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In this paper, we define a new function, namely, harmonically (α, h − m)-convex function, which unifies various kinds of
harmonically convex functions. Generalized versions of the Hadamard and the Fejér–Hadamard fractional integral inequalities
for harmonically (α, h − m)-convex functions via generalized fractional integral operators are proved. From presented results, a
series of fractional integral inequalities can be obtained for harmonically convex, harmonically (h − m)-convex, harmonically
(α, m)-convex, and related functions and for already known fractional integral operators.

1. Introduction and Preliminary Results

Fractional integral inequalities are the generalizations and
extensions of classical integral inequalities using fractional in-
tegral/derivative operators. 0ere are many well-known in-
equalities which have been extended for fractional calculus
operators: for example, Hadamard, Minkowski, Ostrowski,
Grüss, Ostrowski–Grüss, and Chebyshev inequalities have been
extensively studied in recent decades, see [1–8]. 0e aim of this
paper is to present the Hadamard and the Fejér–Hadamard
inequalities for fractional integral operators for harmonically
(α, h − m)-convex functions. We begin from the fractional
integral operators defined by Andrić et al. in [2] containing an
extended generalized Mittag-Leffler function in their kernels.

Definition 1 (see [2]). Let ω, τ, δ, ρ, c ∈ C, R(τ),R(δ)> 0,
and R(c)>R(ρ)> 0 with p≥ 0, σ, r> 0, and 0< k≤ r + σ.

Let f ∈ L1[a, b] and x ∈ [a, b]. 0en, the generalized frac-
tional integral operators ερ,r,k,c

σ,τ,δ,ω,a+ f and ερ,r,k,c

σ,τ,δ,ω,b− f are de-
fined as follows:

ερ,r,k,c

σ,τ,δ,ω,a+ f (x;p) � 
x

a
(x − t)

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(x − t)
σ
;p( f(t)dt,

ερ,r,k,c

σ,τ,δ,ω,b− f (x;p) � 
b

x
(t − x)

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(t − x)
σ
;p( f(t)dt,

(1)

where

E
ρ,r,k,c

σ,τ,δ (t; p) � 
∞

n�0

βp(ρ + nk, c − ρ)(c)nkt
n

β(ρ, c − ρ)Γ(σn + τ)(δ)nr
, (2)

is the extended generalized Mittag-Leffler function.
In [9], Farid defined elegantly the unified integral op-

erators as follows:
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Definition 2. Let f, g: [a, b]⟶ R, 0< a< b, be the func-
tions such that f is positive and f ∈ L1[a, b] and g is dif-
ferentiable and strictly increasing. Also, let (ϕ/x) be an
increasing function on [a,∞) and ω, τ, δ, ρ, c ∈ C,
R(τ),R(δ)> 0, and R(c)>R(ρ)> 0 with p≥ 0, σ, r> 0,
and 0< k≤ r + σ. 0en, for x ∈ [a, b], the integral operators
(gF

ϕ,ρ,r,k,c

σ,τ,δ,ω,a+ f) and (gF
ϕ,ρ,r,k,c

σ,τ,δ,ω,b− f) are defined as follows:

gF
ϕ,ρ,r,k,c

σ,τ,δ,ω,a+ f (x; p) � 
x

a

ϕ(g(x) − g(t))

g(x) − g(t)

· E
ρ,r,k,c

σ,τ,δ ω(g(x) − g(t))
σ
; p( 

· f(t)d(g(t)),

gF
ϕ,ρ,r,k,c

σ,τ,δ,ω,b− f (x; p) � 
b

x

ϕ(g(t) − g(x))

g(t) − g(x)

· E
ρ,r,k,c

σ,τ,δ ω(g(t) − g(x))
σ
; p( 

· f(t)d(g(t)).

(3)

0e following definition of extended generalized frac-
tional integral operators containing an extended Mittag-
Leffler function in the kernel can be extracted by taking
ϕ(x) � xτ in Definition 2.

