed securities, and so on.
Here, we will take the prepayment of housing mortgage
loans as an example to illustrate.

2.1. Influencing Factors of Prepayment of Housing Mortgage
Loans. From the perspective of borrowers, the following
factors will affect their prepayment behaviors.

2.1.1. Interest Rate Factor. )e interest rate factor is the
primary factor to decide the prepayment behaviors. )e
interest rate factor here refers to the balance between the
market interest rate and the contract interest rate: the
contract interest rate determines the interest expense of the
loans and the market interest rate determines the cost of
refinancing. Assuming that the borrower prepays at time t,
the refinancing cost is expressed by V(t), the penalty is α,
and the loan balance at time t is L(t); when W(t) � V(t) −

[L(t) + α] is greater than zero, prepayment will be executed.

2.1.2. Economic Situation. With the improvement of peo-
ple’s economic situation and the improvement of living
requirements, the prepayment rate will increase, and at the
same time, it will also cause the increase of house purchase
rate and turnover rate. In addition, when the national
macroeconomic operation is good, the whole real estate
market is hot, and when the rise of house price exceeds the
balance of mortgage loan, prepayment will appear in large
number.

2.1.3. Institutional Factors. )e minimum amount of pre-
payment and the limit of the times of prepayment will re-
strain the behavior of prepayment to a certain extent.
However, the penalty for prepayment of housing mortgage
loan is not high in our country, that is to say, the cost of
prepayment is small, so prepayment often occurs.

2.1.4. Other Factors. Factors such as relocation, mortgage
characteristics, and seasons.

2.2.-e Influence of Prepayment ofHousingMortgage Loanon
Commercial Banks

2.2.1. Positive Impact. Firstly, the prepayment of housing
mortgage loan reduces the possibility of nonperforming loan
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and reduces the credit risk. Secondly, the prepayment of
housing mortgage loan increases the liquidity of commercial
bank assets and improves the response ability of commercial
banks to long-term and short-term capital demand and the
efficiency of capital utilization.

2.2.2. Negative Effect. Firstly, prepayment reduces the in-
terest margin of deposit and loan greatly, which is the main
part of profit for commercial banks, so prepayment will
reduce the profit of commercial banks. Secondly, the risk of
reinvestment of commercial banks increases; when the
market interest rate decreases, commercial banks can only
look for investment projects with low return rate, and the
reinvestment income is greatly reduced. )irdly, prepay-
ment destroys the original capital structure, and the asset
liability structure based on duration and convexity is no
longer matched, resulting in risk exposure. Fourthly, when
the market interest rate drops, the prepayment of mortgage
loan makes the market value of bank assets have an upper
limit. As shown in Figure 1, two curves represent the value-
interest curve of mortgage: the solid line indicates non-
prepayment and the dotted line indicates prepayment.
When the contract stipulates that the mortgage loan cannot
be paid in advance, the decrease of interest rate will cause the
asset value of the bank to rise; however, when the interest
rate falls to R∗ (R∗ refers to the interest rate level that causes
the borrower to prepay, that is, to exercise the embedded
option), the value of assets will encounter a bottleneck when
the mortgage loan can be repaid in advance, and it will
decrease gradually after reaching P′, which will lead to the
decrease of net assets of commercial banks.

2.3. Analysis on the Option Characteristics of Housing
Mortgage Loan. For the option characteristics of prepay-
ment of mortgage loans, the following is an example of Case
1.

Case 1. A borrower and a commercial bank sign a loan
contract with a term of T at zero time, in which the loan
amount is unit 1, the penalty is α, and the lending rate is
expressed by continuous compound interest rate r0,T. When
prepayment is not considered, the total borrowing cost is
er0,TT; assuming that the benchmark interest rate changes to
r1,T at time t, prepayment occurs, and the refinancing cost is
(er0,Tt + α)er1,T(T− t); if er0,TT ≥ (er0,Tt + α)er1,T(T− t), the rational
borrower will prepay; otherwise, the prepayment will not be
carried out. )is method can be used for similar analysis
whenever interest rate adjustment occurs.

If expressed by mathematical equation, the borrowing
cost of the borrower at time t can be expressed as follows:

− min e
r0,Tt

+ α e
r1,T(T− t)

 , e
r0,TT

 

� − e
r0,TT

− min e
r0,Tt

+ α e
r1,T(T− t)

− e
r0,TT

, 0 

� − e
r0,TT

+ max e
r0,TT

− e
r0,Tt

+ α e
r1,T(T− t)

, 0 ,

(1)

where − er0,TT represents a loan contract with default risk and
max[er0,TT − (er0,Tt + α)er1,T(T− t), 0]′ represents the interest

rate call option with the strike price of K � er0,TT implied in
the loan contract.