Definition 3. Let f, g: [a, b]⟶ R, 0< a< b, be the func-
tions such that f is positive and f ∈ L1[a, b] and g is dif-
ferentiable and strictly increasing. Also, let ω, τ, δ, ρ, c ∈ C,
R(τ),R(δ)> 0, and R(c)>R(ρ)> 0 with p≥ 0, σ, r> 0,
and 0< k≤ r + σ. 0en, for x ∈ [a, b], the generalized frac-
tional integral operators are defined as follows:

gΥ
ρ,r,k,c

σ,τ,δ,ω,a+ f (x; p) � 
x

a
(g(x) − g(t))

τ− 1

· E
ρ,r,k,c

σ,τ,δ ω(g(x) − g(t))
σ
; p( 

· f(t)d(g(t)),

(4)

gΥ
ρ,r,k,c

σ,τ,δ,ω,b− f  (x; p) � 
b

x
(g(t) − g(x))

τ− 1

· E
ρ,r,k,c

σ,τ,δ ω(g(t) − g(x))
σ
; p( 

· f(t)d(g(t)).

(5)

Fractional integral operators (4) and (5) produce par-
ticularly various well-known fractional integral operators.

0e Hadamard inequality gives the bounds of integral
mean of a convex function on a closed interval. It is
equivalently defined by the convex function. Convex
functions have a significant role in the field of mathematical
inequalities.

Definition 4. A function f: [a, b]⟶ R is said to be convex
if

f(tx +(1 − t)y)≤ tf(x) +(1 − t)f(y), (6)

holds for all x, y ∈ [a, b] and t ∈ [0, 1].

0e Hadamard inequality is stated in the following
theorem.

Theorem 1. Let f: [a, b]⟶ R be a convex function. Ben,
the following inequality holds:

f
a + b

2
 ≤

1
b − a


b

a
f(x)dx≤

f(a) + f(b)

2
. (7)

0e Fejér–Hadamard inequality proved by Fejér in [10]
generalizes the Hadamard inequality, and it is given as
follows:

Theorem 2. Let f: [a, b]⟶ R be a convex function and
g: [a, b]⟶ R be nonnegative, integrable, and symmetric
about (a + b/2). Ben, the following inequality holds:

f
a + b

2
  

b

a
g(x)dx ≤ 

b

a
f(x)g(x)dx

≤
f(a) + f(b)

2


b

a
g(x)dx.

(8)

0e definition of the convex function motivates the
researchers to define new notions and their consequences. A
notion of the harmonically convex function is defined in
[11].

Definition 5. Let I be an interval such that I⊆R+; a function
f: I⟶ R is said to be harmonically convex if

f
ab

ta +(1 − t)b
 ≤ tf(b) +(1 − t)f(a), (9)

holds for all a, b ∈ I and t ∈ [0, 1].
0is notation is further extended to the harmonically

(α, m)-convex function in [12] and harmonically h-convex
function in [13].

Definition 6 (see [12]). A function f: [0, b]⟶ R, b> 0, is
said to be harmonically (α, m)-convex if f is nonnegative
and

f
mxy

mty +(1 − t)x
 ≤ t

α
f(x) + m 1 − t

α
( f(y), (10)

holds for all x, y ∈ [0, b], t, α ∈ [0, 1], and m ∈ (0, 1].

Definition 7 (see [13]). Let h: [0, 1]⊆J⟶ R be a non-
negative function. A function f: J⊆R+⟶ R is said to be
harmonically h-convex if

f
xy

ty +(1 − t)x
 ≤ h(t)f(x) + h(1 − t)f(y), (11)

holds for all x, y ∈ J and t ∈ (0, 1).
In the upcoming section, we define a new generalized

notion, namely, harmonically (α, h − m)-convex function,
which unifies all known definitions of harmonically convex
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functions. By using this new definition, we will prove
Hadamard and Fejér–Hadamard inequalities for generalized
fractional integral operators involving an extended gener-
alized Mittag-Leffler function. Also, results for harmonically
(h − m)-convex functions and harmonically (α, m)-convex
functions are deduced.

2. Main Results

First, we define the harmonically (α, h − m)-convex function
as follows:

Definition 8. Let h: [0, 1]⊆J⟶ R be a nonnegative
function. A function f: J⊆R+⟶ R is said to be har-
monically (α, h − m)-convex if

f
mxy

mty +(1 − t)x
 ≤ h t

α
( f(x) + mh 1 − t

α
( f(y),

(12)

holds for all x, y ∈ J, t, α ∈ [0, 1], and m ∈ (0, 1].
It unifies the definitions of harmonically (α, m)-con-

vexity and harmonically h-convexity of functions. For dif-
ferent specific choices of α, h, andm, almost all kinds of
well-known harmonically convex functions can be obtained,
see the remark as follows.

Remark 1

(i) If h(t) � t, then a harmonically (α, m)-convex
function can be obtained [12]

(ii) If α � 1 and h(t) � ts, then a harmonically
(s, m)-convex function can be obtained [14]

(iii) If α � 1 and h(t) � t, then a harmonically
m-convex function can be obtained [14]

(iv) If α � h(t) � m � 1, then a harmonically P-func-
tion can be obtained [13]

(v) If α � 1, h(t) � ts, and m � 1, then a harmonically
s-convex function can be obtained [13]

(vi) If α � 1, h(t) � (1/t), and m � 1, then a har-
monically Godunova–Levin function can be ob-
tained [13]

(vii) If α � 1, h(t) � (1/ts), and m � 1, then a har-
monically s-Godunova–Levin function can be
obtained [13]

(viii) If we set m � 1 and α � 1, then a harmonically
h-convex function can be achieved [13]

(ix) By putting α � 1, h(t) � t, and m � 1, then a
harmonically convex function can be obtained [11]

We give another new notion of the harmonically
(h − m)-convex function by setting α � 1 in Definition 8 as
follows.

Definition 9. Let h: [0, 1]⊆J⟶ R be a nonnegative
function. A function f: J⊆R+⟶ R is said to be har-
monically (h − m)-convex if

f
mxy

mty +(1 − t)x
 ≤ h(t)f(x) + mh(1 − t)f(y). (13)

Now, we apply Definition 8 and operators (4) and (5) to
find the Hadamard and Fejér–Hadamard inequalities.

In the whole paper, we have used the following notations
frequently:

F
a+

b,τ (ω, f) � gΥ
ρ,r,k,c

σ,τ,δ,ω,a+ f (b; p),

F
b−

a,τ (ω, f) � gΥ
ρ,r,k,c

σ,τ,δ,ω,b− f (a; p).
(14)

Theorem 3. Let f, g: [a, b]⟶ R, 0< a< b, range
(g) ⊂ [a, b], be the functions such that f is positive and
f ∈ L1[a, b] and g is differentiable and strictly increasing. If f

is harmonically (α, h − m)-convex on [a, b], then for oper-
ators (4) and (5), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, 1( ≤ h

1
2α

  F
g− 1((1/mg(a)))−

g− 1 1/m2g(b)( ),τ  m
σω′, f ∘ψ( 

+ m
1− 2τ

h 1 −
1
2α

  F
g− 1(1/mg(b))+

g− 1(1/g(a)),τ  ω′, f ∘ψ( ≤
mg(b) − g(a)

m2g(a)g(b)
 

τ

,

· m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b))  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h t
α

( dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a))  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h 1 − t
α

( dt,

(15)

where ω′ � ω(mg(a)(b)/mg(b) − g(a))σ and ψ(t) �

(1/g(t)) for all t ∈ [(1/b), (1/a)].
Proof. Since f is harmonically (α, h − m)-convex, for all
x, y ∈ [a, b], the following inequality holds:
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f
2mg(x)g(y)

mg(y) + g(x)
 ≤ h

1
2α

 f(g(x)) + mh 1 −
1
2α

 f(g(y)).