)is kind of housingmortgage loan can be understood as
that the borrower issues bonds that can be paid in advance to
the bank. )is bond contains options, and prepayment can
occur at any time before the end of the loan contract;
therefore, such a loan contract can be broken down into two
parts (as shown in Figure 2):

A: the borrower issues callable bonds to the bank.
B: the bank issues an American callable option to the
borrower.

However, banks often ignore B and do not charge option
fees to borrowers.

Specifically, with the decline of interest rate, when the
cost of refinancing is less than the interest expense of
maintaining the original loan, prepayment means “re-
demption” behavior will occur; such “redemption” right is
interest rate put option.

3. InterestRateRiskMeasurementofEmbedded
Option Financial Instruments: Effective
Duration and Effective Convexity

3.1. Duration-Convexity Gap Model. By matching the du-
ration and convexity of assets and liabilities, commercial
banks can realize the immunity of net assets to interest rate
changes and avoid interest rate risk exposure [8]. Let A

denote assets, L denote liabilities, and E denote net assets;
then, dE � dA − dL. Next, we take the second derivative of A

and L to get the following equation:

dA �
dA

dRA

dRA +
1
2
d2A
dR

2
A

dRA( 
2
, (2)

dL �
dL

dRL

dRL +
1
2
d2L
dR

2
L

dRL( 
2
. (3)

Let the initial interest rates of A and L be equal, that is,
RA � RL � R and dRA � dRL � dR. We can get
DA � − dA/AdR, DL � − dL/LdR, CA � − d2A/AdR2, and
CL � − d2L/LdR2; then, the expression of dE is as follows:

dE � − DA − KDL( AdR +
1
2

CA − KCL( A(dR)
2
, (4)

where DA and DL are the duration of assets and duration of
liabilities, CA and CL are the convexity of assets and con-
vexity of liabilities, respectively, and K � L/A is the leverage
coefficient, that is, the asset liability ratio. DGAP � DA − KDL

is duration gap, which is used to measure the matching
degree of asset duration and liability duration; CGAP � CA −

KCL is convexity gap, which is used tomeasure thematching
degree of asset convexity and liability convexity.

It can be seen from equation (4) that A,
DGAP � DA − KDL, CGAP � CA − KCL, and R are the most
important factors affecting the net asset value of commercial
banks; in addition, it can be learned that when the fluctu-
ation range of interest rate is small, the influence of
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convexity on net assets can be ignored. )e specific con-
clusions are shown in Table 1.

When the interest rate changes greatly, the influence of
convexity on net assets will be highlighted; the specific
conclusions are shown in Table 2.

3.2.-e Influence ofEmbeddedOptiononDuration-Convexity
Gap Model. Net assets of commercial banks are equal to
assets minus liabilities; assuming that the initial net assets of
commercial banks are greater than 0, the duration and
convexity of assets and liabilities are matched. )e impact of
the existence of embedded options on the net assets of
commercial banks can be illustrated by the curve of rela-
tionship between market value of assets (liabilities) and
interest rate as shown in Figure 3.

At the beginning, when banks manage interest rate risk
according to the duration-convexity gap model, the asset
liability structure is matched; when the interest rate changes
between R∗ and R∗∗, the embedded option is not executed,
the bank’s net assets are immune to interest rate changes,
and the net assets of the bank remain unchanged at E∗.
When interest rates fall below R∗∗, the curve of relationship
between market value of liabilities and interest rate does not
change; however, the duration of bank assets decreases due
to the borrower’s prepayment, and the absolute value of the
slope of the curve becomes smaller, that is, the convexity of
assets becomes negative, which makes the rise of asset value
produce bottleneck when the interest rate drops, while the
convexity of liabilities will not be affected; therefore, the net
asset decreases from E∗ to E1, resulting in interest rate risk
exposure.

When the interest rate rises higher than R∗, the curve
of relationship between market value of assets and interest
rate remains unchanged; when the interest rate rises, the
depositor withdraws the deposit in advance, which leads
to the decrease of the absolute value of duration and
convexity of the liability, and the curve becomes gentle.
)e decrease speed of asset value is faster than that of
liability value, which leads to the decrease of net asset
value from E∗ to E2, thus resulting in interest rate risk
exposure.

Combining Figure 3 with equation (4), when the interest
rate drops below R∗∗, the embedded option is executed, and
the duration gap DGAP � DA − KDL becomes negative,
which means that the bank’s net asset value decreases when
the interest rate drops; in addition, when the embedded
option is executed, the convexity gap CGAP � CA − KCL

becomes negative, and the net asset value of the bank de-
creases when the interest rate drops.

When the interest rate is higher than R∗, the embedded
option is executed, and the duration gap DGAP � DA − KDL

becomes positive, and the bank’s net asset value decreases
when the interest rate rises; meanwhile, the convexity gap
CGAP � CA − KCL also becomes positive, and the bank’s net
asset value decreases when the interest rate rises.