(16)

By setting g(x) � (mg(a)g(b)/tg(b) + (1 − t)

(g(a)/m)) and g(y) � (mg(a)g(b)/tg(a) + m(1 − t)g(b))

in (16), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
 ≤ h

1
2α

 f
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
  + mh 1 −

1
2α

 f
mg(a)g(b)

tg(a) + m(1 − t)g(b)
 . (17)

Multiplying (17) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ω(tσ); p) and integrating
over [0, 1], we get

f
2m

2
g(a)g(b)

g(a) + mg(b)
 

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
;p( dt

≤h
1
2α

 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
;p( f

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt

+ mh 1 −
1
2α

 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
;p( f

mg(a)g(b)

tg(a) + m(1 − t)g(b)
 dt.

(18)

By setting g(x) � (tg(b) + (1 − t)(g(a)/m)/mg(a)g(b))

and g(y) � (tg(a) + m(1 − t)g(b)/mg(a)g(b)) in (18) and
using (4) and (5), the first inequality of (15) can be obtained.

On the contrary, from the harmonically (α,h − m)-convexity
of f, we have

h
1
2α

 f
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
  + mh 1 −

1
2α

 f
mg(a)g(b)

tg(a) + m(1 − t)g(b)
 

≤ h
1
2α

  h 1 − t
α

( f(g(b)) + mh t
α

( f
g(a)

m
2  

+ mh 1 −
1
2α

  h 1 − t
α

( f(g(a)) + mh t
α

( f(g(b))( 

� m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) h t
α

( 

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) h 1 − t
α

( .

(19)

Multiplying (19) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ω(tσ); p) and then in-
tegrating over [0, 1], we get

h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

tg(a) + m(1 − t)g(b)
 dt

≤m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b))  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h t

α
( dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a))  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h t

α
( h 1 − t

α
( dt.

(20)
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By setting g(x) � (tg(b) + (1 − t)(g(a)/m)/mg(a)g(b))

and g(y) � (tg(a) + m(1 − t)g(b)/mg(a)g(b)) in (20) and
using (4) and (5), the second inequality of (15) can be
obtained. □

Remark 2

(i) By setting p � 0, α � m � 1, h(t) � t, and g � I,
0eorem 3.1 of [15] is obtained

(ii) By setting α � m � 1, h(t) � t, and g � I, 0eorem
2.1 of [16] is obtained

(iii) By setting ω � p � 0, α � m � 1, h(t) � t, and g � I,
0eorem 4 of [6] is obtained

Theorem 4. Let f, g, Z: [a, b]⟶ R, 0< a< b, range (g),
range (Z) ⊂ [a, b], be the functions such that f is positive and
f ∈ L1[a, b], g is differentiable and strictly increasing, and Z

is nonnegative and integrable. If f is harmonically
(α, h − m)-convex and f(1/g(x)) � f(1/(1/g(a)) +

(1/mg(b)) − mg(x)), then for operators (4) and (5), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, Z ∘ψ( 

≤ h
1
2α

  + mh 1 −
1
2α

   F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, (Z ∘ψ)(f ∘ψ)( 

≤
mg(b) − g(a)

m2g(a)g(b)
 

τ

m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h t

α
( dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h 1 − t

α
( dt,

(21)

where ω′ � ω(mg(a)(b)/mg(b) − g(a))σ and ψ(t) �

(1/g(t)) for all t ∈ [(1/b), (1/a)].
Proof. Multiplying (17) by tτ− 1Z((mg(a)g(b)/tg(b) + (1 −

t)(g(a)/m)))E
ρ,r,k,c

σ,τ,δ (ω(tσ); p) and then integrating over
[0, 1], we get

f
2m

2
g(a)g(b)

g(a) + mg(b)
  

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt

≤ h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 f

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 f

mg(a)g(b)

tg(a) + m(1 − t)g(b)
 dt.

(22)

By choosing g(x) � (tg(b) + (1 − t)(g(a)/m)/mg(a)

g(b)), that is, (mg(a)g(b)/tg(a) + m(1 − t) g(b)) �

(1/(1/g(a))(1/mg(b)) − mg(x)), in (22) and using (4) and
(5) and the condition f(1/g(x)) � f(1/(1/g(a))

(1/mg(b)) − mg(x)), the first inequality of (21) can be
obtained. For the second inequality of (21), multiplying (19)
by tτ− 1E

ρ,r,k,c

σ,τ,δ (ωtσ ; p)Z(mg(a)g(b)/tg(b)+ (1 − t)(g(a)/
m)) and then integrating over [0, 1], we get
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h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 f

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 f

mg(a)g(b)

tg(a) + m(1 − t)g(b)
 dt

≤m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

· 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p(  × Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h t

α
( dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h t

α
( Z

mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h 1 − t

α
( dt.

(23)

By setting g(x) � (tg(b) + (1 − t)(g(a)/m)/mg(a)g(b))

in (23) and using (4) and (5) and the condition
f(1/g(x)) � f(1/(1/g(a))(1/mg(b)) − mg(x)), the second
inequality of (21) can be obtained. □ □

Remark 3

(i) By setting p � 0, α � m � 1, h(t) � tZ(x) � 1, and
g � I, 0eorem 3.1 of [15] is obtained

(ii) By setting g � I, α � m � 1, h(t) � t, and Z(x) � 1,
0eorem 2.1 of [16] is obtained

(iii) By setting ω � p � 0, Z(x) � 1, α � m � 1, h(t) � t,
and g � I, 0eorem 4 of [6] is obtained

(iv) By setting ω � p � 0, τ � 1, α � m � 1, h(t) � t, and
g � I, 0eorem 8 of [4] is obtained

(v) By setting ω � p � 0, τ � 1, Z(x) � 1, α � m � 1,
h(t) � t, and g � I, 0eorem 4 of [17] is obtained

Theorem 5. Let f, g: [a, b]⟶ R, 0< a< b, range
(g) ⊂ [a, b], be the functions such that f is positive and
f ∈ L1[a, b] and g is differentiable and strictly increasing. If f

is harmonically (α, h − m)-convex on [a, b], then for oper-
ators (4) and (5), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, 1( 

≤ h
1
2α

  F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, f ∘ψ( 

+ m
1− 2τ

h 1 −
1
2α

  F
g− 1(g(a)+mg(b)/2mg(a)g(b))+

g− 1(1/g(a)),τ  2σω′, f ∘ψ( 

≤
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h
t

2
 

α
 dt + h

1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

×
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h 1 −
t

2
 

α
 dt,

ω′ � ω
mg(a)(b)

mg(b) − g(a)
 

σ

,

(24)

where ψ(t) � (1/g(t)) and t ∈ [(1/b), (1/a)].
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Proof. By setting g(x)�(mg(a)g(b)/(t/2)g(b)+(1 − (t/2))

(g(a)/m)) and g(y)�(mg(a)g(b)/(t/2)g(a)+ m(1−

(t/2))g(b)) in (16), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
 ≤ h

1
2α

 f
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 

+ mh 1 −
1
2α

 f
mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 .

(25)

Multiplying (25) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and then inte-
grating over [0, 1], we get

f
2m

2
g(a)g(b)

g(a) + mg(b)
  

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt

≤ h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 dt.