From the above analysis, we can see that whether the
market interest rate rises or falls, the existence of embedded
options will lead to the decrease of net asset value of

commercial banks, and such embedded options are valuable
to customers. Commercial banks often ignore the existence
of embedded options and give them to customers free of
charge, thus reducing their own profits. In addition, em-
bedded options will also cause duration mismatch and
convexity mismatch between assets and liabilities, and the
traditional duration and traditional convexity are not ac-
curate in measuring interest rate risk, so we need to in-
troduce more effective measurement tools, namely, effective
duration and effective convexity.

3.3. Calculation of Effective Duration and Effective Convexity
Based on Embedded Options. When assets and liabilities
contain embedded options, the traditional duration and
traditional convexity will lose accuracy in measuring interest
rate risk; it needs to be replaced by effective duration (Deff )
and effective convexity (Ceff ), and their expressions are as
follows:

Deff �
P+ − P−

2ΔrP0
, (5)

Ceff �
P+ − 2P0 + P−

Δr2P0
, (6)

where Δr is the interest rate spread expressed by base point;
P0 is the initial bond value; and P− and P+ are the bond
prices when the interest rate moves downward and upward
by a certain basis point, respectively.

P− �
1
m



m

j�1


n

t�1

CFj
t


t

i�1 1 + r
j

i − Δr + OAS 
, (7)

P+ �
1
m



m

j�1


n

t�1

CFj
t


t

i�1 1 + r
j
i + Δr + OAS 

, (8)

where m is the total number of interest rate change paths; t

is the time when the cash flow is generated; j is the j-th
path of interest rate change; n is the total contract term;
CFj

t is the t-th cash flow under the j-th interest rate path;
r

j
i is the i-th market interest rate under the j-th interest
rate path; and OAS is the option-adjustment spread [9],
which is the basis for the calculation of effective duration
and effective convexity. Specifically, OAS is the bond risk
compensation when the bond market value is equal to the
theoretical value, which mainly refers to the credit risk,
liquidity risk, and other risk compensation after excluding
the embedded option risk; it can be calculated by the
following equation:

P �
1
m



m

j�1


n

t�1

CFj
t


t

i�1 1 + r
j

i + OAS 
, (9)

where P represents the bond market price; 1/m is the mean
value under the risk neutral probability measure; and CFj

t

and r
j
i have the same meanings as above.
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)e calculation flow of OAS in equation (9) is shown in
Figure 4.

)e calculation of OAS depends on the simulation of
interest rate path [10]; when simulating the interest rate
path, the selected interest rate model should not only meet
the initial interest rate term structure but also conform to the
assumed stochastic process [11]. Based on the calculated
cash flow and discount factor, P− and P+ are obtained, and
then the effective duration and effective convexity are
calculated.

3.4. Selection of HPL-MC in the Calculation of Effective Du-
ration and Effective Convexity. )ere are many different
methods to select and simulate the sample interest rate path
mentioned above, such as the trigeminal tree method, excel
table method, and Monte Carlo simulation method. In this
paper, the Monte Carlo simulation method is used to
simulate the sample interest rate path and calculate the value
of OAS.

Using MC to calculate the price, effective duration, and
effective convexity of securities with embedded option is
actually to calculate the multidimensional numerical inte-
gration on the path space of a sample interest rate. )e
random number sequence generated by traditional MC is
unevenly distributed in the simulation space, which leads to
the clustering effect of random numbers, wastes a large

number of observations, and reduces the computational
efficiency; therefore, some scholars have proposed the quasi-
MC (QMC) method, which uses the predetermined deter-
ministic method to generate some low deviation points in
space to replace the independent random points in Monte
Carlo simulation. Due to the uniform distribution of these
simulation points in space, it can produce better conver-
gence effect with less simulation times. )e research shows
that QMC simulation can produce obvious improvement
effect only when the maintenance simulation is low, and
sometimes the simulation effect is not as good as MC
simulation when the simulation dimension is high [12];
therefore, a hybrid method for generating interest rate path
of QMC and MC, HPL-MC, is proposed.

)e method is based on the principal component
method. It is assumed that the simulation interval [0, T] is
divided into dimension d, i.e., 0 � t0 < t1 < · · · < td � T. )e
simulated interest rate path is a Wiener vector
Wt � (wt

1, wt
2, . . . , wt

d)T, where A is the transformation
matrix, and Z � (z1, z2, . . . , zd)T. Suppose that the covari-
ance matrix of the standard normal vector Zi is Σ; then,
Σ � AAT. Principal component analysis is used to construct
a matrix B so that BBT � AAT � Σ, and each standard
normal variable produced by wt � BZ can reveal the in-
formation contained in all the original d standard normal
variables to the maximum extent. According to the idea of
principal component analysis, matrix B should be in the
following form:B � VΛ; among them, the matrix Λ is a
diagonal matrix composed of the square roots of all ei-
genvalues of Σ, the order of the square roots of eigenvalues is
from large to small along the diagonal, all column vectors of
matrix Λ are the unionized eigenvectors of matrix Σ, and the
i-th column vector corresponds to the i-th eigenvalue on the
diagonal of matrix V.