(26)

By setting g(x) � ((t/2)g(b) + (1 − (t/2))(g(a)/m)/
mg(a)g(b)) and g(y) � ((t/2)g(a) + m(1 − (t/2))g(b)/
mg(a)g(b)) in (26) and using (4) and (5), the first inequality

of (24) can be obtained. On the contrary, from the har-
monically (α, h − m)-convexity of f, we have

h
1
2α

 f
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
  + mh 1 −

1
2α

 f
mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 

≤ h
1
2α

  h 1 −
t

2
 

α
 f(g(b)) + mh

t

2
 

α
 f

g(a)

m
2  

+ mh 1 −
1
2α

  h 1 −
t

2
 

α
 f(g(a)) + mh

t

2
 

α
 f(g(b)) 

� m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) h
t

2
 

α
 

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) h 1 −
t

2
 

α
 .

(27)

Multiplying (27) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and integrating
over [0, 1], we get
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h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( f

mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 dt

≤m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h

t

2
 

α
 dt + h

1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h 1 −

t

2
 

α
 dt.

(28)

By setting g(x) � ((t/2)g(b) + (1 − (t/2))(g(a)/m)/
mg(a)g(b)) and g(y) � ((t/2)g(a) + m(1 − (t/2))g(b)/
mg(a)g(b)) in (28) and using (4) and (5), the second in-
equality of (24) can be obtained. □

Remark 4

(i) By setting p � 0, α � m � 1, h(t) � t, and g � I,
0eorem 3.3 of [15] is obtained

(ii) By setting α � m � 1, h(t) � t, and g � I, 0eorem
2.3 of [16] is obtained

Theorem 6. Let f, g, Z: [a, b]⟶ R, 0< a< b, range (g),
range (Z) ⊂ [a, b], be the functions such that f is positive and
f ∈ L1[a, b], g is differentiable and strictly increasing, and Z

is nonnegative and integrable. If f is harmonically (α, h − m)

convex and f(1/g(x)) � f(1/(1/g(a))(1/mg(b)) −

mg(x)), then for operators (4) and (5), we have

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, Z ∘ψ( 

≤ h
1
2α

  + mh 1 −
1
2α

   F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, (Z ∘ψ)(f ∘ψ)( 

≤
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 h

t

2
 

α
 dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

×
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 h 1 −

t

2
 

α
 dt,

(29)

where ω′ � ω(mg(a)(b)/mg(b) − g(a))σ and
ψ(t) � (1/g(t)) for all t ∈ [(1/b), (1/a)].

Proof. Multiplying (25) by tτ− 1Z(mg(a)g(b)/(t/2)g(b)+

(1 − (t/2))(g(a)/m))E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and integrating over
[0, 1], we get

f
2m

2
g(a)g(b)

g(a) + mg(b)
  

1

0
t
τ− 1

Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 E

ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt

≤ h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 f

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 f

mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 dt.

(30)
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By choosing g(x) � (mg(a)g(b)/(t/2)g(b) + (1 − (t/2))

(g(a)/m)) in (30) and using (4) and (5) and the condition
f(1/g(x)) � f(1/(1/g(a)) + (1/mg(b)) − mg(x)), the first
inequality of (29) can be obtained. On the contrary, by the

harmonically (α,h − m)-convexity of f, multiplying (27) by
tτ− 1Z(mg(a)g(b)/(t/2)g(b) + (1 − (t/2))(g(a)/m))E

ρ,r,k,c

σ,τ,δ
(ωtσ ;p) and integrating over [0,1], we get

h
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 f

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 dt

+ mh 1 −
1
2α

  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
  × f

mg(a)g(b)

(t/2)g(a) + m(1 − (t/2))g(b)
 dt

≤m h
1
2α

 f
g(a)

m
2  + mh 1 −

1
2α

 f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 h

t

2
 

α
 dt

+ h
1
2α

 f(g(b)) + mh 1 −
1
2α

 f(g(a)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( Z

mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 h 1 −

t

2
 

α
 dt.