After getting the matrix, HPL-MC generates the first k-
term quasirandom numbers z∗i (i � 1, 2, . . . , k) with QMC
and then generates the remaining d − k dimensional
pseudorandom numbers zi(i � k + 1, k + 2, . . . , d) by MC
simulation. In this way, the resulting hybrid analog sequence
is

Wi. � 
k

i�1
biz
∗
i + 

d

i�k+1
bizi, (10)

where bi is the column vector of matrix B.
)e hybrid sequence not only ensures that the principal

component terms which play a leading role in the fluctuation
properties of the sequence can be evenly distributed in space
but also avoids the disadvantage that QMC has no obvious
effect in simulating high-dimensional sequences so as to
improve the simulation accuracy and speed up the con-
vergence speed.

4. An Empirical Analysis of Interest Rate Risk
Measurement of Financial Instruments with
Embedded Option

)is part takes the financial instruments with embedded
option in American capital market as an example, which is

rR∗

P∗

P

No prepayment

Prepayment

Figure 1: )e curve of relationship between market value of
mortgage and interest rate.
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al

 b
an

k

Bo
rr

ow
erA: issue of American callable options to borrowers
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Figure 2: Decomposition of housing mortgage business.
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mortgage-backed security (MBS). MBS is a kind of fixed
income securities, which has obvious option characteristics;
its future cash flow is affected by many factors such as
market interest rate, loan type, macroeconomic situation,
and season, which will bring interest rate risk of embedded
option to commercial banks and other financial institutions.
Before the empirical analysis of MBS, we need to determine
prepayment model of MBS, cash flow model of MBS, and
term structure models of interest rates.

4.1.-e PrepaymentModel ofMBS. OTS’s prepayment model
of MBS [13], Richard and Roll’s prepayment model, and im-
proved Goldman Sachs model are used for reference, and it is
concluded that the prepayment rate is related to four main
factors, namely, refinancing incentives, seasoning or age of the
mortgage factor, seasonality or the month factor, and burnout
factor. If CPR (conditional annual prepayment rate) is used to
represent the annualmortgage prepayment rate, then CPR is the
product of the above four factors; the expression is as follows:

CPR � (refinancing incentives)∗ (seasoning factor)

∗ (seasonality factor)∗ (burnout factor).
(11)

)e expression of each factor (equation (11)) is as
follows.

4.1.1. Refinancing Incentives. It is measured by dividing the
annual weighted average coupon rate of mortgage-backed by
the refinancing rate.

RI(t) � 0.31234 − 0.2025

× arctan 8.157 × −
WAC + SE

P(t) + F
+ 1.20761  ,

(12)

where WAC represents the average coupon rate of MBS; t

represents the number of months; and SE represents the
service fee rate provided by the service organization; usually
a fixed ratio is drawn based on the balance of the loan pool;
this ratio is generally 50–100 basis points; here 50 basis
points are taken. Let Prin(t) represent the book balance of
the outstanding principal of the mortgage-backed bond loan
agreement at the beginning of month t and S(t) represent
the service fee paid in month t; then,

S(t) � 0.005 × Prin(t) ×
1
12

. (13)

P(t) represents the refinancing rate, in which the refi-
nancing rate is represented by the ten-year zero coupon rate:

P(t) � −
ln(p(t/12, tt/12 + 10))

10
. (14)

P(t, T) represents the bond price with the maturity date
T at time t; then,

p(t, T) � A(t, T)e
− B(t,T)r

, (15)

B(t, T) �
1 − e

− a(T− t)

a
, (16)

lnA(t, T) � ln
p(0, T)

p(0, t)
− B(t, T)

z ln p(0, t)

zt
−

1
4a

3σ
2

· e
− aT

− e
− at

 
2

e
2at

− 1 .

(17)

Table 1: Interest rate risk faced by duration gap.

Duration gap )e direction of interest rate change Changes in net assets

Positive number Rise Decline
Decline Rise

Negative Rise Decline
Decline Rise

Table 2: Interest rate risk faced by convexity gap.

Convexity gap )e direction of interest rate change Changes in net assets

Positive number Rise Rise
Decline Rise

Negative Rise Decline
Decline Decline

P

R1 R∗R∗∗ R2

E2

E∗

E1

r

Assets without embedded options

Assets with embedded options

Liabilities without 
embedded options

Liabilities with 
embedded options

Figure 3: )e curve of relationship between market value of assets
(liabilities) and interest rate.
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In equation (12), F represents the refinancing expenses
related to refinancing mortgage loans.