(31)

By choosing g(x) � (mg(a)g(b)/(t/2)g(b) + (1 − (t/2))

(g(a)/m)) in (31) and using (4) and (5) and the condition
f(1/g(x)) � f(1/(1/g(a)) + (1/mg(b)) − mg(x)), the sec-
ond inequality of (29) can be obtained. □

Remark 5

(i) By setting p � 0, α � m � 1, h(t) � t, and g � I,
0eorem 3.6 of [15] is obtained

(ii) By setting α � m � 1, h(t) � t, and g � I, 0eorem 5
of [16] is obtained

2.1. Results for Harmonically (h − m)-Convex Functions.
By setting α � 1 in 0eorems 3–6, the results for harmon-
ically (h − m)-convex functions are obtained as follows.

Theorem 7. Under the assumptions of Beorem 3, the fol-
lowing inequality holds for harmonically (h − m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, 1( 

≤ h
1
2

  F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, f ∘ψ(  + m

1− 2τ
F

g− 1(1/mg(b))+

g− 1(1/g(a)),τ  ω′, f ∘ψ(  

≤ h
1
2

 
mg(b) − g(a)

m2g(a)g(b)
 

τ

m f
g(a)

m
2  + mf(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h(t)dt +(f(g(b)) + mf(g(a))) 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h(1 − t)dt.

(32)

Theorem 8. Under the assumptions of Beorem 4, the fol-
lowing inequality holds for harmonically (h − m)-convex
functions:
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f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, Z ∘ψ( 

≤ h
1
2

 (1 + m) F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, (Z ∘ψ)(f ∘ψ)( 

≤ h
1
2

 
mg(b) − g(a)

m2g(a)g(b)
 

τ

m f
(a)

m
2  + mf(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h(t)dt

+(f(g(b)) + mf(g(a))) 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 h(1 − t)dt.

(33)

Theorem 9. Under the assumptions of Beorem 5, the fol-
lowing inequality holds for harmonically (h − m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, 1( 

≤ h
1
2

  F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, f ∘ψ(  + m

1− 2τ
F

g− 1(g(a)+mg(b)/2mg(a)g(b))+

g− 1(1/g(a)),τ  2σω′, f
∘ψ(  

≤ h
1
2

 
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m f
g(a)

m
2  + mf(g(b))  

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h
t

2
 dt

+(f(g(b)) + mf(g(a))) 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( h 1 −
t

2
 dt.

(34)

Theorem 10. Under the assumptions of Beorem 6, the
following inequality holds for harmonically (h − m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, Z ∘ψ( 

≤ h
1
2

 (1 + m) F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, (Z ∘ψ)(f ∘ψ)( 

≤ h
1
2

 
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m f
g(a)

m
2  + mf(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b(1 − (t/2))) +(g(a)/m)
 h

t

2
 dt

+(f(g(b)) + mf(g(a))) 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 h 1 −

t

2
 dt.

(35)
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2.2. Results for Harmonically (α, m)-Convex Functions.
By setting h(t) � t in 0eorems 3–6, the results for har-
monically (α − m)-convex functions are obtained as follows.

Theorem 11. Under the assumptions of Beorem 3, the
following inequality holds for harmonically (α, m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, 1( 

≤
1
2α

  F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, f ∘ψ(  + m

1− 2τ 2α − 1(  F
g− 1(1/mg(b))+

g− 1(1/g(a)),τ  ω′, f ∘ψ(  

≤
1
2α

 
mg(b) − g(a)

m2g(a)g(b)
 

τ

m f
g(a)

m
2  + m 2α − 1( f(g(b)) 

× F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, 1(  + f(g(b)) + m 2α − 1( f(g(a))( 

× F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, 1(  − F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ+α  m
σω′, 1(  .