4.1.2. Seasoning or Age of the Mortgage Factor. )e defi-
nition of this factor by the Office of)rift Supervision (OTS)
is as follows:

seasoning(t) � min(t × 0.0333, 1). (18)

4.1.3. Seasonality Factor. )e definition of this factor by the
Office of )rift Supervision (OTS) is as follows:

seasonality � 1 + 0.2 × sin 1.571 ×
month + t − 3

3
  − 1 ,

(19)

where month is the number of months (from 1 to 12).

4.1.4. Burnout Factor. At present, the functional expression
of this factor is not uniform, and even some prepayment

models do not involve this factor. Here, the burnout factor is
expressed as follows:

burnout(t) � e
− 0.115(WAC/P(t))

. (20)

)e meaning of each parameter in equation (20) is the
same as before, and this factor is only calculated when the
loan age factor reaches 1; then, the monthly conditional
prepayment rate (MCPR) is expressed as follows:

MCPR(t) � 1 − (1 − CPR(t))
1/12

. (21)

4.2. Cash FlowModel of MBS. According to the OTS model,
the sum of the discounted value of the cash flow during the
validity period of MBS is calculated as follows [14]:

PV � 
WAM

i�1
dis(t) · (TPP(t) + IP(t) + S(t)). (22)

WAM in equation (22) means weighted average
maturity.
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Figure 4: Calculation flow chart of option-adjusted spread.
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dis(t) represents the discount factor of MBS in month t,
and its expression is as follows:

dis(t) �
1


t

i�1(1 + r(i))
1/12

. (23)

IP(t) in equation (22) represents the interest paid of
MBS in month t:

IP(t) � Prin(t) ·
(WAC − SE)

12
. (24)

In equation (24), SE is the service rate, which is 50 bps.
In equation (22), TPP(t) represents the total principal

paid of MBS in month t:

TPP(t) � SPP(t) + PA(t). (25)

In equation (25), SPP(t) represents the scheduled
principal paid of MBS in month t:

SPP(t) � Pmt(t) − IP(t) − S(t). (26)

In equation (26), Pmt(t) represents the monthly pay-
ment of MBS in month t when prepayment is considered:

Pmt(t) � Prin(t) ·
WAC/12

1 − 1/(1 + WAC/12)
WAM− t+1

 
. (27)

When prepayment is not considered, the following
equation is used:

Pmt(t) � Prin(t) ·
WAC/12

1 − 1/(1 + WAC/12)
WAM

 
. (28)

In equation (25), PA(T) represents the prepayment
amount of MBS in the month t:

PA(t) � MCPR(t) · Prin(t) − SPP(t). (29)

In equation (29), MCPR(t) and Prin(t) have the same
meanings as the variables in equations (21) and (13). In
addition, the book balance of the outstanding loan principal
of MBS at the beginning of month t + 1 is

Prin(t + 1) � Prin(t) − SPP(t). (30)

In equation (30), SPP(t) has the same meaning as in
equation (25).

4.3. Selection of Interest Rate Term Structure

4.3.1. Introduction of Fuzzy Stochastic Process. It should be
noted that many scholars use stochastic models to describe
the uncertainty of financial markets, andmodernmethods to
deal with these stochastic models mainly include the
probability theory method (mainly considering from ran-
dom process) and fuzzy set method. In this paper, we
combine randomness and fuzziness and consider that in-
terest rate and volatility are fuzzy random numbers of n-th
parabola distribution. Next, the theory of the coexistence of

random and fuzzy, namely, the mixed process theory, is
proposed here [15–17].

Definition 1. (Θ, P, Cr) is credibility space, (Ω, A, Pr) is
probability space, and opportunity space is defined as
(Θ, P, Cr) × (Ω, A, Pr). )en, the mixed variable is a mea-
surable function from the chance space
(Θ, P, Cr) × (Ω, A, Pr) to the set of real numbers. If T is an
index set, then a measurable function from T × (Θ, P, Cr) ×

(Ω, A, Pr) to the set of real numbers is called a mixed
process.

Definition 2. If the mixing process Xt has independent
increments, if for any time t0 < t1 < · · · < tk, Xt1

− Xt0
, Xt2

−

Xt1
, . . . , Xtk

− Xtk− 1
are independent mixed variables. If the

fuzzy process Xt has a stable increment, if t> 0 at any time,
and for any s> 0, Xs+t − Xs is a mixed variable with the same
distribution.

Definition 3. Wt is a Wiener process, Ct is a Liu process (it
was put forward by Liu Baoding) [18, 19], and Dt � (Wt; Ct)

is called a D process. When Wt and Ct are both standard
processes, the mixing process Xt � et + βWt + β∗Ct is a
standard D process, where e, Wt, and Ct are independent of
each other. )e parameter e is called the drift coefficient, β is
called the random diffusion coefficient, and β∗ is called the
fuzzy diffusion coefficient.

4.3.2. -e Choice of Interest Rate Model. In choosing the
interest rate model, we compare and analyze the advantages
of the Hull–White model (generalized Vasicek model) and
Hull–White extended CIR model and finally choose
Hull–White extended CIR model; the next part is the
specific implementation process.

Considering that the general initial income curve is
slightly upward sloping curve, the initial term structure
selected in the simulation is the most typical initial term
structure:

f(t) � 0.06 + 0.5 ×
ln(t)

100
. (31)

In equation (31), f(t) represents the initial term
structure function.

Many mathematicians have chosen the Hull–White
model (generalized Vasicek model) as the term structure
model of interest rate; its expression is as follows:

dr(t) � [θ(t) − ar(t)]dt + σdWt. (32)

In equation (32), a is a constant, which represents the
mean regression rate of interest rate or the expected value of
drift rate of interest rate; σ is also a constant, representing the
standard deviation of interest rate; and Wt is a Brownian
motion, which follows the Markov process; the variation of
Wt on a small time interval Δt is represented by ΔWt; then,
ΔWt and Δt satisfy the following relationship:

ΔWt � ε
��
Δt

√
. (33)

8 Journal of Mathematics



In equation (33), ε is a random value taken from the
standard normal distribution. For any two different time
intervals of Δt, the values of ΔWt are independent of each
other.

In equation (32), θ(t) is the time function to ensure that
the model conforms to the initial term structure; its ex-
pression is as follows:

θ(t) �
df(t)

dt
+ af(t) +

σ2

2a
1 − e

− 2at
 . (34)

)e Hull–White model (generalized Vasicek model)
has a significant drawback, that is, the interest rate
simulated by the model may be negative. )erefore, in
order to make up for the defect that the interest rate may
be negative and make the model conform to the initial
yield curve accurately, the Hull–White extended CIR
model is selected as follows:

dr(t) � [θ(t) − af(t)]d(t) + σ
����
r(t)


dWt. (35)

In equation (35), θ(t) is the time function to ensure that
the model conforms to the initial term structure; the interest
rate volatility in this model is different from that in the
previous model; therefore, the following expression is
obtained:

dr(t) �
df(t)

dt
+ af(t) +

σ2r(t)

2a
1 − e

− 2at
 . (36)

σ
����
r(t)


in equation (35) represents the volatility of in-

terest rates, that is, the standard deviation of interest rates
[20–22].

Although the Hull–White extended CIR model is more
complicated than the Hull–White model (generalized
Vasicek model), the Hull–White extended CIR model can
solve the problem of negative r.

In order to more clearly illustrate the advanced nature
of the Hull–White extended CIR model, we compare the
simulation results shown in Figure 5, where the asterisk
line is the interest rate value simulated under the gen-
eralized Vasicek model and the grid line is the interest rate
value simulated under the Hull–White extended CIR
model.

It can be clearly seen from Figure 5 that when the
Hull–White extended CIR model is adopted, the possible
negative interest rate can be effectively avoided.

When simulating the path of interest rate r, equation
(33) needs to be discretized as follows:

r(t + 1) − r(t) � [θ(t) − ar(t)] + σ
����
r(t)


ΔWt. (37)

)e selected initial term structure is brought into
equation (34) to get the following equation:

θ(t) �
1
2t

+ a 0.06 + 0.5 ×
ln(t)

100
  +

σ2r(t)

2a
1 − e

− 2at
 .

(38)

Incorporating equation (38) into equation (37) gives the
following equation:

r(t + 1) � r(t) +
1
2t

+ a 0.06 + 0.5 ×
ln(t)

100
 

+
σ2r(t)

2a
− ar(t)Δt + σ

����
r(t)


ε

��
Δt

√
.

(39)

Among them,Δti � ti+1 − ti is fuzzy random variable,
which can be realized by the value of fuzzy random number
function.

Let us estimate the value of σ and write σr1/2 in the model
as follows:

σr � σr
1/2

. (40)

According to historical data, the average volatility σr of
interest rates in the US market is 0.01, and the average yield
of short-term Treasury bills is 0.06, so the value of σ in
equation (39) can be determined based on historical data.

Transform equation (40) as follows:

ln σr(  � ln σ + 1/2 ln r. (41)

It can be seen that there is a linear relationship between
ln σr and ln σ, and the estimated value of σ can be deter-
mined by the method of linear regression; through the
calculation of historical data, the estimated value of σ is
0.041.