(36)

Theorem 12. Under the assumptions of Beorem 4, the fol-
lowing inequality holds for harmonically (α, m)-convex functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, Z ∘ψ( 

≤
1
2α

 (1 + m) F
g− 1(1/mg(a))−

g− 1 1/m2g(b)( ),τ  m
σω′, (Z ∘ψ)(f ∘ψ)( 

≤
1
2α

 
mg(b) − g(a)

m2g(a)g(b)
 

τ

m f
g(a)

m
2  + m 2α − 1( f(g(b)) 

× 
1

0
t
τ+α− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt + f(g(b)) + m 2α − 1( f(g(a))( 

× 
1

0
t
τ− 1

− t
τ+α− 1

 E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

tg(b) +(1 − t)(g(a)/m)
 dt.

(37)

Theorem 13. Under the assumptions of Beorem 5, the fol-
lowing inequality holds for harmonically (α, m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, 1( 

≤
1
2α

  F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, f ∘ψ(  + m

1− 2τ
F

g− 1(g(a)+mg(b)/2mg(a)g(b))+

g− 1(1/g(a)),τ  2σω′, f ∘ψ(  

≤
1
2α

 
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m f
g(a)

m
2  + m 2α − 1( f(g(b)) 

×
1
2α

  F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ+α  (2m)
σω′, 1(  + f(g(b)) + m 2α − 1( f(g(a))( 

× F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, 1(  −

1
2α

  F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ+α  (2m)
σω′, 1(  .

(38)
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Theorem 14. Under the assumptions of Beorem 6, the
following inequality holds for harmonically (α, m)-convex
functions:

f
2m

2
g(a)g(b)

g(a) + mg(b)
  F

g− 1 g(a)+mg(b)/2m2g(a)g(b)( )
−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, Z ∘ψ( 

≤
1
2α

 (1 + m) F
g− 1 g(a)+mg(b)/2m2g(a)g(b)( )

−

g− 1 1/m2g(b)( ),τ  (2m)
σω′, (Z ∘ψ)(f ∘ψ)( 

≤
1
2α

 
mg(b) − g(a)

2m2g(a)g(b)
 

τ

m f
g(a)

m
2  + m 2α − 1( f(g(b)) 

× 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
 

t

2
 

α
dt

+ f(g(b)) + m 2α − 1( f(g(a))( 

×
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ω t
σ

( ; p( Z
mg(a)g(b)

(t/2)g(b) +(1 − (t/2))(g(a)/m)
  1 −

t

2
 

α
 dt.

(39)

3. Concluding Remarks

0e presented work includes two generalized fractional
versions of the Hadamard inequality (stated in 0eorems 3
and5) as well as two generalized fractional versions of the
Fejér–Hadamard inequality (stated in 0eorems 4 and6) for
a new generalized harmonic convexity. 0eir connections
with already published results are shown in Remarks 2, 3, 4,
and 5. Also, we work out these inequalities for harmonically
(α, m)-convex and (h − m)-convex functions. 0e reader
can obtain a series of Hadamard and Fejér–Hadamard in-
equalities for fractional integral operators containing Mit-
tag-Leffler functions for several kinds of convex functions.
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[10] L. Fejér, “Überdie Fourierreihen II,” Math Naturwiss Anz
Ungar Akad Wiss, vol. 24, pp. 369–390, 1906.

[11] I. Iscan, “Hermite-Hadamard type inequalities for harmoni-
cally convex functions,”Hacettepe Journal of Mathematics and
Statistics, vol. 43, no. 6, pp. 935–942, 2014.

[12] I. Iscan, “Hermite-Hadamard type inequalities for harmoni-
cally (α, m)-convex functions,” https://arxiv.org/abs/1307.
5402.

12 Journal of Mathematics

https://arxiv.org/abs/1307.5402
https://arxiv.org/abs/1307.5402


[13] M. A. Noor, K. I. Noor, M. U. Awan, and S. Costaache, “Some
integral inequalities for harmonically h-convex functions,”
UPB Scientific Bulletin, Series A, vol. 77, no. 1, pp. 5–16, 2015.
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