In this way, by combining the prepayment model and
cash flow model mentioned above, effective duration and
effective convexity can be calculated through simulation.

4.4. Empirical Simulation and Result Analysis. )is article
takes mortgage-backed bonds in the U.S. securities market as
an example, which is issued on the basis of a loan pool called
FNCL702342, the weighted average coupon rate of this loan
pool is 0.05888, the weighted average maturity is 360
months, and the face price is $100.

4.4.1. Graphic Analysis of Simulation Results. )rough the
simulation calculation of FNCL702342 and the data ob-
tained by MATLAB, the final results are as follows.

When prepayment is not considered, the cash flow chart
of MBS is shown in Figure 6.

It can be seen that when the prepayment rate is 0, that is,
there is no embedded option (as shown in Figure 6), the
monthly repayment of principal and interest is a constant,
and the monthly interest repayment amount and the
monthly service fee payable decrease month by month;
therefore, the monthly principal repayment amount in-
creases month by month.

When the prepayment factor is considered, the cash flow
chart of MBS is shown in Figure 7.

Due to the existence of prepayment of principal, the
monthly cash flow will change. In this case, the monthly
planned repayment of principal and interest is no longer a
constant, but slowly decreases month by month, and the
amount of prepayment of principal also decreases. Due to
the existence of prepayment of principal, the total monthly
principal repayment has increased.

Journal of Mathematics 9



4.4.2. Calculation of OAS, Effective Duration, and Effective
Convexity of MBS Based on HPL-MC. In the actual simu-
lation, QMC is used to simulate the random terms corre-
sponding to the eigenvalues of the first k terms (k � 8, 12),
and MC is used to simulate the remaining random terms. In
the empirical simulation of FNCL702342, we take the the-
oretical price obtained by MC simulation for 40000 times as
the real value of the security price to observe the simulation
convergence; taking k � 8 and k � 12, we use HPL-MC to
simulate the interest rate path, and the results are shown in
Table 3.

It can be found from Table 3 that no matter what the
value of k is, the results of HPL-MC simulation are better
than those of MC simulation, and the effect of MC simu-
lation for 5000 times is only equivalent to that of HPL-MC
simulation of 1000 times. In addition, the higher the value of
k, the better the simulation effect and the faster the

convergence speed. When k � 12, the OAS of MBS is 0.0264,
that is, 264 basis points. After adding and subtracting 5 basis
points to the adjusted discount rate of options, the corre-
sponding securities prices are calculated to be 85.7796 and
86.3163, respectively, and the effective duration is 6.3148 and
the effective convexity is − 717.6643. Without considering
the prepayment factor, the traditional Macaulay duration of
MBS is 9.6022; it can be found that the effective duration of
MBS with embedded option is much smaller than the tra-
ditional duration, that is, the value of securities is more
sensitive to the change of interest rate.

Because of this difference, when there are implicit op-
tions in the assets or liabilities of a bank, if the traditional
Macaulay duration is still used to measure and manage the
interest rate risk and the duration gap is zero, on the surface,
it seems that the bank has realized the risk immunity, but in
fact, the real duration gap is not zero, and the interest rate
risk is not really eliminated.

4.5. Asset Liability Management Cases of Commercial Banks
with Embedded Options. )e empirical study here is based
on the MBS with embedded option characteristics; however,
there are also embedded options in the assets and liabilities
of commercial banks, such as time deposits that can be
drawn in advance and loans that can be repaid in advance. At
this time, if commercial banks use the traditional duration
gap method to manage interest rate risk, the apparent du-
ration gap is zero, the actual duration gap is not zero, and
there is still interest rate risk exposure. In other words, if
there are embedded options in the balance sheet of com-
mercial banks, the traditional Macaulay duration will lose its
effectiveness in gap management. Here we will choose a case
to demonstrate the effectiveness of effective duration in
managing interest rate risk when there are embedded
options.
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Figure 5: Comparison of interest rates simulated by generalized
Vasicek model and extended CIR model.
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Suppose that the initial assets of commercial bank A are
cash, 30-year FNCL, and 10-year loan, and the liabilities are
10-year deposit and 3-year deposit. )e duration value of
each asset and liability is shown in Table 4. Finally, according
to the calculation equation of duration gap, that is,
DGAP � DA − KDL, the duration gap of bank A is − 0.01879
(the calculation process is omitted).

According to the equation
ΔE � − (DA · PA − DL · PL) · (ΔR/1 + R), since the duration
gap is less than 0, when the interest rate moves downward,
the net asset value of the bank will decrease. In order to make
the net asset value of the bank unaffected by the change of
interest rate, it is necessary to adjust the structure of the
bank’s assets or liabilities so that its duration gap is about 0.
We adopt the method of adjusting the debt structure to get
the following (Table 5).

After adjustment, the 10-year deposit is 3 million yuan,
and the 3-year deposit is 9 million yuan. According to the

calculation equation of duration gap, which is
DGAP � DA − KDL, the duration gap of bank A is − 0.00004.
Only from the perspective of traditional duration, the du-
ration gap of bank A can be approximately zero, that is, the
immunity of interest rate risk has been basically realized.
However, considering the prepayment nature of FNCL, the
effective duration gap is used tomeasure the interest rate risk
of FNCL under the existing asset liability structure, and
Table 6 is obtained.

As the 30-year FNCL has the characteristics of pre-
payment, its effective duration becomes 6.3148, and the
effective duration of other assets and liabilities is the same as
the traditional duration. Similarly, according to the duration
gap calculation equation, the duration gap of bank A is
− 0.6582.

It can be seen that the duration gap of bank A is not zero,
and the bank is still exposed to interest rate risk. As the
duration gap is negative, when the interest rate drops, the net

Table 3: Simulation results of MC and HPC.

Simulation parameters f(t)� 0.05888, a � 0.3, and σ � 0.041
Simulation times 100 500 1000 5000 10000 40000

Simulation method
MC 86.8452 86.8546 86.5955 86.3424 86.1682 86.0492

HPL-MC K� 8 86.2644 86.2614 86.1546 86.0982 86.0479
K� 12 86.2346 86.2245 86.1525 86.0979 86.0487

Table 4: Balance sheet of a commercial bank.

Assets Market
value

Interest
rate

Macaulay
duration

Liabilities and shareholders’
equity

Market
value

Interest
rate

Macaulay
duration

Cash 200 0 0 10-year deposit 200 0.06 7.8016
30-year
FNMA 300 0.05888 9.6022 3-year deposit 1000 0.05 8.1077

10-year loan 1000 0.1 6.7588 Total liabilities 1200 8.0566

Total 1500 6.4264 Shareholders’ equity 300
Total 1500

Table 5: Adjusted balance sheet of a commercial bank.

Assets Market
value

Interest
rate

Macaulay
duration

Liabilities and shareholders’
equity

Market
value

Interest
rate

Macaulay
duration

Cash 200 0 0 10-year deposit 293 0.06 7.8016
30-year
FNMA 300 0.05888 9.6022 3-year deposit 907 0.05 8.1077

10-year loan 1000 0.1 6.7588 Total liabilities 1200 8.0332

Total 1500 6.4264 Shareholders’ equity 300
Total 1500

Table 6: Balance sheet and effective duration of a commercial bank.

Assets Market
value

Interest
rate

Macaulay
duration

Liabilities and shareholders’
equity

Market
value

Interest
rate

Macaulay
duration

Cash 200 0 0 10-year deposit 293 0.06 7.8016
30-year
FNMA 300 0.05888 6.3148 3-year deposit 907 0.05 8.1077

10-year loan 1000 0.1 6.7588 Total liabilities 1200 8.0332

Total 1500 Shareholders’ equity 300
Total 1500
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asset value of the bank will decrease. )erefore, once there
are embedded options, the banks which are immune to
interest rate risk will have risk exposure. )erefore, for
commercial banks with embedded options in assets and
liabilities, the effective duration is more accurate and ef-
fective in measuring and managing interest rate risk.

5. Conclusions

)is paper takes the financial instruments with embedded
options as the research object, empirically analyzes the
relevant characteristics of prepayable mortgage-backed
bonds under the background of frequent interest rate
fluctuations, and, on this basis, demonstrates the effective-
ness of effective duration in managing interest rate risk of
commercial bank. )e conclusions are as follows.

On the premise that the change of interest rate follows
the fuzzy stochastic process, this paper selects the Hull-
–White extended CIR model through comparative analysis.
From the result chart of empirical simulation, the Hull-
–White extended CIR model can effectively solve the
problem that interest rate may be negative in Monte Carlo
simulation, and the effect of the Hull–White extended CIR
model is better.

In Monte Carlo simulation, the random number se-
quence generated by traditional MC is unevenly dis-
tributed in the simulation space, and QMC simulation can
produce obvious improvement effect only in lower di-
mensional simulation. )erefore, the HPL-MC method,
which is a hybrid of QMC and MC, is adopted. From the
simulation results, no matter what the value of k, the
results of HPL-MC simulation are better than those of MC
simulation.

When the prepayment of MBS is considered, the
embedded option will lead to the decrease of bond du-
ration and the value of MBS is more sensitive to the
change of interest rate.

Under the condition of continuous innovation of fi-
nancial derivatives and marketization of interest rate, in-
terest rates fluctuate more frequently and fiercely. In the
process of asset and liability management, effective duration
can reduce interest rate risk exposure position and complete
the task of interest rate risk management.
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